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PREFACE 


dle mathematical treatment of the principles of mathematics, which is 
the subject of the present work, has arisen from the conjunction of two 
different studies, both in the main very modern. On the one hand we have 
the work of analysts and geometers, in the way of formulating and systematising 
their axioms, and the work of Cantor and others on such matters as the theory 
of aggregates. On the other hand we have symbolic logic, which, after a 
necessary period of growth, has now, thanks to Peano and his followers, 
acquired the technical adaptability and the logical comprehensiveness that are 
essential to a mathematical instrument for dealing with what have hitherto 
been the beginnings of mathematics. From the combination of these two 
studies two results emerge, namely (1) that what were formerly taken, tacitly 
or explicitly, as axioms, are either unnecessary or demonstrable; (2) that the 
same methods by which supposed axioms are demonstrated will give valuable 
results in regions, such as infinite number, which had formerly been regarded 
as inaccessible to human knowledge. Hence the scope of mathematics is 
enlarged both by the addition of new subjects and by a backward extension 
into provinces hitherto abandoned to philosophy. | 


The present work was originally intended by us to be comprised in a 
second volume of The Principles of Mathematics. With that object in view, 
the writing of it was begun in 1900. But as we advanced, it became in- 
creasingly evident that the subject is a very much larger one than we had | 
supposed; moreover on many fundamental questions which had been left 
obscure and doubtful in the former work, we have now arrived at what we 
believe to be satisfactory solutions. It therefore became necessary to make 
our book independent of The Principles of Mathematics. We have, however, 
avoided both controversy and general philosophy, and made our statements 
dogmatic in form. The justification for this is that the chief reason in favour 
of any theory on the principles of mathematics must always be inductive, 
i.e. ib must lie in the fact that the theory in question enables us to deduce 
ordinary mathematics. In mathematics, the greatest degree of self-evidence 
is usually not t6 be found quite at the beginning, but at some later point, 
hence the early deductions, until they reach this point, give reasons rather’ 
for believing the premisses because true consequences follow from them, than 
for believing the consequences because they follow from the premisses. 


In constructing a deductive system such as that contained in the present 
work, there are two opposite tasks which have to be concurrently performed. 
On the one hand, we have to analyse existing mathematics, with a view 
to discovering what premisses are employed, whether these premisses are 
mutually consistent, and whether they are capable of reduction to more 
fundamental premisses. On the other hand, when we have decided upon our 
premisses, we have to build up again as much as may seem necessary of the 
data previously analysed, and as many other consequences of our premisses 
as are of sufficient general interest to deserve statement. The preliminary 
labour of analysis does not appear in the final presentation, which merely 
sets forth the outcome of the analysis in certain undefined ideas and 
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-undemonstrated propositions. It is not claimed that the analysis could not 
have been carried farther: we have no reason to suppose that it is impossible 
to find simpler ideas and axioms by means of which those with which we 
start could be defined and demonstrated. All that is affirmed is that the 
ideas and axioms with which we start are sufficient, not that they are 
necessary. . 


In making deductions from our premisses, we have considered it essential 
to carry them up to the point where we have proved as much as is true in 
whatever would ordinarily be taken for granted. But we have not -thought 
it desirable to limit ourselves too strictly to this task. It is customary to 
consider only particular cases, even when, with our apparatus, it is just as 
easy to deal with the general case. For example, cardinal arithmetic is 
usually conceived in connection with finite numbers, but its general laws hold 
equally for infinite numbers, and are most easily proved without any mention 
of the distinction between finite and infinite. Again, many of the properties 
commonly associated with series hold of arrangements which are not strictly 
serial,, but have only some of the distinguishing properties of serial arrange- 
ments. In such cases, it is a defect in logical style to prove for a particular 
class of arrangements what might just as well have been proved more generally. 
An analogous process of generalization is involved, to a greater or less degree, 
in all our werk. We have sought always the most general reasonably simple 
hypothesis from which any given conclusion could be reached. For this reason, 
especially in the later parts of the book, the importance of a proposition 
usually lies in its hypothesis. The conclusion will often be something which, 
in a certain class of cases, is familiar, but the hypothesis will, whenever possible, 
be wide enough to admit many cases besides those in which the conclusion is 
familiar. 


We have found it necessary to give very full proofs, because otherwise it 
is scarcely possible to see what hypotheses are really required, or whether our 
results follow from our explicit premisses. (It must be remembered that we 
are not affirming merely that such and such propositions are true, but also 
that the axioms stated by us are sufficient to prove them.) At the same time, 
though full proofs are necessary for the avoidance of errors, and for convincing 
those who may feel doubtful as to our correctness, yet the proofs of propo- 
sitions may usually be omitted by a reader who is not specially interested in 
that part of the subject concerned, and who feels no doubt of our substantial 
accuracy on the matter in hand. The reader who is specially interested in 
some particular portion of the book will probably find it sufficient, as regards 
earlier portions, to read the summaries of previous parts, sections, and 
numbers, since these give explanations of the ideas involved and statements of 
the principal propositions proved. The proofs in Part I, Section A, however, 
are necessary, since in the course of them the manner of stating proofs is 
explained. The proofs of the earliest propositions are given without the 
omission of any step, but as the work proceeds the proofs are gradually 
compressed, retaining however sufficient detail to enable the reader by the 
help of the references to reconstruct proofs in which no step is omitted. 


The order adopted is to some extent optional. For example, we have treated 
cardinal arithmetic and relation-arithmetic before series, but we might have 
treated series first. To a great extent, however, the order is determined by 
logical necessities. 
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A very large part of the labour involved in writing the present work has 
been expended on the contradictions and paradoxes which have infected logic 
and the theory of aggregates. We have examined a great number of hypo- 
theses for dealing with these contradictions; many such hypotheses have been - 
.advanced by others, and about as many have been invented by ourselves. 
Sometimes it. has cost us several months’ work to convince ourselves that 
a hypothesis was untenable. In the course of such a prolonged study, we 
have been led, as was to be expected, to modify our views from time to time; 
but it gradually became evident to us that some form of the doctrine of types 
must be adopted if the contradictions were to be avoided. The particular 
form of the doctrine of types advocated in the present work is not logically 
indispensable, and there are various other forms equally compatible with the 
truth of our deductions. We have particularized, both because the form of 
the doctrine which we advocate appears to us the most probable, and because 
it was necessary to give at least one perfectly definite theory which avoids 
the contradictions. But hardly anything in our book would be changed by the 
adoption of a different form of the doctrine of types. In fact, we may go 
_ farther, and say that, supposing some other way of avoiding the contradictions 

to exist, not very much of our book, except what explicitly deals with types, 
is dependent upon the adoption of the doctrine of types in any form, so soon 
as it has been shown (as we claim that we have shown) that it is possible 
to construct a mathematical logic which does not lead to contradictions. It 
should be observed that the whole effect of the doctrine of types is negative: 
it forbids certain inferences which would otherwise be valid, but does not 
permit any which would otherwise be invalid. Hence we may reasonably 
expect that the inferences which the doctrine of types permits would remain 
valid even if the doctrine should be found to be invalid. 


Our logical system is wholly contained in the numbered propositions, which 
are independent of the Introduction and the Summaries. The Introduction 
_and the Summaries are wholly explanatory, and form no part of the chain of 
deductions. The explanation of the hierarchy of types in the Introduction 
differs slightly from that given in *12 of the body of the work. The latter 
reeves is stricter and is that which is assumed throughout the rest of 
the book. 


The symbolic form of the work has been forced upon us by necessity : 
without its help we should have been unable to perform the requisite 
reasoning. It has been developed as the result of actual practice, and is not 
an excrescence introduced for the mere purpose of exposition. The general 
method which guides our handling of logical symbols is‘due to Peano. His 
great merit consists not so much in his definite logical discoveries nor in the 
details of his notations (excellent as both are), as in the fact that he first 
showed how symbolic logic was to be freed from its undue obsession with the 
forms of ordinary algebra, and thereby made it a suitable instrument for 
research. Guided by our study of his methods, we have used great freedom 
in constructing, or reconstructing, a symbolism which shall be adequate to 
deal with all parts of the subject. No symbol has been introduced except 
on the ground of its practical utility for the immediate purposes of our 
reasoning. 


A certain number of forward references will be found in the notes and 
explanations. Although we have taken every reasonable precaution to secure 
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the accuracy of these forward references, we cannot of course guarantee their 
accuracy with the same confidence as is possible in the case of backward 
references. 


_ Detailed acknowledgments of obligations to previous writers have not very 
often been possible, as we have had to transform whatever we have borrowed, 
in order to adapt it to our system and our notation. Our chief obligations 
will be obvious to every reader who is familiar with the literature of the 
subject. In the matter of notation, we have as far as possible followed Peano, 
supplementing his notation, when necessary, by that of Frege or by that of 
Schroder. A great deal of the symbolism, however, has had to be new, not 
so much through dissatisfaction with the symbolism of others, as through the 
fact that we deal with ideas not previously symbolised. In all questions of 
logical analysis, our chief debt is to Frege. Where we differ from him, it is 
largely because the contradictions showed that he, in common with all other 
logicians ancient and modern, had allowed some error to creep into his pre- 
misses; but apart from the contradictions, it would have been almost impossible 
to detect this error. In Arithmetic and the theory of series, our whole work 
is based on that of Georg Cantor. In Geometry we have had continually 
before us the writings of v. Staudt, Pasch, Peano, Pieri, and Veblen. 


We have derived assistance at various stages from the criticisms of friends, 
notably Mr G. G. Berry of the Bodleian Library and Mr R. G. Hawtrey. 


We have to thank the Council of the Royal Society for a grant towards the 
expenses of printing of £200 from the Government Publication Fund, and also 
the Syndics of the University Press who have liberally undertaken the greater 
portion of the expense incurred in the productioxi of the work. The technical 
excellence, in all departments, of the University Press, and the zeal and courtesy 
of its officials, have materially lightened the task of proof-correctior. 


The second volume is already in the press, and both it and the third will 
appear as soon as the printing can be completed. 
A. N. W. 
B. R. 
CAMBRIDGE, . 
‘November, 1910. 
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INTRODUCTION TO THE SECOND EDITION* 


IN preparing this new edition of Principia Mathematica, the authors have 
thought it best to leave the text unchanged, except as regards misprints and 
minor errorst, even where they were aware of possible improvements. The 
chief reason for this decision is that any alteration of the propositions would 
have entailed alteration of the references, which would have meant a very | 
great labour. It seemed preferable, therefore, to state in an introduction the 
main improvements which appear desirable. Some of these are scarcely open 
to question ; others are, as yet, a matter of opinion. 


The most definite improvement resulting from work in evathomasical logic 
during the past fourteen years is the substitution, in Part I, Section A, of the 
one indefinable “p and q are incompatible” (or, alternatively, “p and q are 
both false”) for the two indefinables “not-p” and “p or q.” This is due to 
Dr H. M. Sheffer}. Consequentially, M. Jean Nicod§ showed that one 
_ primitive proposition could replace the five primitive propositions *1°2°3°4°5°6. 

From this there follows a great simplification in the building up of 
molecular propositions and matrices; *9 is replaced by a new chapter, *8, 
given in Appendix A to this Volume. 


Another point about which there can be no doubt is that there is no need 
of the distinction between real and apparent variables, nor of the primitive 
idea “assertion of a propositional function.” On all occasions where, in 
Princypia Mathematica, we have an asserted proposition of the form “+. fa” 
or “F. fp,” this is to be taken as meaning “+ . (a). fx” or “b.(p). fp.” Con- 
sequently the primitive proposition *1°11 is no longer required. All that is 
necessary, in order to adapt the propositions as printed to this change, is the 
convention that, when the scope of an apparent variable is the whole of the 
asserted proposition in which it occurs, this fact will not be explicitly indicated 
unless “some” is involved instead of “all.” That is to say, “F.¢x” is to mean 
“F.(@).¢x”; but in “F.( qx). ga” it is still necessary to indicate explicitly 
the fact that “some” « (not “all” 2’s) is involved. _ 

It is possible to indicate more clearly than was done formerly what are 
the novelties introduced in Part I, Section B as compared with Section A. 

* In this introduction, as well as in the Appendices, the authors are under great obligations 


‘to Mr F. P. Ramsey of King’s College, Cambridge, who has read the whole in MS. and contributed 
valuable criticisms and suggestions. 

-+ In regard to these we are indebted to many ‘isgaaie: but especially to Drs Behmann and 
Boscovitch, of Géttingen. 

¢ Trans. Amer. Math. Soc. Vol. x1v. pp. 481-488. 

§ “A reduction in the number of the primitive propositions of logic,” Proc. Camb. Phil. Soc. 
Vol. xx. 


XiV INTRODUCTION 


They are three in number, two being essential logical novelties, and the third 
merely notational. 


(1) For the “p” of Section A, we substitute “¢z,” so that in place of 
“b.(p).fp” we have “F.(6,2).f(pa).” Also, if we have “F.f(p,q7, me ie 
we may substitute oz, py, $2, ... for p,q, 7,... or Px, PY for p, q, and Wz, ... 
for r, ..., and so on. We thus obtain a number of new general propositions 
different from those of Section A. 

(2) We introduce in Section B the new primitive idea “(qz) - pu,” 2.6. 
existence-propositions, which do not occur in Section A, In virtue of the 
abolition of the real variable, general propositions of the form “(p). fp” do 
occur in Section A, but “(qp)-jfp” does not occur. 

(3) By means of definitions, we introduce in Section B general propositions 
which are molecular constituents of other propositions ; thus “(«).¢v.Vv.p” is 
to mean “(x). pxvp.” . 

It is these three novelties which distinguish Section B from Section A. 


2? 


One point in regard to which improvement is obviously desirable is the 
axiom of reducibility (*12°1°11). This axiom has a purely pragmatic justifica- 
tion: it leads to the desired results, and to no_others. But clearly it is not 
the sort of axiom with which we can rest content. On this subject, however, 
it cannot be said that a satisfactory solution is as yet obtainable. Dr Leon 
Chwistek* took the heroic course of dispensing with the axiom without 
adopting any substitute ; from his work, it is clear that this course compels 
us to sacrifice a great deal of ordinary mathematics. There is another course, 
recommended by Wittgenstein} for philosophical reasons. This is to assume 
that functions of propositions are always truth-functions, and that a function 
can only occur in a proposition through its values. There are difficulties in 
the way of this view, but perhaps they are not insurmountablet. It involves 
the consequence that all functions of functions are extensional. It requires us 
to maintain that “A believes p” is not a function of p. How this is possible. 
is shown in Tractatus Logico-Philosophicus (loc. cit. and pp. 19—21). We are 
not prepared to assert that this theory is certainly right, but it has seemed 
worth while to work out its consequences in the following pages. It appears 
that everything in Vol. I remains true (though often new proofs are required) ; 
the theory of inductive cardinals and ordinals survives; but it seems that the 
theory of infinite Dedekindian and well-ordered series largely collapses, so 
that irrationals, and real numbers generally, can no longer be adequately 
dealt with. Also Cantor’s proof that 2” >” breaks down unless x is finite. 
Perhaps some further axiom, less objectionable than the axiom of reducibility, 
might give these results, but we have not succeeded in finding such an axiom. 

* In his ‘‘ Theory of Constructive Types.” See references at the end of this Introduction. 


¢ Tractatus Logico-Philosophicus, *5-54 fi. 
t+ See Appendix C. 
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It should be stated that a new and very powerful method in mathematical 
logic has been invented by Dr H. M. Sheffer. This method, however, would 
demand a complete re-writing of Principia Mathematica. We recommend 
this task to Dr Sheffer, since what has so far been published by him is 
scarcely sufficient to enable others to undertake the necessary reconstruction. 


We now proceed to the detailed development of the above general sketch. 


I. ATOMIC AND MOLECULAR PROPOSITIONS 


Our system begins with “atomic propositions.” We accept these as a 
datum, because the problems which arise concerning them belong to the 
philosophical part of logic, and are not amenable (at any rate at present) to 
mathematical treatment. 


Atomic propositions may be defined negatively as propositions containing 
no parts that are propositions, and not containing the notions “all” or “some.” 
Thus “this is red,” “this is earlier than that,” are atomic propositions, 


Atomic propositions may also be defined positively—and this is the better 
course—as propositions of the following sorts: 

R, («), meaning “x has the predicate R,”; 

R, (x,y) [or eR,y], meaning “« has the relation R, (in intension) to y”; 

R;(«,y, 2), meaning “x,y,z have the triadic relation R, (in intension)”; 

R, (2, y, z, w), meaning “«,y,z,w have the tetradic relation R, (in intension)”; 
and so on ad infinitum, or at any rate as ‘long as possible. Logic does not 
know whetherthere are in fact n-adic relations (in intension); this is an empirical 
question. We know as an empirical fact that there are at least dyadic relations 
(in intension), because without them series would be impossible. But logic is 
not interested in this fact; it is concerned solely with the hypothesis of there 
being propositions of such-and-such a form. In certain cases, this hypothesis is 
itself of the form in question, or contains a part which is of the form in question; 
in these cases, the fact that the hypothesis can be framed proves that it is 


true. But even when a hypothesis occurs in logic, the fact that it can be 
framed does not itself belong to logic. 


Given all true atomic propositions, together with the fact that they are all, 
every other true proposition can theoretically be deduced by logical methods. 
That is to- say, the apparatus of crude fact required in proofs can all be con- 
densed into the true atomic propositions together with the fact that every 
true atomic proposition is one of the following: (here the list should follow). 
If used, this method would presumably involve an infinite enumeration, 
since it seems natural to suppose that the number of true atomic propositions 
is infinite, though this should not be regarded as certain. In practice, 
generality is not obtained by the method of complete enumeration, because 
this method i a more knowledge than we possess. 

R& WI b 
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We must now advance to molecular propositions. Let p, g, 7, 8, ¢ denote, 
to begin with, atomic propositions. We-introduce the primitive idea 


7 P\q 
which may be read “p is incompatible with g,”* and is to be true whenever 
either or both are false. Thus it may also be read “p is false or q is false”; 
or again, “p implies not-g.” But as we are going to define disjunction, impli- 
cation, and negation in terms of p|q, these ways of reading p|q are better 
avoided to begin with. The symbol “p|q” is pronounced: “p stroke g.” We 
now put 
~p-=-plp Dt 
prq-=-pi~q DE 
pvq-=-~p|~q Dt, 
| p-q-=+~(p|q) Dé 
Thus all the usual truth-functions can be constructed by means of the stroke. 
Note that by the above, | 
p2q-=-pl|(qlq) Dt 


pr2-qer-=-pl(q|7)- 
Thus p > q is a degenerate case of a function of three propositions. 


We find that 


We can construct new propositions indefinitely by means of the stroke ; 
for example, (p|q)|7, p|(q|7),(plq) | (r|s), and so on. Note that the stroke obeys 
the permutative law (p|q) =(q|p) but not the associative law (p|q)|r =p \(q|r). 
(These of course are results to be proved later.) Note also that, when we 
construct a new proposition by means of the stroke, we cannot know its truth 
or falsehood unless either (a) we know the truth or falsehood of some of its 
constituents, or (b) at least one of its constituents occurs several times in a 
suitable manner. The case (a) interests logic as giving rise to the rule of in- 
ference, viz. 

Given p and p|(q|r), we can infer r. 
This or some variant must be taken as a primitive proposition. For the 
moment, we are applying it only when p, q, r are atomic propositions, but we 
shall extend it later. We shall consider (6) in a moment. 


In constructing new propositions by means of the stroke, we assume that 
the stroke can have on either side of it any proposition so constructed, and 
need not have an atomic proposition on either side. Thus given three atomic 
propositions p, g, 7, we can form, first, p |q and q|r, and thence (p/|q)|7 and 
p|(q|r). Given four, p, q, 7, s,,.we can form 


(pl@iniis, PIDl@is) Pllal@ls)} 


and of course others by permuting p, q, 7, s. The above three are substantially 


* For what follows, see Nicod, ‘‘ A reduction in the number of the primitive propositions of 
logic,” Proc. Camb. Phil. Soc. Vol. x1x. pp. 32—41. 
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different propositions. We have in fact 


| {(p|q) |r} |s.Seepvrgerivies, 
(p\q@i(r|s)-=tp.q.ver.s, 
plidi(r|s)} .Surpivigerrves. 


All the propositions obtained by this method follow from one rule: in 
“»|q,” substitute, for p or g or both, propositions already constructed by means 
of the stroke. This rule generates a definite assemblage of new propositions 
out of the original assemblage of atomic propositions. All the propositions so 
generated (excluding the original atomic propositions) will be called “ mole- 
cular propositions.” Thus molecular propositions are all of the form p|q, but 
the p and g may now themselves be molecular propositions. If p is p,| po, 
p, and p, may be molecular;. suppose pp=pu!|Pu- Pu may be of the form 
Pin |Prz, and so on; but after a finite number of steps of this kind, we are to 
arrive at atomic constituents. In a proposition p|q, the stroke between p and 
q is called the “principal” stroke; if p=-p,| po, the stroke between p, and p, is 
a secondary stroke; so is the stroke between q, and q, if g=q, | qe. If p, = pu | prs, 
the stroke between p,, and py is a tertiary stroke, and so on. 


Atomic and molecular propositions together are “elementary propositions.” 
Thus elementary propositions are atomic propositions together with all that 
can be generated from them by means of the stroke applied any finite number 
of times. This is a definite assemblage of propositions. We shall now, until 
. further notice, use the letters p, q, 7, s,¢ to denote elementary propositions, 
not necessarily atomic propositions. The rule of inference stated above is to 
hold still; ze. 


If p, g, r are elementary propositions, given p and P \(q|r), we can infer r. 
This is a primitive proposition. 


We can now take up the point (6) mentioned above. When a molecular 
proposition contains repetitions of a constituent proposition in a suitable 
manner, it can. be known to be true without our having to know the truth or 
falsehood of any constituent. The simplest instance is _ 


p\(P |p), 
which is always true. It means “pis incompatible with me incompatibility 
of p with itself,” which is obvious. Again, take “p.gq.D.p.” This is 
| (P| @)| (Pad) | (Pip). 

Again, take “~p.D.~pv~q.” This is 

(pip) (P19) 1(Pl9)}. 
Again, “p.2.pvq” is 

Pil |p) @lahl (pl p)|(q1@)}}. 
All these are true however p and qg may be chosen. It is the fact that we can 
build up invariable truths of this sort that makes molecular propositions 
important to logic. Logic is helpless with atomic: propositions, because their 
b2 
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truth or falsehood can only be known empirically. But the truth of molecular 
propositions of suitable form can be known universally without empirical 
evidence. 


The laws of logic, so far as elementary propositions are concerned, are all 
assertions to the effect that, whatever elementary propositions p, g, 7, ... may 
be, a certain function 

EF (9, % 1; +++); 
whose values are molecular propositions, built up by means of the stroke, is 
always true. The proposition “ #’(p) is true, whatever elementary proposition 
p may be” is denoted by 
(p) - F(p). 


Similarly the proposition “F(p,q,r,...) is true, whatever elementary pro- 
positions p, g, 7,... may be” is denoted by 


(9.9.7, ---)»F'(p,q, 7, «.-). 
When such a proposition is asserted, we shall omit the “(p,g,7, ...)” at the 
beginning. Thus 
“Fb. F(p, 9,7, ---)” 
denotes the assertion (as opposed to the hypothesis) that F'(p,q,7, ...) is true 
whatever elementary propositions p, g, 7, ... may be. 


(The distinction between real and apparent variables, which occurs in 
Frege and in Principia Mathematica, is unnecessary. Whatever appears as a 
real variable in Principia Mathematica is to be taken as an apparent variable 
whose scope is the whole of the asserted proposition in which it occurs.) 


The rule of inference, in the form given above, is never required within 
logic, but only when logic is applied. Within logic, the rule required is different. 
In the logic of propositions, which is what concerns us at present, the rule 
used is: 


Given, whatever elementary propositions p, g, r may be, both 
“Fk. F(p,q,7,.--)” and “+t. F(p,g7,--)[{G4(p.q7,---)| 2p, 9,7, ---)},” 
we can infer “F . H(p, rT, +00)” 
Other forms of the rule of inference will meet us later. For the present, 
the above is the form we shall use. 


Nicod has shown that the logic of propositions («1—+«*5) can be deduced, 

by the help of the rule of inference, from two primitive propositions 
+ .p|(p|p) | 
and k:p)q.2.s|qI pls. 
The first of these may be interpreted as “p is incompatible with not-p,” or 
as “p or not-p,” or as “not (p and not-p),” or as “p implies p.” The second 
may be interpreted as 
prgq-I:iqIvns.d.pI~s, 
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which isa form of the principle of the syllogism. Written wholly in terms of 
the stroke, the principle becomes 


{pig gi Lisla 1Crls)iCmls))} {1 a) (Cel s)| Cp s))}} 


Nicod has shown further that these two principles may be replaced by 
one. Written wholly in terms of the stroke, this one principle is 


{pal ry} i (el lO} | (slg Cp is)i lsh} 
It will be seen that, written in this form, the principle is less complex than 
the second of the above principles written wholly in terms of the stroke. 
When interpreted into the language of implication, Nicod’s one principle 


becomes 
p-d.q-rid.tdt.s|qr pis. 


In this form, it looks more complex than 
prq-2.-s\qr pis, 
but in itself it is less complex. 

From the above primitive proposition, opather with the rule of inference, 
everything that logic can ascertain about elementary propositions can be 
proved, provided we add one other primitive proposition, viz. that, given a 
proposition (p,qg,7,...). F(p,9q,7,---), we may substitute for p,q,1, ... 
functions of the form 


APG) LAB GT oy (BGT) 
and assert 
(1.7) FLAG) F220 +s fa(Ps GT oy veeds 


where fi, fs, fs, --- are functions constructed by means of the stroke. Since 
the former assertion applied to all elementary propositions, while the latter 
applies only to some, it is obvious that the former implies the latter. 


A more general form of this principle will concern us later. 


Il. ELEMENTARY FUNCTIONS OF INDIVIDUALS 
1. Definition of “indindual” 
We saw that atomic propositions are of one of the series of forms: 
R,(«), R.(2, y), Rs (a, y, 2), Ba(a, y, 2, W), -.-- 

Here R,, R., R;, Ry, ... are each characteristic of the special form in which 
they are found: that is to say, R, cannot occur in an atomic proposition 
Ry, (4; %, --- &m) unless n =m, and then can only occur as A,» occurs, not as 
Ly, Ly, +». Lm occur. On the other hand, any term which can occur as the 
x’s occur in Ry, (2, 2, ... Z,) can also occur as one of the x’s in Ry (a,, Xe, ++» Lm) 
even if m is not equal to n. Terms which can occur in any form of atomic 
proposition are called “individuals” or “ particulars”; terms which occur as the 
R#’s occur are called “ universals.” 

We might state our definition compendiously as follows: An “individual” 
is anything that can be the subject of an atomic proposition. 
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Given an atomic proposition R, (a, £2, ... %n), we shall call any of the x's 
a “constituent” of the proposition, and R, a “ component” of the proposition *. 
We shall say the same as regards any molecular proposition in which 
Rn (@,, 2, ... Zn) occurs. Given an elementary proposition p|q, where p and q 
may be atomic or molecular, we shall call p and g “ parts” of p|q; and any 
parts of p or q will in turn be called parts of p|q, and so on until we reach the 
atomic parts of p|q. Thus to say that a proposition r “occurs in” p|qg and to 
say that r is a “part” of p|q will be synonymous. 


2. Definition of an elementary function of an individual 


Given any elementary proposition which contains a part of which an 
individual a is a constituent, other propositions can be obtained by replacing 
a by other individuals in succession. We thus obtain a certain assemblage 
of elementary propositions. We may call the original proposition $a, and 
then the propositional function obtained by putting a variable x in the 
place of a will be called gx. Thus ¢a is a function of which the argument 
is z and the values are elementary propositions. The essential use of “da” 
is that it collects together a certain set of propositions, namely all those that 
are its values with different arguments. 


We have already had various special functions of propositions. If p is a 
part of some molecular proposition, we may consider the set of propositions 
resulting from the substitution of other propositions for p. If we call the 
original molecular proposition fp, the result of substituting q is called fq. 

When an individual or a proposition occurs twice in a proposition, three 
functions can be obtained, by varying only one, or only another, or both, of 
the occurrences. For example, p|p is a value of any one of the three functions 
P\% 9|p, 7/9, where g is the argument. Similar considerations apply when an 
argument occurs more than twice. Thus p|(p|p) is a value of q |(r|s), or 
q\(r|q), or gi(q|r), or q|(r'r), or q|(q|q). When we assert a proposition 
“F.(p)» Fp,” the p is to be varied whenever it occurs. We may similarly 
assert a proposition of the form “(z).¢,” meaning “all propositions of the 


assemblage indicated by $x are true”; here also, every occurrence of z is to be 
varied. : 


- 3. “Always true” and “ sometimes true” 


Given any function, it may happen that all its values are true; again, it 
may happen that at least one of its values is true. The proposition that all 
the values of a function ¢ (a, y, z, ...) are true is expressed by the symbol 

(L,Y, 0) a PLY, Z 006)” 
unless we wish to assert it, in which case the assertion is written 
Fob (@,Y, S005). 


* This terminology is taken from Wittgenstein. 
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We have already had assertions of this kind where the variables were ele- 
mentary propositions. We want now to consider the case where the variables 
are individuals and the function is elementary, «.e. all its values are elementary 
propositions. We no longer wish to confine ourselves to the case in which it 
is asserted that all the values of $(a,y,z,.-.) are true; we desire to be able 
to make the proposition 


(@, Y, 2, 0+)» P (4, Ys 2 «-) 
a part of a stroke function. For the present, however, we will ignore this 
desideratum, which will occupy us in Section III of this Introduction. 


In addition to the proposition that a function ¢a# is “always true” 
(i.e. (x). $x), we need also the proposition that a is “sometimes true,” 2.¢. 18 
true for at least one value of This we denote by 

“(Ga) » pa.” 
Similarly the proposition that (a, y, z, ...) is “sometimes true” is denoted by 
“(qa, Y, 2, ---)e P(L, YZ, oe” 
We need, in addition to (a, y, z,...)» 6 (#,Y,2, --.) and (qa, y, Z, ..-)» P(%,Y, 2, +++)s 
various other propositions of an analogous kind. Consider first a function of 
two variables. We can form 
(qx) = (y) + p(x, y), (a): (ay) « (wy), (HY) + (@) - $9), (Y) # AH)» $ (HY). 

These are substantially different propositions, of which no two are always 
equivalent. It would seem natural, in forming these propositions, to regard 
the function $(z#,y) as formed in two stages. Given ¢$(a,b), where a and b 


are constants, we can first form a function ¢ (a, y), containing the one variable 
y; we can then form 


(y)- $(a,y) and (qy) - $ (4,4). 

We can now vary a, obtaining again a function of one variable, and leading 
to the four propositions 

(2) = (y) « @ (2), (aa) # (y) 6 (@,y), (a) # (ay) @ (@, 9), (Ia) # (HY) - 4 (@ 9). 
On the other hand, we might have gone from ¢$(a,b) to $(#, 6), thence to 
(x). (a,b) and (qx). (x, b), and thence to 

(y) (2) - b (@,y), (ay) # (2) (ay), (y)# (ae) « 6 (@ y), (AY) * (CH) « 6 9). 

All of these will be called “general propositions”; thus eight general 
propositions can be derived from the function ¢ (z, y). We have 
(x) 2(y)« (a y)i=t(y)? (a) by) 
(qx): (ay). p (ay): =: (Hy)? (Ae) - $ (a, y). 

But there are no other equivalences that always hold. For example, the dis- 
tinction between “ (a) :(qy). (a, y)” and “(qy) = (x). (ay) ” is the same 
as the distinction in analysis between “ For every e, however small, there is a 
8 such that...” and “There is a & such that, for every e, however small, ... : 


Hil 
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Although it might seem easier, in view of the above considerations, to 
regard every function of several variables as obtained by successive steps, each 
involving only a function of one variable, yet there are powerful considerations 
on the other side. There are two grounds in favour of the step-by-step method ; 
first, that only functions of one variable need be taken as a primitive idea; 
secondly, that such definitions as the above seem to require either that we 
should first vary x, keeping y constant, or that we should first vary y, keeping 
« constant. The former seems to be involved when “(y)” or “(qy)” appears 
to the left of “(x)” or “(qa),” the latter in the converse case. The grounds 
against the step-by-step method are that it interferes with the method of 
matrices, which brings order into the successive generation of types of pro- 
positions and functions demanded by the theory of types, and that it requires 
us, from the start, to deal with such propositions as (y).¢(a, y), which are 
not elementary. Take, for example, the proposition “t:q.>.pvq.” This 
will be 

Fi.(p)ie(Q)iq-2-pvq, 
or F:.(q)i.(p)iq.2-pvq, 
and will thus involve all values of either . 
(9): q¢-2.pvq considered as a function of p, 
or (p):q¢.2.pvgq considered as a function of g. 


This makes it impossible to start our logic with elementary propositions, as 
we wish to do. It is useless to enlarge the definition of elementary propositions, 
since that only increases the values of g or p in the above functions. Hence 
it seems necessary to start with an elementary function 


$ (a2, 2, H3, oes Ln), 
before which we write, for each ,, either “(a,)” or “(qa,),” the variables in 
this process being taken in any order we like. Here (2, a, %, ... &) is 


called the “ matrix,” and what comes before it is called the “ prefix.” Thus in 


(ax) = (y) (ay) 
“ (a, y)” is the matrix and “ (qx): (y)” is the prefix. It thus appears that 
a matrix containing n variables gives rise to n!2” propositions by taking its 
variables in all possible orders and distinguishing “(a,)” and “(qa,)” in each 
case. (Some of these, however, are equivalent.) The process of obtaining such 
propositions from a matrix will be called “generalization,” whether we take 
“all values” or “some value,” and the propositions which result will be called - 
“ general propositions.” 


We shall later have occasion to consider matrices containing variables that 
are not individuals; we may therefore say : 


A “matrix” is a function of any number of variables (which may or may 
not be individuals), which has elementary propositions as its values, and is 
used for the purpose of generalization. 
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A “general proposition” is one ‘derived from 4 matrix by generalization. 
We shall add one further definition at this stage: 


A “first-order proposition ” is one derived by generalization from a matrix 
in which all the variables are individuals. 


4. Methods of proving general propositions 


There are two fundamental methods of proving general propositions, one 
for universal propositions, the other for such as assert existence. The method 
of proving universal propositions is as follows. Given a proposition 

“Fh. EF (p,q, 7, -+);” 
where F is built up by the stroke, and p, q, 7, ... are elementary, we may re- 
place them by elementary functions of individuals in any way we like, putting 

p=fi (a, Ba, 0. Bn); 

g =f, (a1, ®e, ..- Bn); 
and so on, and then assert the result for all values of 2, 2, ... 2n. What we 
thus assert is less than the original assertion, since p, g, 7, ... could originally 
take all values that are elementary propositions, whereas now they can only | 
take such as are values of fi, fo, fs, --.. (Any two or more of f,, fi, fs, ... may 
be identical.) 


For proving existence-theorems we have two primitive propositions, namely 
"81. +. (qx, y).da|(pxz| py) and 
#811. +. (qx). pa|(pa| pd) 
Applying the definitions to be given shortly, these assert respectively 
| ga. D.(qxr). Px 
and : (x). fx. D. ga. pb. — 
These two primitive propositions are to be assumed, not only for one variable, 
but for any number. Thus we assume | 
(Ay, Ue, + An)» D « (GH, La, «+. Un) = H (4, Le, ++. Ln), 
(%, Bq, ++ Bn) « D(H, Lo, «++ Tn)» D« P(A, Ap, --- An) (0, be, ... bn). 
The proposition («).¢v.).¢a.¢b, in this form, does not look suitable for 
proving existence-theorems. But it may be written 
7 (qv). ~ da.v. da. pb 
or ~ davr~gb.d.(qx).~ $2, 
in which form it is identical with *9°11, writing ¢ for ~¢. Thus our two 
primitive propositions are the same as *9°1 and «9°11. 
For purposes of inference, we still assume that from (x).¢« and 
(x) . 2 Da we can infer (#). We, and from p and pq we can infer q, even 
when the functions or propositions involved are not elementary. 
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Existence-theorems are very often obtained from the above primitive 
propositions in the following manner. Suppose we know a proposition 


. t . f(a, x). 
Since gx.) .(qy). dy, we can infer 

F. (ay) f(y), 
ie. Fs (#) = (ay) - f(y). 
Similarly ks (y): (qa). f (a, y). 


Again, since (a, y). >. (qz,w) - ¢ (z, w), we can infer 


b. (qa, y) f(y) 
and ob. (ay, #) «f(a, y)- 


We may illustrate the proofs both of universal and of existence propo- 
sitions by a simple example. We have | 


b.(p).pdp. 
F.(a). pad da. 


Hence, as in the case of f(z, x) above, 

t:(a):(qy). da) oy, 

Fs (y) 2 (qx). pu > dy, 

F. (qa, y)- pu D py. 
Apart from special axioms. asserting existence-theorems (such as the axiom of 
reducibility, the multiplicative axiom, and the axiom of infinity), the above 
two primitive propositions give the sole method of proving existence-theorems 
in logic. They are, in fact, always derived from general propositions of the 
form (a). f (a, #) or (a). f(#,«,«) or ete., by substituting other variables for 
some of the occurrences of 2. | 


Hence, substituting ¢x for P, 


III. GENERAL PROPOSITIONS OF LIMITED SCOPE 


In virtue of a primitive proposition, given (x). d&# and (x). da D wa, we 
can infer (#).ye. So far, however, we have introduced no notation which 
would enable us to state the corresponding implication (as opposed to inference). 
Again, (qa). oa and (a, y)- év I Wy enable us to infer (y). yy; here again, 
we wish to be able to state the corresponding implication. So far, we have only 
defined occurrences of general propositions as complete asserted propositions. 
Theoretically, this is their only use, and there is no need to define any other. 
But practically, it is highly convenient to be able to treat them as parts 
of stroke-functions. This is entirely a matter of definition. By introducing 
suitable definitions, first-order propositions can be shown to satisfy all the 
propositions of *1—*5. Hence in using the propositions of *1—x*65, it will 
no longer be necessary to assume that p, g, r, ... are elementary. 


The fundamental definitions are given below. 
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When a general proposition occurs as part of another, it is said to have 
limited scope. If it contains an apparent variable 2, the scope of x is said to 
be limited to the general proposition in question. Thus in p| {(a). a}, the 
scope of x is limited to (x). oa, whereas in (7). p| da the scope of x extends 
to the whole proposition. Scope is indicated by dots. 


The new chapter *8 (given in Appendix A) should replace *9 in Principia 
Mathematica. Its general procedure will, however, be explained now. 


The occurrence of a general proposition as part of a stroke-function is 
defined by means of the following definitions: 
(#2). pa} |q-=-(qz).pr|q Df, 
(q2)- ¢2}|q-=-(2).¢e|q Df 
PLY). vy} -=-(ay)-plvy Df, 
play). vy}-=-(Y)-plyy Df 
These define, in the first place, only what is meant by the stroke when it 
occurs between two propositions of which one is elementary while the other is 
of the first order. When the stroke occurs between two propositions which 
are both of the first order, we shall adopt the convention that the one on the 
left is to be eliminated first, treating the one on the right as if it were ele- 
mentary; then the one on the right is to be eliminated, in each case, in 
accordance with the above definitions. Thus 


{(a) « a} | (Cy). by} ~=2 (qx): Gal {(y)- vy}: 
(qx): (ay). ba | Wy, 
(qa): pa| {(qy) wy}: 
(qa) (y). b2| wy, 
{(qx) « pa} | (Cy) - wy} =: (ae)? (Ty) » ga py. 


The rule about the order of elimination is only required for the sake of 
definiteness, since the two orders give equivalent results. For example, in 
the last of the above instances, if we had eliminated y first we should have 
obtained 


ll 


(x) - Gx} | (Cay) « Hy} - 


(ay) (a). pal vy, 

which requires either (x) ..~ ga or (qy) «~wWy, and is then true. 

And (x): (ay) « bai vy 
is true in the same circumstances. This possibility of changing the order of 
the variables in the prefix is only due to the way in which they occur, we. to 
the fact that « only occurs.on one side of the stroke and y only on the other. 
The order of the variables in the prefix is indifferent whenever the occurrences 
of one variable are all on one side of a certain stroke, while those of the other 
are all on the other side of it. We do not have in general 


(ar)? (y) «xX (@y)F= ty) (Ae) - XY) 
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here the right-hand side is more often true than the left-hand side. But we 
do have 


(a2) = (y)- bul py: =: (y): (Ge). pal py. 
The possibility of altering the order of the variables in the prefix when they 
are separated by a stroke is a primitive proposition. In general it is convenient 
to put on the left the variables of which “all” are involved, and on the right 
those of which “some” are involved, after the elimination has been finished, 
always assuming that the variables occur in a way to which our primitive 
proposition is applicable. 


It is. not necessary for the above primitive proposition that the stroke 
separating # and y should be the principal stroke, e.g. 


P| (az) - ba} | {(y)- vy}]-=- Pl [@)? Cay). 6a | py] - 
| = (qx)? (y)-p| (pa| wy): 
= (y)? (Ha). p| (px | py). 
All that is necessary is that there should be some stroke which separates x 


from y. When this is not the case, the order cannot in general be changed. 
Take e.g. the matrix 


pov py ~ dave py. 
This may be written (pa D Wy) | (hy > $2) 
or {gal by | vy} | thy | (be! b2)}. 


Here there is no stroke which separates all the occurrences of a from all those 
of y, and in fact the two propositions 


(y): (az). uv yy wbevedy 
and (qu): (y). davpy.~ paver wy 
are not equivalent except for special values of ¢ and w. 


By means of the above definitions, we are able to derive all propositions, 
of whatever order, from a matrix of elementary propositions combined by 
means of the stroke. Given any such matrix, containing a part p, we may 
replace p by $x or $ (a, y) or ete., and proceed to add the prefix (x) or (q~) 
or (a, y) or (x) : (qy) or (y): (qx) or etc. If p and gq both occur, we may replace 
p by $a and q by Wy, or we may replace both by ¢a, or one by ¢« and another 
by some stroke-function of fz. | 


In the case of a proposition such as 


pl fe): ay) ¥en) 
we must treat it as a case of p| {(~). dz}, and first eliminate 2. Thus 
P| {@): ay) ¥@y}-= 2 (az): &)- Pl ¥@y). 
That is to say, the definitions of {(#).¢a)}|q ete. are to be applicable un- 
changed when ¢z is not an elementary function. 
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The definitions of ~p, pvq, p-4, pq are to be taken over unchanged. 


Thus 
~{(e) - pa}. = 2 {((x) . pa} | {(a). da}: 
= (qx): pa | (a). pa}: 
= 2 (qx): (Gy) - (ba | dy), 
~{(qz). pa} «=: (2): (y) «dba | by), 
p-.(«). gar =tp|[{(@)- a} | {(@). dah]: 
=p | (ae): (ay) - (px | by)} 
= (a) + (y) -p | (G2| $y), 
(2). u.D.p:=+{(@). da} |(p|p): 
=: (qx). pu |(p|p)i =: (qe). pad p, 
(2). uv. pr=i[~[{(a). pa}]| ~p? 
= + {(ae)? (ay) - (ba| dy)} | (p |p): 
(a) « (ay) - (ba| dy} | (pl Pp): 
= (x): (y) - (px| dy) |(p |p), 
p-V-(x).daz=:(x):(y) + (p| p)| (pa | py). 
It will be seen that in the above two variables appear where only one might 
have been expected. We shall find, before long, that the two variables can a be 
reduced to one; %¢. we shall have 


(qe) (ay). 6a | dy: 


. (qa) - pa | por, 


it Wl 


: (x): (y)-Gau| py: =. (x). ha | pa. 
These lead to . 
~{(«). ga}. =.(qar).~ oa, 
~{(qz). par} .=.(#).~ oa. 


But we cannot prove these propositions at our present stage ; nor, if we could, 
would they be of much use to us, since we do not yet know that, when two 
general propositions are equivalent, either may be substituted for the other 
as part of a stroke-proposition without changing the truth-value. 


For the present, therefore, suppose we have a stroke-function in which p 
occurs several times, say p|(p|p), and we wish to replace p by (2). px, we 
shall have to write the second occurrence of p “(y): dy,” and the third 
“(z).¢z.”" Thus the resulting proposition will contain as many separate 
variables as there are occurrences of p. 


The primitive propositions required, which have been already mentioned, 
are four in number. They are as follows: 

(1) +. (qe, y).pa| (pa | dy), te Fda. >. (qu). de. 

(2) +. (qx). pa] (pa | pd), te. Fi (x). px. D. pa. pb. 

(8) The extended rule of inference, 1.e. from (#). dx and (a). da D We 
we can infer (x) . ya, even when ¢ and  are‘not elementary. 


(4) If all the occurrences of x are separated from all the occurrences of 
y by a certain stroke, the order of # and y can be changed in the prefix; «a. 
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For (qxz):(y).ox|wy we can substitute’ (y): ae ba |yry, and vice 
versa, even when this is only a part of the whole asserted proposition. 

The above primitive propositions are to be assumed, not only for one 
variable, but for any number. | 


By means of the above primitive propositions it can be proved that all 
the propositions of *1—*5 apply equally when one or more of the propositions 
Pp, q, 7, -- involved are not elementary. For this purpose, we make use of the 
work of Nicod, who proved that the primitive propositions of *] can all be 
deduced from . . 

: t.prp 
and t.pdq.D3.s\qI pls 
together with the rule of inference: “Given p and p | (q |r), we can infer r.” 

Thus all we have to do is to show that the above propositions remain true 

when p, g, 8, or some of them, are not elementary. This is done in *8 in 


Appendix A, 


IV. FUNCTIONS AS VARIABLES 


The essential use of a variable is to pick out a certain assemblage of 
elementary propositions, and enable us to assert that all members of this 
assemblage are true, or that at least one member is true. We have already 
-used functions of individuals, by substituting a for p in the propositions of 
*1—x5, and by the primitive propositions of *8. But hitherto we have always 
supposed that the function is kept constant while the individual is varied, and 
we have not considered cases where we have “AP,” or where the scope of “” 
is less than the whole asserted proposition. It is necessary now to consider 
such cases. | | 


Suppose a is a constant. Then “da” will denote, for the various values 
of ¢, all the various elementary propositions of which a is a constituent. This 
is a different assemblage of elementary propositions from any that can be 
obtained by variation of individuals; consequently it gives rise to new general 
propositions. The values of the function are still elementary propositions, 
just as when the argument is an individual; but they are a new assemblage 
of elementary propositions, different from previous assemblages. 


As we shall have occasion later to consider functions whose values are not 
elementary propositions, we will distinguish those that have elementary 
propositions for their values by a note of exclamation between the ienIeE 
denoting the function and the letter denoting the argument. Thus “dp! a” is 
a function of two variables, z and ¢!2. It is a matrix, since it contains no 
apparent variable and has elementary propositions for its values. We shall 
henceforth write “¢! 2” where we have hitherto written gz. 


If we replace x by a constant a, we can form such propositions as 


(p). pla, (qd). gta. 
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These are not elementary propositions, and-are therefore not of the form ¢!a. 
The assertion of such propositions is derived from matrices by the method of 
*8. The primitive propositions of #8 are to apply when the variables, or some 
of them, are elementary functions as well as when they are all individuals. 

A function can only appear in a matria through tts values*. To obtain a 
matrix, proceed, as before, by writing @! a, ly, x!z,... in place of p, g, r 
in some molecular proposition built up by means of the stroke. We can then 
apply the rules of *8 to ¢, ¥, x, ... as well as to a, y, 2,..... The difference 
between a function of an individual and a function of an elementary function 
of individuals is that, in the former, the passage from one value to another 
is effected by making the same statement about a different individual, while 
in the latter it is effected by making a different statement about the same 
individual. Thus the passage from “Socrates is mortal” to “Plato is mortal” 
is a passage from f!2 to f!y, but the passage from “Socrates is mortal” to 
“Socrates is wise” is a passage from @!a to ~!a. Functional variation is 
involved in such a proposition as: “Napoleon had all the characteristics of a 
great general.” 

Taking the collection of elementary propositions, every matrix has values 
all of which belong to this collection. Every general proposition results from 
some matrix by generalization+. Every matrix intrinsically determines a 
certain classification of elementary propositions, which in turn determines the 
scope of the generalization of that matrix. Thus “ loves Socrates” picks out 
a certain collection of propositions, generalized in “ (x). 2 loves Socrates” and 
“(qa) . x loves Socrates.” But “p! Socrates” picks out those, among elementary 
propositions, which mention Socrates. The generalizations “() + ¢ ! Socrates” 
and “(q¢).! Socrates” involve a class of elementary propositions which 
cannot be obtained from an individual-variable. But any value of “¢! Socrates” 
is an ordinary elementary proposition ; the novelty introduced by the variable 
¢ is a novelty of classification, not of material classified. On the other hand, 
(x) . loves Socrates, (p). @ ! Socrates, etc. are new propositions, not contained 
among elementary propositions. It is the business of *8 to show that these 
propositions obey the same rules as elementary propositions. The method of 
proof makes it irrelevant what the variables are, so long as all the functions 
concerned have values which are elementary propositions. The variables may 
themselves be elementary propositions, as they are in *1—*5. 

A variable function which has values that are not elementary propositions 
starts a new set. But variables of this sort seem unnecessary. Every elementary 
proposition is a value of ¢!%; therefore 

(p). fp-=+(h, 2) +f (pia): (ap) fp -=+ (ag, 2). f(G! 2). 

* This assumption is fundamental in the following theory. It has its difficulties, but for the 
moment we ignore them. It takes the place (not quite adequately) of the axiom of reducibility. 
It is discussed in Appendix C. 

} In a proposition of logic, all the variables in the matrix must be generalized. In other 


general propositions, such as ‘‘all men are mortal,” some of the variables in | the matrix are re- 
placed by constants. 
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_ Hence all second-order propositions in which the variable is an elementary 
proposition can be derived from elementary matrices. The question of other 
second-order propositions will be dealt with in the next section. A function 
of two variables, say ¢ (2, y), picks out a certain class of classes of propositions. 
We shall have the class $ (a, y), for given a and variable y; then the class of 
all classes $ (a, y) as a varies. Whether we are to regard our function as 
giving classes $ (a, y) or (x, b) depends upon the order of generalization 
adopted. Thus “ (qz):(y)” involves $(a,y), but “(y):(qv)” involves 


$ (2, 6). 


Consider now the matrix ¢! 2, as a function of two variables. If we first 
vary x, keeping ¢ fixed (which seems the more natural order), we form a class 
of propositions ¢!a, Ply, @!z, ... which differ solely by the substitution of 
one individual for another. Having made one such class, we make another, 
and so on, until we have done so in all possible ways. But now suppose we 
vary ¢ first, keeping x fixed and equal to a. We then first form the class of 
all propositions of the form ¢!a, i.e. all elementary propositions of which a is 
a constituent; we next form the class $!6; and soon. The set of propositions 
which are values of ¢!a is a set not obtainable by variation of individuals, 
ue. not of the form fx [for constant / and variable «]. This is what makes ¢ 
a new sort of variable, different from #. This also is why generalization of the 
form (p). F!(¢12, ) gives a function not of the form f! [for constant /']. 
Observe also that whereas a is a constituent of f!a, fis not; thus the matrix 
¢@!a has the peculiarity that, when a value is assigned to z, this value is a 
constituent of the result, but when a value is assigned to @, this value is 
absorbed in the resulting proposition, and completely disappears. We may 
define a function $!@ as that kind of similarity between propositions which 
exists when one results from the other by the substitution of one individual 
for another. 


We have seen that there are matrices containing, as variables, functions 
of individuals. We may denote any such matrix by 


FI(P12, Wl2, y'2, ... vy, 2, ...). 

Since a function can only occur through its values, @!2 (e.g.) can only occur 
in the above matrix through the occurrence of @! a, ply, p!z,... or of dla, 
p!b, d'c, ...; where a, b,¢ are constants. Constants do not occur in logic, that 
is to say, the a, 6,c which we have been supposing constant are to be regarded 
as obtained by an extra-logical assignment of values to variables. They may 
therefore be absorbed into the a, y, z,.... Now a, y, 2 themselves will only 
eccur in logic as arguments to variable functions. Hence any matrix which 
contains the variables @!2, y!2, y!2, «, y, z and no others, if it is of the sort 
that can occur spe! in logic, will result from substituting pla, ply, plz, 
pie, wily, vlz,x!a, xly, x12, or some of them, fOr elementary a 
in some stroke-function. 
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It is necessary here to explain what is meant when we speak of a “ matrix 
that can occur explicitly in logic,” or, as we may call it, a “logical matrix.” 
A. logical matrix is one that contains no constants. Thus p/q is a logical 
matrix; so is $6! 2, where ¢ and a are both variable. Taking any elementary 
proposition, we shall obtain a logical matrix if we replace all its components 
and constituents by variables. Other matrices result from logical matrices by 
assigning values to some of their variables. There are, however, various ways 
of analysing a proposition, and therefore various logical matrices can be derived 
from a given proposition. Thus a proposition which is a value of p|q will 
also be a value of (op!) | (ly) and of y!(a, y). Different forms are required 
for different purposes; but all the forms of matrices required explicitly in 
logic are logical matrices as above defined. This is merely an illustration of 
the fact that logic aims always at complete generality. The test of a logical 
matrix is that it can be expressed without introducing any symbols other 
than those of logic, e.g. we must not require the symbol “Socrates.” Consider 
the expression . 
SY(P12, Wl 2, y 12, ... By, 2). 

When a value is assigned to f, this represents a matrix containing the variables 
dh, WP, Xx, .-. # Y, 2, .... But while f remains unassigned, it is a matrix of a 
new sort, containing the new variable f’ We call f a “second-order function,” 
because it takes functions among its arguments. When a value is assigned, 
not only to f, but also to ¢, f, xy, .-. % Y, 2, -.-, We obtain an elementary 
proposition; but when a value is assigned to f alone, we obtain a matrix 
containing as variables only first-order functions and individuals. This is 
analogous to what happens when we consider the matrix ¢!a. If we give 
values to both ¢ and a, we obtain an elementary proposition; but if we give 
a value to ¢ alone, we obtain a, matrix containing only an individual as variable. 

There is no logical matrix of the form f!(¢!2). The only matrices in 
which !2 is the only argument are those containing d!a, 615, dic, ..., where 
a, b, c,... are constants; but these are not logical matrices, being derived 
from the logical matrix ¢!2. Since ¢ can only appear through its values, it 
must appear, in a logical matrix, with one or more variable arguments. The 
simplest logical functions of ¢ alone are: (x). @!x and (qxz).¢! x, but these 
are not matrices. A logical matrix 

S'(P'2, &,, Hp, ... Ln) 
is always derived from a stroke-function 
F (Pi, Pas Pas +++ Pn) 
by substituting @!a,, 6! a, ... Plan for p,, Po, ... Pn. This is the sole method 
of constructing such matrices. (We may however have #, =, for some values 
of r and s.) 

Second-order functions have two connected properties which first-order 

functions do not have. The first of these is that, when a value is assigned to 


R&WI . c 
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J, the result may be a logical matrix; the second is that certain constant values 
of f can be assigned without going outside logic. 


To take the first point first: f1(@ ! 2, #), for example, is a matrix containing 
three variables, /, ¢, and #. The following logical matrices (among an infinite 
number) result from the above by assigning a value to f: d!a, (b!2)|(d!2), 
glad! a, etc. Similarly $125! y, which is a logical matrix, results from 
assigning a value to fin f1($!2,«,y). In all these cases, the constant value 
assigned to fis one which can be expressed in logical symbols alone (which 
was the second property of f). This is not the case with @!.a: in order to 
assign a value to ¢, we must introduce what we may call “empirical constants,” 
such as “Socrates” and “mortality” and “being Greek.” The functions of « 
that can be formed without going outside logic must involve a function as a 
generalized variable; they are (in the simplest case) such as (¢).¢!a and 


(ad) pla. 


To some extent, however, the above peculiarity of functions of the second 
and higher orders is arbitrary. We might have adopted in logic the symbols 


R, (2), Ry (x, y), Rs (&,Y,2), ..., 
where f, represents a variable predicate, R, a variable dyadic relation (in 
intension), and so on. Each of the symbols R, (a), R, (x,y), Rs(a, y,2), ... is 
a logical matrix, so that, if we used them, we should have logical matrices not 
containing variable functions. It is perhaps worth while to remind ourselves 
of the meaning of “!a,” where a is a constant. The meaning is as follows. 
Take any finite number of propositions of the various forms R, (x), R,(a, y), ... 
and combine them by means of the stroke in any way desired, allowing any 
one of them to be repeated any finite number of times. If at least one of 
them has a as a constituent, 2.¢. is of the form 
Rn (a, by, by, ..- On-r), 

then the molecular proposition we have constructed is of the form ¢!a, 
ie. is a value of “f@!a” with a suitable ¢. This of course also holds of the 
proposition R,, (a, b,, b:, ... bas) itself. It 1s clear that the logic of propositions, 
and still more of general propositions concerning a given argument, would be 
intolerably complicated if we abstained from the use of variable functions; 
but it can hardly be said that it would be impossible. As for the question of 
matrices, we could form a matrix f!(R,, x), of which R, (x) would be a value. 
That is to say, the properties of second-order matrices which we have been 
discussing would also belong to matrices containing variable universals. They 
cannot belong to matrices containing only variable individuals. 


By assigning ¢ ! 2 and z in f!($! 2, x), while leaving f variable, we obtain 
an assemblage of elementary propositions not to be vbtained by means of 
variables representing individuals and first-order functions. This is why the 
new variable / is useful. 
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We can proceed in like manner to matrices 


FLLSY(G12,2), 9 1(G12,2), WIDE BY oo} 
and so on indefinitely. These merely represent new ways of grouping ele- 
mentary propositions, leading to new kinds of generality. 


V. FUNCTIONS OTHER THAN MATRICES 


‘When a matrix contains several variables, functions of some of them can 
be obtained by turning the others into apparent variables. Functions obtained 
in this way are not matrices, and their values are not elementary propositions. 
‘The simplest examples are 

(y)-'(w,y) and (qy).p!(a,y). 
When we have a general proposition (¢). /{$!2, x,y, ...}, the only values 
can take are matrices; so that functions containing apparent variables are not 
included. We can,:if we like, introduce a new variable, to denote not only 
functions such as ¢! 2, but also such as 
(y) 61 (2y), (Y2)- BEB Ys 2), (AY) O1BY), oo 

in a word, all such functions of one variable as can be derived by generalization 
from matrices containing only individual-variables. Let us denote any such 
function by ¢,2, or 12, or x2, or etc. Here the suffix 1 is intended to indi- 
cate that the values of the functions may be first-order propositions, resulting 
from generalization in respect of individuals. In virtue of *8, no harm can 
come from including such functions along with matrices as values of single 
variables. 


Theoretically, it is unnecessary to introduce such variables as ¢,, because 
they can be replaced by an infinite conjunction or disjunction. Thuseg. 
(f,)- 6, 2-=:(p)-+ lai (dp, y)o-b! (x,y): (hb): (Gy). 1 (a, y): ete., 
(qd:)- hiv. =2(Gh)- hlaivi(qdh):(y).- GH! (a, y)ivi(qd, y).h! (a, y) iv: ete., 
and generally, given any matrix f!(!2, #), we shall have the following pro- 
cess: for interpreting (¢,) - f! (¢,2, 2) and (qW¢,) «ff! (g,2, 2). Put 
Cp) f1(G'2, 2) -=2(f) SEY). 8 (2,y), a} 2 (h) SE (ay) O12, y), 2h, 
where f! !(y).61!(2, y), x} is constructed as follows: wherever, in f! {p!2, a}, 
a value of ¢, say @!4a, occurs, substitute (y). 6! (a, y), and develop by the 
definitions at the ‘beginning of *8. f! {(qy).¢!(2,y), 2} is similarly con- 
structed. Similarly :put 
CP?) - FUP EZ, x) = 2()-SU(y, w). 612 y, w), a 
(p) -f! {((y):(qw).@!(2,y, w), z} : ete., 
where “etc.” covers the prefixes (qy): (w)., (qy, w) -,(w):(qy). We define 
¢°, $,... similarly. Then 
(fr) « fM(G:2,2) = 1 0G!) fF (G'2, 2) # (G2) «FE (G2, 2) # ote. 
This process depends upon the fact that /!(¢! 2, x), for each value of ¢ and z, 
is a proposition constructed out of elementary propositions. by the stroke, and 
c2 


Wo 
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that *8 enables us to replace any of these by a proposition which is not 
elementary. (q¢.) - f!(¢:2, «) is defined by an exactly analogous disjunction. 


It is obvious that, in practice, an infinite conjunction or disjunction such 
as the above cannot be manipulated without assumptions ad hoc. We can 
work out results for any segment of the infinite conjunction or disjunction, 
and we can “see” that these results hold throughout. But we cannot prove 
this, because mathematical induction is not applicable. We therefore adopt 
certain primitive propositions, which assert only that what we can prove in 
each case holds generally. By means of these it becomes possible to manipulate 
such variables as ¢,. 


In like manner we can introduce f,(¢,2, 2), where any number of in- 
dividuals and functions y,, yi, ... may appear as apparent variables. 


No essential difficulty arises in this process so long as the apparent 
variables involved in a function are not of higher order than the argument to 
the function. For example, #¢ D‘R, which is (qy).«Ry, may be treated 
without danger as if it were of the form @! a. In virtue of *8, 6,4 may be 
substituted for @!a without interfering with the truth of any logical pro- 
position which ¢!a is a part. Similarly whatever logical proposition holds 
concerning f'!(¢12, v) will hold concerning /;, (¢,2, 7). 


But when the apparent variable is of higher order than the argument, a 
new situation arises. The simplest cases are 


(p)-fL(P12, @), (ad) -fE(G 12, 2). 
These are functions of «, but are obviously not included among the values 
for ¢!a (where ¢ is the argument). If we adopt a new variable ¢, which is 
to include functions in which ¢@!2 can be an apparent variable, we shall obtain 
other new functions 

(ho) -f'(pr2, 2), (Aba) «f! (p22, 2), 

which are again not among values for d.4 (where ¢, is the argument), because 
the totality of values of ¢,2, which is now involved, is different from the totality 
of values of #!2, which was formerly involved. However much we may en- 
large the meaning of ¢, a function of # in which ¢ occurs as apparent variable 
has a correspondingly enlarged meaning, so that, however @ may be defined, 


(p)-f!(h2, 2) and (qd) - £1 (42, x) 
can never be values for dz. To attempt to make them so is like attempting 
to catch one’s own shadow. It is impossible to obtain one variable which 
embraces among its values all possible functions of individuals. 


We denote by ¢,# a function of # in which ¢, is an apparent variable, but 
there is no variable of higher order. Similarly ¢,z will contain ¢, as apparent 
variable, and so on. 
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. The essence of the matter is that‘a variable may travel through any well- 
defined totality of values, provided these values are all such that any one can 
‘replace any other significantly in any context. In constructing ¢,2, the only 
totality involved is that of individuals, which is already presupposed. But 
when we allow ¢ to be an apparent variable in a function of #, we enlarge the 
totality of functions of 2, however @ may have been defined. It is therefore 
always necessary to specify what sort of ¢ is involved, whenever $ appears as 
an apparent variable. 


The other condition, that of significance, is fully provided for by the 
definitions of *8, together with the principle that a function can only occur 
through its values. In virtue of the principle, a function of a function is a 
stroke-function of values of the function. And in virtue of the definitions in 
*8, a value of any function can significantly replace any proposition in a 
stroke-function, because propositions containing any number of apparent 
variables can always be substituted for elementary propositions and for each 
other in any stroke-function. What is necessary for significance is that every 
complete asserted proposition should be derived from a matrix by generaliza- 
tion, and that, in the matrix, the substitution of constant values for the 
variables should always result, ultimately, in a stroke-function of atomic 
propositions. We say “ultimately,” because, when such variables as g,2 are 
admitted, the substitution of a value for ¢, may yield a proposition still | 
containing apparent variables, and in this proposition the apparent variables 
must be replaced by constants before we arrive at a stroke-function of atomic 
propositions. We may introduce variables requiring several such stages, but 
the end must always be the same: a stroke-function of atomic propositions. 

It seems, however, though it might be difficult to prove formally, that the 
functions ¢,, f, introduce no propositions that cannot be expressed without 
them. Let us take first a very simple illustration. Consider the proposition 

(q¢.) - b.% + Gia, which we will call f (2, a). 
Since ¢, includes all possible values of # ! and also a great many other values 
in its range, f(a, a) might seem to make a smaller assertion than would be 
made by 
(qo). @!a.!a, which we will call /, (4, a). 
But in fact f(#,a).>.f,(#,a). This may be seen as follows: $,2 has one of 
the various sets of forms: 
(y) B1(GY), G2) 1G Ds oe 
(ay) ~ P1(@,Y), (AY 2)» PV(LY, 2), os 
(y) 3 (qz)- b' (a, y, 2), (AY) * (2) -PU(@Y, 2), oe 
Suppose first that ¢.2.=.(y)-¢!(a,y). Then 
: bz .gia-=2(y)- Pl (@yiy)-o'(ay): 
p!(x,b).p! (a,b): 


>: 
D>: (qo). gla.dla. 
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Next suppose ¢,7.=.(qy)-@! (a, y). Then 
Git. Ga.=3(qy)- Pl (x,y): (qz)- go! (a,z): 
D2(ay, 2) Pt(zy)v l(a, 2). bl (a, MGS (a, 2): 
D:(q$)-ola.gta, 
because $! (2, y)v $! (a, z) is of the form ¢!, when y and z are fixed. It is 
obvious that this method of proof applies to the other cases mentioned above. 


Hence 
(qo:)-G,2.0,0.= (qo) pla.dta. 
We can satisfy ourselves that the same result holds in the general form 
(ad,)-f(h:2, 2) = (ad) -S1(G13, 2) 
by a similar argument. We know that f!(6!2, x) is derived from some 
stroke-function 
EF’ (p, | 7, «++) 


by substituting ¢!a, pla, p!b, ... (where a, b, ... are constants) for some of 
the propositions p, g,7,... and g,! x, go! a, gs!a,... (where 9), Jo, gg,+.. are 
constants) for others of p, q, 7, ..., while replacing any remaining propositions 
Pq, 7, --. by constant propositions. Take a typical case ; suppose 
SV(G13,0). =. (Gl a)|(($! 2)|($!D)}. 
We then have to prove 
pid | (piv | $id). 9-(aG)- Pla] (pla|ptd), 
where ¢,2 may have any of the forms enumerated above. 
Suppose first that ¢,2.=.(y).o!(a,y). Then 
ra | (piv! pid). = 2 (Gy), w)- PIG, y)| [P1(@, 2) G1 (b, w)} : 
D:(qy)- OIGYWPI@yY| oly}: 
Ds (qb). pla| (pt a| 61d) 
because, for a given y, f!(a, y) is of the form ¢! z. 
Suppose next that ¢,4.=.(qy)-$!(a,y). Then 
pit | (iv | bid). =: (y) 2 (az, w)- PE (a, y) | {PL (@, 2)| PI, w)} = 
2 H(ay). vlal(yta| ytd), 
putting Wla.=.G!(a,z)vd! (a, w). Similarly the other cases can be dealt 
with. Hence the result follows. 


Consider next the correlative proposition 

(1) fF U(h:3, a) = ($) FG! 3, 2) 
Here it is the converse implication that needs proving, ze. 

($) FUG! 2, 0). D«(p.) f1(Gu2, 2). 
This follows from the previous case by transposition. It can also be seen in- 
dependently as follows. Suppose, as before, that 

FS '(Gr2, &) «= (Gia) | (p12 | orb), 

and put first git. =.(y).P! (a, y). 
Then (gra) | ($e | Gib) -= 2 (ay) #(z,w)- 61 (a, y) [{$! (a, 2)| 61 @, w)}. 


INTRODUCTION | XXXVil 


Thus we require that, given 
(Ab) Cp ba) | (tae td), 
we should have (qy):(2, w).!(a, y)| {p! (a, z)| G1, w)}. 
Now . 
(W)-plal(plalwld).d:.!8(a,2z).d.h! (4,2). 16,2): 
pl(a,w).d.h! (a, w). G1 (b,w):. 
Dig! (a,2z). dl (aw). Dd. pl (a, 2). P1(b,w):. 

. D:.o!(a,w). Dd: Gl (a,2z).d. gp! (x, z).61(b,w) (1) 
Also ~ l(a,w). I: Gl (a,w).D. Gl (a, 2). h1(6,w) (2) 
(1).(2)- Di. (p).Wlal(ptalplb):d:.(qy): Oo! (a,y)-I. 6! (a, 2). 1 (6,w) 


which was to be proved. 


Put next hy =. (ay) - b!(a, y). 
Then ($.4)|(¢.%| $:b)-=2(y) 2 (a4, v)- b1Gy|{b1@ 2) b!G, w)}. 


In this case we merely put z = w = y and the result follows. 


The method will be the same in any other case. Hence generally: 


(pi) «f'! (hr, @) » = 6 (P) -fU(GEZ, 2). 
Although the above arguments do not amount to formal proofs, they suffice 
to make it clear that, in fact, any general propositions about $!2 are also 
true about ¢,2. This gives us, so far as such functions are concerned, all that 
could have been got from the axiom of reducibility. 


Since the proof can only be conducted in each separate case, it is necessary 
to introduce a primitive proposition stating that the result holds always. This 
primitive proposition is 

| ti(p). ft (b!2,x2)..f'(b,2,”) Pp. 
As an illustration: suppose we have proved some property of all classes defined 
by functions of the form #!2, the above primitive proposition enables us to 
substitute the class D‘R, where RF is the relation defined by $! (2, 4), or by 
(qz) - !(2, 9, 2), or etc. Wherever a class or relation is defined by a function 
containing no apparent variables except individuals, the above primitive pro- 
position enables us to treat it as if it were defined by a matrix. 


We have now to consider functions of the form ¢,x, where 
fot. = «(f). fl (GP! 2, a) oF prt. =. (Ah) - fl (GP! Z, 2). 
We want to discover whether, or under what circumstances, we have 
($) -g M619, 2)... gM (du2, 2). (A) 
Let us begin with an important particular case. Put 
9g! ($12,2).=.gpladPtsz. 
Then (¢).g!(6!2,2).=.# =a, according to *13°1. 
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We want to prove 
(>). dladIGl xe. Dd. ga) for, 
1.e. (>). dGladPita.3:(p). ft (G12, a).3.(b)- fl (G12, 2): 
COM ACIEO RECOM ACTED 

Now f!(¢! 2, x) must be derived from some stroke-function 

EF (p,q ya) 
by substituting for some of p,q, 7,... the values @!a, P61), dlc, ... where 
b, c,... are constants. As soon as ¢ is assigned, this is of the form w!z. Hence 

(>). Pfladdla. di (Pi ft (G!2,a).d.f1(P!2, a): 
D:(p)-f! (612, 4)... (p)-fI(P!2, x): 

COM AICHE TOMPE MC OMAIC TEN 

Thus generally (6). P!ad glu.D.(ds)-G.4) d,2 without the need of any 


axiom of reducibility. 


It must not, however, be assumed that (A) is always true. The procedure 
is as follows: f!(! 2, x) results from some stroke-function 


F'(p, 4, 7 +++) 
by substituting for some of p, q, 7, ... the values f! a, dP! a, 1, ... (a, }, ... 
being constants). We assume that, e.g. 

fox. =.(p) «ft (p! 2, 2). 
Thus g.7.=.(o)- F(pla, dla, f!b, ...). (B) 
What we want to discover is whether 
(p)- 91 (P12, 2). 3. G9! (G22, x). 

Now g!($!2, @) will be derived from a stroke-function 

G (p, qr, ties) 
by substituting $!a, pla’, P!b’, ... for some of p, g, 7, .... To obtain 
9! ($22, 2), we have to put ¢.%, $a’, ¢,0’,... in G(p, g, 7, ...), instead of 
pia, dia’, o!b’,.... We shall thus obtain a new matrix. 


If (6). g!($!2, x) is known to be true because G(p, g, 7, ...) is always 
true, then g!(@.2, x) is true in virtue of *8, because it is obtained from 
G (p, q, 7, -.-) by substituting for some of p, qg, r,... the propositions ¢,2, 
¢.a’, db’, ... which contain apparent variables. Thus in this case an inference 
is warranted. 


We have thus the following important proposition : 
Whenever (¢).9!($!2,) is known to be true because g!($!2,2z) is 
always a value of a stroke-function 
G (p,q 7, ++) 
which is true for all values of p, g, 7, ..., then g!(q,2, x) is also true, and so 
(of course) is (d2) « g ! (22, x). 
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This, however, does not cover the case where (¢).g!($!2,) 1s not a 
truth of logic, but a hypothesis, which may be true for some values of x and 
false for others. When this is the case, the inference to g!(¢.2,2) is some- 
times legitimate and sometimes not; the various cases must be investigated 
separately. We shall have an important illustration of the failure of the 
inference in connection with mathematical induction. 


VI. CLASSES 


The theory of classes is at once simplified in one direction and complicated 
in another by the assumption that functions only occur through their values 
and by the abandonment of the axiom of reducibility. 


According to our present theory, all functions of functions are extensional, 


px=,pr.d.f ($2) =f (W2). 
This is obvious, since ¢ can only occur in f(2) by the substitution of values 
of ¢ for p,q, 7, ... in a stroke-function, and, if @v=a, the substitution of 
gx for p in a stroke-function gives the same truth-value to the truth-function 
as the substitution of wx. Consequently there is no longer any reason to 
distinguish between functions and classes, for we have, in virtue of the above, 


PL=zPr.d. P@= wi. 
We shall continue to use the notation 2 (ox), which is often more convenient 
than ¢2; but there will no longer be any difference between the meanings of 
the two symbols. Thus classes, as distinct from functions, lose even that 
shadowy being which they retain in *20. The same, of course, applies to 
relations in extension. This, so far, is ‘a simplification. 


2.€. 


On the other hand, we now have to distinguish classes of different orders 
composed of members of the same order. Taking classes of individuals as the 
simplest case, 2(h! x) must be distinguished from #(¢,2) and so on. In 
virtue of the proposition at the end of the last section, the general logical 
properties of classes will be the same for classes of all orders. Thus e.g. 


-aCB.BCy.d.aCy 
will hold whatever may be the orders of a, B, y respectively. In other kinds of 
cases, however, trouble arises. Take, as a first instance, p‘« and s‘«. We have 
wepie.=iaek.D.. UE. 
Thus p‘« is a class of higher order than any of the members of x. Hence the 
hypothesis (a). fa may not imply f(p‘«), if a is of the order of the members 
of «. There is a kind of proof invented by Zermelo, of which the simplest 
example is his second proof of the Schréder-Bernstein theorem (given in *73). 
This kind of proof consists in defining a certain class of classes «, and then 
showing that p‘ce«. On the face of it, “p‘«ex” is impossible, since p‘« is 


xl INTRODUCTION 


not of the same order as members of «. This, however, is not all that is to be 
said. A class of classes « is always defined by some function of the form 

(21, %e, ...) (Hs, Yo, ---)» F(a €4, La, ... PEA, Yoe a, aan 
where F is a stroke-function, and “ae«” means that the above function is 
true. It may well happen that the above function is true when p‘« is sub- 
stituted for a, and the result is interpreted by *8. Does this justify us in 
asserting p‘x € « ? 


Let us take an illustration which is important in connection with 
mathematical induction. Put 
| Ke=a(R“aCa.aea). 
Then Rp Cpe .aepse (see *40°81) 


so that, in a sense, p‘cex. That is to say, if we substitute p‘« for ain the 
defining function of «, and apply *8, we obtain a true proposition. By the 
definition of «90, 


— 
Ry fa = pn. 
<_— ° e ° 
Thus Ry‘a is a second-order class. Consequently, if we have a hypothesis 
(a) «fa, where a is a first-order class, we cannot assume 


<— 
(a). fa.d.f(Ry‘a). (A) 
By the proposition at the end of the previous section, if (a). fa is deduced by 
logic from a universally-true stroke-function of elementary propositions, 


< : <— 
J (Ra) will also be true. Thus we may substitute Ry‘a for a in any asserted 
proposition “t. fa” which occurs in Principia Mathematica. But when 
(a) . fa is a hypothesis, not a universal truth, the implication (A) is not, prama 
Jacie, necessarily true. 

For example, if « = 4 (Ra Ca.aea), we have 

aex.DdD:anBex.=.R“(anB)CP.acZB. 

Hence — aek.R“(anB)CB.aeB.d.pKCP (1) 


In many of the propositions of *90, as hitherto proved, we substitute p‘« for 
a, whence we obtain 


. R“(B ape) CB.aeB.r.p'eCB (2) 
1.e. 

. zeB.ahyz.d,y-weBiaeB.aRyri:d.26eB 

or aRyx.D:.2¢€B.aRyz.D,y-weBiraeB:rd.veB. 


This is a more powerful form of induction than that used in the definition of 
aRya. But the proof is not valid, because we have no right to substitute p‘« 
for a in passing from (1) to (2). Therefore the proofs which use this form of 
induction have to be reconstructed. 
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It will be found that the form to which we can reduce most of the fallacious | 
inferences that seem plausible is the following: 


Given “F. (x). f(a, x)” we can infer “F: (a): (ay) _ f (a, y).” Thus given 
“F.(a). f(a, a)” we can infer “F:(a):(q8)-f(a, 8).” But this depends upon 
the possibility of a=. If, now, @ is of one order and £ of another, we do 
not know that a= is possible. Thus suppose we have 

aeK+D.+ ga 
and we wish to infer g8, where 8 is a class of higher order satisfying fe x. 
The proposition 
(B):-aek.Da.gaz:I:Bex.d.g8 
becomes, when developed by *8, 
(B)(qa):.aex.D.ga:I:Ben.d.gBP. 
This is only valid if «= is possible. Hence the inference is fallacious if 8 
is of higher order than a. 


Let us apply these considerations to Zermelo’s proof of the Schréder- 

Bernstein theorem, given in *73°8 ff. We have a Class of classes 
e=a(aCDR.B-ARCa. R“a Ca) 
and we prove p‘« ex (*73'81), which is admissible in the limited sense ex- 
plained above. We then add the hypothesis — 
“w~ve(B—AU‘R)v Ry'x 
and proceed to prove p‘« — t*x « « (in the fourth line of the proof of *73°82). 
This also is admissible in the limited sense. But in the next line of the same 
proof we make a use of it which is not admissible, arguing from p‘x — ‘xe x 
to px C p*« — U“a, because 
; ae. Da. peCa. 
The inference from . 
aex.D,.peCa to pe—Ucex. Dd. pe Cpe —Ux 
is only valid if p‘«—vt‘« is a class of the same order as-the members of x. 
For, when acx.3,.p*« C a is written out it becomes 
(a) s:: (GB) sr. (a) t:aex.I:.Bex.d.veBi:Dd.xvEa. 
This is deduced from 
aex.-I1.AEK.D.£LEarD.xLEa 

by the principle that f(a, a) implies (q8)./f(a, 8). But here the 8 must be 
of the same order as-the a, while in our case a and # are not of the same 
order, if a= p‘« — «Sa and @ is an ordinary member of «. At this point, there- 
fore, where we infer p‘« C p‘« — t‘a, the proof breaks down. 


It is easy, however, to remedy this defect in the proof. All we need is 


z~re(B—-A‘R)v R“ px >. f2re pe 
or, conversely, 


cepie.d. 2e(B—U‘R)v R“p'x 
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Now ; 
LEP. DiuAeK~Dgta—UeVER: 
D0 (B-ARCa— U0). Vv. ~{R“(a —U' ‘2) Cae}: 
a :aeB— d‘R.v. we R(a- L #) 
nave B—ARiviaenw. Da ne Ra. 
Hence, by ae ‘341, 
vepie.d nee — GR) uv Rp*« 

which gives the required result. 

We assume that a—1‘« is of no higher order than a; this can be secured 
by taking a to be of at least the second order, since t‘z, and therefore — e‘z, 
is of the second order. We may always assume our classes raised to a given 
order, but not raised indefinitely. 

Thus the Schréder-Bernstein theorem survives. 

Another difficulty arises in regard to sub-classes. We put 

Cla=R(@Ca) Df. 
Now “8 Ca” is significant when @ is of higher order than a, provided its 
members are of the same type as those of a. But when we have 
BCa.s.fB8, 
the 8 must be of some definite type. As a rule, we shall be able to show 
that a proposition of this sort holds whatever the type of 8, if we can show 
that it holds when 8 is of the same type as a. Consequently no difficulty 
arises until we come to Cantor’s proposition 2” > n, which results from the 
proposition 
~ {(Cl*a) sm a} 
which is proved in *102. The proof is as follows: 
| Rell. D‘R=a. aR C Cla. E=2 {wea — R‘a} . oe 
yea.ye Ry. D, .ywekr yea. yore Ry. Dy yek: Diyea. Dy -&+ hy: 
. Ds Ene CSR. 

As this proposition is crucial, we shall enter into it somewhat minutely. 

Let a=2(A! <2), and let 

aR {2(plz)}.=-fi(p! 2,2). 

Then by our data, 


Ala... (qh) f'(b!2, a), 
Si (ot2,a).D.Ala.glydAty, 
SU(P12, a) fL(PL2,y)-I.e=y, 
SY(GY2, 2) SUH12, 2). d-blyayply. 
With these data, 
vea—Riw.=:Alarfi(ol3,2).ds.vola. 
Thus E=B((p):Alarfl\(p'2,2).d.vgl ah. 


INTRODUCTION xiii 


Thus & is defined by a function in which ¢ appears as apparent variable. If 
we enlarge the initial range of $, we shall enlarge the range of values involved 
in the definition of & There is therefore no way of escaping from the result 
that & is of higher order than the sub-classes of a contemplated in the 
definition of Cl‘a. Consequently the proof of 2” > 7 collapses when the 
axiom of reducibility is not assumed. We shall find, however, that the propo- 
sition remains true when n is finite. 

With regard to relations, exactly similar questions arise as with regard to 
classes. A relation is no longer to be distingwshod from a function of two 
variables, and we have 

PBD=VE -=2 (GY) -Fay-¥@Y). 
The difficulties as regards p‘A and RI‘Pare less important than those concerning 
p‘x and Cl‘a, because p‘r and RI‘P are less used. But a very serious difficulty 
occurs as regards similarity. We have 
— asmP.=.(qR).Relal.a=D'R.B=CR. 
Here R must be confined within some type; but whatever type we choose, 
there may be a correlator of higher type by which a and 8 can be correlated. 
Thus we can never prove ~(asm §), except in such special cases as when 
either a or 8 is finite. This difficulty was illustrated by Cantor's theorem 
2" >n, which we have just examined. Almost all our propositions are con- 
cerned in proving that two classes are similar, and these can all be interpreted 
so as to remain valid. But the few propositions which are concerned with 
proving that two classes are not similar collapse, a where one at least of 
the two is finite. 
VII. MATHEMATICAL INDUCTION 

All the propositions on mathematical induction in Part IT, Section E and 
Part III, Section C remain valid, when suitably interpreted. But the proofs 
of many of them become fallacious when the axiom of reducibility is not 
assumed, and in some cases new proofs can only be obtained with considerable 
labour. The difficulty becomes at once apparent on observing the definition 
of “aRyy” in *90. Omitting the factor “«eC*‘R,” which is irrelevant for 
our purposes, the definition of “cRyy” may be written 

2Rw.d20-¢izIglwids.glarly, (A) 
ae. “y has every elementary hereditary property possessed by z.” We may, 
instead of elementary properties, take any other order of properties; as we 
shall see Jater, it is advantageous to take third-order properties when R is 
one-many or many-one, and fifth-order properties in other cases. But for 
_preliminary purposes it makes no difference what order of properties we take, 
and therefore for the sake of definiteness we take elementary properties to 
begin with. The difficulty is that, if ¢, is any second-order property, we 
cannot deduce from (A) . 

2Rw . Dz,» G22 pow s ae pot D hoy. (B) 
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Suppose, for example, that $22-=.(4) Sf i(pt?2, a ‘then from (A) we can 
deduce 
ZRw Dz, +f (P12, 2) Deft (G12, wv): D2 fV(G12, 2). De fl (!2,y): 

2: $0.) doy. (C) 
But in goleral our hypothesis here is not implied by the hypothesis of (B). 
If we put $,2.=.(qd)-f!(6!2, 2), we get exactly analogous results. 


Hence in order to apply mathematical induction to a second-order property, 
it is not sufficient that it should be itself hereditary, but it must be composed 
of hereditary elementary properties. That is to say, if the property in question 
is @,2, where ¢,2 is either 

($) fU(G1S, 2) or (ab). f1(G 13,2), 
it is not enough to have 
ZRw . 2,0 + $2z D ho, 
but we must have, for each elementary ¢, 
Rw .Dz0ef'(O!2, 2 IFUL Z, w). 

One inconvenient consequence is that, primé facie, an inductive property 

must not be of the form 


. tRyz. plz 
or Se Potid'R. 618 
or ae NC induct. ¢!a. 


This is inconvenient, because often such properties are hereditary when ¢ 
alone is not, t.e. we may have © 
tRyz.o12-2Rw.D26-tRyw.dlw 
when we do not have 
Oiz.zhw.d20-O!, 
and similarly in the other cases. , 


These considerations make it necessary to re-examine all inductive proofs. 
In some cases they are still valid, in others they are easily rectified; in still 
others, the rectification is laborious, but it is always possible. The method of 
rectification is explained in Appendix B to this volume. 


There is, however, so far as we can discover, no way by which our present 
primitive propositions can be made adequate to Dedekindian and well-ordered 
relations. The practical uses of Dedekindian relations depend upon *211°63— 
"692, which lead to *214:3—34, showing that the series of segments of a series 
is Dedekindian. It is upon this that the theory of real numbers rests, real 
numbers being defined as segments of the series of rationals. This subject is 
dealt with in *310. If we were to regard as doubtful the proposition that the 
series of real numbers is Dedekindian, analysis would collapse. 

The proofs of this proposition in Principia Mathematica depend upon the 
axiom of reducibility, since they. depend upon *211°64, which asserts 

ACD‘P,.D.sre Df Pe. 
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For reasons explained above, if a is of the order of members of d, (a) ..fa may 
not imply f(s‘), because s‘X is a class of higher order than the members of 
» Thus although we have 


D‘P. = 4 {(q8).a= PB}, 

gsxr = Pee Px, 
yet we cannot infer s‘r « D‘P. except when s‘r or s‘P.“X is, for some special 
reason, of the same order as the members of A. This will be the case when A 


is finite, but not necessarily otherwise. Hence the theory of irrationals will 
require reconstruction. 


Exactly similar difficulties arise in regard to well-ordered series. The 
theory of well-ordered series rests on the definition *250°01 : 


Bord = P(Clex‘C*P CCA‘minp) Df, 
whence — PeBord.=:aC('P.qita.3..q!ta—P*a. 


In making deductions, we constantly substitute for a some constructed class 
of higher order than C*P. For instance, in *250°122 we substitute for a the 


class CfP a pi Pa a C*P), which is in general of higher order than a. If this 
substitution is illegitimate, we cannot prove that a class contained in C‘P 
and having successors must have an immediate successor, without which the 
theory of well-ordered series becomes impossible. This particular difficulty 
might be overcome, but it is obvious that many important propositions must 
collapse. 


It might be possible to sacrifice infinite well-ordered series to logical 
rigour, but the theory of real numbers is an integral part of ordinary mathe- 
matics, and can hardly be the object of a reasonable doubt. We are therefore 
justified in supposing that some logical axiom which is true will justify it. 
The axiom required may be more restricted than the axiom of reducibility, 
but, if so, it remains to be discovered. 


The following are among the contributions to mathematical logic since the 
publication of the first edition of Principia Mathematica. 


D. Hitpert. Axiomatisches Denken, Mathematische Annalen, Vol. 78. Die logischen 
Grundlagen der Mathematik, 7b. Vol. 88. Neue Begriindung der Mathematik, 
Abhundlungen aus dem mathematischen Seminar der Hamburgischen Universitat, 1922. 

P. Bernays. Ueber Hilbert’s Gedanken zur Grundlegung der Arithmetik, Jahresbericht 
der deutschen Mathematiker- Vereinigung, Vol. 31. 

H. Beumann. Beitrige zur Algebra der Logik. Mathematische Annalen, Vol. 86. 

L. Cawisrex. Ueber die Antinomien der Prinzipien der Mathematik, Mathematische 
Zeitschrift, Vol. 14. The Theory of Constructive Types. Annales de la Société 
Mathématique de Pologne, 1923. (Dr Chwistek has kindly allowed us to read in MS. 
a longer work with the same title.) 

H. Wreyt. Das Kontinuum, Veit, 1918. Ueber die neue Grundlagenkrise der Mathematik, 
Mathematische Zeitschrift, Vol. 10. Randbemerkungen zu Hauptproblemen der 
Mathematik, Mathematische Zeitschrift, Vol. 20. 
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L. E. J. Brouwer. Begriindung der Mengenlehre unabhingig vom logischen Satz des 
ausgeschlossenen Dritten. Verhandelingen d. K. Akademie v. Wetenschappen, Amster- 
dam, 1918, 1919. Intuitionistische Mengenlehre, Jahresbericht der deutschen Mathema- 


tiker-Vereinigung, Vol. 28. 

A. TasteELBAUM-TaRskI. Sur le terme primitif de la logistique, Fundamenta Mathematicae, 
Tom. IV. Sur les “truth-functions” au sens de MM. Russell et Whitehead, 7b. 
Tom. V. Sur quelques théorémes qui équivalent & l’axiome du choix, 7b. 

F, Bernstein. Die Mengenlehre Georg Cantor’s und der Finitismus, Jahresbericht der 
deutschen Mathematiker- Vereinigung, Vol. 28. 

J. Konic. Meue-Grundlagen der Logik, Artthmetik und Mengenlehre, Veit, 1914. 

C. I. Lewis. A Survey of Symbolic Logic, University of California, 1918. 

H. M. Suerrer. Total determinations of deductive systems with special reference to the 


Algebra of Logic. Bulletin of the American Mathematical Society, Vol. xvi. Trans. Amer. 
Math, Soc. Vol. x1v. pp. 481—488. The general theory of notational relativity, Cam- 


bridge, Mass. 1921. 

J.G. P. Nicop. A reduction in the number of the primitive propositions of logic. Proc. 
Camb. Phil. Soc. Vol. xix. 

L. Wirrernstetn. Tractatus Logico-Philosophicus, Kegan Paul, 1922. 

M. ScHéNwINKEL. Ueber die Bausteine der mathematischen Logik, Math. Annalen, Vol. 92. 
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THE mathematical logic which occupies Part I of the present’ work has 
been constructed under the guidance of three different purposes. In the first 
place, it aims at effecting the greatest possible analysis of the ideas with 
which it deals and of the processes by which it conducts demonstrations, 
and at diminishing to the utmost the number of the undefined ideas and 
undemonstrated propositions (called respectively primitive ideas and primitive 
propositions) from which it starts. In the second place, it is framed with a 
view to the perfectly precise expression, in its symbols, of mathematical 
propositions: to secure such expression, and to secure it in the simplest and 
most convenient notation possible, is the chief motive in the choice of topics. 
In the third place, the system is specially framed to solve the paradoxes 
which, in recent years, have troubled students of symbolic logic and the 
theory of aggregates ; it is believed that the theory of types, as set forth in 
what follows, leads both to the avoidance of contradictions, and to the . 
detection of the precise fallacy which has given rise to them. 


Of the above three purposes, the first and third often compel us to adopt 
methods, definitions, and notations which are more complicated or more 
difficult than they would be if we had the second object alone in view. This 
_ applies especially to the theory of descriptive expressions (*14 and *30) and 
to the theory of classes and relations («20 and *21). On these two points, 
and to a lesser degree on others, it has been found necessary to make some 
sacrifice of lucidity to correctness. The sacrifice is, however, in the main 
only temporary : in each case, the notation ultimately adopted, though its 
real meaning is very complicated, has an apparently simple meaning which, 
except at certain crucial points, can without danger be substituted in 
thought for the real meaning. It is therefore convenient, in a preliminary 
explanation of the notation, to treat these apparently simple meanings as 
primitive ideas, ¢.e. as ideas introduced without definition. When the notation 
has grown more or less familiar, it is easier to follow the more complicated 
explanations which we believe to be more correct. In the body of the work, 
where it is necessary to adhere rigidly to the strict logical order, the easier 
order of development could not be adopted; it is therefore given in the 
Introduction. The explanations given in Chapter I of the Introduction are 
such as place lucidity before correctness; the full explanations are partly 
supplied in succeeding Chapters of the Introduction, partly given in the body 
of the work. 


The use of a symbolism, other than that of words, in all parts of the book 
which aim at embodying strictly accurate demonstrative reasoning, has been 
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forced on us by the consistent pursuit of the above three purposes. The 
reasons for this extension of symbolism beyond the familiar regions of number 
and allied ideas are many : 


_ (1). The ideas here employed are more abstract than those familiarly con- 
sidered in language. Accordingly there are no words which are used mainly 
in the exact consistent senses which are required here. Any use of words 
would require unnatural limitations to their ordinary meanings, which would 
be in fact more difficult to remember consistently than are the definitions of | 
entirely new symbols. 


(2) The grammatical structure of language is adapted to a wide variety 
of usages. Thus it possesses no unique simplicity in representing the few 
simple, though highly abstract, processes and ideas arising in the deductive 
trains of reasoning employed here. In fact the very abstract simplicity of the 
ideas of this work defeats language. Language can represent complex ideas 
more easily. The proposition “a whale is big” represents language at its best, 
giving terse expression to a complicated fact ; while the true analysis of “one 
is a number” leads, in language, to an intolerable prolixity. Accordingly 
terseness is gained by using a symbolism especially designed to represent the 
ideas and processes of deduction which occur in this work, 


(3) The adaptation of the rules of the symbolism to the processes of 
deduction aids the intuition in regions too abstract for the imagination 
readily to present to the mind the true relation between the ideas employed. 
For various collocations of symbols become familiar as representing im- 
portant collocations of ideas; and in turn the possible relations—according 
to the rules of the symbolism—between these collocations of symbols become 
familiar, and these further collocations represent’ still more complicated 
relations between the abstract ideas. And thus the mind is finally led to 
construct trains of reasoning in regions of thought in which the imagination 
would be entirely unable to sustain itself without symbolic help. Ordinary 
language yields no such help. Its grammatical structure does not represent 
uniquely the relations between the ideas involved. Thus, “a whale is big” 
and “one is a number” both look alike, so that the eye gives no help to the 
imagination. 


(4) The terseness of the symbolism enables a whole proposition to be 
represented to the eyesight as one whole, or at most in two or three parts 
divided where the natural breaks, represented in the symbolism, occur. This 
is a humble property, but is in fact very important in connection with the 
advantages enumerated under the heading (3). 


(5) .The attainment of the first-mentioned object of this work, namely 
the complete enumeration of all the ideas and steps in reasoning employed 
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in mathematics, necessitates both terseness and the presentation of each pro- 
position with the maximum of formality in a form as characteristic of itself 
as possible, 


Further light on the methods and symbolism of this book is thrown by a 
slight consideration of the limits to their useful employment: 


(a) Most mathematical investigation is concerned not with the analysis 
of the complete process of reasoning, but with the presentation of such an 
abstract of the proof as is sufficient to convince a properly instructed mind. 
For such investigations the detailed presentation of the steps in reasoning is 
of course unnecessary, provided that the detail is carried far enough to guard 
against error. In this connection it may be remembered that the investiga- 
tions of Weierstrass and others of the same school have shown that, even in 
the common topics of mathematical thought, much more detail is necessary 
than previous generations of mathematicians had anticipated. 

(8) In proportion as the imagination works easily in any region of 
thought, symbolism (except for the express purpose of analysis) becomes only 
necessary as a convenient shorthand writing to register results obtained 
without its help. It is a subsidiary object of this work to show that, with 
the aid of symbolism, deductive reasoning can be extended to regions of 
thought not usually supposed amenable to mathematical treatment. And 
until the ideas of such branches of knowledge have become more familiar, 
the detailed type of reasoning, which is also required for the analysis of the 
steps, 1s appropriate to the investigation of the general truths concerning 
these subjects. 
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CHAPTER I 


PRELIMINARY EXPLANATIONS OF IDEAS AND NOTATIONS 


THE notation adopted in the present work is based upon that of Peano, 
and the following explanations are to some extent modelled on those which 
he prefixes to his Formulario Mathematico. His use of dots as brackets is 
adopted, and so are many of his symbols. 


Variables. The idea of a variable, as it occurs in the present work, is 
more general than that which is explicitly used in ordinary mathematics. 
In ordinary mathematics, a variable generally stands for an undetermined 
number or quantity. In mathematical logic, any symbol whose meaning is not 
determinate is called a variable, and the various determinations of which its 
meaning is susceptible are called the values of the variable. The values may 
be any set of entities, propositions, functions, classes or relations, according 
to circumstances. If a statement is made about “Mr A and Mr B,” “Mr A” 
and “ Mr B” are variables whose values are confined to men. A variable may 
either have a conventionally-assigned range of values, or may (in the absence 
of any indication of the range of values) have as the range of its values all 
determinations which render the statement in which it occurs significant. 
Thus when a text-book of logic asserts that “A is A,” without any indication 
as to what A may be, what is meant is that any statement of the form 
“A is A” is true. We may call a variable restricted when its values are 
confined to some only of those of which it is capable; otherwise, we shall call 
it unrestricted. Thus when an unrestricted variable occurs, it represents any 
object such that the statement concerned can be made significantly (ze. either 
truly or falsely) concerning that object. For the purposes of logic, the 
unrestricted variable is more convenient than the restricted variable, and we 
shall always employ it. We shall find that the unrestricted variable is still 
subject to limitations imposed by the manner of its occurrence, i.e. things 
which can be said significantly concerning a proposition cannot be said 
significantly concerning a class or a relation, and so on. But the limitations 
to which the unrestricted variable is subject do not need to be explicitly 
indicated, since they are the limits of significance of the statement in which 
the variable occurs, and are therefore intrinsically determined by this state- 
ment. This will be more fully explained later*. 


To sum up, the three salient facts connected with the use of the variable 
are: (1) that a variable is ambiguous in its denotation and accordingly undefined ; 
(2) that a variable preserves a recognizable identity in various occurrences 
throughout the same context, so that many variables can occur together in the 


* Cf. Chapter II of the Introduction. 
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same context each with its separate identity; and (8) that either the range of 
possible determinations of two variables may be the same, so that a possible 
determination of one variable is also a possible determination of the other, or 
the ranges of two variables may be different, so that, if a possible determina- 
tion of one variable is given to the other, the resulting complete phrase is 
meaningless instead of becoming a complete unambiguous proposition (true 
or false) as would be the case if all variables in it had been given any suitable 
determinations. 


The uses of various letters. Variables will be denoted by single letters, and 
so will certain constants; but a letter which has once been assigned to a constant 
by a definition must not afterwards be used to denote a variable. The small 
letters of the ordinary alphabet will all be used for variables, except p and s 
after *40, in which constant meanings are assigned to these two letters. The 
following capital letters will receive constant meanings: B, C, D, #, F, Iand J. 
Among small Greek letters, we shall give constant meanings to ¢, « and (ata 
later stage) to 7, 0 and w. Certain Greek capitals will from time to time be 
introduced for constants, but Greek capitals will not be used for variables. Of 
the remaining letters, p, g, * will be called propositional letters, and will stand 
for variable propositions (except that, from *40 onwards, p must not be used 
for a variable); fg, ¢, ¥, x, 9 and (until *33) F will be called functional 
letters, and will be used for variable functions. 


The small Greek letters not already mentioned will be used for variables 
whose values are classes, and will be referred to simply as Greek letters. Ordinary 
capital letters not already mentioned will be used for variables whose values 
are relations, and will be referred to simply as capital letters. Ordinary small 
letters other than p, q, 7, 8, ; g will be used for variables whose values are not 
known to be functions, classes, or relations; these letters will be referred to 
simply as small Latin letters. 


After the early part of the work, variable propositions and variable functions 
will hardly ever occur. We shall then have three main kinds of variables: 
variable classes, denoted by smali Greek letters; variable relations, denoted by 
capitals; and variables not given as necessarily classes or relations, which will 
be denoted by small Latin letters. 


In addition to this usage of small Greek letters for variable classes, capital 
letters for variable relations, small Latin letters for variables of type wholly 
undetermined by the context (these arise from the possibility of “systematic 
ambiguity,” explained later in the explanations of the theory of types), the 
reader need only remember that all letters represent variables, unless they have 
been defined as constants in some previous place in the book. In general the 
structure of the context determines the scope of the variables contained in it; 
but the special indication of the nature of the variables employed, as here 
proposed, saves considerable labour of thought. 


6 INTRODUCTION [CHAP. 


The fundamental functions of propositions. An aggregation of propositions, 
considered as wholes not necessarily unambiguously determined, into a single 
proposition more complex than its constituents, is a function with propositions 
as arguments. The general idea of such an aggregation of propositions, or of 
variables representing propositions, will not be employed in this work. But 
there are four special cases which are of fundamental importance, since all the 
aggregations of subordinate propositions into one complex proposition oa 
occur in the sequel are formed out of them step by step. 


They are (1) the Contradictory Function, (2) the Logical Sum, or Dis- 
junctive Function, (3) the Logical Product, or Conjunctive Function, (4) the 
Implicative Function. These functions in the sense in which they are required 
in this work are not all independent; and if two of them are taken as primitive 
undefined ideas, the other two can be defined in terms of them. It is to some 
extent—though not entirely—arbitrary as to which functions are taken as 
primitive. Simplicity of primitive ideas and symmetry of treatment seem to 
be gained by taking the first two functions as primitive ideas. 


The Contradictory Function with argument p, where p is any proposition, 
is the proposition which is the contradictory of p, that is, the: proposition 
asserting that p is not true. This is denoted by ~p. Thus ~p is the 
contradictory function with p as argument and means the negation of the 
proposition p. It will also be referred to as the proposition not-p. Thus ~p_ 
means not-p, which means the negation of p. 


The Logical Sum is a propositional function with two arguments p and q, 
and is the proposition asserting p or g disjunctively, that is, asserting that at 
least one of the two pand gq is true. This is denoted by pvg. Thus pvq is 
the logical sum with p and q as arguments. It is also called the logical sum of 
pandgq. Accordingly pv q means that at least p or q is true, not excluding the 
case in which both are true. 


The Logical Product is a propositional function with two arguments p and 
g, and is the proposition asserting p and q conjunctively, that is, asserting that 
both p and g aretrue. This is denoted by p.gq, or—in order to make the dots 
act as brackets in a way to be explained immediately—by p :4q, or by p:.q, 
or by p::q. Thus p.g is the logical product with p and q as arguments. It 
is also called the logical product of p and q. Accordingly p.q means that both 
p and q are true. It is easily seen that this function can be defined in terms 
of the two preceding functions. For when p and q are both true it must be 
false that either ~p or ~q is true. Hence in this book p.g is merely a 
shortened form of symbolism for 

(Spy). | 

If any further idea attaches to the proposition “both p and g are true,” it is 
not required here. 
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The Implicative Function is a propositional function with two arguments 
p and q, and is the proposition that either not-p or q is true, that is, it is the 
proposition ~ pvgq. Thus if p is true, ~p is false, and accordingly the only 
alternative left by the proposition ~ pvq is that q is true. In other words 
if p and ~pvq are both true, then q is true. In this sense the proposition 


“hen 


~ pvq will be quoted as stating that p implies q. The idea contained in 


this propositional function is so important that it requires a symbolism which 
with direct simplicity represents the proposition as connecting p and q 
without the intervention of ~p. But “implies” as used here expresses 
nothing else than the connection between p and q also expressed by the 
disjunction “not-p or g.” The symbol employed for “» implies q,” t.e. for 
“~pvq,’ is “p dq.” This symbol may also be read “if p, then g.” The 
association of implication with the use of an apparent variable produces 
an extension called “formal implication.” This is explained later: it is an 
idea derivative from “implication” as here defined. When it is necessary 
explicitly to discriminate “implication ” from “formal implication,” it is called 
“material implication.” Thus “ material implication” is simply “implication” 
as here defined. The process of inference, which in common usage is often 
confused with implication, is explained immediately. 


These four functions of propositions are the fundamental constant (1. 
definite) propositional functions with propositions as arguments, and all other 
constant propositional functions with propositions as arguments, so far as they 
are required in the present work, are formed out of them by successive steps. 
No variable propositional functions of this kind occur in this work. 


Equivalence. The simplest example of the formation of a more complex 
function of propositions by the use of these four fundamental forms is furnished 
by “equivalence.” Two propositions p and q are said to be “ equivalent” 
when p implies g and q implies p. This relation between p and q is denoted 
by “p=q.” Thus “p=q” stands for “(p9q).(q>p).” It is easily seen that 
two propositions are equivalent when, and only when, they are both true or 
are both false. Equivalence rises in the scale of importance when we come 
to “formal implication” and thus to “formal equivalence.” It must not 
be supposed that two propositions which are equivalent are in any sense 
identical or even remotely concerned with the same topic. Thus “Newton 
was a man” and “the sun is hot” are equivalent as being both true, and 
“ Newton was not a man” and “the sun is cold” are equivalent as being both 
false. But here we have anticipated deductions which follow later from our 
formal reasoning. Equivalence in its origin is merely mutual implication as 
stated above. 


Truth-values. The “truth-value” of a proposition is truth if it is true, 
and falsehood if it is false*. It will be. observed that the truth-values of 


* This phrase is due to Frege. 
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PYY, P-% P24, ~p, p=q depend only upon those of p and q, namely the 
truth-value of “pvq” is truth if the truth-value of either p or q is truth, 
and is falsehood otherwise ; that of “p.q” is truth if that of both p and q is 
truth, and is falsehood otherwise; that of “pD q ” is truth if either that of p 
is falsehood or that or q is truth; that of “~ p” is the opposite of that of P; 
and that. of “p=q” is truth if p and g have the same truth-value, and is 
falsehood otherwise. Now the only ways in which propositions will occur 
in the present work are ways derived from the above by combinations and 
repetitions. Hence it is easy to see (though it cannot be formally proved 
except in each particular case) that if a proposition p occurs in any propo- 
sition f(p) which we shall ever have occasion to deal with, the truth-value 
of f(p) will depend, not upon the particular proposition p, but only upon 
its truth-value; te. if p=q, we shall have f(p)=f(q). Thus whenever two 
propositions are known to be equivalent, either may be substituted for the 
other in any formula with which we shall have occasion to deal. 


We may call a function f(p) a “truth-function” when its argument p is 
a proposition, and the truth-value of f(p) depends only upon the truth- 
value of p. Such functions are by no means the only common functions of 
propositions. For example, “A believes p” is a function of p which will 
vary its truth-value for different arguments having the same truth-value: 
A may believe one true proposition without believing another, and may 
believe one false proposition without believing another. Such functions 
are not excluded from our consideration, and are included in the scope of 
any general propositions we may make about functions; but the particular 
functions of propositions which we shall have occasion to construct or to con- 
sider explicitly are all truth-functions. This fact is closely connected with a 
characteristic of mathematics, namely, that mathematics is always concerned 
with extensions rather than intensions. The connection, if not now obvious, will 
become more so when we have considered the theory of classes and relations. 


Assertion-sign. The sign “t,” called the “assertion-sign,” means that 
what follows is asserted. It is required for distinguishing a complete propo- 
sition, which we assert, from any subordinate propositions contained in it but 
not asserted. In ordinary written language a sentence contained between full 
stops denotes an asserted proposition, and if it is false the book is in error. 
The sign “F” prefixed to a proposition serves this same purpose in our sym- 
bolism. For example, if “t (p> p)” occurs, it is to be taken as a aed 
assertion convicting the authors of error unless the proposition “pp” 
true (as it is). Also a proposition stated in symbols without this sign “ b ” 
prefixed is not asserted, and is merely put forward for consideration, or as a 
subordinate part of an asserted proposition. 


ce,» 


Inference. The process of inference is as follows: a proposition “p” is 
asserted, and a proposition “p implies q” is asserted, and then as a sequel 
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the proposition “gq” is asserted. The trust in inference is the belief that if the 
two former assertions are not in error, the final assertion is not in error. 
Accordingly whenever, in symbols, where p and g have of course special 
determinations, 
“kp” and “t(pDq)” 

have occurred, then “tg” will occur if it is desired to put it on record. The 
process of the inference cannot be reduced to symbols. Its sole record is the 
occurrence of “tg.” It is of course convenient, even at the risk of repetition, 
to write “Fp” and “F(pDq)” in close juxtaposition before proceeding to 
“Eq” as the result of an inference. When this is to be done, for the sake of 
drawing attention to the inference which is being made, we shall write 

instead 
“kpDk gq,” 
which is to be considered as a mere abbreviation of the threefold statement 

“by” and “F(pq)” and “Fg.” 

Thus “FpD>tq” may be read “p, therefore g,” being in fact the same 
abbreviation, essentially, as this is; for “p, therefore qg” does not explicitly 
state, what is part of its meaning, that p implies g. An inference is the 
dropping of a true premiss; it is the dissolution of an implication. 


_ The use of dots. Dots on the line of the symbols have two uses, one to 
bracket off propositions, the other to indicate the logical product of two 
propositions. Dots immediately preceded or followed by “v” or “D” or 
“=” or “b,” or by “(x),” “(a, y),” “(a y, 2)... or “(qa),” “ (a, y),” “(Aa y, 2)”... 
or “[(1z)(px)]” or “[R*y]” or analogous expressions, serve to bracket off a 
proposition ; dots occurring otherwise serve to mark a logical product. The 
general principle is that a larger number of dots indicates an outside bracket, 
a smaller number indicates an inside bracket. The exact rule as to the scope 
of the bracket indicated by dots is arrived at by dividing the occurrences of 
dots into three groups which we will name I, II, and III. Group I consists of 
dots adjoining a sign of implication (D) or of equivalence (=) or of disjunction 
(v) or of equality by definition (=Df). Group II consists of dots following 
brackets indicative of an apparent variable, such as («) or (a, y) or (qa) or 
(qx, y) or [(2x) (x)] or analogous expressions*. Group III consists of dots 
which stand between propositions in order to indicate a logical product. 
Group I is of greater force than Group II, and Group II than Group IIL 
The scope of the bracket indicated by any collection of dots extends backwards 
or forwards beyond any smaller number of dots, or any equal number from a 
group of less force, until we reach either the end of the asserted proposition 
or a greater number of dots or an equal number belonging to a group of 
equal or superior force. Dots indicating a logical product have a scope which 
works both backwards and forwards; other dots only work away from the 


* The meaning of these expressions will be explained later, and examples of the use of dots in 
connection with them will be given on pp. 16, 17. 
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adjacent sign of disjunction, implication, or equivalence, or forward from the 
adjacent symbol of one of the other kinds enumerated in Group I. 

Some examples will serve to illustrate the use of dots. 

“ovgq+s2.qVp’ means the proposition “‘p or q’ implies ‘q or p.”” When 
we assert this proposition, instead of merely considering it, we write 

“hipvg.D.qvp,” 

where the two dots after the assertion-sign show that what is asserted is the 
whole of what follows the assertion-sign, since there are not as many as two 
dots anywhere else. If we had written “p:v:q.2.qvp,’ that would mean 
the proposition “ either p is true, or g implies ‘q or p.” If we wished to assert 
this, we should have to put three dots after the assertion-sign. If we had 
written “pvq.D.q:vip, that would mean the proposition “either ‘p or q’ 
implies g, or pis true.” The forms “p.v.qg.>.qvp” and “pvqg.3.q-V-p” 
have no meaning. 

“pDq.2:qg2r.D.pPDr” will mean “if p implies qg, then if g implies 7, 
p implies r.” If we wish to assert this (which is true) we write 

“PespOqg«ltqgors2 pon” 

Again “p)q.3d.qgDr:D.p Ir” will mean “if ‘p implies q’ implies ‘q¢ 
implies vr, then p implies r.” This is in general untrue. (Observe that 
“pq” is sometimes most conveniently read as “p implies qg,” and sometimes 
as “if p, then g.”) “pDq.qDr.D.p Ir” will mean “if p implies g, and 
q implies r, then p implies r.” In this formula, the first dot indicates a logical 
product; hence the scope of the second dot extends backwards to the begin- 
ning of the proposition. “pIq:qgDr.3.pDr” will mean “p implies q; and 
if g implies r, then p implies r.” (This is not true in general.) Here the two 
dots indicate a logical product ; since two dots do not occur anywhere else, the 
scope of these two dots extends backwards to the beginning of the proposition, 
and forwards to the end. 

“OVG.D2p-V-gor:2.pvr’ will mean “if either p or q is true, then 
if either p or ‘g implies r’ is true, it follows that either p or r is true.” If 
this is to be asserted, we must put four dots after the assertion-sign, thus : 

| “Firpvg.-Iip.V.GQrid.pvr. 
(This proposition is proved in the body of the work; it is *2°75.) If we wish 
to assert (what is equivalent to the above) the proposition: “if either p or g 
is true, and either p or ‘g implies 7” is true, then either p or r is true,” we 
write 
“FipvgipeV.gorid.pvr. 

Here the first pair of dots indicates a logical product, while the second pair 
does not. Thus the scope of the second pair of dots passes over the first pair, 
and back until we reacn the three dots after the assertion-sign. _ 

Other uses of dots follow the same principles, and will be explained as 
they are introduced. In reading a proposition, the dots should be noticed 
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first, as they show its structure. In a proposition containing several signs of 
implication or equivalence, the one with the greatest number of dots before 
or after it is the principal one: everything that goes before this one is stated 
by the proposition to imply or be equivalent to everything that comes after it. 


Definitions. A definition is a declaration that a certain newly-introduced 
symbol or combination of symbols is to mean the same as a certain other 
combination of symbols of which the meaning is already known. Or, if the 
defining combination of symbols is one which only acquires meaning when 
combined in a suitable manner with other symbols*, what is meant is that 
any combination of symbols in which the newly-defined symbol or combination 
ef symbols occurs is to have that meaning (if any) which results from substi- - 
tuting the defining combination of symbols for the newly-defined symbol or 
combination of symbols wherever the latter occurs. We will give the names 
of definiendum and definiens respectively to what is defined and to that which 
it is defined as meaning. We express a definition by putting the definiendum 
to the left and the definiens to-the right, with the sign “=” between, and the 
letters “Df” to the right of the definiens. It is to be understood that the 
sign “=” and the letters “Df” are to be regarded as together forming one 
symbol. The sign “=” without the letters “Df” will have a different meaning, 
to be explained shortly. 

An example of a definition is 

p2q-=-~pvq Df. 

It is to be observed that a definition is, strictly speaking, no part of the 
subject in which it occurs. For a definition is concerned wholly with the 
symbols, not with what they symbolise. Moreover it is not true or false, 
being the expression of a volition, not of a proposition. (For this reason, 
definitions are not preceded by the assertion-sign.) Theoretically, it is 
unnecessary ever to give a definition: we might always use the definiens 
instead, and thus wholly dispense with the definiendum. Thus although we 
employ definitions and do not define “defmition,” yet “definition” does not 
appear among our primitive ideas, because the definitions are no part of our 
subject, but are, strictly speaking, mere typographical conveniences. Prac- 
tically, of course, if we introduced no definitions, our formulae would very soon 
become so lengthy as to be unmanageable; but theoretically, all definitions are 
superfluous. 


In spite of the fact that definitions are theoretically superfluous, it is 
nevertheless true that they often convey more important information than is 
contained in the propositions in which they are used. This arises from two 
causes. First, a definition usually implies that the definiens is worthy of 
careful consideration. Hence the collection of definitions embodies our choice 


* This case will be fully considered in Chapter III of the Introduction. It need not further 
concern us at present. 
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of subjects and our judgment as to what is most important. Secondly, when 
what is defined is (as often occurs) something already familiar, such as cardinal 
or ordinal numbers, the definition contains an analysis of a common idea, and 
- may therefore express a notable advance. Cantor’s definition of the continuum 
illustrates this: his definition amounts to the statement that what he is de- 
fining is the object which has the properties commonly associated with the 
word “continuum,” though what precisely constitutes these properties had 
‘not before been known. In such cases, a definition is a “making definite”: it 
. gives definiteness to an idea which had previously been more or less vague. 


For these reasons, it will be found, in what follows, that the definitions 
are what is most important, and what most deserves the reader’s prolonged 
attention. 


Some important remarks must be made respecting the variables occurring 
in the defintens and the definiendum. But these will be deferred till the 
notion of an “apparent variable” has been introduced, when the subject can be 
considered as a whole. 


Summary of preceding statements. There are, in the above, three primi- 
tive ideas which are not “defined” but only descriptively explained. Their 
primitiveness is only relative to our exposition of logical connection and is 
not absolute; though of course such an exposition gains in importance ac- 
cording to the simplicity of its primitive ideas. These ideas are symbolised 
by “~p” and “pvq,’ and by “Ft” prefixed to a proposition. 

Three definitions have been introduced: 

peqe=sr(~pv~gq) Df, 
pIqe=-~pvyg Df, 
p=q-=-prq-qop_ Def. 


Primitive propositions. Some propositions must be assumed without proof, 
since all inference proceeds from propositions previously asserted. These, as 
far as they concern the functions of propositions mentioned above, will be 
found stated in *1, where the formal and continuous exposition of the subject 
commences. Such propositions will be called “primitive propositions.” These, 
like the primitive ideas, are to some extent a matter of arbitrary choice; though, 
as in the previous case, a logical system grows in importance according as the 
primitive propositions are few and simple. It will be found that owing to the 
weakness of the imagination in dealing with simple abstract ideas no very 
great stress can be laid upon their obviousness. They are obvious to the in- 
structed mind, but then so are many propositions which cannot be quite true, 
as being disproved by their contradictory consequences. The proof of a logical 
system is its adequacy and its coherence. That is: (1) the system must embrace 
among its deductions all those propositions which we believe to be true and 
capable of deduction from logical premisses alone, though possibly they may 
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require some slight limitation in the form of an increased stringency of enun- 
elation; and (2) the system must lead to no contradictions, namely 1 in pursuing. 
our inferences we must never be led to assert both p and not-p, ie. both “t . p” 
and “F.~p” cannot legitimately appear. 


The following are the primitive propositions employed in the calculus of 
propositions. The letters “Pp” stand for “primitive proposition.” 

(1) Anything implied by a true premiss is true Pp.. 

This is the rule which justifies inference. 

(2) Fipvp.>.p Pp, 
ae. if p or p is true, then p is true. 

(3) Fiq.D.pvq Pp, 
ae. if g is true, then p or q is true. 

(4) Fipvg.d.qvp Pp, 

7.e. if p or g is true, then gq or p is true. 

(5) Fipv(qvr).2.qv(pvr) Pp, 
a.€. if either p is true or “g or r” is true, then either g is true or “p or r” is 
true. 

(6) Fi.g2r.D:ipvq.D.pvr Pp, 
ae. f g implies 7, then “p or q” implies “p or 7.” 

(7) Besides the above primitive propositions, we require a primitive pro- 
position called “the axiom of identification of real variables.” When we have 
separately asserted two different functions of 2, where x is undetermined, it 
is often important to knuw whether we can identify the x in one assertion 
with the x in the other. This will be the case—so our axiom allows us to 
infer—if both assertions present 2 as the argument to some one function, that 
is to say, if x is a constituent in both assertions (whatever propositional func- 
tion @ may be), or, more generally, if (a, Y, 2,-..) 18 a constituent in one 
assertion, and ¢ (a, u, v, ...) is a constituent in the other. This axiom introduces 
notions which have not yet been explained; for a fuller account, see the remarks | 
accompanying *3°03, *1°7, *1°71, and *1°72 (which is the statement of this 
axiom) in the body of the work, as well as the explanation of propositional 
functions and ambiguous assertion to be given shortly. 

Some simple propositions. In addition to the primitive propositions we 
have already mentioned, the following are among the most important of the 
elementary properties of propositions appearing among the deductions. 

The law of excluded middle: . 

b.pvrp. 
This is *2°11 below. We shall indicate in brackets the numbers given to the 
following propositions in the body of the work. 

The law of contradiction (*3°24): 


Fev (perp). 
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The law of double negation (*4°13): 
a b.p=~(~p). 
The principle of transposition, i.e. “if p implies q, then not-g implies not-p,” 
and vice versa: this principle has various forms, namely 
(401) Fiplg-=.~g9~P, 
(e411) bip=q-=+r~ps~g 
(K414) biep.g.DertSiperr.derg 
as well as others which are variants of these. 


The law of tautology, in the two forms: 
(*4°24) Fi p.=.pep, 
(*4°25) bip.=.pvp, 
i.e. “p is true” is equivalent to “p is true and pis true,” as well as to “p is true 
or p is true.” From a formal point of view, it is through the law of tautology 
and its consequences that the algebra of logic is chiefly distinguished from 
ordinary algebra. 


il 


UH 


The law of absorption: 
(4°71) bi.pdq.=ip-=+p+Q, 
i.e. “p implies g” is equivalent to “p is equivalent to p.g.” This is called the 
law of absorption because it shows that the factor g in the product is absorbed 
by the factor p, if p implies g. This principle enables us to replace an impli- 
cation (pq) by an equivalence (p.=.p.q) whenever it is convenient to 
do so. 


An analogous and very important principle is the following: 
(44-78) Frege Dip.=.p-g. 
Logical addition and multiplication of propositions obey the associative 
and commutative laws, and the distributive law in two forms, namely 


(444) Fr peQV¥reSipeGeVaDpet, 
(#441) Fiep.v.gsriSipvg-«pvr. 
The second of these distinguishes the relations of logical addition and multi- 
plication from those of arithmetical addition and multiplication. 


Propositional functions. Let pa be a statement containing a variable x 
and such that it becomes a proposition when # is given any fixed determined 
meaning. Then ¢z is called a “propositional function”; it is not a proposition, 
since owing to the ambiguity of # it really makes no assertion at all. Thus 
“a is hurt” really makes no assertion at all, till we have settled who wis. Yet 
owing to the individuality retained by the ambiguous variable «, it is an am- 
biguous example from the collection of propositions arrived at by giving all 
possible determinations to x in “x is hurt” which yield a proposition, true or 
false. Also if “x is hurt” and “y is hurt” occur in the same conteat, where y is 
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another variable, then according to the determinations given to « and y, they 
can be settled to be (possibly) the same proposition or (possibly) different 
propositions. But apart from some determination given to # and y, they retain 
in that context their ambiguous differentiation. Thus “# is hurt” is an am- 
biguous “value” of a propositional function. When we wish to speak of the 
propositional function corresponding to “a is hurt,” we shall write “2 is hurt.” 
Thus “@ is hurt” is the propositional function and “« is hurt” is an ambiguous 
value of that function. Accordingly though “« is hurt” and “y is hurt” occurring 
in the same context can be distinguished, “# is hurt” and “9 is hurt” convey 
no distinction of meaning at all: More generally, px is an ambiguous value of 
the propositional function $%, and when a definite signification a is substituted 
for z, Pa is an unambiguous value of $2. | 


Propositional functions are the fundamental kind from which the more usual 
kinds of function, such as “sin w” or “log x” or “the father of «,” are derived. 
These derivative functions are considered later, and are called “descriptive 
functions.” The functions of propositions considered above are a particular 
case of propositional functions. 


The range of values and total variation. Thus corresponding to any propo- 
sitional function $2, there is a range, or collection, of values, consisting of all 
the propositions (true or false) which can be obtained by giving every possible 
determination to « in gx. A value of x for which $x’ is true will be said to 
“satisfy” @%@. Now in respect to the truth or falsehood of propositions of this 
range three important cases must be noted and symbolised. These cases are 
given by three propositions of which one at least must be true. Either (1) all 
propositions of the range are true, or (2) some propositions of the range are 
true, or (3) no proposition of the range is true. The statement (1) is symbolised 
by “(#). a,” and (2) is symbolised by “(qx).¢x.” No definition is given of 
these two symbols, which accordingly embody two new primitive ideas in our 
system. The symbol “(«) . dx” may be read “a always,” or “gz is always true,” 
or “pa is true for all possible values of x.” The symbol “(qax).¢a” may be 
read “there exists an x for which ¢z is true,” or “there exists an «x satisfying 
2,” and thus conforms to the natural form of the expression of thought. 


Proposition (3) can be expressed in terms of the fundamental ideas now on 
hand. In order to do this, note that “~ dx” stands for the contradictory of a. 
Accordingly ~ ¢@ is another propositional function such that each value of 62 
contradicts a value of ~ 2, and vice versa. Hence “(#).~ ¢x” symbolises the 
proposition that every value of ## is untrue. This is number (3) as stated above. 


It is an obvious error, though one easy to commit, to assume that cases 
(1) and (3) are each other’s contradictories. The symbolism exposes this fallacy 
at once, for (1) is (w). a, and (3) is (x).~¢2, while the contradictory of (1) is 

~ {(x).o2}. For the sake of brevity of symbolism a definition is made, namely 


~ (2). pe.=.~ {(x). pa} Df 
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Definitions of which the object is to gain some trivial advantage in brevity 
by aslight adjustment of symbols will be said to be of “merely symbolic import,” 
in contradistinction to those definitions which invite consideration of an im- 
portant idea. 

The proposition («). x is called the “total variation” of the function $3. 

For reasons which will be explained in Chapter II, we do not take negation 
as a primitive idea when propositions of the forms (x). px and (qa). da are 
concerned, but we define the negation of (x). pa, ie. of “pa is always true,” as - 
being “da is sometimes false,” te. “(qv).~z,” and similarly we define the 
negation of (qa). da as being (w).~gx. Thus we put . 

~{(az). dx}.=.(qr).~ gx Df 
wv {(qar).gdr}.=.(@).~ ge Df. 

In like manner we define a disjunction in which one of the propositions is 
of the form “(x). px” or “(qx). ox” in terms of a disjunction of propositions | 
not of this form, putting 

(z).ou.v.pr=-(«).gavp Df, 
i.e. “either a is always true, or p is true” is to mean “‘¢a or p’ is always true,” 
with similar definitions in other cases. This subject is resumed in Chapter IT, 
and in *9 in the body of the work. 


Apparent variables. The symbol “() . px” denotes one definite proposition, 
and there is no distinction in meaning between “(x). ga” and “(y). dy” when 
they occur in the same context. Thus the “x” in “(#). x” is not an ambiguous 
constituent of any expression in which “(..).d@a” occurs; and such an ex- 

ression does not cease to convey a determinate meaning by reason of the 

P of 
ambiguity of the # in the “da.” The symbol “(x).¢a#” has some analogy to 
the symbol 

“orb ” 

| ¢@de 

a 

for definite integration, since in neither case is the expression a function of . 

The range of x in “(x).@x” or “(qx)- gx” extends over the complete 
field of the values of « for which “da” has meaning, and accordingly the 
meaning of “(#). ga” or “(qv). ox” involves the supposition that such a field 
is determinate. The # which occurs in “(#). gx” or “(qe). x” is called 
(following Peano) an “apparent variable.” It follows from the meaning of 
“(qa).goc” that the # in this expression is also an apparent variable. A 
proposition in which # occurs as an apparent variable is not a function of «. 
Thus eg. ¢(#).a@=2” will mean “everything is equal. to itself” This is an 
absolute constant, not a function of a variable 2 This is why the @ is called 
an apparent variable in such cases. 

Besides the “range” of x in “(#). ox” or “(qa). ox,” which is the field 


of the values that # may have, we shall speak of the “scope” of «, meaning 
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the function of which all values or some value are being affirmed. If we are 
asserting all values (or some value) of “pa,” “gx” is the scope of 2; if we are 
asserting all values (or some value) of “¢xDp,” “pe Dp” is the scope of 2; 
if we are asserting all values (or some value) of “dx Ia,” “dx Dw” will be 
the scope of x, and so on. The scope of # is indicated by the number of dots 
after the “(x)” or “(qa)”; that is to say, the scope extends forwards until 
we reach an equal number of dots not indicating a logical product, or a greater 
number indicating a logical product, or the end of the asserted proposition in 
which the “(x)” or “(qx)” occurs, whichever of these happens first*. Thus e.g. 


“(a): pa. D.a” 


will mean “$x always implies we,” but 


“(2)- PX. Dd. pu” 
will mean “if a is always true, then ww is true for the argument a.” 


Note that in the proposition 

the two 2's have no connection with each other. Since only one dot follows 
_ the « in brackets, the scope of the first # is limited to the “daz” immediately . 
following the « in brackets: It usually conduces to clearness to write 

(a). Pe. D.y 
rather than (a). Gx.d. Wea, 
since the use of different letters emphasises the absence of connection between 
the two variables; but there is no logical necessity to use different letters, 
and it is sometimes convenient to use the same letter. _ 


Ambiguous assertion and the real variable. Any value “px” of the function 
@& can be asserted. Such an assertion of an ambiguous member of the values 
of $2 is symbolised by , 
. “hha.” 

Ambiguous assertion of this kind is a primitive idea, which cannot be defined 
in terms of the assertion of propositions. This primitive idea is the one which 
embodies the use of the variable. Apart from ambiguous assertion, the con- 
sideration of “$a,” which is an ambiguous member of the values of $2, would 
be of little consequence. When we are considering or asserting “a,” the 
variable « is called a “real variable.” Take, for example, the law of excluded 
middle in the form which it has in traditional formal logic : 

“q@ is either b or not b.” 
Here a and 6 are real variables: as they vary, different propositions are 
expressed, though all of them are true. While a and b are undetermined, as in 
_ the above enunciation, no one definite proposition is asserted, but what is 
asserted is any value of the propositional function in question. This can only 

* This agrees with the rules for the occurrences of dots of the type of Group II as explained 
above, pp. 9 and 10. 
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be legitimately asserted if, whatever value may be chosen, that value is true, 
ae. if all the values are true. Thus the above form of the law of excluded 
middle is equivalent to 
“(a, b).@ is either b or not b,” 

i.e. to “it is always true that a is either 6 or not b.” But these two, though 
equivalent, are not identical, and we shall find it necessary to keep them 
distinguished. ; | 


When we assert something containing a real variable, as in e.g. 
“kl e=a,” ; 
we are asserting any value of a propositional function. When we assert some- 
thing containing an apparent variable, as in 
; . “bh i(@). a=” 
or “bh (qv) .c2=2,” 
we are asserting, in the first case all values, in the second case some value 
(undetermined), of the propositional function in question. It is plain that 
we can only legitimately assert “any value” if all values are true; for other- 
wise, since the value of the variable remains to be determined, it might be so 
determined as to give a false proposition. Thus in the above instance, since 
we have , ; 
b.v=a@ 

we may infer _ b. (xv). v=o, 
And generally, given an assertion containing a real variable a, we may trans- 
form the real variable into an apparent one by placing the « in brackets at 
the beginning, followed by as many dots as there are after the assertion-sign. 


When we assert something containing a real variable, we cannot strictly 
be said to be asserting a proposition, for we only obtain a definite proposition 
by assigning a value to the variable; and then our assertion only applies to 
one definite case, so that it has not at all the same force as before. When what 
we assert contains a real variable, we are asserting a wholly undetermined one 
of all the propositions that result from giving various values to the variable. 
It will be convenient to speak of such assertions as asserting a propositional 
function. The ordinary formulae of mathematics contain such assertions; for 
example 
. “sin? # + cos? a = 1” 
does not assert this or that particular case of the formula, nor does it assert 
that the formula holds for all possible values of 2, though it is equivalent to 
this latter assertion; it simply asserts that the formula holds, leaving # wholly 
undetermined; and it is able to do this legitimately, because, however « may 
be determined, a true proposition results. 


Although an assertion containing a real variable does not, in strictness, 
assert a proposition; yet it will be spoken of as asserting a proposition except 
when the nature of the ambiguous assertion involved is under discussion. 
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Definition and real variables. When the definiens contains one or more 
real variables, the defintiendum must also contain them. For in this case we 
have a function of the real variables, and the defintendum must have the same 
meaning as the definiens for all values of these variables, which requires that 
the symbol which is the defintendum should contain the letters representing 
the real variables. This rule is not always observed by mathematicians, and 
its infringement has sometimes caused important confusions of thought, 
notably in geometry and the philosophy of space. 


In the definitions given above of “p.q” and “pDq” and “p=q,” p and q 
are real variables, and therefore appear on both sides of the definition. In 
the definition of “~ {(z).ga}” only the function considered, namely ¢2, 1s a 
real variable; thus so far as concerns the rule in question, z need not appear 
on the left. But when a real variable is a function, it is necessary to indicate 
how the argument is to be supplied, and therefore there are objections to 
omitting an apparent variable where (as in the case before us) this is the 
argument to the function which is the real variable. This appears more 
plainly if, instead of a general function ¢2, we take some particular function, 
say “#= a,” and consider the definition of ~{(a).x=a}. Our definition gives 

~{(@).2=a}.=.(q2).~(=a) Df. 

But if we had adopted a notation in which the ambiguous value “#=a,” 
containing the apparent variable «, did not occur in the definiendum, we 
should have had to construct a notation employing the function itself, namely 
“%= a.” This does not involve an apparent variable, but would be clumsy in 
practice. In fact we have found it convenient and possible—except in the 
explanatory portions—to keep the explicit use of symbols of the type “$2,” 
either as constants [e.g. 2= a] or as real variables, almost entirely out of this 
work. . 


Propositions connecting real and apparent variables. The most important 
propositions connecting real and apparent variables are the following: 


-(1) “ When a propositional function can be asserted, so can the proposition 
that all values of the function are true.” More briefly, if less exactly, “ what 
holds of any, however chosen, holds of all.” This translates itself into the rule 
that when a real variable occurs in an assertion, we may turn it into an apparent 
variable by putting the letter representing it in brackets immediately after 
the assertion-sign. 


(2) “ What holds of all, holds of any,” ze. 
F s(x). gv.d. oy. 


This states “if $a is always true, then dy is true.” 


(3) “If py is true, then dx is sometimes true,” we. 


bs hy.3.(qax). da. 
2—2 
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An asserted proposition of the form “(qw).d@2” expresses an “ existence- 
theorem,” namely “there exists an « for which gz is true.” The above pro- 
position gives what is in practice the only way of proving existence-theorems: 
we always have to find some particular y for which ¢y holds, and thence to 
infer “(qx).qz.”. If we were to assume what is called the multiplicative 
axiom, or the equivalent axiom enunciated by Zermelo, that would, in an 
important class of cases, give an existence-theorem where no particular instance 
of its truth can be found. 


In virtue of “F:(%).gv.D.gy” and “bk: dy.D. (qx). gx,” we have 
“Fi (a). d6u.>. (qa). a,” te. “what is always true is sometimes true.” This 
would not be the case if nothing existed; thus our assumptions contain the 
assumption that there is something. This is involved in the principle that 
what holds of all, holds of any; for this would not be true if there were no 


(74 bP) 


any. 

(+) “If da is always true, and ye is always true, then ‘da .wa’ is always 
true,” 2. 

(This requires that ¢ and > should be functions which take arguments of the 
same type. We shall explain this requirement at a later stage.) The converse 
also holds; t.e. we have 

br. (x). gu.we. Di (x). pri (e). Wa. 

It is to some extent optional which of the propositions connecting real 
and-apparent variables are taken as primitive propositions. The primitive 
propositions assumed, on this subject, in the body of the work (x9), are the 
following : 

(1) Fs pa. . (42). pez. 

(2) Fi gav dy.>.(qz). 2, 
ae. if either ga: is true, or Py is true, then (qz). dz is true. (On the necessity 
for this primitive proposition, see remarks on *9°11 in the body of the work.) 

(3) If we can assert gy, where y is a real variable, then we can assert 
(x). ox; 2.e. what holds of any, however chosen, holds of all. 


Formal implication and formal equivalence. When an implication, say 
gx. . Wz, is said to hold always, i.e. when (a): dx .D.x, we shall say that 
pe formally implies wu; and propositions of the form “(«) : gx. d.wa” will 
be said to state formal ‘mplications. In the usual instances of implication, 
such as “* Socrates is a man’ implies ‘ Socrates is mortal,’” we have a propo- 
sition of the form “ ¢a.3. wa” in a case in which “(w): px. D.We” is true. 
In such a case, we feel the implication as a particular case of a formal impli- 
cation. Thus it has come about that implications which are not particular 
cases of formal inplications have not been regarded as implications at all. 
There is also a practical ground for the neglect of such implications, for, speaking 
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generally, they can only be known when it is already known either that their 
hypothesis is false.or that their conclusion is true; and in neither of these 
cases do they serve to make us know the conclusion, since in the first case the 
conclusion need not be true, and in the second it is known already. Thus 
such implications do not serve the purpose for which implications are chiefly 
useful, namely that of making us know, by deduction, conclusions of which we 
were previously ignorant. Formal implications, on the contrary, do serve this 
purpose, owing to the psychological fact that we often know “(x):¢a.D..x” 
and y, in cases where wy (which follows from these premisses) cannot easily 
be known directly. 


These reasons, though they do not warrant the complete neglect of impli- 
cations that are not instances of formal implications, are reasons which make 
formal implication very important. A formal implication states that, for all 
possible values of x, if the hypothesis dz is true, the conclusion we is true. 
Since “ @z.D.ax” will always be true when ¢z is false, it is only the values 
of # that make ¢a true that are important in a formal implication; what is 
effectively stated is that, for all these values, x is true. Thus propositions 
of the form “all a is 8,” “no a is 8” state formal implications, since the first 
(as appears by what has just been said) states 

(a):#isana.D.xisa BP, 
while the second states 
(w):#isana.D.x# is nota B. 
And any formal implication “(x):¢a. 3.2” may be interpreted as: “ All 
values of « which satisfy* x satisfy yx,” while the formal implication 
“(x): Gt. D.~pa” may be interpreted as: “ No values of « which satisfy ga 
satisfy ya.” 


We have similarly for “some a is 8” the formula 
| (qz).-visana.wvisa B, 
and for “some a is not 8” the formula 


(qz).x£isSana.xis nota 8. 


Two functions ¢a, ya are called formally equivalent when each always 
implies the other, 7.e. when 
(x): o@.=. We, 


and a proposition of this form is called a formal equivalence. In virtue of 

what was said about truth-values, if @a and ye are formally equivalent, either | 
may replace the other in any truth-function. Hence for all the purposes of 
mathematics or of the present work, $2 may replace w2 or vice versa in any 
proposition with which we shall be concerned. Now to say that da and wa 
are formally equivalent is the same thing as to say that 2? and w? have the 
same extension, t.e. that any value of # which satisfies either satisfies the other. 


* A value of x is said to satisfy gx or ¢€ when ¢z is true for that value of x. 
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Thus whenever a constant function occurs in our work, the truth-value of the 
proposition in which it occurs depends only upon the extension of the function. 
A proposition containing a function $2 and having this property (ze. that its 
truth-value depends only upon the extension of $2) will be called an eaten- 
sional function of 62. Thus the functions of functions with which we shall be 
specially concerned will all be extensional functions of functions. 


What has just been said explains the connection (noted above) between 
the fact that the functions of propositions with which mathematics is specially 
concerned are all truth-functions and the fact that mathematics is concerned 
with extensions rather than intensions. 

Convenient abbreviation. The following definitions give alternative and often 
more convenient notations : 

G2.D,.Pur=i(a)ida.d.va Df, 
Pt .=,-Wursi(e)ipe.=.ya Df 
This notation “dz. D,. wx” is due to Peano, who, however, has no notation 
for the general idea “(x). a.” It may be noticed as an exercise in the use 
of dots as brackets that we might have written __ 
$2I,Wue=.(2). padre Df, 
pe =, pr.=.(x). Gaze . Df 
In practice however, when $2 and y@ are special functions, it is not possible 
to employ fewer dots than in the first form, and often more are required. 


The following definitions give abbreviated notations for functions of two 
or more variables : 
(2, y) s dp (2, y) = (x) : (y) . p (x,y) Df, 
and so on for any number of variables ; 
$(2,Y) + Pay VY IE=2@YIEPGY)-I-v@y) DE 
and so on for any number of variables. 
Identity. The propositional function “ « is identical with y” is expressed by 
L=Y. . 
This will be defined (cf. *13'01), but, owing to certain difficult points involved 
in the definition, we shall here omit it (cf. Chapter II). We have, of course, 
t.a=a (the law of identity), 
brg=y.S-y=2, 
bk:a=ey.y=2.9.0=2. 
The first of these expresses the reflewive property of identity: a relation is 
called reflexive when it holds between a term and itself, either universally, or 
whenever it holds between that term and some term. The second of the 


above propositions expresses that identity is a symmetrical relation : a relation 
is called symmetrical if, whenever it holds between « and y, it also holds 
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between y and 2. The third proposition expresses that identity is a transitive 
relation: a relation is called transitive if, whenever it holds between x and y 
and between y and z, it holds also between # and z. 


" We shall find that no new definition of the sign of equality is required in 
mathematics: all mathematical equations in which the sign of equality is used 
in the ordinary way express some identity,.and thus use the sign of equality 
in the above sense. 


If # and y are identical, either can replace the other in any proposition 
without altering the truth-value of the proposition ; thus we have 


Kiw=y.D. pre dy. 
This is a fundamental property of identity, from which the remaining properties 
mostly follow. 


It might be thought that identity would not have much smoparienes: since 
it can only hold between # and y if x and y are different symbols for the same 
object. This view, however, does not apply to what we shall call “descriptive 
phrases,” i.e. “the so-and-so.” It is in regard to such phrases that identity is 
important, as we shall shortly explain. A proposition such as “Scott was the 
author of Waverley” expresses an identity in which there is a descriptive 
phrase (namely “the author of Waverley’); this illustrates how, in such cases, 
the assertion of identity may be important. It is essentially the same case 
when the newspapers say “the identity of the criminal has not transpired.” 
In such a case, the criminal is known by a descriptive phrase, namely “the 
man who did the deed,” and we wish to find an « of whom it is true that 
“=the man who did the deed.” When such an « has been found, the identity 
of the criminal has transpired. 


Classes and relations. A class (which is the same as a manifold or aggre- 
gate) is all the objects satisfying some propositional function. If a is the class 
composed of the objects satisfying $2, we shall say that a is the class determined 
by $2. Every propositional function thus determines a class, though if the 
propositional function is one which is always false, the class will be null, 
i.e. will have no members. The class determined by the function $2 will be 
represented by 2(z)*. Thus for example if $a is an equation, 2(z) will be 
the class of its roots; if ¢a is “a has two legs and no feathers,” 2(z) will 
be the class of men; if gx is “O<a4< 1,” 2(¢z) will be the class of proper 
fractions, and so on. 


It is obvious that the same class of objects will have many determining 
functions: When it is not necessary to specify a determining function of a 
class, the class may be conveniently represented by a single Greek letter. 
Thus Greek letters, other than those to which some vonstant meaning is 
assigned, will be exclusively used for classes. 


* Any other letter may be used instead of z. 
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There are two kinds of difficulties which arise in formal logic; one kind 
arises in connection with classes and relations and the other in connection 
with descriptive functions. The point of the difficulty for classes and relations, 
so far as it concerns classes, is that a class cannot be an object suitable as an 
argument to any of its determining functions. If a represents a class and ¢% 
one of its determining functions [so that a = 2(@z)], it is not sufficient that 
ga be a false proposition, it must be nonsense. Thus a certain classification 
of what appear to be objects into things of essentially different types seems 
to be rendered necessary. This whole question is discussed in Chapter II, on 
the theory of types, and the formal treatment in the systematic exposition, 
which forms the main body of this work, is guided by this discussion. The 
part of the systematic exposition which is specially concerned with the theory 
of classes is *20, and in this Introduction it is discussed in Chapter III. It is 
sufficient to note here that, in the complete treatment of *20, we have avoided 
the decision as to whether a class of things has in any sense an existence as 
one object. A decision of this question in either way is indifferent to our logic, 
though perhaps, if we had regarded some solution which held classes and re- 
lutions to be in some real sense objects as both true and likely to be universally 
received, we might have simplified one or two definitions and a few preliminary 
propositions. Our symbols, such as “2(¢x)” and a and others, which represent 
classes and relations, are merely defined in their use, just as V?, standing for 

0? . oF | 

am oi ay? a Age? 
has no meaning apart from a suitable function of z,.y, 2 on which to operate. 
The result of our definitions is that the way in which we use classes corre- 
sponds in general to their use in ordinary thought and speech ; and whatever _ 
may be the ultimate interpretation of the one is also the interpretation of 
the other. Thus in fact our classification of types in Chapter II really 
performs the single, though essential, service of justifying us in refraining 
from entering on trains of reasoning which lead to contradictory conclusions. 
The justification is that what seem to be propositions are really nonsense. 

The definitions which occur in the theory of classes, by which the idea of 
a class (at least in use) is based on the other ideas assumed as primitive, 
cannot be understood without a fuller discussion than can be given now 
(cf. Chapter IT of this Introduction and also *20). Accordingly, in this pre- 
liminary survey, we proceed to state the more important simple propositions 
which result from those definitions, leaving the reader to employ in his mind 
the ordinary unanalysed idea of a class of things. Our symbols in their usage 
conform to the ordinary usage of this idea in language. It is to be noticed 
that in the systematic exposition our treatment of classes and relations requires 
no new primitive ideas and only two new primitive propositions, namely the 
two forms of the “Axiom of Reducibility” (cf. next Chapter) for one and two 
variables respectively. 
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The propositional function “« is a member of the class a” will be expressed, 
following Peano, by the notation 
LEA. 

Here e is chosen as the initial of the word éori. “aea” may be read “z is 
ana.” Thus “# man” will mean “x isa man,” and so on. For typographical 
convenience we shall put 

erea.=.r(zea) Df, 

x, yea.=.xrea.yea Df. 
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For “class” we shall write “Cls”; thus “aeCls” means “a is a class.” 


We have 
b:are2(pz).=. a, 
ae. “‘g is a member of the class determined by $2’ is equivalent to ‘x 
satisfies $2,’ or to ‘ a is true.’ ” 


A class is wholly determinate when its membership is known, that is, there 
cannot be two different classes having the same membership. Thus if da, ye 
are formally equivalent functions, they determine the same class; for in that 
case, if # is a member of the class determined by $2, and therefore satisfies gz, 
it also satisfies ya, and is therefore a member of the class determined by Wd. 


Thus we have 
b:.2(62)=2 (Wz). 3: Gx. Sz,- pe. 
The following propositions are obvious and important : 
b:.a=2(b2).=:7ea. =,_. 2, 
ae, a is identical with the class determined by ¢2 when, and only when, “wz is 
an a” is formally equivalent to 2; 
Fria=fB.=:060.=,.2€8, 

a.e. two classes a and # are identical when, and only when, they have the same 
membership ; 

+. @(wea)=a, | 
z.e. the class whose determining function is “# is an a” is a, in other words, 
a is the class of objects which are members of a; 

t .2(pz)€Cls, 


ae. the class determined by the function ¢2 is a class. 


It will be seen that, according to the above, any function of one variable 
can be replaced by an equivalent function of the form “zea.” Hence any 
extensional function of functions which holds when its argument is a function 
of the form “2a,” whatever possible value a may have, will hold also when 
its argument is any function ¢2. Thus variation of classes can replace varia- 
tion of functions of one variable in all the propositions of the sort with which 
we are concerned. 
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In an exactly analogous manner we introduce dual or dyadic relations, 
ze. relations between two terms. Such relations will be called simply 
“relations”; relations between more than two terms will be distinguished as 
multiple relations, or (when the number of their terms is specified) as triple, 
quadruple,...relations, or as triadic, tetradic,...relations. Such relations will 
not concern us until we come to Geometry. For the present, the only relations __ 
we are concerned with are dual relations. . 


Relations, like classes, are to be taken in extension, we. if R and S are 
relations which hold between the same pairs of terms, R and S are to be 
identical. We may regard a relation, in the sense in which it is required for 
our purposes, as a class of couples; t.e. the couple (a, y) is to be one of the 
class of couples constituting the relation R if # has the relation R to y*. 
This view of relations as classes of couples will not, however,.be introduced 
into our symbolic treatment, and is only mentioned in order to show that it 
is possible so to understand the meaning of the word relation that a relation 
shall be determined by its extension. 


Any function ¢ (a, y) determines a relation R between x and y. If we 
regard a relation as a class of couples, the relation determined by ¢ (a, y) is 
the class of couples (#, y) for which ¢ (2, y) is true. ne relation determined _ 
by the function’ ¢ (, y) will be denoted by - 


29D (2; y). , 
We shall use a capital letter for a relation when it is not necessary to specify 
the determining function. Thus whenever a capital letter occurs, it 1s to be 
understood that it stands for a relation. 


The propositional function “« has the relation R to ry ’ will be expressed 
by the notation 
cRy. 
This notation is designed to keep as near as possible to common language, 
which, when it has to express a relation, generally mentions it between its 
terms, as in “a loves y,” “« equals y,” “« is-greater than y,” and so on. For 
“relation” we shall write “ Rel”; thus “ Re Rel” means “£ is a relation.” 


Owing to our taking relations in extension, we shall have 
- BOG (a, y) = BOY (2, y) += OY) + Fny- VY), 


ae. two functions of two variables determine the same relation when, and only 
when, the two functions are formally equivalent. 


We have biz {a0 (x, y)}w.=.$(Z,w), 


* Such a couple has a sense, i.e. the couple (zx, y) is different from the couple (y, x), unless 
=y. We shall call it a ‘‘couple with sense,” to distinguish it from the class consisting of x 
and y. It may also be called an ordered couple. 
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i.e. “z has to w the relation determined by the function ¢ (a, y)” is equivalent 
to (4, w); | . 
t:.R=29o(a, y).=:0Ry .=2,y+$ (2, y), 
ki.R=S.=:cRy.=,,-a8y, 

+. 29 («Ry) = R, 

F . {29 (a, y)} € Rel. 


These propositions are analogous to those previously given for classes. It 
results from them that any function of two variables is formally equivalent to 
some function of the form 2 Ry; hence, in extensional functions of two variables, 
variation of relations can replace variation of functions of two variables. 


. Both classes and relations have properties analogous to most of those of 
propositions that result from negation and the logical sum. The logical product 
of two classes a and @ is their common part, «.e. the class of terms which are 
members of both. This is represented by an 8. Thus we put 
anB=R(rea.ve 8) Df. 
This gives us FiveanB.=.vea.xeB, 
i.e. “a2 is a member of the logical product of a and 8” is equivalent to the 
logical product of “a is a member of a” and “« is a member of 8.” 


- Similarly the logical sum of two classes a and 8 is the class of terms which 
are members of either; we denote it by au 8. The definition is 
: avB=8(rxea.v.xzef) Df, 
and the connection with the logical sum of propositions is given by 
biweauB.=irea.v-xeB. 


The negation of a class a consists of those terms # for which “cea” can 
be significantly and truly denied. We shall find that there are terms of other 
types for which “wea” is neither true nor false, but nonsense. These terms 
are not members of the negation of a.. | 


Thus the negation of a class a is the class of terms of suitable type which . 
are not members of it, t.e. the class 2(a~ea). We call this class ‘‘—a” (read 
“not-a”); thus the definition is 

—a=@(a~ea) Df, 
and the connection with the negation of propositions is given by 


bime—a.=2.€YER. 


In. place of implication we have the relation of inclusion. A class a is said 
to be included or contained in a class § if all members of a are members of 8, 
ae. if cea. Dz.azef. We write “aC B” for “a is contained in 8.” Thus we 


put 
aCB.=:xea.0,.0€8 Df. 
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Most of the formulae concerning p.q, pVq, ~p, pq remain true if we 
substitute an 8, au 8, —a, aC. In place of equivalence, we substitute 
identity; for “p=q” was defined as “pDq.q Ip,” but “aC B.BCa” gives 

 “Ged.=_z. eB,” whence a=. 

The following are some propositions concerning classes which are analogues 
of propositions previously given concerning propositions: 

t,anB=—(—av-—§8), 
i.e. the common part of a and 8 is the negation of “ not-a or not-B”; 
t.re(au—a), 
v.é@. “a is @ member of a or not-a”; | 
b.are(an—a), 
1.e. “x 1s not a member of both a and not-a”; 
F.a=—(—a), 
k:aCB.=.—BC-a, 
F:ia=8.=.—a=— 8, 
Fra=ana, 
Fia=ava. 
The two last are the two forms of the law of tautology. 
The law of absorption holds in the form 
F:aCB.=.a=anB. 

Thus for example “all Cretans are liars” is equivalent to “Cretans are 
identical with lying Cretans.” 

Just as we have Kipdq.qIr.d.p or, 
so we have FraCB.BCy.9.aCy. 

This expresses the ordinary syllogism in Barbara (with the premisses 
interchanged); for “aC 8” means the same as “all a’s are 8's,” so that the 
above proposition states: “If all a’s are 4's, and all @’s are 4’s, then all a's 
are y's.” (It should be observed that syllogisms are traditionally expressed 
with “therefore,” as if they asserted both premisses and conclusion. This is, 
of course, merely a slipshod way of speaking, since what is really asserted is 

only the connection of premisses with conclusion.) 


The syllogism in Barbara when the minor premiss has an individual 

subject is 
F:iveB. BCy.od.rey, 

e.g. “if Socrates is a man, and all men are mortals, then Socrates is a 
mortal.” This, as was pointed out by Peano, is not a particular case of 
“aCB.BCy.9.aCy,” since “xe 8” is not a particular case of “aC ~.” 
This point is important, since traditional logic is here mistaken. The nature 
and magnitude of its mistake will become clearer at a later stage. 
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_ For relations, we have precisely analogous definitions and propositions. 
We put 
RAS =2§ (aRy.aSy) Df, 


which leads to Fi:a(RAS)y.=.acRy. «Sy. 
‘Similarly RuS=2% (cRy.v.cSy) Df, 
+R=29{W(@ky} Df 


RES.=:cRy.d,,,-cSy De. 


Generally, when we require analogous but different symbols for relations 
and for classes, we shall choose for relations the symbol obtained by adding 
a dot, in some convenient position, to the corresponding symbol for classes. 
(The dot must not be put on the line, since that would cause confusion with 
the use of dots as brackets.) But such symbols require and receive a special 
definition in each case. ° 


A class is said to exist when it has at least one member: “a exists” is 

denoted by “q!a.” Thus we put 
qia.=.(qz).vea Df. 
The class which has no members is called the “ null-class,” and is denoted by 
“A.” Any propositional function which is always false determines the null- 
class. One such function is known to us already, namely “« is not identical 
with 2,” which we denote by “x+a.” Thus we may use this function for de- 
fining A, and put 
A=(a@+a2) Df. 

The class determined by a function which is always true is called the 

universal class, and is represented by V; thus 


V=2(%=«a2) Df. 


Thus A is the negation of V. We have 
F.(x2).veV, 
ae. “* is a member of V’ is always true”; and 
. -.(@).a~reAd, 
we. “*a% is a member of A’ is always false.” Also 
Fsa=A.=.0q!a,: 

z.e. “ais the null-class” is equivalent to “a does not exist.” 

For relations we use similar notations. We put 


qik.=.(qa,y).«Ry, 
we. “a!R” means that there is at least one couple x, y between which 
the relation R holds. A will be the relation which never holds, and V the 
relation which always holds. V is practically never required; A will be the 
relation 29 (c+a.y+y). We have 
Fe y)er(wAy), 
and FH: R=A.=.0q9!R. 
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There are no classes which contain objects of more than one type. Ac- 
cordingly there is a universal class and a null-class proper to each type of 
object. But these symbols need not be distinguished, since it will be found 
that there is no possibility of confusion. Similar remarks apply to relations. 


Descriptions. By a “description” we: mean a phrase of the form “the 
so-and-so” or of some equivalent form. For the present, we confine our 
attention to the in the singular. We shall use this word strictly, so as to 
imply uniqueness ; e.g. we should not say “A is the son of B” if B had other 
sons besides A. Thus a description of the form “the so-and-so” will only 
have an application in the event of there being one so-and-so and no more. 
Hence a description. requires some. propositional function $2 which is satisfied 
by one value of « and by no other values; then “the # which satisfies 62” 
is a description which definitely describes a certain object, though we may 
not know what object it describes. For example, if y is a man, “a is the 
father of y” must be true for one, and only one, value of # Hence “the 
father of y” is a description of a certain man, though we may not know what 
man it describes. A phrase containing “the” always presupposes some initial 
propositional function not containing “the”; thus instead of “a is the father 
of y” we ought to take as our initial function “a begot y”; then “the father 
of y” means the one value of # which satisfies this propositional function. 

If $2 is a propositional function, the symbol “(2”)(¢z)” is used in our 
symbolism in such a way that it can always be read as “the # which satisfies 
- 6%.” But we do not define “(1x)(px)” as standing for “the x which satisfies 
$2,” thus treating this last phrase as embodying a primitive idea. Every use 
of “(12)(x),” where it apparently occurs as a constituent of a proposition 
in the place of an object, is defined in terms of the primitive ideas already 
on hand. An example of this definition in use is given by the proposition 
 “BY(2) ($2) ” which is considered immediately. The whole subject is treated 

more fully in Chapter III. 


The symbol should be compared and contrasted with “2(z)” which in 
use can always be read as “the 2’s which satisfy ¢2.” Both symbols are in- 
complete symbols defined only in use, and as such are discussed in Chapter ITI. 
The symbol “2 (gx) ” always has an application, namely to the class determined 
by $2; but “(1x)(px)” only has an application when ¢@ is only satisfied by 
one value of x, neither more nor less. It should also be observed that the 
meaning given to the symbol by the definition, given immediately below, of 
E!(1x”)(x) does not presuppose that we know the meaning of “one.” This is 
also characteristic of the definition of any other use of (1x) ($2). 


We now proceed to define “E!(27)(ox)” so that it can be read “the x 
satisfying px exists.” (It will be observed that this is a different meaning of 
existence from that which we express by “q.”) Its definition is 


E! (x) (px). =: (qe): ot.=,.2=c Df, 
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ue. “the « satisfying $2 exists” is to mean “there is an ebject c such that dx 
is true when « is c but not otherwise.” 


The sou ON INE are equivalent forms: 

Fs El! (12) (da). =: (qo): oc: Pr. Ize L=C, . 
Fs. Et (ax) (gx).=: (qe). ger pu. by. Izy-t=y, 
Fi. El (ar) (px). =2(qce)i der e+c.d,.~ Ge. 

The last of these states that “the. satisfying $2 exists” is equivalent to 
“there is an object | c satisfying $2, and every an other than c does not 
satisfy $2.” 

The kind of existence just. defined covers a great many cases. Thus for 
vee “the most perfect Being exists” will mean: 

(qc): 2 1s most perfect.=,.2=Cc, 
which, taking the last of the above equivalences, 1 is equivalent to 


(qc):c is most perfect :#+c.D,. is not most perfect. 


A proposition such as “Apollo exists” is really of the same logical form, 
although it does not explicitly contain the word the. For “Apollo” means 
really “the object having such-and-such properties,” say “the object having 
the properties enumerated in the Classical Dictionary*.” If these properties 
make up the propositional function ¢#, then “Apollo” means “ (2x) (ga),” 
and “Apollo exists” means “E!(77)(¢z).” To take another illustration, 
“the author of Waverley” means “the man who (or rather, the object which) 
wrote Waverley.” Thus “Scott is the author of Waverley ” is 


Scott = (1x) (@ wrote Waverley). 


Here (as we observed before) the importance of identity in connection with 
descriptions plainly appears. 


The notation “(2x) (x),” which is long and inconvenient, is seldom used, 
being chiefly required to lead up to another notation, namely “Ry,” meaning 
“the ee having the relation R to y.” That is, we put 

Ry = (1x) (aRy) Def. 
The inverted comma may be read “of.” Thus “RG y” is read “the B of y.” 
Thus if R is the relation of father to son, “R‘y” means “the father of y”; 
if R is the relation of son to father, “R‘y” means “the son of y,” which will 
only “exist” if y has one son and no more. Fy is a function of y, but not 
a propositional function; we shall call it a descriptive function. All the 
ordinary functions of mathematics are of this kind, as will appear more fully 
in the sequel. Thus in our notation, “sin y” would be written “sin ‘y,” and 
“sin” would stand for the relation which sin ‘y has to y. Instead of a variable 
descriptive function fy, we put R‘y, where the variable relation R takes the 


* The same principle applies to many uses of the proper names of existent objects, e.g. to all 
uses of proper names for objects known to the speaker only by report, and not by personal 
acquaintance. 
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place of the variable function f. A descriptive function will in general exist 
while y belongs to a certain domain, but not outside that domain; thus if we 
are dealing with positive rationals, /y will be significant if y is a perfect 
square, but not otherwise; if we are dealing with real numbers, and agree 
that “/y” is to mean the positive square root (or, is to mean the negative 
" square root), /y will be significant provided y is positive, but not otherwise ; 
and so on. Thus every descriptive function has what we may call a “domain 
of definition” or a “domain of existence,” which may be thus defined: If the 
function in question is R‘y, its domain of definition or of existence will be 
the class of those arguments y for which we have E! R‘y, te. for which 
E! (2x) (xRy), .e. for which there is one x, and no more, having the relation 


R to y. 


If R is any relation, we will speak of R‘y as the “associated descriptive 
function.” A great many of the constant relations which we shall have occasion 
to introduce are only or chiefly important on account of their associated descrip- 
tive functions. In such cases, it is easier (though less correct) to begin by 
assigning the meaning of the descriptive function, and to deduce the meaning 
of the relation from that of the descriptive function. This will be done in the 
following explanations of notation. 


Various descriptive functions of relations. If Ris any relation, the converse 
of R is the relation which holds between y and x whenever R holds between 
wand y. Thus greater is the converse of less, before of after, cause of effect 


husband of wife, etc. The converse of R is written* Cnv‘R or R. The defi- 
nition is 


R= 29 (yRa) Df, 
Cov‘k = Rk Df. 
The second of these is not a formally correct definition, since we ought to 
define “Cnv” and deduce the meaning of Cnv‘R. But it is not worth while 
to adopt this plan in our present introductory account, which aims at simplicity 
rather than formal correctness. 


A relation is called symmetrical if R= R, we. if 1t holds between y and « 
whenever it holds between x and y (and therefore vice versa). Identity, 
diversity, agreement or disagreement in any respect, are symmetrical relations. 
A relation is called asymmetrical when it is incompatible with its converse, 


ze. when RA R = A, or, what is equivalent, 
eRy .D2,y+~ (yx). 


Before and after, greater and less, ancestor and descendant, are asym- 
metrical, as are all other relations of the sort that lead to series. But there are 
many asymmetrical relations which do not lead to series, for instance, that of 


* The second of these notations is taken from Schréder’s Algebra und Logik der Relative. 
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wife’s brother*. A relation may be neither symmetrical nor asymmetrical ; 

for example, this holds of the relation of inclusion between classes: aC 8 and 

8 Ca will both-be true if a=, but otherwise only one of them, at most, will 

be true. The relation brother is neither symmetrical nor asymmetrical, for if 
a is the brother of y, y may be either the brother or the sister of a. 

In the propositional function «Ry, we call x the referent and y the relatum. 
The class #(#Ry), consisting of all the 2’s which have the relation R to y, is 
called the class of referents of y with respect to R; the class 9 (xRy), consisting 
of all the y’s to which x has the relation R, is called the class of relata of x 


with respect to R. These two classes are denoted respectively by Rey and Rx, 
Thus 


Ry= & (wRy) Df, 


Rx =f) («Ry) Df. 
The arrow runs towards y in the first case, to show that we are concerned 
with things having the relation R to y; it runs away from x in Bae second 


case, to show that the relation R goes from « to the members of Rex. It runs 
in fact from a referent and towards a relatum. 


The notations R‘y, R‘x are very important, and are used constantly. If 


=~ <— 
f is the relation of parent to child, R‘y =the parents of y, R‘x = the children 
of x. We have 


—>, 
F:veRy.=.aRy 


_ 
and bFisyeR.=.aRy. 
These equivalences are often embodied in common language. For example, 
we say indiscriminately “x is an inhabitant of London” or “x inhabits London.” 
If we put “R” for “inhabits,” “x inhabits London” is “aR London,” while “zx 


. —p r 
is an inhabitant of oe "4s “ve RS London. ‘. 


Instead of R and R we sometimes use sg‘R, gs‘R, where “sg” stands for 
“sagitta,” and “gs” is “sg’ alan Thus we put 


soc R = i Df, 
gf kh = R Df. 


These notations are sometimes more convenient than ‘an arrow sien the 
relation concerned is represented by a combination of letters, instead of a 
single letter such as R. Thus eg. we should write sg“(R A'S), rather than put 
an arrow over the whole length of (R'A 8). 

The class of all terms that have the relation R to something or other is 
called the domain of R. Thus if R is the relation of parent and child, the 


* This relation is not strictly asymmetrical, but is so except when the wife’s brother is also 
the sister’s husband. In the Greek Church the relation is strictly asymmetrical. 


R&WI os. 
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domain of R will be the class of parents. We represent the domain of R by 
“DR.” Thus we put 

D‘R=2{(qy).xRy} Df. 
Similarly the class of all terms to which something or other has the relation 
R is called the converse domain of R; it is the same as the domain of the 
converse of R. The converse domain of R is represented by “d‘R”; thus 

G‘R=9 {(qar).aRy} Df. 
The sum of the domain and the converse domain is called the field, and is 
represented by C‘R: thus 

CR=D‘Rv GR Df. 

The field is chiefly important in connection with series. If R is the ordering 
relation of a series, C‘R will be the class of terms of the series, D‘R will be all 
the terms except the last (if any), and G‘R will be all the terms except the 
first (if any). The first term, if it exists, is the only member of D‘R a — ‘Rh, 
since it is the only term which is a predecessor but not a follower. Similarly 
the last term (if any) is the only member of d‘Ra—D‘R. The condition 
that a series should have no end is G‘RC D‘R, we. “every follower is a pre- 
decessor”; the condition for no beginning is D‘RCC‘R. These conditions 
are equivalent respectively to D‘'R = C‘R and U‘R = C*R. 


The relative product of two relations R and S is the relation which holds 
between « and z when there is an intermediate term y such that x has the 
relation R to y and y has the relation S to z. The relative product of R and 
S is represented by R|S; thus we put 

| R\S = 22 {((qy).eRy «ySz} Df, 
whence b:a(R|S)z.=.(qy). «Ry. ySz. 
Thus “paternal aunt” is the relative product of sister and father; “ paternal 
grandmother” is the relative product of mother and father; “maternal grand- 
father” is the relative product of father and mother. The relative product is 
not commutative, but it obeys the associative law, 2.¢. 
t.(P|Q)| R= P| (Q| BR). 
It also obeys the distributive law with regard to the logical addition of 
relations, 7.e. we have 
F.P|(Qu R)=(P'Q)u (P| R), 
b.(Qu R)| P=(Q| P)o(R| P). 
But with regard to the logical product, we have only 
F.PiQAR)E(P|Q)A(P| R), 
F.(QA R)|P EQ) P)AQ|R). 

The relative product does not obey the law of tautology, i.e. we do not 

have in general R R=R. We put 
R=Rk!|R Df. 
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Thus paternal grandfather = (father)?, 
maternal grandmother = (mother)’. 


A relation is called transitive when R?G R, i.e. when, if xRy and yRz, we 

always have «fz, t.e. when 
aRy .yRz.De2y,2-0Rz. 
Relations which generate series are always transitive; thus e.g. 
BP>YY >t Iny2-€ Dz. 

If P is a relation which generates a series, P may conveniently be read 
“precedes”; thus “aPy.yPz.322.2Pz” becomes “if x precedes y and y 
precedes z, then « always precedes z.” The class of relations which generate 
series are partially characterized by the fact that they are transitive and 
asymmetrical, and never relate a term to itself. 


If P isa relation which generates a series, and if we have not merely P?G P, 
but P?=P, then P generates a series which is compact (tiberall dicht), i.e. such 
that there are terms between any two. For in this case we have 

e2Pz.).(qy).xcPy.yPz, 
ae. if x precedes z, there is a term y such that « precedes y and y precedes z, 
u.é. there is a term between x and z. Thus among relations which generate 
series, those which generate compact series are those for which P?= P. 


Many relations which do not generate series are transitive, for example, 
identity, or the relation of inclusion between classes. Such cases arise when 
the relations are not asymmetrical. Relations which are transitive and sym- 
metrical are an important class: they may be regarded as consisting in the 
possession of some common property. 


Plural descriptive functions. The class of terms x which have the relation 
R to some member of a class a is denoted by R“a or R,‘a. The definition is 
Ra=Z {(qy).yea.xRy} De. 
Thus for example let R be the relation of inhabiting, and a the class of towns; 
then R“‘a=inhabitants of towns. Let R be the relation “less than” among 
rationals, and a the class of those rationals which are of the form 1 — 2-, for 
integral values of n; then R“a will be all rationals less than some member 
of a, te. all rationals less than 1. If P is the generating relation of a series, 
and @ is any class of members of the series, P‘‘a will be predecessors of a’s, .¢. the 
segment defined by a. If P is a relation such that P‘y always exists when 
yea, Pa will be the class of all terms of the form P‘y for values of y which 
are members of a; 72.e. 
Pa=2 {(qy)-yea.r=Pry}. 
Thus a member of the class “fathers of great men” will be the father of y, 
where y is some great man. In other cases, thas will not hold; for instance, 


let P be the relation of a number to any number of which it is a factor; then 
3-2 - 


86 INTRODUCTION [CHAP. I 


P* (even numbers) = factors of even numbers, but this class is not composed 
of terms of the form “the factor of x,’ where x is an even number, because 
numbers do not have only one factor apiece. 


Unit classes. The class whose only member is « might be thought to be 
identical with «, but Peano and Frege have shown that this is not the case. 
(The reasons why this is not the case will be explained in a preliminary way 
in Chapter II of the Introduction.) We denote by “«t‘x” the class whose only 
member is #: thus 

“a=G(y=a) Df, 
ae. “te” means “the class of objects which are identical with a.” 


The class consisting of x and y will be u‘« uv tty; the class got by adding 
x to a class a will be av l‘«; the class got by taking away « from a class a 
will be a—t‘x. (We write a— 8 as an abbreviation for an — B.) 

It will be observed that unit classes have been defined without reference 
to the number 1; in fact, we use unit classes to define the number 1. This 
number is defined as the class of unit classes, 7.e. 

1=@{(qar).a=t'a} Df. 
This leads to 
brael.=i(qv)iyea.=y.y=ar 
From this it appears further that : 
F:ael.=.E! (22) (wea), 
whence — b:2(oz)e1.=.E! (22) (px), 
ae, “2 (pz) is a unit class” is equivalent to “the «x satisfying $2 exists.” 


If ael, ia is the only member of a, for the only member of a is the only 
term te which a has the relation t. Thus “t‘a” takes the place of “(2x) (ga),” 


Ww 
if a stands for 2(z). In practice, “t‘a” is a more convenient notation than 


“(1@) (px),” and is generally used instead of “(22) (pa).” 


The above account has explained most of the logical notation employed 
in the present work. In the applications to various parts of mathematics, 
other definitions are introduced; but the objects defined by these later defi- 
nitions belong, for the. most’ part, rather to mathematics than to logic. The 
reader who has mastered the symbols explained above will find that any 
later formulae can be deciphered by the help of comparatively few additional 
definitions. 


CHAPTER II 


THE THEORY OF LOGICAL TYPES 


THE theory of logical types, to be explained in the present Chapter, re- 
commended itself to us in the first instance by its ability to solve certain 
contradictions, of which the one best known to mathematicians is Burali-Forti’s 
concerning the greatest ordinal. But the theory in question is not wholly 
dependent upon this indirect recommendation: it has also a certain consonance 
' with common sense which makes it inherently credible. In what follows, we 
shall therefore first set forth the theory on its own account, and then apply it 
to the solution of the contradictions. 


I. The Vicious-Circle Principle. 


An analysis of the paradoxes to be avoided shows that they all result from 
a certain kind of vicious circle*. The vicious circles in question arise from 
supposing that a collection of objects may contain members which can only be 
defined by means of the collection as a whole. Thus, for example, the collection 
of propositions will be supposed to contain a proposition stating that “all 
propositions are either true or false.’ It would seem, however, that such a 
statement could not be legitimate unless “all propositions” referred to some 
already definite collection, which it cannot do if new propositions are created 
by statements about “all propositions.” We shall, therefore, have to say that 
statements about “all propositions” are meaningless. More generally, given 
any set of objects such that, if we suppose the set to have a total, it will con- 
tain members which presuppose this total, then such a set cannot have a total. 
By saying that a set has “no total,’ we mean, primarily, that no significant 
statement can be made about “all its members.” Propositions, as the above 
illustration shows, must be a set having no total. The same is true, as we shall 
shortly see, of propositional functions, even when these are restricted to such 
as can significantly have as argument a given object a. In such cases, it is 
necessary to break up our set into smaller sets, each of which is capable of a 
total. This is what the theory of types aims at effecting. 


The principle which enables us to avoid illegitimate totalities may be 
stated as follows: “Whatever involves all of a collection must not be one of 
the collection”; or, conversely: “If, provided a certain collection had a total, 
it would have members only definable in terms of that total, then the said 
collection has no total.” We shall call this the “vicious-circle principle,” be- 
cause it enables us to avoid the vicious circles involved in the assumption of 
illegitimate totalities. Arguments which are condemned by the vicious-circle 


* See the last section of the present Chapter. Cf. also H. Poincaré, ‘‘ Les mathématiques et 
la logique,” Revue de Métaphysique et de Morale, Mai 1906, p. 307. 
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principle will be called “vicious-circle fallacies.” Such arguments, in certain 
circumstances, may lead to contradictions, but it often happens that the con- 
clusions to which they lead are in fact true, though the arguments are 
fallacious. Take, for example, the law of excluded middle, in the form “all 
propositions are true or false.” If from this law we argue that, because the 
law of excluded middle is a proposition, therefore the law of excluded middle 
is true or false, we incur a vicious-circle fallacy. “All propositions” must be 
in some way limited before it becomes a legitimate totality, and any limita- 
tion which makes it legitimate must make any statement about the totality 
fall outside the totality. Similarly, the imaginary sceptic, who asserts that 
he knows nothing, and is refuted by being asked if he knows that he knows 
nothing, has asserted nonsense, and has been fallaciously refuted by an 
argument which involves a vicious-circle fallacy. In order that the sceptic’s 
assertion may become significant, it is necessary to place some limitation 
upon the things of which he is asserting his ignorance, because the things 
of which it is possible to be ignorant form an illegitimate totality. But as 
soon as a suitable limitation has been placed by him upon the collection of 
propositions of which he is asserting his ignorance, the proposition that he is 
ignorant of every member of this collection must not itself be one of the 
collection. Hence any significant scepticism is not open_to the above form of 
refutation. 


The paradoxes of symbolic logic concern various sorts of objects: propo- 
sitions, classes, cardinal and ordinal numbers, ete. All these sorts of objects, 
as we shall show, represent illegitimate totalities, and are therefore capable of 
giving rise to vicious-circle fallacies. But by means of the theory (to be 
explained in Chapter III) which reduces statements that are verbally con- 
cerned with classes and relations to statements that are concerned with 
propositional functions, the paradoxes are reduced to such as are concerned 
with propositions and propositional functions. The paradoxes that concern 
propositions are only indirectly relevant to mathematics, while those that 
more nearly concern the mathematician are all concerned with propositional 
Junctions. We shall therefore proceed at once to the consideration of propo- 
sitional functions. 


. IT. The Nature of Propositional Functions. 

By a “propositional function” we mean something which contains a 
variable x, and expresses a proposition as soon as a value is assigned to a. 
That is to say, it differs from a proposition solely by the fact that it is 
ambiguous: it contains a variable of which the value is unassigned. It agrees 
with the ordinary functions of mathematics in the fact of containing an 
unassigned variable; where it differs is in the fact that the values of the 
function are propositions. Thus e.g. “# is a man” or “sing =1” is a propo- 
sitional function. We shall find that it is possible to incur a vicious-circle 
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fallacy at the very outset, by admitting as possible arguments to a propositional 
function terms which presuppose the function. This form of the fallacy is very 
instructive, and its avoidance leads, as we shall see, to the hierarchy of types. 

The question as to the nature of a function* is by no means an easy one. 
It would seem, however, that the essential characteristic of a function is 
ambiguity. ‘Take, for example, the law of identity in the form “A is A,” which 
is the form in which it is usually enunciated. It is plain that, regarded 
psychologically, we have here a single judgment. But what are we to say of 
the object of the judgment? We are not judging that Socrates is Socrates, 
nor that Plato is Plato, nor any other of the definite judgments that are 
instances of the law of identity. Yet each of these judgments is, in a sense, 
within the scope of our judgment. We are in fact judging an ambiguous 
instance of the propositional function “A is A.” We appear to have a single 
thought which does not have a definite object, but has as its object an 
undetermined one of the values of the function “A is A.” It is this kind of 
ambiguity that constitutes the essence of a function. When we speak of “x,” 
where 2 is not specified, we mean one value of the function, but not a definite 
one. We may express this by saying that “dx” ambiguously denotes pa, pb, pe, 
etc., where da, $b, de, etc., are the various values of “ga.” 

When we say that “$x” ambiguously denotes ga, $b, dc, etc., we mean 
that “dx” means one of the objects ga, db, gc, etc., though not a definite 
one, but an undetermined one. It follows that “ga” only has a well-defined 
meaning (well-defined, that is to say, except in so far as it 1s of its essence to 
be ambiguous) if the objects da, $b, dc, etc., are well-defined. That is to say, 
a function is not a well-defined function unless all its values are already well- 
defined. It follows from this that no function can have among its values 
anything which presupposes the function, for if it had, we could-not regard 
the objects ambiguously denoted by the function as definite until the function 
was definite, while conversely, as we have just seen, the function cannot be 
definite until its values are definite. This is a particular case, but perhaps the 
most fundamental case, of the vicious-circle principle. A function is what 
ambiguously denotes some one of a certain totality, namely the values of the 
function; hence this totality cannot contain any members which involve the 
function, since, if it did, it would contain members involving the totality, 
which, by the vicious-circle principle, no totality can do. 

It will be seen that, according to the above account, the values of a 
function are presupposed by the function, not vice versa. It is sufficiently 
obvious, in any particular case, that a value of a function does not presuppose 
the function. Thus for example the proposition “Socrates is human” can be 
perfectly apprehended without regarding it as a value of the function “2 is 
human.” It is true that, conversely, a function can be apprehended without 


* When the word ‘function ” is used in the sequel, ‘‘ propositional function”’ is always meant. 
Other functions will not be in question in the present Chapter. 
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its being necessary to apprehend its values severally and individually. If this 
were not the case, no function could be apprehended at all, since the number 
of values (true and false) of a function is necessarily infinite and there are 
necessarily possible arguments with which we are unacquainted. What is 
necessary is not that the values should be given individually and extensionally, 
but that the totality of the values should be given intensionally, so that, con- 
cerning any assigned object, it is at least theoretically determinate whether or 
not the said object is a value of the function. | 

It is necessary practically to distinguish the function itself from an 
undetermined value of the function. We may regard the function itself as 
that which ambiguously denotes, while an undetermined value of the function 
is that which is ambiguously denoted. If the undetermined value is written 
“ga,” we will write the function itself “$2.” (Any other letter may be used 
in place of w.) Thus we should say “$x is a proposition,” but “2% 1s a propo- 
sitional function.” When we say “da is a proposition,” we mean to state 
something which is true for every possible value of «, though we do not decide 
what value x is to have. We are making an ambiguous statement about any 
value of the function. But when we say “ $2 is a function,” we are not making 
an ambiguous statement. It would be more correct to say that we are making 
a statement about an ambiguity, taking the view that a function is an am- 
biguity. The function itself, 62, is the single thing which ambiguously denotes 
its many values; while x, where « is not specified, is one of the denoted 
objects, with the ambiguity belonging to the manner of denoting. 


We have seen that, in accordance with the vicious-circle principle, the 
values of a function cannot contain terms only definable in terms of the 
function. Now given a function $2, the values for the function* are all pro- 
positions of the form $x. It follows that there must be no propositions, of 
the form ¢2, in which x has a value which involves $2. (If this were the case, 
the values of the function would not all be determinate until the function 
was determinate, whereas we found that the function is not determinate unless 
its values are previously determinate.) Hence there must be no such thing as 
the value for ¢% with the argument $2, or with any argument which involves 
¢@. That is to say, the symbol “¢ (¢2)” must not éxpress a proposition, as 
“ga” does if ga is a value for $2. In fact “fd (P2%)” must be a symbol which 
does not express anything: we may therefore say that it is not significant. Thus 
given any function $2, there are arguments with which the function has no 
value, as well as arguments with which it has a value. We will call the 
arguments with which $% has a value “possible values of w.” We will say 
that $2 is “significant with the argument 2” when $% has a value with the 
argument 2. 

* We shall speak in this Chapter of ‘‘values for ¢£” and of ‘‘values of oz,” meaning in each 


case the same thing, namely gu, $b, gc, etc. The distinction of phraseology serves to avoid 
ambiguity where several variables are concerned, especially when one of them is a function. 
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When it is said that eg. “ @ (2)” is meaningless, and therefore neither 
true nor false, it is necessary to avoid a misunderstanding. If “¢ (¢2)” were 
interpreted as meaning “the value for $2 with the argument ¢2 is true,” 
that would be not meaningless, but false. It is false for the same reason for 
which “the King of France is bald” is false, namely because there is no such 
thing as “the value for ¢2 with the argument ¢2.” But when, with some 
argument a@, we assert da, we are not meaning to assert “the value for #2 with 
the argument a is true”; we are meaning to assert the actual proposition 
which is the value for 62 with the argument a. Thus for example if 42 is 


cn 


& is a man,” (Socrates) will be “Socrates is a man,” not “the value for 
the function ‘2 is a man, with the argument Socrates, is true.” Thus 
in accordance with our principle that “(#2)” is meaningless, we cannot 
legitimately deny “the function ‘2 is a man’ is a man,” because this is 


tn 


nonsense, but we can legitimately deny “the value for the function ‘2 is a 
man’ with the argument ‘2 is a man’ is true,” not on the ground that the 
value in question is false, but on the ground that there is no such value for 


the function. 

We will denote by the symbol “(x). px” the proposition “px always*,” 
i.e. the proposition which asserts all the values for ¢2. This proposition 
involves the function $2, not merely an ambiguous value of the function. The 
assertion of ga, where « is unspecified, is a different assertion from the one 
which asserts all values for $2, for the former is an ambiguous assertion, 
whereas the latter is in no sense ambiguous. It will be observed that “(«).¢x” 
does not assert “gx with all values of «,” because, as we have seen, there must 
be values of x with which “da” is meaningless. What is asserted by “(z).g@x” 
is all propositions which are values for ¢2; hence it is only with such values 
of as make “dx” significant, i.e. with all possible arguments, that dx is asserted 
when we assert “(x). x.” Thus a convenient way to read “(x). px” is “x is 
true with all possible values of 2.” This is, however, a less accurate reading 
than “de always,” because the notion of truth is not part of the content of 
what is judged. When we judge “all men are mortal,” we judge truly, but 
the notion of truth is not necessarily in our minds, any more than it need be 
when we judge “Socrates is mortal.” 


III. Definition and Systematic Ambiguity of Truth and Falsehood. 


Since “(z) . $x” involves the function $%, it must, according to our 
principle, be impossible as an argument to ¢. That is to say, the symbol 
“¢ {(x) . dx}” must be meaningless. This principle would seem, at first sight, 
to have certain exceptions. Take, for example, the function “Pp is false,” and 
‘consider the proposition “(p).p is false.” This should be a proposition 
asserting all propositions of the form “> is false.” Such a proposition, we 


* We use ‘‘always” as meaning ‘‘in all cases,” not ‘‘at all times.” Similarly “sometimes” 
will mean ‘‘in some cases.” 
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should be inclined to say, must be false, because “p is false” is not always 
true. Hence we should be led to the proposition 
“{(p) . p is false} is false,” 

ae. we should be led to a proposition in which “(p).p is false” is the argu- 
ment to the function “p is false,” which we had declared to be impossible. 
Now it will be seen that “(p).p is false,” in the above, purports to be a 
proposition about all propositions, and that, by the general form of the vicious- 
circle principle, there must be no propositions about all propositions. Never- 
theless, it seems plain that, given any function, there is a proposition (true or 
false) asserting all its values. Hence we are led to the conclusion that “p is 
false” and “q is false” must not always be the values, with the arguments p 
and q, for a single function “ p is false.” This, however, is only possible if the 
word “false” really has many different meanings, appropriate to propositions 
of different kinds. 


That the words “true” and “false” have many different meanings, accord- 
ing to the kind of proposition to which they are applied, is not difficult to 
see. Let us take any function $2, and let da be one of its values. Let us call 
the sort of truth which is applicable to ga “ first truth.” (This is not to assume 
that this would be first truth in another context: it is merely to indicate that 
it is the first sort of truth in our context.) Consider now the proposition 
(x). ox. If this has truth of the sort appropriate to it, that will mean that 
every value ¢a has “first truth.” Thus if we call the sort of truth that is 
appropriate to (a). a “second truth,” we may define “{(x).¢a} has. second 
truth” as meaning “every value for #2 has first truth,” «ze. “(x) «(ga has first 
truth).” Similarly, if we denote by “(qz). 6a” the proposition “da sometimes,” 
1.€. aS we may less accurately express it, “dx with some value of a,” we find 
that (qj). oa has second truth if there is an # with which ¢z has first truth ; 
thus we may define “{(qa).¢a} has second truth” as meaning “some value 
for @2 has first truth,” i.e. “(qa). (ox has first truth).” Similar remarks apply 
to falsehood. Thus “{(«).@} has second falsehood” will mean “some value 
for $2 has first falsehood,” i.e. “(qa).(¢x has first falsehood),” while 
“{(qv).¢2} has second falsehood” will mean “all values for $2 have first 
falsehood,” 7.e. “(x) «(x has first falsehood).” Thus the sort of falsehood that 
can belong to a general proposition is different from the sort that can belong 
to a particular proposition. 


Applying these considerations to the proposition “(p). p is false,” we see 
that the kind of falsehood in question must be specified. If, for example, 
first falsehood is meant, the function “‘p has first falsehood” is only signi- 
ficant when p is the sort of proposition which has first falsehood or first 
truth. Hence “(p).p is false” will be replaced by a statement which is 
equivalent to “all propositions having either first truth or first falsehood 
have first falsehood.” This proposition has second falsehood, and is not 
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a possible argument to the function “p has first falsehood.” Thus the 
apparent exception to the principle that “¢ {(x).¢a}” must be meaningless 
disappears. 


Similar considerations will enable us to deal with “not-p” and with “‘p or q.” 
It might seem as if these were functions in which any proposition might 
appear as argument. But this is due to a systematic ambiguity in the mean- 
ings of “not” and “or,” by which they adapt themselves to propositions of any 
order. To explain fully how this occurs, it will be well to begin with a 
definition of the simplest kind-of truth and falsehood. 


The universe consists of objects having various qualities and standing 
in various relations. Some of the objects which occur in the universe are 
complex. When an object is complex, it consists of interrelated parts. Let 
us consider a complex object composed of two parts a and 6 standing to each 

_ other in the relation R. The complex object “a-in-the-relation-R-to-b” may 
be capable of being perceived ; when perceived, it is perceived as one object. 
Attention may show that it is complex; we then judge that a and 6 stand in 
the relation R. Such a judgment, being derived from perception by mere 
attention, may be called a “judgment of perception.” This judgment of 
perception, considered as an actual occurrence, is a relation of four terms, 
namely a and b and & and the percipient. The perception, on the contrary, is 
a relation of two terms, namely “a-in-the-relation-R-to-b,” and the percipient. 
Since an object of perception cannot be nothing, we cannot perceive “a-in-the- 
relation-R-to-b” unless a is in the relation R to b. Hence a judgment of 
perception, according to the above definition, must be true. This does not 
mean that, in a judgment which appears to us to be one of perception, we 
are sure of not being in error, since we may err in thinking that our judgment 
has really been derived merely by analysis of what was perceived. But if our 
judgment has been so derived, it must be true. In fact, we may define truth, 
where such judgments are concerned, as consisting in the fact that there is a 
complex corresponding to the discursive thought which is the judgment. That is, 
when we judge “a has the relation R to b,” our judgment is said to be true 
when there is a complex “a-in-the-relation-R-to-b,” and is said to be false 
when this is not the case. This is a definition of truth and falsehood in rela- 
tion to judgments of this kind. 


It will be seen that, according to the above account, a judgment does not 
have a single object, namely the proposition, but has several interrelated 
objects. That is to say, the relation which constitutes judgment is not a 
relation of two terms, namely the judging mind and the proposition, but is a 
relation of several terms, namely the mind and what are called the constituents 
of the proposition. That is, when we judge (say) “this is red,” what occurs 
is a relation of three terms, the mind, and “this,” and red. On the other hand, 
when we perceive “the redness of this,” there is a relation of two terms, namely 
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the mind and the complex object “the redness of this.” When a judgment 
occurs, there is a certain complex entity, composed of the mind and the 
various objects of the judgment. When the judgment is true, in the case of 
the kind of judgments we have been considering, there is a corresponding 
_ complex of the objects of the judgment alone. Falsehood, in regard to our 
present class of judgments, consists in the absence of a corresponding complex 
composed of the objects alone. It follows from the above theory that a 
“proposition,” in the sense in which a proposition is supposed to be the object 
of a judgment, is a false abstraction, because a judgment has several objects, 
not one. It is the severalness of the objects in judgment (as opposed to 
perception) which has led people to speak of thought as “discursive,” though 
they do not appear to have realized clearly what was meant by this epithet. 


Owing to the plurality of the objects of a single judgment, it follows that 
what we call a “proposition” (in the sense in which this is distinguished from 
the phrase expressing it) is not a single entity at all. That is to say, the phrase 
which expresses a proposition is what we call an “incomplete” symbol*; it 
does not have meaning in itself, but requires some supplementation in order 
to acquire a complete meaning. This fact is somewhat concealed by the 
circumstance that judgment in itself supplies a sufficient supplement, and that 
judgment in itself makes no verbal addition to the proposition. Thus “the 
proposition ‘Socrates is human’” uses “Socrates is human” in a way which 
requires a supplement of some kind before it acquires a complete meaning ; 
but when I judge “Socrates is human,” the meaning is completed by the act of 
judging, and we no longer have an incomplete symbol. The fact that propositions 
are“incomplete'symbols” is important philosophically, and is relevant at certain 
points in symbolic logic. | 

The judgments we have been dealing with hitherto are such as are of the 
‘same form as judgments of perception, «.e. their subjects are always particular 
and definite. But there are many judgments which are not of this form. Such 
are “all men are mortal,’ “I met a man,’ “some men are Greeks.” Before 
dealing with such judgments, we will introduce some technical terms. 


We will give the name of “a complex” to any such object as “a in the re- 
lation R to b” or “a having the quality g,” or “a and b and ¢ standing in the 
relation S.” Broadly speaking, a complex is anything which occurs in the 
universe and is not simple. We will call a judgment elementary when it 
merely asserts such things as “a has the relation F to 6,” “a has the quality q” 
or “a and b and ¢ stand in the relation S.”. Then an elementary judgment is 
true when there is a corresponding complex, and false when there is no corre- 
sponding complex. 

But take now such a proposition as “all men are mortal.” Here the 
judgment does not correspond to one complex, but to many, namely “Socrates 


* See Chapter III. 
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is mortal,” “Plato is mortal,” “Aristotle is mortal,” etc. (For the moment, it 
is unnecessary to inquire whether each of these does not require further 
treatment before we reach the ultimate complexes involved. For purposes of 
illustration, “Socrates is mortal” is here treated as an elementary judgment, 
though it-is in fact not one, as will be explained later. Truly: elementary 
judgments are not very easily found.) We do not mean to deny that there 
may be some relation of the concept man to the concept mortal which may be 
equivalent to “all men are mortal,” but in any case this relation is not the 
same thing as what we affirm when we say that all men are mortal. Our 
judgment that all men are mortal collects together a number of elementary _ 
judgments. It is not, however, composed of these, since (eg.) the fact that 
Socrates is mortal is no part of what we assert, as may be seen by considering 
the fact that our assertion can be understood by a person who has never heard 
of Socrates. In order to understand the judgment “all men are mortal,” it is 
not necessary to know what men there are. We must admit, therefore, as a— 
radically new kind of judgment, such general assertions as “all men are mortal.” 
We assert that, given that # is human, a is always: mortal. That-is, we assert 

“g is mortal” of every # which is human. Thus we are able. to judge (whether 
truly or falsely) that all the objects which have some assigned property also 
have some other assigned property. That is, given any propositional functions 
$@ and 2, there is a judgment asserting yx with every # for which we have - 
gx. Such judgments we will call general judgments. 

It is evident (as explained above) that the definition of truth.is different 
in the case of general judgments from what it was in the case of elementary 
judgments. Let us call the meaning of truth which we gave for elementary 
judgments “elementary truth.” Then when we assert. that it is true that all 
men are mortal, we shall mean that all judgments of the form “x is mortal,” 
where # is a man, have elementary truth. We may define this as “truth of 
the second order” or “second-order truth.” Then if we express the proposition 

“all men are mortal” in the form 
“(a).@ is mortal, where # is a man,” 
and call this judgment p, then “p is true” must be taken to mean “p has 
second-order truth,” which in turn means 
“(#) .‘@ is mortal’ has elementary truth, where # is a man.’ 

In order to avoid the necessity for stating explicitly the limitation to 
which our variable is subject, it is convenient to replace the above interpre- 
tation of “all men are mortal” by a slightly different interpretation. The 
proposition “all men are mortal” is equivalent to “‘a# is a man’ implies ‘w is 
mortal,’ with all possible values of.” Here z is not restricted to such values 
as are men, but may have any value with which “‘# is a man’ implies ‘a is 
mortal’” is significant, 2.e. either true or false. Such a proposition is called a 
“formal implication.” The advantage of this form is that the values which the 
variable may take are given by the function to which it is the argument: the 
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values which the variable may take are all those with which the function is 
significant. 


We use the symbol “(x).g@x” to express the general judgment which 
asserts all judgments of the form “gw.” Then the judgment “all men are 
_mortal” is equivalent to 

“(x).‘e ig a man’ implies ‘x is a mortal,’” 
ae. (in virtue of the definition of implication) to 
“(¢) .# is not a man or 2 is mortal.” 

A8 we have just seen, the meaning of truth which is applicable to this pro- 
position is not the same as the meaning of truth which is applicable to “x isa 
man” or to “# is mortal.” And generally, in any judgment (x). dz, the sense 
in which this judgment is or may be true is not the same as that in which oz 
is or may be true. If dx is an elementary judgment, it is true when it points 
to a corresponding complex. But (x). $x does not point to a single corre- 
sponding complex: the corresponding complexes are as numerous as the possible 
values of a. 


It follows from the above that such a proposition as “all the judgments 
made by Epimenides are true” will only be prima facie capable of truth if all 
his judgments are of the same order. If they are of varying orders, of which 
the nth is the highest, we may make v assertions of the form “all the judg- 
ments of order m made by Epimenides are true,” where m has all values up 
ton. But no such judgment can include itself in its own scope, since such a 
judgment is always of higher order than the judgments to which it refers. 


Let us consider next what is meant by the negation of a proposition of 
the form “(x).¢z.” We observe, to begin with, that “¢a in some cases,” or 
“dx sometimes,” is a judgment which is on a par with “dz in all cases,” or 
“dha always.” The judgment “ox sometimes” is true if one or more values of 
x exist for which $a is true. We will express the proposition “2 sometimes” 
by the notation “(qx).¢a,” where “q” stands for “there exists,” and the 
whole symbol may be read “there exists an w such that dx.” We take the 
two kinds of judgment expressed by “(x). px” and “(qax).¢x” as primitive 
ideas. We also take as a primitive idea the negation of an elementary pro- 
position. We can then define the negations of (#). px and (qx). ¢x. The 
negation of any proposition p will be denoted by the symbol “~p.” Then the 
negation of (). ox will be defined as meaning 

“(qa) .~ pa,” 
and the negation of (qa). dx will be defined as meaning “(#).~ x.” Thus, 
in the traditional language of formal logic, the negation of a universal affir- 
mative is to be defined as the particular negative, and the negation of the 
particular affirmative is to be defined as the universal negative. Hence the 
meaning of negation for such propositions is different from the meaning of 
negation for elementary propositions. 
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An analogous explanation will apply to disjunction. Consider the state- 
ment “either p, or ¢2 always.” We will denote the disjunction of two 
propositions p, g by “p vq.” Then our statement is “p.v.(x). da.” We will 
suppose that p is an elementary proposition, and that dx is always an elemen- 
tary proposition. We take the disjunction of two elementary propositions as 
a primitive idea, and we wish to define the disjunction 

“9 V(t). hx.” 

This may be defined as “(x) . pv $2,” i.e. “either p is true, or dz is always true” 
is to mean “‘p or dw’ is always true.” Similarly we will define 

; “DP oVe (YL). pe” 
as meaning “(qWxr).pv oz,” te. we define “either p is true or there is an x 
for which $e is true” as meaning “there is an x for which either p or dw is 
true.” Similarly we can define a disjunction of two universal propositions: 
“(2). px.v.(y). wy” will be defined as meaning “(a,y). av wy,” te. 
“either dx is always true or yy is always true” is to mean “‘de or Wy’ is 
always true.” By this method we obtain definitions of disjunctions con- 
taining propositions of the form (x). x or (qx). ¢x in terms of disjunctions 
of elementary propositions; but the meaning of “disjunction” is not the same 
for propositions of the forms (x). oa, (qx) . pz, as it was for elementary pro- 
positions. 

Similar explanations could be given for implication and conjunction, but 
this is unnecessary, since these can be defined in terms of negation and 
disjunction. 


IV. Why a Given Function requires Arguments of a Certain Type. 

The considerations so far adduced in favour of ‘the view that a function 
cannot significantly have as argument anything defined in terms of the 
function itself have been more or less indirect. But a direct consideration 
of the kinds of functions which have functions as arguments and the kinds 
of functions which have arguments other than functions will show, if we are 
not mistaken, that not only is it impossible for a function $2 to have itself 
or anything derived from it as argument, but that, if 2 is another function 
such that there are arguments a with which both “da” and “a” are sig- 
nificant, then y2 and anything derived from it cannot significantly be 
argument to $2. This arises from the fact that a function is essentially 
an ambiguity, and that, if it is to occur in a definite proposition, it must 
occur in such a way that the ambiguity has disappeared, and a wholly 
unambiguous statement has resulted. A few illustrations will make this clear. 
Thus “(x) . pz,” which we have already considered, is a function of $2; as soon 
as $2 is assigned, we have a definite proposition, wholly free from ambiguity. 
But it is obvious that we cannot substitute for the function something which 
is not a function: “(«).¢#” means “ga in all cases,” and depends for its 
significance upon the fact that there are “cases” of ¢a, te. upon the 
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ambiguity which is characteristic of a function. This instance illustrates 
the fact that, when a function can occur significantly as argument, something 
which is not a function cannot occur significantly as argument. But con- 
versely, when something which is not a function can occur significantly 
as argument, a function cannot occur significantly. Take, e.g. “x is a man,’ 
and consider “$2? is a man.” Here there is nothing to eliminate the 
ambiguity which constitutes: $2; there is thus nothing definite which is 
said to be a man. A function, in fact, is not a definite object, which could 
be or not be a man; it is a mere ambiguity awaiting determination, and | 
in order that it may occur significantly it must receive the necessary deter- 
mination, which it obviously does not receive if it is merely substituted 
for something determinate in a proposition*. This argument. does not, how- 
ever, apply directly as against such a statement as “{(#). gx} is a man.” 
Common sense would pronounce such a statement to be meaningless, but it 
cannot be condemned on the ground of ambiguity in its subject. We need 
here a new objection, namely the following: A proposition is not a single entity, 
but a relation of several; hence a statement in which a proposition appears 
as subject will only be significant if it can be reduced to a statement about 
the terms which appear in the proposition. A proposition, like such phrases 
as “the so-and-so,” where grammatically it appears as subject, must be broken 
up into its constituents if we are to find the true subject or subjectst. But 
in such a statement as “p is a man,” where p is a proposition, this is not 
possible. Hence “{(x). da} is a man” is meaningless. 


V. The Hierarchy of Functions and Propositions. 


We are thus led to the conclusion, both from the vicious-circle principle 
and from direct inspection, that the functions to which a given object a can 
be an argument are incapable of being arguments to each other, and that they 
have no term in common with the functions to which they can be arguments. 
We are thus led to construct a hierarchy. Beginning with a and the other 
terms which can be arguments to the same functions to which a can be argu- 
ment, we come next to functions to which a is a possible argument, and then 
to functions to which such functions are possible arguments, and so on. But 
the hierarchy which has to be constructed is not so simple as might at first 
appear. The functions which can take a as argument form an illegitimate 
totality, and themselves require division into a hierarchy of functions. This 
is easily seen as follows. Let / (2, x) be a function of the two variables 62 
and «. Then if, keeping # fixed for the moment, we assert this with all possible 
values of ¢, we obtain a proposition: | 

| ($). f (62, 2) 
* Note that statements concerning the significance of a phrase containing “‘¢2” concern the 
symbol ‘'¢2,” and therefore do not fall under the rule that the elimination of the functional 


ambiguity is necessary to significance. Significance is a property of signs. Cf. pp. 40, 41. 
+ Cf. Chapter ITI. 
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Here, if is variable, we have a function of z; but as this function involves 
a totality of values of $2*, it cannot-itself be one of the values included in 
the totality, by the vicious-circle principle. It follows that. the totality of values 
of $2 concerned in (#). J ($2, x) is not the totality of all functions in which 
“ can occur as argument, and that there is no such totality as that of all func- 
tions in which # can occur as argument. 


It follows from the above that a function in which. $2? appears as argument 
requires that “$2” should not, stand for any function which is capable of a 
given argument, but must be restricted in such a way that none of the 
functions which are possible values of “$2” should involve any reference to 
the totality of such functions. Let us take as an illustration the definition 
of identity. We might attempt to define “x is identical with y” as meaning 
“whatever is true of & is true of y,” i.e. “ga always implies dy.” But here, 
since we are concerned to assert all values of “dz implies py” regarded as a 
function of ¢, we shall be compelled to impose upon ¢ some limitation which 
will prevent us from including among values of ¢ values in which “all possible - 
values of @” are referred to. Thus for example “z is identical with a” is a 
function of x; hence, if it is a legitimate value of ¢ in “dz always implies 
dy,” we shall be able to infer, by means of the above definition, that if 2 is 
identical with a, and @ is identical with y, then y is identical with a. 
Although the conclusion is sound, the reasoning embodies a vicious-circle 
fallacy, since we have taken “(p).¢x implies da” as a possible value of ¢z, 
which it cannot be. If, however, we impose any limitation upon ¢, it may 
_ happen, so far as appears at present, that with other values of ¢ we might 
have ga true and ¢y false, so that our proposed definition of identity would 
plainly ‘be wrong. This difficulty is avoided by the “axiom of reducibility,” 
to be explained later. For the present, it is only mentioned in order to 
illustrate the necessity and the relevance of the hierarchy of functions of a 
given argument. 


Let us give the name “a-functions” to functions that are significant for a 
given argument a. Then suppose we take any selection of a-functions, and _ 
consider the proposition “a satisfies all the functions belonging to the selection 
in question.” If we here replace a by a variable, we obtain an a-function; but 
by the vicious-circle principle this a-function cannot be a member of our 
selection, since it refers to the whole of the selection. Let the selection consist 
of all those functions which satisfy f ($2). Then our new function is 

($)- {F ($2) implies $a}, 
where @ is the argument. It thus appears that, whatever selection of 
a-functions we may make, there will be other a-functions that lie outside our 


* When we speak of ‘‘values of #2” it is ¢, not z, that is to be assigned. This follows from 
the explanation in the note on p. 40. When the function itself is the variable, it is possible and 
simpler to write ¢ rather than 2, except in positions where it is necessary to emphasize that an 
argument must be supplied to secure significance. 
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selection. Such a-functions, as the above. instance illustrates, will always 
arise through taking a function of two arguments, $2 and a, and asserting all 
or some of the values resulting from varying ¢. What is necessary, therefore, 
in order to avoid vicious-circle fallacies, is to divide our a-functions into 
“types,” each of which contains no functions which refer to the whole of that 
type. 

When something is nse or denied about all possible values or about 
some (undetermined) possible. values of a variable, that variable is called 
apparent, after Peano. The presence of the words all or some in a proposition 
indicates the presence of an apparent variable; but often an apparent variable 
is really present where language does not at once indicate its presence. Thus 
for example “A is mortal” means “there is a time at which A will die,” Thus 
a variable time occurs as apparent variable. 


The clearest instances of propositions not containing apparent variables 
are such as express immediate judgments of perception, such as “this is red” 
or “this is painful,” where “this” is something immediately given. In other 
judgments, even where at first sight no variable appears to be present, it 
often happens that there really is one. Take (say) “Socrates is human.” To 
Socrates himself, the. word “Socrates” no doubt stood for an object of which 
he was immediately aware, and the judgment “Socrates is human” contained 
no apparent variable. But to us, who only know Socrates by description, the 
word “Socrates” cannot mean what it meant to him; it means rather “the 
person having such-and-such properties,” (say) “the Athenian philosopher who 
drank the hemlock.” Now in all propositions about “the so-and-so” there is 
an apparent variable, as will be shown in Chapter III. Thus in what we have 
in mind when we say “Socrates is human” there is an apparent variable, 
though there was no apparent variable in the corresponding judgment as 

made by Socrates, provided we assume that there is such a thing as immediate 
~ awareness of oneself. 


Whatever may be the instances of propositions not containing apparent 
variables, it is obvious that propositional functions whose values do not contain 
apparent variables are the source of propositions containing apparent variables, 
in the sense in which the function ¢2 is the source of the proposition («). pa. 
For the values for ¢% do not contain the apparent variable 2, which appears 
in (x).@«; if they contain an apparent variable y, this can be similarly 
eliminated, and so on. This process must come to an end, since no proposition 
which we can apprehend can contain more than a finite number of apparent 
variables, on the ground that whatever we can apprehend must be of finite 
complexity. Thus we must arrive at last at a function of as many variables 
as there have been stages in reaching it from our original proposition, and 
this function will be such that its values contain no apparent variables. We 
may call this function the matrix of our original proposition and of any other 
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propositions and functions to be obtained by turning some of the arguments 
to the function into apparent variables. Thus for example, if we have a matrix- 
function whose values are ¢ (a, y), we shall derive from it 

(y). (2, y), which is a function of 2, 

(x). (a,y), which is a function of y, 

(x, y). h(a, y), meaning “¢ (x, y) is true with all possible values of # and y.” 
This last is a proposition containing no real variable, z.e. no variable except 
apparent variables. 

It is thus plain that all possible propositions and functions are obtainable 
from matrices by the process of turning the arguments to the matrices into 
apparent variables. In order to divide our propositions and functions into types, 
‘we shall, therefore, start from matrices, and consider how they are to be divided 
with a view to the avoidance of vicious-circle fallacies in the definitions of the 
functions concerned. For this purpose, we will use such letters as a, b, ¢, x, y, 2, w, 
to denote objects which are neither propositions nor functions. Such objects 
we shall call individuals. Such objects will be constituents of propositions or 
functions, and will be genuine constituents, in the sense that they do not 
disappear on analysis, as (for example) classes do, or phrases of the form “the 
so-and-so.” 
The first matrices that occur are those whose values are of the forms 
pa, (x,y), X (2, Y,2.--); 
a.e. where the arguments, however many there may be, are all individuals. 
The functions ¢, wy, y..., since (by definition) they contain no apparent 
variables, and have no arguments except individuals, do not presuppose any 
totality of functions. From the functions w, vy... we may proceed to form 
other functions of «, such as (y). (a, y), (qy)-W(@Y), (Y, 2)» K(@Y, 2); 
(y):(qz)» x(x, y,2), and so on. All these presuppose no totality except that 
of individuals. We thus arrive at a certain collection of functions of 2, 
characterized by the fact that they involve no variables except individuals. 
‘Such functions we will call “first-order functions.” . 

We may now introduce a notation to express “any first-order function.” 
We will denote any first-order function by “¢!%” and any value for such a - 
function by “p! «.” Thus “!2” stands for any value for any function which 
involves no variables except individuals. It will be seen that “fd!” is itself 
a function of two variables, namely ¢!2 and «. Thus ¢! @ involves a variable 
which is not an individual, namely $!2. Similarly “(x).@!” is a function 
of the variable ¢! 2, and thus involves a variable other than an individual. 
Again, if a is a given individual, 

“dla implies ¢!a with all possible values of 6” 
is a function of x, but it is not a function of the form ¢! x, because it involves 
an (apparent) variable ¢ which is not an individual. Let us give the name 
“predicate” to any first-order function ¢!2. (This use of the word “predicate” 
: 4—2 
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is only proposed for the purposes of the present discussion.) Then the state- 
ment “f!x implies @!a with all possible values of ¢” may be read “all the 
predicates of # are predicates of a.” This makes a statement about 2, but does 
not attribute to x a predicate in the special sense just defined. 


Owing to the introduction of the variable first-order function $!2, we 
now have a new set of matrices. Thus “¢!” is a function which contains no 
apparent variables, but contains the two real variables $!2 and x. (It should 
be observed that when ¢ is assigned, we may obtain a function whose values do 
involve individuals as apparent variables, for example if f! a is (y)» (a, Y). 
But so long as ¢ is variable, @! # contains no apparent variables.) Again, 
if a is a definite individual, ¢!a is a function of the one variable $! 2. 
If a and b are definite individuals, “#!a@ implies w! 5” is a function of the 
two variables #!2, y!2, and so on. We are thus led to a whole set of new 
matrices, 

SF (612), 9 (612, W!2), F(b'2, x), and so on. 
These matrices contain individuals and first-order functions as arguments, but 
(like all matrices) they contain no apparent variables. . Any such matrix, if it 
contains more than one variable, gives rise to new functions of one variable | 
by turning al] its arguments except one ‘into apparent variables. Thus we 
obtain the functions 

(fb) .9 (P12, w!2), which is a function of yr! 2. 

(vc). F(!2, x), which is a function of 6! 2. 

(6). F($!2,), which is a function of a. 


We will give the name of second-order matrices to such matrices as have 
first-order functions among their arguments, and have no arguments except 
first-order functions and individuals. (It is not necessary that they should 
have individuals among their arguments.) We will give the name of second- 
order functions to such as either are second-order matrices or are derived from 
such matrices by turning some of the arguments into apparent variables. It 
will be seen that either an individual or a first-order function may appear as 

argument to a second-order function. Second-order functions are such as con- 
tain variables which are first-order functions, but contain no other variables 
except (possibly) individuals. 


We now have various new classes of functions at our command. In the first 
place, we have second-order functions which have one argument which is a 
first-order function. We will denote a variable function of this kind by the 
notation f! (db! 2), and any value of such a function by ft(@!2). Like 
dia, f1(p!2) isa function of two variables, namely f! (b 12)and ¢!2. Among 
possible values of f!(6!2) will be @!a (where a is constant), (x).o! 4, 
(qz)-p!a, and so on. (These result from assigning a value to f, leaving 


@ to be assigned.) We will call such functions “predicative functions of 
first-order functions.” 
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In the second place, we have second-order functions of two arguments, one 
of which is a first-order function while the other is an individual. Let us denote 
undetermined values of such functions by the notation 

. FLD L4, a). 
As soon as # is assigned, we shall have a predicative function of 6!2. If our 
function contains no first-order function as apparent variable, we shall obtain 
a predicative function of x if we assign a value to @!2. Thus, to take the 
simplest possible case,if f!(6!2, x) is @!a,the assignment of a value to ¢ gives 
us a predicative function of a, in virtue of the definition of “¢!a.” But if 
J\(!2, x) contains a first-order function as apparent variable, the assignment 
of a value to f!2 gives us a second-order function of 2. 

In the third place, we have second-order functions of individuals. These 
will all be derived from functions of the form f!(@!2, x) by turning ¢ into an 
apparent variable. We do not, therefore, need a new notation for them. 

We have also second-order functions of two first-order functions, or of two 
such functions and an individual, and so on. . | 

We may now proceed in exactly the same way to third-order matrices, 

which will be functions containing second-order functions as arguments, and 
containing no apparent variables, and no arguments except individuals and 
first-order functions and second-order functions. Thence we shall proceed, as 
before, to third-order functions; and so we can proceed indefinitely. If the 
highest order of variable occurring in a function, whether as argument or as 
apparent variable, is a function of the nth order, then the function in which 
it occurs is of the n+1th order. We do not arrive at functions of an infinite 
order, because the number of arguments and of apparent variables in a function 
must be finite, and therefore every function must be of a finite order. Since 
the orders of functions are only defined step by step, there can be no process 
of “proceeding to the limit,” and functions of an infinite order cannot occur. 


We will define a function of one variable as predicative when it is of the 
next order above that of its argument, 2.e. of the lowest order compatible with 
its having that argument. Ifa function has several arguments, and the highest 
order of function occurring among the arguments is the nth, we call the function - 
predicative if it is of the n+ 1th order, ze. again, if it is of the lowest order 
compatible with its having the arguments it has. A function of several 
arguments is predicative if there is one of its arguments such that, when the 
other arguments have values assigned to them, we obtain a predicative function 
of the one undetermined argument. 


It is important to observe that all possible functions in the above hierarchy 


can be obtained by means of predicative functions and apparent variables. Thus, 
as we saw, second-order functions of an individual # are of the form 


(pb) f!(b!2, x) or (db) - fI(P!12, x) or (h, vr). f1 (G12, WP! 2, x) or ete, 


where f is a second-order predicative function. And speaking generally, a 
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non-predicative function of the nth order is obtained from a predicative function 
of the nth order by turning all the arguments of the n — 1th order into apparent 
variables. (Other arguments also may be turned into apparent variables.) Thus 
we need not introduce as variables any functions except predicative functions. 

Moreover, to obtain any function of one variable x, we need not go beyond 
predicative functions of two variables. For the function (W).f!(6!2,p!2, 2), 
where f is given, is a function of @!2 and a, and is predicative. Thus it is of 
the form F'!(@!2,x), and therefore (¢,).f!(6!2,y!2,x) is of the form 
(p).- F'(!2,«). Thus speaking generally, by a succession of steps we find that, 
if $!% is a predicative function of a sufficiently high order, any assigned non- 
predicative function of x will be of one of the two forms 


($)- FIP! 4, a), (Ab) FL (p 1%), 


. . . > A 
where F is a predicative function of @! 4 and z. 


The nature of the above hierarchy of functions may be restated as follows. 
A function, as we saw at an earlier stage, presupposes as part of its meaning 
the totality of its values, or, what comes to the same thing, the totality of. 
_ its possible arguments. The arguments to a function may be functions or 
propositions or individuals. (It will be remembered that individuals were 
defined as whatever is neither a proposition nor a function.) For the present 
we neglect the case in which the argument to a function is a proposition. 
Consider a function whose argument is an individual. This function pre- 
supposes the totality of individuals; but unless it contains functions as 
apparént variables, it does not presuppose any: totality of functions. If, 
however, it does contain a function as apparent variable, then it cannot’ 
be defined until some totality of functions has been defined. It follows that: 
we must first define the totality of those functions that have individuals 
as arguments and contain no functions as apparent variables. These are 
the predicative functions of individuals. Generally, a predicative function 
of a variable argument is one which involves no totality except that of 
the possible values of the argument, and those that’ are presupposed by any 
one of the possible arguments. Thus a predicative function of a variable 
argument is any function which can be specified without introducing new 
kinds of variables not necessarily presupposed by the variable which. is the 
argument. | 


A closely analogous treatment can be developed for propositions. Pro- 
positions which contain no functions and no apparent variables may be called 
elementary propositions. Propositions which are not elementary, which contain 
no functions, and no apparent variables except individuals, may be called 
jirst-order propositions. (It should be observed that no variables except 
apparent variables can occur in a proposition, since whatever contains a real 
variable is a function, not a proposition.) Thus elementary and first-order 
propositions will be values of first-order functions. (It should be remembered 
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that a function is not a constituent in one of its values: thus for example 
the function “2 is human” is not a constituent of the proposition’ “Socrates 
is human.”) Elementary and first-order propositions presuppose no totality 
except (at most) the totality of individuals. They are of one or other of the 


three forms fie Gare: Govele 

where $! is a predicative function of an individual. If follows that, if p 
represents a variable elementary proposition or a variable first-order propo- 
sition, a function fp is either f (fp! x) or f {(x). ¢! x} or f{(qz).¢! a}. Thus 
a function of an elementary or a first-order proposition may always be reduced 
to a function of a first-order function. It follows that a proposition involving 
the totality .of first-order propositions may be reduced to one involving the 
totality of first-order functions; and this obviously applies equally to higher 
orders. The propositional hierarchy can, therefore, be derived from the 
functional hierarchy, and we may define a proposition of the nth order as 
one which involves an apparent variable of the n — 1th order in the functional 
hierarchy. The propositional hierarchy is never required in practice, and is 
only relevant for the solution of paradoxes ; hence it is unnecessary to go into 
further detail as to the types of propositions. 


VI. The Axiom of Reducibility. 


It remains to consider the “axiom of reducibility.” It will be seen that, 
according to the above hierarchy, no statement can be made significantly 
aie “all a-functions,” where a is some given object. Thu’ such a notion 

“all properties of a,” meaning “all functions which are true with the 
haere a,” will be illegitimate. We shall have to distinguish the order 
of function concerned. We = speak of “all predicative properties of a,“ all 
second-order properties of a,”-and so on. (If a is not an individual, but an 
object of order n, “second-order properties of a” will mean “functions of 
order n + 2 satisfied by a.”) But we cannot speak of “all properties of a.’ 
In some cases, we can see that some statement will hold of “all nth-order 
properties of a,” whatever value n may have. In such cases, no practical 
harm results from regarding the statement as being about “all properties of 
a,” provided we remember that it is really a number of statements, and not 
a single statement which could be regarded as assigning another property to 
a, over and above all properties. Such cases will always involve some syste- 
matic ambiguity, such as that involved in the meaning of the word “truth,” 
as éxplained above. Owing to this systematic ambiguity, it will be possible, 
sometimes, to combine into a single verbal statement what are really a number 
of different statements, corresponding to different orders in the hierarchy. 
This is illustrated in the case of the liar, where the statement “all A’s 
statements are false” should be broken up into different statements referring 


to his statements of various orders, and avuibauns to each the BURG rae 
kind of falsehood. 
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The axiom of reducibility is introduced in order to legitimate a great 
-mass of reasoning, in which, prima facie, we are concerned with such notions 
s “all properties of a” or “all a-functions,” and in which, nevertheless, it 
- seems scarcely possible to suspect any substantial error. In order to state 
the axiom, we must first define what is meant by “formal equivalence.” Two 
functions $2, y@ are said to be “formally equivalent” when, with every possible 
argument 2, dx is equivalent to >a, v.e. dx and We are either both true or 
both false. Thus two functions are formally equivalent when they are satisfied 
by the same set of arguments. The axiom of reducibility is the assumption 
that, given any function ¢2, there is a formally equivalent predicative function, 
ae. there is a predicative function which is true when ¢z is true and false 
when ¢a is false. In symbols, the axiom is: 
bi (ay): pr. =e. pla. 
For two qauables we require a similar axiom, namely: Given any function 
$ (@, 9), there is a formally equivalent predicative function, 7.¢. 


Fi (av) . p (2, y) -=a,y* y! (a, y)- 
In order to explain the purposes of the axiom of reducibility, and the nature 
of the grounds for supposing it true, we shall first illustrate it by applying it 
to some particular cases. 


If we call a predicate of an object a predicative function which is true of 
that object, then the predicates of an object are only some among its properties. 
Take for example such a proposition as “ Napoleon had all the qualities that 
make a great general.” We may interpret this as meaning “Napoleon had all 
the predicates that make a great general.” Here there is a predicate which is 
"an apparent variable. If we put “/(!2)” for “!2 is a predicate required 
in a great general,” our proposition is | 

(p): f(p! 2) implies ¢ ! (Napoleon). 
Since this refers to a totality of predicates, it is, not itself a geeks of 
Napoleon. It by no means follows, however, that there is not some one predicate 
common and peculiar to great generals. In fact, it is certain that there is such 
a predicate. For the number of great generals is finite, and each of them 
certainly possessed some predicate not possessed by any other human being 
——for example, the exact instant of his birth. The disjunction of such predicates 
will constitute a predicate common and peculiar to great generals*. If we 
call this predicate y!2, the statement we made about Napoleon was equi- 
valent to y!(Napoleon). And this equivalence holds equally if we substitute 
any other individual for Napoleon. Thus we have arrived at a predicate which 
is always equivalent to the property we ascribed to Napoleon, .e. it belongs 
to those objects which have this property, and to no others. The axiom of 
reducibility states that such a predicate always exists, i.e. that any property 


* When a (finite) set of predicates is given by actual enumeration, their disjunction is a 
predicate, because no predicate occurs as apparent variable in the disjunction. 
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of an object: belongs to the same collection of objects as ee that possess 
some predicate. 


We may next illustrate our principle by its application to identity. In 
this connection, it has a certain affinity with Leibniz’s identity of indiscernibles. 
It is plain that, if « and y are identical, and ¢z is true, then dy is true. Here 
it cannot matter what sort of function ¢2 may be: the statement must hold 
for any function. But we cannot say, conversely: “If, with all values of . 
gx implies ¢y, then «# and y are identical”; because “all values of }” 
inadmissible. If we wish to speak of “all yalties of ¢,” we must Rae 
ourselves to functions of one order. We may confine ¢ to predicates, or to 
second-order functions, or to functions of any order we please. But we must 
necessarily leave out functions of all but one order. Thus we shall obtain, so 
to speak, a hierarchy of different degrees of identity. We may say “all the 
predicates of « belong to y,” “all second-order properties of w belong to y,” 
and so on. Each of these statements implies all its predecessors: for 
example, if all second-order properties of x belong to y, then all predicates 
of x belong to y, for to have all the predicates of x is a second-order property, 
and this property belongs to 2. But we cannot, without the help of an axiom, 
argue conversely that if all the predicates of « belong to y, all the second-order 
‘properties of # must also belong to y. Thus we cannot, without the help of 
an axiom, be sure that # and y are identical if they have the same predicates. 
Leibniz’s identity of indiscernibles supplied this axiom. It should be observed 
that by “indiscernibles” he cannot have meant two objects which agree as to 
all their properties, for one of the properties of 2 is to be identical with z, 
and therefore this property would necessarily belong to y if and y agreed 
in all their properties. Some limitation of the common properties necessary 
to make things indiscernible is therefore implied by the necessity of an axiom. 
For purposes of illustration (not of interpreting Leibniz) we may suppose the 
common properties required for indiscernibility to be limited to predicates. 
Then the identity of indiscernibles will state that if # and y agree as to 
all their predicates, they are identical. This can be proved if we assume the 
axiom of reducibility. For, in that case, every property belongs to the same 
collection of objects as is defined by some predicate. Hence there is some 
predicate common and peculiar to the objects which are identical with 2. 
This predicate belongs to 2, since x is identical with itself; hence it belongs 
to y, since y has all the predicates of 2; hence y is identical with x. It 
follows that we may define x and y as identical when all the predicates of x 
belong to y, te. when (p):¢!a.3.p!y. We therefore adopt the following 
definition of identity *: 


soy Sti hia ocae: Df. 


* Note that in this definition the second sign of equality is to be regarded as combining with 
“Df” to form one symbol; what is defined is the sign of equality not followed by the letters “Df.” 
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But apart from the axiom of reducibility, or some axiom equivalent in this 
connection, we should be compelled to regard identity as indefinable, and to 
admit (what seems impossible) that two objects may agree in all their pre- 
dicates without being identical. 


The axiom of reducibility is even more essential in the theory of classes. 
It should be observed, in the first place, that if we assume the existence of 
classes, the axiom of reducibility.can be proved. For in that case, given any 
function $2 of whatever order, there is a class a consisting of just those 
objects which satisfy 62. Hence “ga” is equivalent to “x belongs to a.” 
But “a belongs to a” is a statement containing no apparent variable, and is 
therefore a predicative function of «. Hence if we assume the existence of 
classes, the axiom of reducibility becomes unnecessary. The assumption of 
the axiom of reducibility is therefore a smaller assumption than the assump- 
tion that there are classes. This latter assumption has hitherto been made 
unhesitatingly. However, both on the ground of the contradictions, which 
require a more complicated treatment if classes are assumed, and on the ground 
that it is always well to make the smallest assumption required for proving 
our theorems, we prefer to assume the axiom of reducibility rather than the 
existence of classes. But in order to explain the use of the axiom in dealing 
with classes, it is necessary first to explain the theory of classes, which is a 
topic belonging to Chapter III. We therefore postpone to that Chapter the 
explanation of the use of our axiom in dealing with classes. 


It is worth while to note that all the purposes served by the axiom of 
reducibility are equally well served if we assume that there is always a function 
of the nth order (where n is fixed) which is formally equivalent to $2, what- 
ever may be the order of ¢2. Here we shall mean by “a function of the nth 
order” a function of the nth order relative to the arguments to ¢2; thus if 
these arguments are absolutely of the mth order, we assume the existence of 
a function formally equivalent. to $2 whose absolute order is the m+ nth. The 
axiom of reducibility in the form assumed above takes n=1, but this is not 
necessary to the use of the axiom. It is also unnecessary that n should be the 
same for different values of m; what is necessary is that m should be constant 
so long as m is constant. What is needed is that, where extensional functions 
of functions are concerned, we should be able to deal with any a-function by 
means of some formally equivalent function of a given type, so as to be able 
‘to obtain results which would otherwise require the illegitimate notion of 
“all a-functions”; but it does not matter what the given type is. It does 
not appear, however, that the axiom of reducibility is rendered appreciably 
more plausible by being put in the above more general but more complicated 
form. 


The axiom of reducibility is equivalent to the assumption that “any 
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combination or disjunction of predicates* is equivalent to a single predicate,” 
i.e. to the assumption that, if we assert that # has all. the predicates that 
.satisfy’a function f(p! 2), there is some one predicate which 2 will have 
whenever our assertion is true, and will not have whenever it is false, and 
‘similarly if we assert that 7 has some one of the predicates that satisfy a function 
J ($!2). For by means of this assumption, the order of anon-predicative function 
_can be lowered by one; hence, after some finite number of steps, we shall be able 
to get from any non-predicative function to a formally equivalent predicative 
function. It does not seem probable that the above assumption could be 
substituted for the axiom of reducibility in symbolic deductions, since its use 
would require the explicit introduction of the further assumption that by a. 
_ finite number of downward steps we can pass from any function to a predicative 
function, and this assumption could not well be made without developments 
that are scarcely possible at an early stage. But on the above grounds it seems 
plain that in fact, if the above alternative axiom is true, so is the axiom of 
reducibility. The converse, which completes the proof of equivalence, is of 
course evident. 


VII. Reasons for Accepting the Axiom of Reducibility. 

That the axiom of reducibility is self-evident is a proposition which can 
hardly be maintained. But in fact self-evidence is never more than a part of 
the reason for accepting an axiom, and is never indispensable. The reason 
for accepting an axiom, as for accepting any other proposition, is always 
largely inductive, namely that many propositions which are nearly indubitable 
can be deduced from it, and that no equally plausible way is known by which 
these propositions could be true if the axiom were false, and nothing which is 
probably false can be deduced from it. If the axiom is apparently self-evident, 
that only means, practically, that it is nearly indubitable; for things have 
been thought to be self-evident and have yet turned out to be false. And if 
the axiom itself is nearly indubitable, that merely adds to the inductive 
evidence derived from the fact that its consequences are nearly indubitable : 
it does not provide new evidence of a radically different kind. Infallibility is 
never attainable, and therefore some element of doubt should always attach 
to every axiom and to all its consequences. In formal logic, the element of 

doubt is less than in most sciences, but it. is not absent, as appears from the 
. fact that the ‘paradoxes followed from premisses which were not previously 
known to require limitations. In the case of the axiom of reducibility, the 
inductive evidence in its favour is very strong, since the reasonings which it 
permits and the results to which it leads are all such as appear valid. But 
although it seems very improbable that the axiom should turn out to be false, 

* Here the combination or disjunction is supposed to be given intensionally. If given exten- 


sionally (i.e. by enumeration), no assumption is required; but in this case the number of 
predicates concerned must be finite. ; 
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it is by no means improbable that it should be found to be deducible from 
some other more fundamental and more evident axiom. It is possible that the 
use of the vicious-circle principle, as embodied in the above hierarchy of types, 
is more drastic than it need be, and that by a less drastic use the necessity 
for the axiom might be avoided. Such changes, however, would not render 
anything false which had been asserted on the basis of the principles explained 
above: they would merely provide easier proofs of the same theorems. There 
would seem, therefore, to be but the slenderest ground for fearing that the 
use of the axiom of reducibility may lead us into error. 


VII. The Contradictions. 

We are now in a position to show how the theory of types affects the 
solution of the contradictions which have beset mathematical logic. For this 
purpose, we shall begin by an enumeration of some of the more important and 
illustrative of these contradictions, and shall then show how they all embody 
vicious-circle fallacies, and are therefore all avoided by the theory of types. It 
will be noticed that these paradoxes do not relate exclusively to the ideas of 
number and quantity. Accordingly no solution can be adequate which seeks 
to explain them merely as the result of some illegitimate use of these ideas. 
The solution must be sought in some such scrutiny of fundamental logical 
ideas as has been attempted in the foregoing pages. 


(1) The oldest contradiction of the kind in question is the Epiumenides. 
Epimenides the Cretan said that all Cretans were liars, and all other state- 
ments made by Cretans were certainly lies. Was this a lie? The simplest form 
of this contradiction is afforded by the man who says “I am lying”; if he is 
lying, he is speaking the truth, and vice versa. | 
(2) Let w be the class of all those classes which are not members of 
themselves. Then, whatever class 2 may be, “z is a w” is equivalent to “a is 
not an #.” Hence, giving to # the value w, “w is a w” is equivalent to 
“wis not a w.” 

(3) Let T be the relation which subsists between two relations R and S 
whenever R does not have the relation R to S. Then, whatever relations 
R and S may be, “# has the relation 7 to S” is equivalent to “A does not 
have the relation R to S.” Hence, giving the value 7 to both & and S, 
“T has the relation 7’ to 7” is equivalent to “7 does not have the relation 
T to T.” 

(4) Burali-Forti’s contradiction* may be stated as follows: It can be 
shown that every well-ordered series has an ordinal number, that the series of 
ordinals up to and including any given ordinal exceeds the given ordinal by 
one, and (on certain very natural assumptions) that the series of all ordinals 
(in order of magnitude) is well-ordered. It follows. that the series of.all 


* “Una questione sui numeri transfiniti,” Rendiconti del circolo matematico di Palermo, Vol. 
xt. (1897). See *256. 
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ordinals has an ordinal number, 2 say. But in that case the series of all 
- ordinals including © has the ordinal number 024+ 1, which must be greater 
than O. Hence 2 is not the ordinal number of all ordinals, 

(5) The number of syllables in the English names of finite integers 
tends to increase as the integers grow larger, and must gradually increase 
indefinitely, since only a finite number of names can be made with a given 
finite number of syllables. Hence the names of some integers must consist of 
at least nineteen syllables, and among these there must be a least. Hence “the 
least integer not nameable in fewer than nineteen syllables” must denote a 
definite integer; in fact, it denotes 111,777. But “the least integer not 
nameable in fewer than nineteen syllables” is itself a name consisting of 
eighteen syllables; hence the least integer hot nameable in fewer than nine- 
teen syllables can be named in eighteen syllables, which is a contradiction *. 

(6) Among transfinite ordinals some can be defined, while others can not; 
for the total number of possible definitions is X,+, while the number of trans- 
finite ordinals exceeds &,. Hence there must be indefinable ordinals, and 
among these there must be a least. But this is defined as “the least indefinable 
ordinal,” which is a contradictiont. 

(7) Richard’s paradox§ is akin to that of the least indefinable ordinal. It 
is as follows: Consider all decimals that can be defined by means of a finite 
number of words; let # be the class of such decimals. Then # has N, terms; 
hence its members can be ordered as the 1st, 2nd, 3rd, .... Let NW be a number 
defined as follows: If the nth figure in the nth decimal is p, let the nth 
figure in V be p+1 (or 0, if p=9). Then WN is different from all the members 
of #, since, whatever finite value n may have, the nth figure in N is different 
from the nth.figure in the nth of the decimals composing Z#, and therefore V 
- 1s different from the nth decimal. Nevertheless we have defined J in.a finite 

number of words, and therefore V ought to be a member of #. Thus V both 
is and is not a member of £. | 
In all the above contradictions (which are merely selections from an 
indefinite number) there is a common characteristic, which we may describe 
_as self-reference or reflexiveness. The remark of Epimenides must include 
itself in its own scope. If all classes, provided they are not members of them- 
selves, are members of w, this must also apply to w; and similarly for the 


* This contradiction was suggested to us by Mr G. G. Berry of the Bodleian Library. 

+ N, is the number of finite integers. See «123. 

+ Cf. Konig, ‘Ueber die Grundlagen der Mengenlehre und das Kontinuumproblem,” Math. 
Annalen, Vol. uxt. (1905); A. C. Dixon, ‘On ‘well-ordered’ aggregates,” Proc. London Math. 
Soc. Series 2, Vol. rv. Part x. (1906); and E. W. Hobson, ‘‘On the Arithmetic Continuum,” ibid, 
The solution offered in the last of these papers depends upon the variation of the “ apparatus of 
definition,” and is thus in outline in agreement with the solution adopted here. But it does not 
invalidate the statement in the text, if “definition” is given a constant meaning. 

' § Cf. Poincaré, ‘Les mathématiques et la logique,” Revue de Métaphysique et de Morale, 
Mai 1906, especially sections viz. and 1x.; also Peano, Revista de Mathematica, Vol. vin. No. 5 
(1906), p. 149 ff. 
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analogous relational contradiction. In the cases of names and definitions, the 
paradoxes result from considering non-nameability and indefinability as. ele- 
ments in names and definitions. In the case of Burali-Forti’s paradox, the 
series whose-ordinal number causes the: difficulty is the series of all ordinal 
numbers. In.each contradiction something is said about all cases of some kind, 
and from what is said a new case seems to be generated, which both is and is not 
of the same kind as-the cases of which all were concerned in what was said. 
But this is the characteristic of illegitimate totalities, as we defined them in 
stating the vicious-eircle principle. Hence all our contradictions are illustra- 
tions of vicious-circle fallacies. It.only remains to show, therefore, that the 
illegitimate totalities involved are excluded by the hierarchy of types which 
we have constructed. 


(1) When a man says “I am lying,” we may interpret his statement as: 
“There is a proposition which I am affirming and which is false.” That is to 
say, he is asserting the truth of -some value of the function “I assert P, and p 
is false.” But we saw that the word “false” is ambiguous, and that, in order 
to make it unambiguous, we must specify the order of falsehood, or, what comes 
to:the same thing, the order of the proposition to which falsehood is: ascribed. 
“We saw also that, if p is a proposition of the nth order, a proposition. in which 
p- occurs as an apparent variable is not of the nth order, but of a higher order. 
‘Hence the kind of truth or falsehood which can belong to the statement “there 
is a proposition g which I-am affirming.and which has falsehood of the nth 
order” is truth or falséhood of a higher order than the nth. Hence the state- 
‘ment of Epimenides does not fall within its own scope, and therefore no 
contradiction emerges. 


If we regard the-statement “I am lying” as a compact way of simultaneously 
making all the following statements: “I am asserting a false proposition of the 
first order,” ‘1 am asserting a false proposition of the second order,” and so on, 
we find the following curious state of things: As no:proposition of the first 
order is being asserted, the statement “I am asserting a false proposition of 
the first order” is false. This statement:is of the second order, hence the 
statement “I.am making a false statement of the second order” is true. This 
is a statement of the third order,-and is the only statement of the third order 
which is being made. Hence the statement “I am making a false statement 
of the third order” is false. Thus we.see that the statement “I am making a 
‘false statement. of order 2n +1” is false, while the statement “I am making 
a false statement of order 2n” is true. .But in this state of. things there is no 
contradiction. 


(2) In order:to solve the contradiction about the class of classes which are 
not members of themselves, we shall assume, what will be explained in the 
next Chapter, that a proposition about a class’is always to be reduced toa 
statement about a function which defines the class, z.e, about a function which 
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is satisfied by the members of the class and by no other arguments. Thus.a 
class is an object derived from a function and presupposing the function, just 
as, for example, («).¢x presupposes the function ¢2. Hence a class cannot, 
by the vicious-circle principle, significantly be the argument to its defining 
function, that is to say, if we denote by “2(z)” the class defined by $2, the 
symbol “¢ {2 (dz)}” must be meaningless. Hence a class neither satisfies nor 
does not satisfy its defining function, and therefore (as will appear more fully 
in Chapter IIT) is neither a member of itself nor not a member of itself. This 
is an immediate consequence of the imitation to the possible arguments to-a 
function which was explained at the beginning of the present Chapter. Thus 
if a is a class, the statement “a is not a member of a” is always meaningless, 
and there is therefore no sense in the phrase “the class of those classes which 
are not members of themselves.” Hence the contradiction which results from 
supposing that there is such a class disappears. 


(8) Exactly similar remarks apply to “the relation which holds between 
R and S whenever R does not have the relation R to S.” Suppose the 
relation R is defined by a function ¢(a, y), t.e. R holds between # and y 
whenever $(, y) is true, but not otherwise. Then in order to interpret 
“R has the relation R to S,” we shall have to suppose that R and S can 
significantly be the arguments to ¢ But (assuming, as will appear in 
Chapter TII, that R presupposes its defining function) this would require 
that @ should be able to take as argument .an object which is defined in 
terms of ¢, and this no function can do, as-we saw at the beginning of this 
Chapter. Hence “R-has the relation R to S” is meaningless, and the contra- 
diction ceases. — 


(4) The solution of Burali-Forti’s contradiction requires some further 
developments for its solution. At this stage, it must suffice to observe that 
a series 1s a relation, and an ordinal number is a class of series. (These state- 
ments are justified in the body of the-work.) Hence a series of ordinal numbers 
is a relation between classes of relations, and is of higher type than any of the 
series which are members of the ordinal numbers:in question. Burali-Forti’s 
“ordinal number ofall ordinals” must be the ordinal number of all ordinals of 
a given type, and must therefore be of highertype than any ofthese ordinals. 
Hence it is not one of these.ordinals, and there is-ne contradiction in its being 
greater than any of them *. | 


(5) The paradox about “the least integer not nameable in fewer than 
nineteen syllables” embodies, as is at. once obvious, a vicious-circle fallacy. 
For the word “nameable” refers to the totality of names, and yet is allowed 
to occur in what professes to be one among names. Hence:there can be no 
such thing as.a totality of names, in the sense in.which the paradox speaks 


* The solution :of Burali-Forti’s paradox by means of the theory of types is given in detail in 
«256. : 
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of “names.” It is easy to see that, in virtue of the hierarchy of functions, 
the theory of types renders a totality of “names” impossible. We may, in 
fact, distinguish names of different orders as follows: (a) Elementary names 
will be such as are true “proper names,” z.e. conventional appellations not 
involving any description. (b) First-order names will be such as involve, a 
description by means of a first-order function; that is to say, if 6! @ is a first- 
order function, “the term which satisfies $!2” will be a first-order name, 
though there will not always be an object named by this name. (c) Second- 
order names will be such as involve a description by means of a second-order 
function; among such names will be those involving a reference to the totality 
of first-order names. And so we can proceed through a whole hierarchy. But 
at no stage can we give a meaning to the word “nameable” unless we specify 
the order of names to be employed; and any name in which the phrase “name- 
able by names of order n” occurs is necessarily of a higher order than the nth. 
Thus the paradox disappears. 

The solutions of the paradox about the least indefinable ordinal and 
of Richard’s paradox are closely analogous to the above. The notion of 
“definable,” which occurs in both, is nearly the same as “nameable,” which 
occurs in our fifth paradox: “definable” is what “nameable” becomes 
when elementary names are excluded, ze. “definable” means “nameable by 
a name which is not elementary.” But here there is the same ambiguity 
as to type as there was before, and the same need for the addition of words 
which specify the type to which the definition is to belong. And however 
the type may be specified, “the least ordinal not definable by definitions of 
this type” is a definition of a higher type; and in Richard’s paradox, when 
we confine ourselves, as we must, to decimals that have a definition of a given 
type, the number N, which causes the paradox, is found to have a definition 
which belongs to a higher type, and thus not to come within the scope of our 
previous definitions. 

An indefinite number of other contradictions, of similar nature to the 
above seven, can easily be manufactured. In all of them, the solution is 
of the same kind. .In all of them, the appearance of contradiction is pro- 
duced by the presence of some word which has systematic ambiguity of 
type, such as truth, falsehood, function, property, class, relation, cardinal, 
ordinal, name, definition. Any. such word, if its typical ambiguity is over- 
looked, will apparently generate a totality containing members defined in 
terms of itself, and will thus give rise to vicious-circle fallacies. In most 
cases, the conclusions of arguments which involve vicious- -circle fallacies 
will not be self-contradictory, but wherever we have an illegitimate totality, 
a little ingenuity will enable us to construct a vicious-circle fallacy leading 
to a contradiction, which disappears as soon as the typically ambiguous words 
are rendered typically definite, 7.¢. are determined as belonging to this or that 


type. 
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Thus the appearance of contradiction is always due to the presence of words 
embodying a concealed typical ambiguity, and the solution of the apparent 
contradiction lies in bringing the concealed ambiguity to light. 

In spite of the contradictions which result from unnoticed typical 
ambiguity, it is not desirable to avoid words and symbols which have 
typical ambiguity. Such words and symbols embrace practically all the 
ideas with which mathematics and mathematical logic are concerned: the 
systematic ambiguity is the result of a systematic analogy. That is to say, in 
almost all the reasonings which constitute mathematics and mathematical 
logic, we are using ideas which may reccive any one of an infinite number of 
different typical determinations, any one of which leaves the reasoning valid. 
Thus by employing typically ambiguous words and symbols, we are able to make 
. one‘chain of reasoning applicable to any one of an infinite number of different 
cases, which would not be possible if we were to forego the use of typically 
ambiguous words and symbols. 

Among propositions wholly expressed in terms of typically ambiguous 
notions practically the only ones which may differ, in respect of truth or false- 
hood, according to the typical determination which they receive, are existence- 
theorems. If we assume that the total number of individuals is n, then the 
total number of classes of individuals is 2”, the total number of classes of classes 
of individuals is 22", and so on. Here n may be either finite or infinite, and in 
either case 2” >n. Thus cardinals greater than n but not greater than 2” exist 
as applied to classes of classes, but not as applied to classes of individuals, so 
that whatever may be supposed to be the number of individuals, there will be 
existence-theorems which hold for higher types but not for lower types. Even 
here, however, so long as the number of individuals is not asserted, but is 
merely assumed hypothetically, we may replace the type of individuals by any 
other type, provided we make a corresponding change in all the other types 
occurring in the same context. That is, we may give the name “relative in- 
dividuals” to the members of an arbitrarily chosen type 7, and the name 
“relative classes of individuals” to clagses of “relative individuals,” and so on. 
Thus so long as only hypotheticals are concerned, in which existence-theorems 
for one type are shown to be implied by existence-theorems for another, only 
relative types are relevant even in existence-theorems. This applies also to cases 
where the hypothesis (and therefore the conclusion) i is asserted, provided the 
assertion holds for any type, however chosen. For example, any type has at 
least one member; hence any type which consists of classes, of whatever order, 
has at least two members. But the further pursuit of these topics must be left 
to the body of the work. 
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CHAPTER III 
INCOMPLETE SYMBOLS 


(1) Descriptions. By an “incomplete ” symbol we mean a symbol which 
is not supposed to have any meaning in isolation, but is only defined in 


on oct - ae d - y ‘ 
certain contexts. In ordinary mathematics, for example, ce and | are in- 
a 


complete symbols: something has to be supplied before we have anything 
significant. Such symbols have what may be called a “definition in use.” 
Thus if we put ae 
2 2 2 

Vv? = amt ay + aR 
we define the use of V2, but V? by itself remains without meaning. This dis- 
tinguishes such symbols from what (in a generalized sense) we may call proper 
names: “Socrates,” for example, stands for a certain man, and therefore has 
_ & meaning by itself, without the need of any context. If we supply a context, 
as in“ Socrates is mortal,” these words express a fact of which Socrates him- 
self is a constituent: there is a certain object, namely Socrates, which does 
have the property of mortality, and this object is a constituent of the complex 
fact which we assert when we say “Socrates is mortal.” But in other cases, 
this simple analysis fails us. Suppose we say: “The round square does not 
exist.” It seems plain that this is a true proposition, yet we cannot regard it 
as denying the existence of a certain object called “the round square.” For 
if there were such ‘an object, it would exist: we cannot first assume that there 
is a certain object, and then proceed to deny that there is such an object. 
Whenever the granimatical subject of a proposition can be supposed not to 
exist without rendering the proposition meaningless, it is plain that the 
grammatical subject is not a proper name, i.e. not a name directly representing 
some object. Thus in all such cases, the proposition must be capable of being 
so analysed that what was the grammatical subject shall have disappeared. 
Thus when we say “the round square does not exist,” we may, as a, first 
attempt at such analysis, substitute “ it is false that there is an object « which 
is both round and square.” Generally, when “the so-and-so ” is said not tu 
exist, we have a proposition of the form* 

| “OE! (2x) (x),” 

1.6. ~{(qc): oe. =2-0=c}, 
or some equivalent. Here the apparent grammatical subject (27) (x) has 
completely. disappeared; thus in ““E!(2x) (o2),” (2) (gx) is an encomplete 
symbol. 


Df, 


* Cf. pp. 30, 31. 
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By an extension of the above argument, it can easily be shown that 
(12) ($x) is always an incomplete symbol. Take, for example, the following 
proposition: “Scott is the author of Waverley.” [Here “the author of 
Waverley” is (1x) (« wrote Waverley).] This proposition expresses an identity; 
thus if “the author of Waverley ” could be taken as a proper name, and sup- 
posed to stand for some object c, the proposition would be “Scott is c.”’ But 
if ¢ is any one except Scott, this proposition is false; while if ¢ is Scott, the 
proposition is “Scott is Scott,” which is trivial, and plainly different from 
“Scott is the author of Waverley.” Generalizing, we see that the proposition 

a= (12) (px) 

is one which may be true or may be false, but is never merely trivial, like 
a =a; whereas, if (2) (px) were a proper name, a = (2@) (px) would necessarily 
be either false or the same as the trivial proposition a=a. We may express 
this by saying that a=(17)(2) is not a value of the propositional function 
a=y, from which it follows that (27)(¢x) is not a value of y. But since y 
may be anything, it follows that (27)(@x) is nothing. Hence, since in use it 
has meaning, it must be an incomplete symbol. 


It might be suggested that “Scott is the author of Waverley ” asserts that 
“Scott” and “the author of Waverley” are two names for the same object. 
But a little reflection will show that this would be a mistake. For if that 
were the meaning of “ Scott is the author of Waverley,” what would be required 
for its truth would be that Scott should have been called the author of 
Waverley: if he had been so called, the proposition would be true, even if 
some one else had written Waverley; while if no one called him so, the pro- 
position-would be false, even if he had written Waverley. But in fact he was 
the author of Waverley at a time when no one called him so, and he would 
not have been the author if every one had called him so but some one else 
had written Waverley. Thus the proposition “Scott is the author of Waverley” 
is not a proposition about names, like “Napoleon is Bonaparte”; and this 
illustrates the sense in which “the author of Waverley” differs from a true 
proper name. 


Thus all phrases (other than propositions) containing the word the (in the 
singular) are incomplete symbols: they have a meaning in use, but not in 
isolation. For “the author of Waverley” cannot mean the same as “ Scott,” 
or “Scott is the author of Waverley” would mean the same as “Scott is 
Scott,” which it plainly does not; nor can “the author of Waverley” mean 
anything other than “Scott,” or “Scott is the author of Waverley” would be 
false. Hence “the author of Waverley” means nothing. 


It follows from the above that we must not attempt to define “(2) (d2),” 
but must define the uses of this symbol, z.¢. the propositions in whose symbolic 
expression it occurs. Now in seeking to define the uses of this symbol, it is 
important to observe the import of propositions in which it occurs. Take as 
5—2 


68 INTRODUCTION [CHAP. 


an illustration: “The author of Waverley was a poet.” This implies (1) that 
Waverley was written, (2) that it was written by one man, and not in collabora- 
tion, (3) that the one man who wrote it was a-poet. If any one of these fails, 
the proposition is false. Thus “the author of ‘Slawkenburgius on Noses’ was 
a poet” is false, because no such book was ever written; “the author of ‘The 
Maid’s Tragedy’ was a poet” is false, because this play was written by 
Beaumont and Fletcher jointly. These two possibilities of falsehood do not 
arise if we say “Scott was a poet.” Thus our interpretation of the uses of 
(12)(@x) must be such as to allow for them. Now taking ¢ to replace 
“@ wrote Waverley,” it is plain that any statement apparently about (72) (dz) 
requires (1) (qz).(ox) and (2) dv. dy-D2,y.2=y; here (1) states that at 
least one object satisfies ¢x, while (2) states that a¢ most one object satisfies 
gx. The two together are equivalent to 

. (qc): PL .=2.2=C, 
which we defined as E! (72) (G2). 
Thus “E!(1x2)(¢x)” must be part of what is affirmed by any proposition 
about (27) (ox). If our proposition is f {(7x)(x)}, what is further affirmed is 
je, if du.=,.2=c. Thus we have 


F (0a) (pa)} -= 2 (Ge) Ge. =2.e=erfe Df, 
aie. “the « satisfying x satisfies fr” is to mean: “There is an object c such 
that x is true when, and only when, « is ¢, and fc is true,” or, more exactly: 
“There is a c such that ‘2’ is always equivalent to ‘a is c, and fe.” In this, 
“(10)(px)” has completely disappeared; thus “(2x)(¢x)” is merely symbolic, 
and does not directly represent an object, as heme small Latin letters are 
assumed to do*. 


The proposition “a=(12)(ga)” is easily shown to be equivalent to 
“be¢.=_,.e=a. For, by the definition, it is 


(Wc): Ou .=,.2=Cia=e, . 
i.e. “there is a c for which ¢z.=,."=c¢, and this c is a,” which is equivalent 
to “da.=,.c=a.” Thus “Scott is the author of Waverley ” is equivalent to: 


232 


“x wrote Waverley’ is always equivalent to ‘x is Scott, 
we. “a wrote Waverley ” is true when « is Scott and false when « is not Scott. 


Thus although “(22) (¢x)” has no meaning by itself, it may be substituted 
for y in any propositional function fy, and we get a significant proposition, 
though not a value of fy. 

When f {(1) (¢x)}, a8 above defined, forms part of some other proposition, 
we shall say that (2x) (ox) has a secondary occurrence. When (12) (px) has 
a secondary occurrence, a proposition in which it occurs may be true even 
when (2x)(a) does not exist. This applies, e.g. to the proposition: “There 


* We shall generally write “f(:x) (gx)” rather than ‘“‘f{ (2x) (gx)}”’ in future. 
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is no such person as the King of France.” We may interpret this as 


| ~ {Et (12) (ge), 
or as ~ {(ae)-¢= a (pa)}, 
if “$x” stands for “x is King of France.” In either case, what is asserted is 
that a proposition p in which (27) ($x) occurs is false, and this proposition p 
is thus part of a larger proposition. The same applies to such a proposition 
as the following: “If France were a monarchy, the King of France would be 
of the House of Orleans.” 


It should be observed that such a proposition as 


~f {(1x) (ga)} 
is ambiguous; it may deny f{(27)(x)},.in which case it will be true if 
(22) (da) does not exist, or it may mean 


(qc): $v.=,.xu=C:~ fe, 
in which case it can only be true if (27) (2) exists. In ordinary language, 
the latter interpretation would usually be adopted. For example, the propo- 
sition “the King of France is not bald” would usually be rejected as false, 
being held to mean “the King of France exists and is not bald,” rather than 
“it is false that the King of France exists and is bald.” When (2x) ($x) 
exists, the two interpretations of the ambiguity give equivalent results; but 
when (72) (x) does not: exist, one interpretation is true and one is false. It 
is necessary to be able to distinguish these i in our notation; and generally, if 
we have such propositions as 

f (12) (Px). > - p, 

p+ I~ (12) (Gx), 

af (122) (Gar) « D « x (12) (po), 
and so on, we must be able by our notation to distinguish whether the whole 
or only part of the proposition concerned is to be treated as the “f (17) (¢x)” 
of our definition. For this purpose, we will put “[(2)(¢x)]” followed by dots 
at the beginning of the part (or whole) which is to be taken as f(1z) (pz), the 
dots being sufficiently numerous to bracket off the f(1x) (gz); 1.2. f(z) (oz) 
is to be everything following the dots until we reach an equal number of dots 
not signifying a logical product, or a greater number signifying a logical pro- 
duct, or the end of the sentence, or the end of a bracket enclosing “[(1x) (¢x)].” 


Thus 

[(1x) (pax) ]- Cx) (px). I-p 
will mean (qc): Gx. =2.L=cipe:d.p, 
but | [(1x) (pa)] ty (1x) (par). - p 
will mean (qc): oa. =,."=c:We.D.p. 


It is important to distinguish these two, for if (1x)(fx) does not exist, the 
‘first is. true and the second false. Again 


[(1x) (pa)] «~~ (2x) (par) 
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will mean (qc) ior. =2.0=C1~ We, 
while ~ {[G2) (px)] . ¥ (x) (da)} 
will mean ~ (qc): ox. =_,.0=c: We}. 


Here again, when (2x) ($x) does not exist, the first is false and the second true. 


In order to avoid this ambiguity in propositions containing (72) (oz), we 
amend our definition, or rather our notation, putting 
[(a2) ($a)] .f (12) (px). =1 (qe) $w-=_p.a=0rfe DE 
By means of this definition, we avoid any doubt as to the portion of our 
whole asserted proposition which is to be treated as the “f (1x) (pa)” of the 
definition. This portion will be called the scope of (27)(@x). Thus in 
[(1e) (Gx)]. fax) (pa) «>. p 
ane scope of (1x) (px) is f (9x) (pe); but in - 
[(rx) (pa)] faa) (pz). 3. p 
the scope is JS (az) ($x). D>. p; 
in ~ (Lx) (pa)] . f(24) (pa)} 
the scope is f(1”) (da); but in 
| [(aa) (pa)].~ f(12) (par) 
the scope is ~ f (10) (pe). 

It will be seen that when (2”)(@x) has the whole of the proposition 
concerned for its scope, the proposition concerned cannot be true unless 
E!(1x) (px); but when’ (2x) ($x) has only part of the proposition concerned 
for its scope, it may often be true even when (12) (x) does not exist. It will 
be seen further that when E! (22) (), we may enlarge or diminish the scope 
of (1x)(@x) as much as we please without altering the truth-value of any 
proposition in which it occurs, 

If a proposition contains two descriptions, say (1x) ($x) and (27) (a), 
we have to distinguish which of them has the larger scope, 7.e. we have to 
distinguish 

(1) [(22) (pa)] = [(1a) (yra)] -f {(12) (Ga), (1a) (Ypar)}, 


(2) [(x) (srr)] + [(r) (fx)] « F102) (Ga), (x) (pa)}- 
The first of these, eliminating (2) (6x), becomes 
(3) (Gc) pe. =_.2=03[(1z) (Wa)]. fF te, ue (ra) 


which, eliminating (2x) we becomes 

(4) (qo) 1. Gv. =p. =08. (qd) 1 po.sz.2=02f(o, 0) 
and the same proposition results if, in (1), we eliminate first (27) (ya) and 
then (27)(pxz). Similarly (2) becomes, when (2x7) ($x). and (2x) (px) are 
eliminated, 

(5) (qd):.pu.=,.c2=d:.(qc)idu.s,.c=cif(c, a). 

(4) and (5) are equivalent, so that the truth-value of a proposition contain- 
ing two descriptions is independent of the question which has the larger scope. 
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It. will be found that, in most cases in which descriptions occur, their 
scope is, in practice, the smallest proposition enclosed in dots or other brackets 
in which they are contained. Thus for example 

[(ax) (a)] (22) (Gr) « D « [(a) (G)] «x (2) (at) 
will occur much more frequently than 
[(ax) (px)] ty (1x) (px) «D~ x (12) ($e). 
For this reason it is convenient to decide that, when the scope of an occurrence 
of (1) (x) is the smallest proposition, enclosed in dots or other brackets, in 
which the occurrence in question is contained, the scope need not be indicated 


by “[(ax)(px)].” Thus eg. 
p-d.a=(24") (px) 


will mean p-2.[(2x) (px)] -a = (1x) (bz); 
and p.d.(qa).a=(1x) (px) 

will mean p.D. (qa). [(2x) (px)] .a = (12) (bx); 
and p-2.a+ (1x) (2) 

will mean p+D.[(1x) (px)]. ~ {a = (12) (Px)} ; 
but p.»d.~ {a =(22) (g2)} 

will mean p.~d.~ {[(0x) (px)] .a = (10) (Px)}. 


This convention enables us, in the vast majority of cases that actually 
occur, to dispense with the explicit indication of the scope of a descriptive 
symbol; and it will be found that thé convention agrees very closely with the 
tacit conventions of ordinary language on this subject. Thus for example, if 
“(12)(pa)” is “the so-and-so,” “a+(22)($x)” is to be read “a is not the 
so-and-so,” which would ordinarily be regarded as implying that “the so-and- 
so” exists; but “~ {a=(1x)(px)}” is to be read “it is not true that a is the 
_ so-and-so,” which would generally be allowed to hold if “ the so-and-so” does 
not exist. Ordinary language is, of course, rather loose and fluctuating in its 
implications on this matter; but subject to the requirement of definiteness, 
our convention seems to keep as near to ordinary language as possible. 

In the case when the smallest proposition enclosed in dots or other 
brackets contains two or more descriptions, we shall assume, in the absence 
of any indication to the contrary, that one which typographically occurs 
earlier has a larger scope than one which typographically occurs later. Thus 

| (12) ($2) = (22) (pa) 
will mean (qc)! be. Be. 0=ci[(12) (a)].c = (1x) (a), 
while (1x) (Arx) = (1) (pa) : 
. will mean (qd): Wa.=_,.2=d:[(1x) (ox)]. (2) (bx) =d. 

These two propositions are easily shown to be equivalent. 

(2) Classes. The symbols for classes, like those for descriptions, are, in 
our system, incomplete symbols: their uses are defined, but they themselves 
are not assumed to mean anything at all. That is to say, the uses of such 
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symbols are so defined that, when the definiensis substituted for the definiendum, 
there no longer remains any symbol which could be supposed to represent 
a class. Thus classes, so far as we introduce them, are merely symbolic or 
linguistic conveniences, not genuine objects as their members are if they are 
individuals, 


It is an old dispute whether formal logic should concern itself mainly with 
intensions or with extensions. In general, logicians whose training was mainly 
philosophical have decided for intensions, while those whose training was 
mainly mathematical have decided for extensions. The facts seem to be that, 
while mathematical logic requires extensions, philosophical logic refuses to 
supply anything except intensions. Our theory of classes recognizes and 
reconciles these two apparently opposite facts, by showing that an extension 
(which is the same as a class) is an incomplete symbol, whose use always 
acquires its meaning through a reference to intension. 


In the case of descriptions, it was possible to prove that they are in- 
complete symbols. In the case of classes, we do not know of any equally 
definite proof, though arguments of more or less cogency can be elicited from 
the ancient problem of the One and the Many*. It is not necessary for our 
purposes, however, to assert dogmatically that there are no such things as 
classes. It is only necessary for us to show that the incomplete symbols 
which we introduce as representatives of classes yield all the propositions for 
the sake of which classes might be thought essential. When this has been 
shown, the mere principle of economy of primitive ideas leads to the non- 
introduction of classes except as incomplete symbols, 


.To explain the theory of classes, it is necessary first to explain the dis- 
tinction between extensional and intensional functions. This is effected by 
the following definitions: 


The truth-value of a proposition is truth if it is true, and falsehood if it is 
false. (This expression is due to Frege.) 


Two propositions are said to be equivalent when they have the same truth- 
value, t.e. when they are both true or both false. 


Two propositional functions. are said to be formally equivalent when they 
are equivalent with every possible argument, t.e. when any argument which 
satisfies the one satisfies the other, and vice versa. Thus “2 is a man” is 
formally equivalent to “2 is a featherless biped”; “2 is an even prime” is 
formally equivalent to “2 is identical with 2.” 


A function of a function is called extensional when its truth-value with any 
argument is the same as with any formally equivalent argument. That is to 
* Briefly, these arguments reduce to the following: If there is such an object as a class, it 
must be in some sense one object. Yet it is only of classes that many can be predicated. Hence, 


if we admit classes as objects, we must suppose that the same object can be both one and many, 
which seems impossible. 
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say, f ($2) is an extensional function of $2 if, provided 2 is formally equiva- 
lent to $2, f($2) is equivalent to f(42). Here the apparent variables ¢ and 
4 are necessarily of the type from which argumedts can significantly be 
supplied to f. We find no need to use as apparent variables any functions 
of non-predicative types; accordingly in the sequel all extensional functions 
considered are in fact functions of predicative functions*. 


A function of a function is called intensional when it is not extensional. 


The nature and importance of the distinction between intensional and 
extensional functions will be made clearer by some illustrations. The pro- 
position “‘a is a man’ always implies ‘@ is a mortal’” is an extensional function 
of the function “2 is a man,” because we may substitute, for “x is a man,” 
“x is a featherless biped,” or any other statement which applies to the same 
objects to which “a is a man” applies, and to no others, But the proposition 
“A believes that ‘a is a man’ always implies ‘x is a mortal’” is an intensional 
function of “# is a man,” because A may never have considered the question 
whether featherless bipeds are mortal, or may believe wrongly that there are 
featherless bipeds which are not mortal. Thus even if “x is a featherless 
biped” is formally equivalent to “a is a man,” it by no means follows that a 
person who believes that all men are mortal must believe that all featherless 
bipeds are mortal, since he may have never thought about featherless bipeds, 
or have supposed that featherless bipeds were not always men. Again the 
proposition “the number of arguments that satisfy the function @!2 is n” is 
an extensional function of ¢!2, because its truth or falsehood is unchanged if 
we substitute for #12 any other function which is true whenever $12 is true, 
and false whenever $!2 is false. But the proposition “A asserts that the 
number of arguments satisfying ¢!2 is n” is an intensional function of $! 2, 
since, if A asserts this concerning $!2, he certainly cannot assert it concerning 
all predicative functions that are equivalent to ¢!2, because life is too short. 
Again, consider the proposition “two white men claim to have reached the 
North Pole.” This proposition states “two arguments satisfy the function 
‘? is a white man who claims to have reached the North Pole.” The truth or 
falsehood of this proposition is unaffected if we substitute for “2 is a white 
man who claims to have reached the North Pole” any other statement which 
holds of the same arguments, and of no others. Hence it is an extensional 
function. But the proposition “it is a strange coincidence that two white 
men should claim to have reached the North Pole,” which states “it is a 
strange coincidence that two arguments should satisfy the function ‘2 is a 
white man who claims to have reached the North Pole,” is not equivalent to 
“it is a strange coincidence that two arguments should satisfy the function 
‘2 is Dr Cook or Commander Peary.” Thus “it is a strange coincidence that 
$12 should be satisfied by two arguments” is an intensional function of $!2. 


* Of. p. 53. 
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The above instances illustrate the fact that the functions of functions with 
which mathematics is specially concerned are extensional, and that intensional 
functions of functions only occur where non-mathematical ideas are introduced, 
such as what somebody believes or affirms, or the emotions aroused by some 
fact. Hence it is natural, in a mathematical logic, to lay special stress on 
extensional functions of functions. 


When two functions are formally equivalent, we may say that they have 
the same extension. In this definition, we are in close agreement with usage. 
We do not assume that there is such a thing as an extension: we merely 
define the whole phrase “having the same extension.” We may now say that 
an extensional function of a function is one whose truth or falsehood depends 
only upon the extension of its argument. In such a case, it, is convenient to 
regard the statement concerned as being about the extension. Since exten- 
sional functions are many and important, it is natural to regard the extension 
as an object, called a class, which is supposed to be the subject of all the 
equivalent statements about various formally equivalent functions. Thus 
eg. if we say “there were twelve Apostles,” it is natural to regard this state- 
ment as attributing the property of being twelve to a certain collection of 
men, namely those who were Apostles, rather than as attributing the property 
of being satisfied by twelve arguments to the function “% was an Apostle.” 
This view is encouraged by the feeling that there is something which is 
identical in the case of two functions which “have the same extension.” And 
if we take such simple problems as “how many combinations can be made of 
n things ?” it seems at first sight necessary that each “combination” should 
be a single object which can be counted as one. This, however, is certainly. 
not necessary technically, and we see no reason to suppose that it is true 
philosophically. The technical procedure by which the apparent difficulty is 
overcome is as follows. 


We have seen that an extensional function of a function may be regarded 
as a function of the class determined by the argument-function, but that an 
intensional function cannot be so regarded. In order to obviate the necessity 
of giving different treatment to intensional and extensional functions of 
functions, we construct an extensional function derived from any function of 
a predicative function y!2, and having the property of being equivalent to 
the function from which it is derived, provided this function is extensional, 
as well as the property of being significant (by the help of the systematic 
ambiguity of equivalence) with any argument 2 whose arguments are of the 
same type as those of y!2. The derived function, written “f {2 (@z)},” 1s de- 
fined as follows: Given a function f(y ! 2), our derived function is to be “there 
is a predicative function which is formally equivalent to $2 and satisfies f.” 
If $2 is a predicative function, our derived function will be true whenever 
SF ($2) is true. If f($2) is an extensional function, and $2 is a predicative 
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function, our derived function will not be true unless f($2) is true; thus in 
this case, our derived function is equivalent to f(#2). If f(¢2) is not an ex- 
tensional function, and if $2 is a predicative function, our derived function 
may sometimes be true when the original function is false. But in any case the 
derived function is always extensional. 


In order that the derived function should be significant for any function 
$2, of whatever order, provided it takes arguments of the right type, it is 
necessary and sufficient that f (4 !2) should be significant, where y!2 is any 
predicative function.: The reason of this is that we only require, concerning 
an argument $2, the hypothesis that it is formally equivalent to some predi- 
cative function y!2, and formal equivalence hasthe same kind of systematic 
ambiguity as to type that belongs to truth and falsehood, and can therefore 
hold between functions of any two different orders, provided the functions 
take arguments of the same type. Thus by means of our derived function we 
have not merely provided extensional functions everywhere in place of in- 
tensional functions, but we have practically removed the necessity for con- 
sidering differences of type among functions whose arguments are of the same 
type.. This effects the same kind of simplification in our hierarchy as would 
result from never considering any but predicative functions. 


If f(y 12) can be built up by means of the primitive ideas of disjunction, 
negation, (#).ga, and (qa). @«, as is the case with all the functions of 
functions that explicitly occur in the present work, it will be found that, in 
virtue of the systematic ambiguity of the above primitive ideas, any function 
$2 whose arguments are of the same type as those of !2 can significantly 
be substituted for y!2 in f without any other symbolic change. Thus in 
such a case what is symbolically, though not really, the same function f/ can 
receive as arguments functions of various different types. If, with a given 
argument $2, the function f ($2), so interpreted, is equivalent to f (Wt?) 
whenever !2 is formally equivalent to $2, then f {2(¢z)} is equivalent to 
($2) provided there is any predicative function formally equivalent to $2. 
At this point, we make use of the axiom of reducibility, according to which 
there always is a predicative function formally equivalent to ¢2. 


As was explained above, it is convenient to regard an extensional function 
of a function as having for its argument not the function, but the class de- 
termined by the function. Now we have seen that our derived function is 
always extensional. Hence if our original function was f(w!2), we write the 
derived functiorr f {2 (z)}, where “2 ($z)” may be read “the class of arguments 
which satisfy $2,” or more simply “the class determined by $2.” Thus 
“Ff {2 (z)}” will mean: “There is a predicative function y!2 which is formally 
‘equivalent to $? and is such that f(y!2) is true.” This is in reality a function 
of $2, but we treat it symbolically as if it had an argument 2(¢z). By the 
help of the axiom of reducibility, we find that the usual properties of classes 
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result, For example, two formally equivalent functions determine the same 
class, and conversely, two functions which determine the same class are formally - 
equivalent. Also to say that x is a member of 2? (gz), 2.¢. of the class determined 
by $2, is true when ¢z is true, and false when ¢z is false. Thus all the 
mathematical purposes for which classes might seem to be required are fulfilled 
by the purely symbolic objects 2(dz), provided we assume the axiom of 
reducibility. 


In virtue of the axiom of reducibility, if $2 is any function, there is 
a formally equivalent predicative function w!2; then the class 2($z) is 
identical with the class 2(4!z), so that every class can be defined by a 
predicative function. Hence the totality of the classes to which a given term 
can be significantly said to belong or not to belong is a legitimate totality, 
although the totality of functions which a given term can be significantly 
said to satisfy or not to satisfy is not a legitimate totality. The classes to 
which a given term a belongs or does not belong are the classes defined by 
a-functions; they are also the classes defined by predicative a-functions. Let 
us call them a-classes. Then “a-classes” form a legitimate totality, derived 
from that of predicative a-functions. Hence many kinds of general state- 
ments become possible which would otherwise involve vicious-circle paradoxes. 
These general statements are none of them such as lead to contradictions, and 
many of them such as it is very hard to suppose illegitimate. The fact that 
they are rendered possible by the axiom of reducibility, and that they would 
otherwise be excluded by the vicious-cirele principle, is to be regarded as an 
argument in favour of the axiom of reducibility. 


The above definition of “the class defined by the function $2,” or rather, 
of any proposition in which this phrase occurs, is, in saa as follows: 
: f2(ge)) -=1 (GW) ga.spplor fips} D 
In order to recommend this definition, we shall enumerate oe requisites 
which a definition of classes must satisfy, and we shall then show that the 
above definition satisfies these five requisites. 


‘We require of classes, if they are to serve the purposes for which they are 
‘commonly employed, that they shall have certain properties, which may be 
‘enumerated as follows. (1) Every propositional function must determine a 
class, which may be regarded as the collection of all the arguments satisfying 
the function in question. This principle must hold when the function is 
‘satisfied by an infinite number of arguments as well as when it is satisfied by 
a finite number. It must hold also when no arguments satisfy the function ; 
te.'the “null-class” must be just -as good a class.as any other. (2) Two pro- 
positional functions which are formally equivalent, 7:e. such that any argument 
which satisfies either satisfies the other, must determine the same class; that 
is to say, a class must be something wholly determined by its membership,:so 
that-e.g.the class “featherless. bipeds ”.is identical with the: class “ men,” and 
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the class “even primes ” is identical with the class “ numbers identical with 2.” 
(3) Conversely, two propositional functions. which determine the same class 
must be formally equivalent; in other words, when the class is given, the 
membership is determinate : two different sets of objects cannot yield the same 
class. (4) In the same sense in which there are classes (whatever this sense 
may be), or in some closely analogous sense, there must also ‘be classes of 
classes. Thus for example “the combinations of n things m at a time,’ where 
the n things form a given class, is a class of classes; each combination of 
m things is a class, and each such class is a member of the specified set of 
combinations, which set is therefore a class whose members are classes. Again, 
the class of unit classes, or of couples, is absolutely indispensable; the former 
is the number 1, the latter the number 2. Thus without classes of classes, 
arithmetic becomes impossible. (5) It must under all eireumstances be 
meaningless to suppose a class identical with one of its own members. For if 
such a supposition had any meaning “‘a ea” would be a significant propositional 
function*, and so would “a~ea.” Hence, by (1) and (4), there would be a 
class of all classes satisfying the function “a~ea.” If we call this class «, we 
‘shall have . 

AEKs See Armed. 
Since, by our hypothesis, “« €«” is supposed significant, the above equivalence, 
which holds with all possible values of a, holds with the value x, i.e. 

KEK eS KER, 
But this is a contradictiont. Hence “aea” and “a~ea” must always be 
meaningless. In general, there is nothing surprising about this conclusion, 
but it has two consequences which deserve special notice. In the first place, 
a class consisting of only one. member must not be identical with that one 
member, 2.e. we. must not have l“a=a. For we have «#e t‘z,.and therefore, if 
x= tx, we have tae tx, which, we saw, must be meaningless. It follows that 
“x= te” must be absolutely meaningless, not. simply false. In the second 
place, it might appear as if the class: of all classes were a class, i.e. as if 
(writing “Cls” for “clags”):“Cls e Cls” were a true proposition. But this com- 
bination: of symbols must be meaningless; unless, indeed, an. ambiguity exists 
in the meaning of “Cls,” so that, in “Cls ¢ Cls,” the first “Cls” can be supposed 
to have a different meaning from the second. 


As regards the above requisites, it is plain, to begin with, that, in accordance 
with our definttion, every propositional function $2 determines a class: 2 ¢z). 
Assuming the axiom of reducibility, there must always be true propositions 
about 2(¢z), ue. true propositions of the form /{2(¢z)}.. For suppose $2 is 
formally equivalent to yr! 2, and suppose y!.? satisfies some function f. Then 

* As explained in Chapter I (p. 25), ‘“2ea’’ means ‘“‘x is a member of the class a,” or, 
more shortly, ‘‘z is an a.” The definition of this expression in terms of our theony of classes 


will be given shortly. 
+: This is the second of the contradictions discussed at the end of. Chapter IT. 
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2 (2) also satisfies f. Hence, given any function $2, there are true propositions 
of the form f {2(¢z)}, i.e. true propositions in which “the class determined by 
$2” is grammatically the subject. This shows. phat our definition fulfils the 
first of our five requisites. 

The second and third requisites together demand that the classes 3(o2) and 
2(vz) should be identical when, and only when, their defining functions are 
formally equivalent, 7.2. that we should have 

2 (bz) =2 (rz). SiGe. =e We. 
Here the meaning of “2(¢z) =2(z)” is to be derived, by means of a two- 
fold application of the definition of f{2(¢z)}, from the definition of 
“v2 = 612,” 
which is XIZ=OL2.Hi1(f)iflxl2.D.fie12 Df 
by the general definition of identity. 


In interpreting “3 (gz) = 2 (z),” we will adopt the convention which we 
adopted in regard to (1x) (x) and (2«) (px), namely that the incomplete symbol 
which occurs first is to have the larger scope. Thus 2(z) =2 OVE) becomes, 
by our definition, 

(Ax) i Pee =e-xla: X12 = 2 (pz), 
which, by eliminating 2 (yz), becomes 

(HX) 1 he. Hz. yl ar. (GO) spo. sz. Plaryl2=Or2, 
which is equivalent to 
(qx, 0): be See Kl eipa.sz.Olaryl!2=612, 

which, again, is equivalent to . 

(AX): OC - Sn KLE pu.=z-x! 2, 
which, in virtue of the axiom of reducibility, is equivalent to 

PL i= z+ Ve. 
Thus our definition of the use of 2(z) is such as to satisfy the conditions (2) 
and (3) which we laid down for classes, 7.2. we have 
: F:.2(b2)=2 (rz). = 2 Gv. =z. Va. 

Before considering classes of classes, it will be well to define membership 
of a class, 7.e. to define the symbol “#e2(¢z),” which may be read “a@ is a 
member of the class determined by $2.” Since this is a function of the form 
F (2(bz)}, it must be derived, by means of our general definition of such func- 
tions, from the corresponding function f{yr!2}. We therefore put 

ceypl2.=.pia Df. : 
This definition is only needed in order to give a meaning to “awe2(oz)”; the 
ape it gives is, in virtue of the definition of f{2 (¢z)}, 
(ay): by =y ply ryplan | 
It thus appears that “x«2(¢z)” implies oa, since it-implies y!a, and py! a 
is equivalent to x; also, in virtue of the axiom of reducibility, gx implies 
“x @2(z),” since there is a predicative function y formally equivalent to ¢, 
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and x must satisfy y, since x (ew hypothest) satisfies ¢. Thus in virtue of the 
axiom of reducibility we have 

b:ve2(gz).=. ga, 
z.e. & is a member of the class (2) when, and only when, @ satisfies the 
function @ which defines the class. 

We have next to consider how to interpret a class of classes. As we have 
defined f{2(¢z)}, we shall naturally regard a class of classes as consisting of 
those values of 2(¢z) which satisfy f{2($z)}. Let us write a for 2(¢z); then 
we may write @(/fa) for the class of values of a which satisfy fa*. We shall 
apply the same definition, and put | 

F{G(fa)}.=:(q9):f/8-=e-g! 8: F {gta} Df, 
where “@” stands for any expression of the form 2 (! z). 
Let us take “vy «@(fa)” as an instance of F {a( fa)}. Then 


bs.yea( fa).=:(q9): fB-=e-giBiyegt@ 


Just as we put wepl2.=.wla Df, 
so we put yeg!@.=.gly Df. 
Thus we find 


br.yea(fa).=:(q9): fB-=p-9!Bigly. 
If we now extend the axiom of reducibility so as to apply to functions of 
functions, z.e. if we assume 


(ag) f (bt 2) «Sy. gh (pt 2), 


bs (qa) fbi 2) Sy gh l2 Cpt 2), 
ie. Hi (q9): f8.= og! B. 
Thus biyea@( fa). ae 

Thus every function which can take classes as arguments, «.e. every function 
of functions, determines a class of classes, whose members are those classes 
which satisfy the determining function. Thus the theory of classes of classes 
offers no difficulty. 

We have next to consider our fifth requisite, namely that “2 ($z) «2 (z)” 
is to be meaningless. Applying our definition of f {2 ($z)}, we find that if this 
collection of symbols had a meaning, it would mean 

(AY) i Ge. Se. plarplZept2, 
ae. in virtue of the definition 

7 cewl?.=.ple Df, 

it would mean (qv): ov. He. plarpl (vl 2). 
But here the symbol “a! (y!2)” occurs, which assigns a function as arguinent 
to itself. Such a symbol is always meaningless, for the reasons explained at 
the beginning of Chapter II (pp. 388—41). Hence “2 (¢z) ¢2(¢z)” is meaning- 
less, and our fifth and last requisite is fulfilled. 


we easily deduce 


* The use of a single letter, such as a or 8, to represent a variable class, will be further 
explained shortly. 
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As in the case of f(1x)(), so in that of f {2 (z)}, there is an ambiguity 
as to the scope of 2(@z) if it occurs in a proposition which itself is part of a 
larger proposition. But in the case of classes, since we always have the axiom 


of reducibility, namely (qh): be. s_.ple 


which takes the place of E!(2x)(x), it follows that the truth-value of any 
proposition in which 2(z) occurs is the same whatever scope we may give to 
2 (z), provided the proposition is an extensional function of whatever functions 
it may contain. Hence we may adopt the convention that the scope is to be 
always the smallest proposition enclosed in dots or brackets in which 2 (¢z) 
occurs. If at any time a larger scope is required, we may indicate it by “[2(¢z)]” 
followed by dots, in the same way as we did for [(2”)(x)}. 

Similarly when two class symbols occur, e.g. in a proposition of the form 
St {2 (b2), 2 (avz)}, we need not remember rules for the scopes of the two symbols, 
since all choices give equivalent results, as it is easy to prove. For the pre- 
liminary propositions a rule is desirable, so we can decide that the class symbol 
which occurs first in the order of writing is to have the larger scope. 

The representation of a class by a single letter a can now be understood. 
For the denotation of a is ambiguous, in so far as it is undecided as to which 
of the symbols 2(¢z), 2(Wz), 2 (xz), ete. it is to stand for, where 2, W2, x2, 
etc. are the various determining functions of the class. According to the choice 
made, different propositions result. But all the resulting propositions are equi- 
valent by virtue of the easily proved proposition: 

“hi gra, yo. d.f {2 ($2)} =f 12 (p2)}.” 
Hence unless we wish to discuss the determining function itself, so that the 
notion of a class is really not properly present, the ambiguity in the denotation 
of a is entirely immaterial, though, as we shall see immediately, we are led to 
limit ourselves to predicative determining functions. Thus “f(a),” where a is a 
variable class, is really “f{2($z)},” where ¢ is a variable function, that 1s, it is 
ay). bc He Wha f ft d),” 
where ¢ is a variable function. But here a difficulty arises which is removed 
by a limitation to our practice and by the axiom of reducibility. For the deter- 
mining functions $2, 2, etc. will be of different types, though the axiom of 
reducibility secures that some are predicative functions. Then, in interpreting 
aas a variable in terms of the variation of any determining function, we shall 
be led into errors unless we confine ourselves to predicative determining func- 
tions. These errors especially arise in the transition to total variation Ae 
pp. 15, 16). Accordingly 
fa=. (ay) dias,pia.f{[pt2} Df 

It is the peculiarity of a definition of the use of a single letter [viz. a] for a 
variable incomplete symbol that it, though ma sense a real variable, occurs 
only in the defintendum, while “¢,” though a real variable, occurs: only i in the 
definiens. 
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Thus “f@” stands for | 

“(ap) dlaszpla.f{p! 3,” 

and “(a). fa” stands for 

: “(b) (Ah). plasapla. f {pt 2}.” 

Accordingly, in mathematical reasoning, we can dismiss the whole apparatus 

of functions and think only of classes as “ quasi-things,” capable of immediate 

representation by a single name. The advantages are two-fold: (1) classes are 

determined by their membership, so that to one set of members there is one 

class, (2) the “type” of a class is entirely defined by the type of its members. 
Also a predicative function of a class can be defined thus 

fla=.(qy).olesz,pla.fi{p!2} Df 
Thus a predicative function of a class is always a predicative function of any 
predicative determining function of the class, though the converse does not hold. 


(3) Relations. With regard to relations, we have a theory strictly analogous 
to that which we have just explained as regards classes. Relations in extension, 
like classes, are incomplete symbols, We require a division of functions of two 
variables into predicative and non-predicative functions, again for reasons which 
have been explained in Chapter II. We use the notation “ola, y)” for a 
predicative function of « and y. 


We use “$!(%, 9)” for the function as opposed to its values; and we use 
“29 > (#,y)” for the relation (in extension) determined by ¢$(, y). We put 
S29 (a, y)} =: (AV) 2 O(2,y)e Saye Pl (ay tf {[wl(@,9)} De. 
Thus even when /{y!(@,9)} is not an extensional function of ve, f {89 > (a, y)} 
7s an extensional function of ¢. Hence, just as in the case of classes, we deduce _ 
1.296 (0,9) = 29%) (a,y).=16(0,y)-=2y-¥(@y), 


a€. a relation is determined by its extension, and vice versa. 


On the analogy of the definition of “ae wy! 2,” we put 
| CWI Dh y-=.l(a,y) Der. 
This definition, like that of “gel 2,” is not introduced for its own sake, — 
but in order to give a meaning to 
#129 p (x, y)} y. 
This meaning, in virtue of our definitions, is 
| (AV) PY) Say Piya [Hl (ap y, 
1.€.- (AVY) O(2,y) Saye Pl (ay)iwl (a, y), 
and this, in virtue of the axiom of reducibility 
“AP) EO @Y) + Saye Pl (ey),” 
18 equivalent to d (x, y). . 
Thus we have always — . 
Fa {29h (a,y)} y-=-$ (2,9). 
* This definition raises certain questions as to the two senses of a relation, which are dealt 
with in +21. 
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Whenever the determining function of a relation is not relevant, we may 
replace 29 (a, y) by a single capital letter. In virtue of the propositions given 
above, : 

bk:.R=S.=:aRy.=z,,- a8y, 
bs. R=296(0,y).=: 2Ry.=2,y-$(2,Y); 
and bt. R= 29 (xRy). 

Classes of relations, and relations of relations, can be dealt with as classes 
of classes were dealt with above. 

Just as a class must not be capable of being or not being a member of itself, 
so a relation must neither be nor not be referent or relatum with respect to 
itself, This turns out to be equivalent to the assertion that $!(@, 9) cannot 
significantly be either of the arguments z or y in $1 (7, y). This principle, again, 
results from the limitation to the possible arguments to a function explained 
at the beginning of Chapter II. 

We may sum up this whole discussion on incomplete symbols as follows. 

The use of the symbol “(1x)($a)” as if in “f(2x)(px}” it directly represented 
an argument to the function f2 is rendered possible by the theorems 

b:. El (2x) (ba). D: (a). fared. f (12) (Gx), 

bs (1a) (par) = (12) (pa). D. f (12) (pa) = f(12) (We), 

bk: E! (2x) (px). Dd. (12) (px) = (12) (Gz), 

 : (ax) (par) = (10) (War). = « (142) (a) = (14) (Hx), 

fs (12) (pat) = (202) (rar) « (200) (por) = (120) (yer) « D « (12) (Pa) = (a2) (Xe). 

The use of the symbol “#(¢x)” (or of a single letter, such as a, to represent 
such a symbol) as if, in “f{@(ga)},” it directly répresented an argument a to a 
- function f@, is rendered possible by the theorems 
F:(a).fa.>.f {@(pz)}, 

: 2 (dic) =O (qa). D. f (O(be)} =f bx) 
. 2 (pa) =2 (de), 
: 2 (far) = 2 (pa). = .2 (pa) = 2 ($a), 
b:2 (ba) =2 (ra) . 2 (pa) =2 (xx). 3.2 (px) = 2 (x2). 

Throughout these propositions the types must be supposed to be properly 
adjusted, where ambiguity is possible. 

The use of the symbol “29 {(z,y)}” (or of a single letter, such as R, to 
represent such a symbol) as if, in “f {29 (2, y)},” it directly represented an 
argument # to a function fk, is rendered possible by the theorems 

b:(R).fR.D«f129 6 (em) 
L229 b (my) = 29 (wy) Df bY) HL AI¥ GN) 
[29 p (#9) = 29 $(@,y), 


TTT 


bi 29 b(2,y=29 0 (wy) =-28 (ey) =29 O(ZY) 
F229 o (2, y) = 29 W (a, y) 29 v (ey) = 29 x (@ Y) - 


D 29 p(w, y) = 29 x (@, y).- 
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Throughout these propositions the types must be supposed to be properly 
adjusted where ambiguity is possible. 


It follows from these three groups of theorems that these incomplete 
symbols are obedient to the same formal rules of identity as symbols which 
directly represent objects, so long as we only consider the equivalence of the 
resulting variable (or constant) values of propositional functions and not their 
identity. This consideration of the identity of propositions never enters into 
our formal reasoning. 


Similarly the limitations to the use of these symbols can be summed up 
as follows. In the case of (1x) (x), the chief way in which its incompleteness 
is relevant is that we do not always have 

(a) . fe. >. f (a2) (2), 
ae. a function which is always true may nevertheless not be true of (12) (dz). 
This is possible because f (1) ($a) is not a value of f#, so that even when all 
values of f@ are true, f(1”) ($x) may not be true. This happens when (12) (dx) 
does not exist. Thus for example we have (#). «=~, but we do not have 

the round square = the round square. 

The inference (a). fa.2.f (1x) (oz) 
is only valid when E! (2x) ($x). As soon as we know E! (22) (za), the fact that 
(12) (paz) is an incomplete symbol becomes irrelevant so long as we confine 
ourselves to truth-functions* of whatever proposition is its scope. But even 
when E!(2x)(x), the incompleteness of (1”)(ox#) may be relevant when we 
pass outside truth-functions. For example, George IV wished to know whether 
Scott was the author of Waverley, z.e. he wished to know whether a proposition 
of the form “c= (1x) (ox)” was true. But there was no proposition of the form 
“e=y” concerning which he wished to know if it was true. 

In regard to classes, the relevance of their incompleteness is somewhat 

different. It may be illustrated by the fact that we may have 
2 (oz) =WP!l2.2(pz)=y!2 

without having WizZ=y12. 
For, by a direct application of the definitions, we find that 

F:2(dz)=Wl2.=.bvez,la. 
Thus we shall have 

btigva,pla.duszyle. D.2 (dz) =W!l2.2(o2) =x 12, 
but we shall not necessarily have yw!2=y!2 under these circumstances, for 
two functions may well be formally equivalent without being identical; for 
example, . 
x = Scott .=,.x2 =the author of Waverley, 
but the function “2 = the author of Waverley” has the property that George IV 
wished to know whether its value with the argument “Scott” was true, whereas 
* Of. p. 8. 
6—2 
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Ss 


the function “2 = Scott” has no such property, and therefore the two functions 

are not identical. Hence there is a propositional function, namely 
L=Y-LHS.dD.yY =z, 

which holds without any exception, and yet does not hold when for # we 

substitute a class, and for y and z we substitute functions. This is only 

possible because a class is an incomplete symbol, and therefore “2(¢z)=W12” 

is not a value of “a#=y.” 


It will be observed that “812=!2” is not an extensional function of 

yi2. Thus the scope of 2(¢z) is relevant in interpreting the product 
2(dz)=Wvl2.2(dz)=xX!2. 
If we take the whole of the product as the scope of 2(¢z), the product is 
equivalent to | . 
(GO): bu sz,Oln.OlL2=ple.Ol2=yx12, 

and this does imply wi2=y12. 

We may say generally that the fact that 2(@z) is an incomplete symbol 
is not relevant so long as we confine ourselves to extensional functions of 
functions, but is apt to become relevant for other functions of functions. 


PART I 


MATHEMATICAL LOGIC 


SUMMARY OF PART I 


In this Part, we shall deal with such topics as belong traditionally to 
symbolic logic, or deserve to belong to it in virtue of their generality. We 
shall, that is to say, establish such properties of propositions, propositional 
functions, classes and relations as are likely to be required in any mathematical 
reasoning, and not merely in this or that branch of mathematics. 

The subjects treated in Part I may be viewed in two aspects: (1) as a 
deductive chain depending on the primitive propositions, (2) as a formal calculus. 
Taking the first view first: We begin, in *1, with certain axioms as to deduction 
of one proposition or asserted propositional function from another. From these 
primitive propositions, in Section A, we deduce various propositions which are 
all concerned with four ways of obtaining new propositions from given proposi- 
tions, namely negation, disjunction, joint assertion and implication, of which 
the last two can be defined in terms of the first two. Throughout this first . 
section, although, as will-be shown at the beginning of Section B, our proposi- 
tions, symbolically unchanged, will apply to any propositions as values of our 
variables, yet it will be supposed that our variable propositions are all what 
we shall call elementary propositions, 7.e. such as contain no reference, explicit 
or implicit, to any totality. This restriction is imposed on account of the 
distinction between different types of propositions, explained in Chapter I of 
the Introduction. Its importance and purpose, however, are purely philosophical, 
and so long as only mathematical purposes are considered, it is unnecessary to 
remember this preliminary restriction to elementary propositions, which is 
symbolically removed at the beginning of the next section. 


Section B deals, to begin with, with the relations of propositions containing 
apparent variables (i.e. involving the notions of “all” or “some”) to each other 
and to propositions not containing apparent variables. We show that, where 
propositions containing apparent variables are concerned, we can define 
negation, disjunction, joint assertion and implication in such a way that their 
properties shall be exactly analogous to the properties of the corresponding 
ideas as applied to elementary propositions. We show also that formal im- 
plication, t.e. “(x). 64D yx” considered as a relation of $% to 2, has many 
- properties analogous to those of material implication, ve. “p 3 q” considered as 
a relation of p and g. We then consider predicative functions and the axiom 
of reducibility, which are vital in the employment of functions as apparent 
variables. An example of such employment is afforded by identity, which 
is the next topic considered in Section B. Finally, this section deals with 
descriptions, i.e. phrases of the form'“the so-and-so” (in the singular). It is 
shown that the appearance ofa grammatical subject “the so-and-so” isdeceptive, 
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and that such propositions, fully stated, contain no such subject, but contain 
instead an apparent variable. | 


Section C deals with classes, and with relations in so far as they are analogous 
to classes. Classes and relations, like descriptions, are shown to be “incomplete 
symbols” (cf. Introduction, Chapter III), and it is shown that a proposition 
which is grammatically about a class is to be regarded as really concerned with 
@ propositional function and an apparent variable whose values are predicative 
propositional functions (with a similar result for relations). The remainder of 
Section C deals with the calculus of classes, and with the caleulus of relations 
in so far as it is analogous to that of classes. 


Section D deals with those properties of relations which have no analogues 
for classes. In this section, a number of ideas and notations are introduced 
which are constantly needed throughout the rest of the work. Most of the 
properties of relations which have analogues in the theory of classes are compara- 
tively unimportant, while those that have no such analogues are of the very - 
greatest utility. It is partly for this reason that emphasis on the calculus- 
aspect of symbolic logic has proved a hindrance, hitherto, to the proper develop- 
ment of the theory of relations. 


Section E, finally, extends the notions of the addition and multiplication of 
classes or relations to cases where the summands or factors are not individually 
given, but are given as the members of some class. The advantage obtained 
by this extension is that it enables us to deal with an infinite number of 
summands or: factors. 


Considered as a formal calculus, mathematical logic has three analogous 
branches, namely (1) the calculus of propositions, (2) the calculus of classes, 
(3) the calculus of relations. Of these, (1) is dealt with in Section A, while 
(2) and (3), in so far as they are analogous, are dealt with in Section OC. We 
have, for each of the three, the four analogous ideas of negation, addition, 
multiplication, and implication or inclusion. Of these, negation is analogous 
to the negative in ordinary algebra, and implication or inclusion is analogous 
to the relation “less than or equal to” in ordinary algebra. But the analogy 
must not be pressed, as it has important limitations. The sum of two pro- 
positions is their disjunction, the sum of two classes is the class of terms 
belonging to one or other, the sum of two relations is the relation consisting 
in the fact that one or other of the two relations holds. The sum of a class 
of classes is the class of all terms belonging to some one or other of the 
classes, and the sum of a class of relations is the relation consisting in the 
fact that some one relation of the class holds. The product of two pro- 
positions is their joint assertion, the product of two classes is their common 
part, the product of two relations is the relation consisting in the fact that 
both the relations hold. The product of a class of classes is the part common 
to all of them, and the product of a class of relations is the relation consisting 
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in the fact that all relations of the class in question -hold. The inclusion of 
one class in another consists in the fact that all members of the one are 
members of the other, while the inclusion of one relation in another consists 
in the fact that every pair of terms which has the one relation also has the 
other relation. It is then shown that the properties of negation, addition, 
multiplication and inclusion are exactly analogous for classes and relations, 
and are, with certain exceptions, analogous to the properties of negation, ad- 
dition, multiplication and implication for propositions. (The exceptions arise 
chiefly from the fact that “ p implies q’ 18 itself a proposition, and can there- 
fore imply and be implied, while “a is contained in 8,” where a and B are 
classes, is not a class, and can therefore neither contain nor be contained in 
another class y.) But classes have certain properties not possessed by pro- 
positions: these arise from the fact that classes have not a two -fold division 
corresponding to the division of propositions into true and false, but a three- 
fold division, namely into (1) the universal class, which contains the whole of 
a certain type, (2) the null-class, which has no members, (8) all other classes, 
which neither contain nothing nor contain everything of the appropriate type. 
The resulting properties of classes, which are not analogous to properties of 
propositions, are dealt with in *24. And just as classes have properties not 
analogous to any properties of propositions, so relations have properties not 
analogous to any properties of classes, though all the properties of classes have 
analogues among relations. The special properties of relations are much more 
numerous and important than the properties belonging to classes but not to 
propositions. These special properties of relations therefore occupy a whole 
section, namely Section D. 


SECTION A 
THE THEORY OF DEDUCTION 


THE purpose of the present section is to set forth the first stage of the 
deduction of pure mathematics from its logical foundations. This first stage 
is necessarily concerned with deduction itself, 7.e. with the principles by which 
conclusions are inferred from premisses. If it is our purpose to make all our 
assumptions explicit, and to effect the deduction of all our other propositions 
from these assumptions, it is obvious that the first assumptions we need are 
those that are required to make deduction possible. Symbolic logic is often 
regarded as consisting of two coordinate parts, the theory of classes and the 
theory of propositions. But from our point of view these two parts are not 
coordinate ; for in the theory of classes we deduce one proposition from another 
by means of principles belonging to the theory of propositions, whereas in the 
theory of propositions we nowhere require the theory of classes. Hence, in a 
deductive system, the theory of propositions necessarily precedes the theory 
of classes. 


But the subject to be treated in what follows is not quite properly described 
as the theory of propositions. It is in fact the theory of how one proposition 
can be inferred from another. Now in order that one proposition may be 
inferred from another, it is necessary that the two should have that relation 
which makes the one a consequence of the other. When a proposition g is a 
consequence of a proposition p, we say that p implies g. Thus deduction 
depends upon the relation of implication, and every deductive system must 
contain among its premisses as many of the properties of implication as are 
necessary to legitimate the ordinary procedure of deduction. In the present 
section, certain propositions will be stated as premisses, and it will be shown 
that they are sufficient for all common forms of inference. It will not be shown 
that they are all necessary, and it is possible that the number of them might 
be diminished. All that is affirmed concerning the premisses is (1) that they 
are true, (2) that they are sufficient for the theory of deduction, (3) that we 
do not know, how to diminish their number. But with regard to (2), there 
must always be some element of doubt, since it is hard to bé sure that one 
never uses some principle unconsciously. The habit of being rigidly guided 
by formal symbolic rules is a safeguard against unconscious assumptions; but 
even this safeguard is not always adequate. 


#1. PRIMITIVE IDEAS AND PROPOSITIONS 


Since all definitions of terms are effected by means of other terms, every 
system of definitions which is not circular must start from a certain apparatus 
of undefined terms. It is to some extent optional what ideas we take as 
undefined in mathematics; the motives guiding our choice will be (1) to 
make the number of undefined ideas as small as possible, (2) as between two 
systems in which the number is equal, to choose the one which seems the 
simpler and easier. We know no way of proving that such and such a system 
of undefined ideas contains as few as will give such and such results*. Hence 
"we can only say that.such and such ideas are undefined in such and such 
a system, not that they are indefinable. Following Peano, we shall call the 
undefined ideas and the undemonstrated propositions primitive ideas and 
primitive propositions respectively. The primitive ideas are explained by means 
of descriptions intended to point out to the reader what is meant; but the. 
explanations do not constitute definitions, because they really involve the ideas 
they explain. 


In the present number, we shall first enumerate the primitive ideas 
required in this séction; then we shall define implication ; and then we 
shall enunciate the primitive propositions required in this section. Every 
definition or proposition in the work has a number, for purposes of reference. 
Following Peano, we use numbers having a decimal as well as an integral 
part, in order to be able to insert new propositions between any two. A change 
in the integral part of the number will be used to correspond to a new 
chapter. Definitions will generally have numbers whose decimal part is less 
than ‘1, and will be usually put at the beginning of chapters. In references, 
the integral parts of the numbers of propositions will -be distinguished by 
being preceded by a star; thus “*1'01” will mean the definition or proposition 
so numbered, and “*1” will mean the chapter in which propositions have 
numbers whose integral part. is 1, de. the present chapter. Chapters will 
generally be called “numbers.” ; 


PRIMITIVE IDEAS. 


(1) Elementary propositions. By an “elementary” proposition we mean 
one which does not involve any variables, or, in other language, one which 
does not involve such words as “all,” “some,” “the” or equivalents for such 
words. A proposition such as “this is red,” where “this” is something given 
in sensation, will be elementary. Any-combination of given elementary 
propositions by means of negation, disjunction or conjunction (see below) will 

* The recognized methods of proving independence are not applicable, without reserve, to 


fundamentals. Cf. Principles of Mathematics, § 17. What is there said concerning Bepaiuye 
propositions applies with even greater force to primitive ideas. 
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be elementary. In the primitive propositions of the present number, and 
therefore in the deductions from these primitive propositions in *2—*5, the 
letters p, g, r, s will be used to denote elementary propositions. 


(2). Llementary propositional functions. By an “elementary propositional 
function” we shall mean an expression containing an undetermined consti- 
tuent, 2.e. a variable, or several such constituents, and such that, when the 
undetermined constituent or. constituents are determined, 7.e. when values are 
assigned to the variable or variables, the resulting value of the expression 
in question is an elementary proposition. Thus if p is an undetermined 
elementary proposition, “not-p” is an elementary propositional function. 


We shall show in *9 how to extend the results of this and the following 
numbers (*1—x5) to propositions which are not elementary. 


(3) -Assertion. Any proposition may be either asserted or merely con- 
sidered. If I say “Caesar died,” I assert the proposition “Caesar died,” 
if I say “‘Caesar died’ is a proposition,” I make a different assertion, and 
“Caesar died” is no longer asserted, but merely considered. Similarly in a 
hypothetical proposition, eg. “if a=b, then b=a,” we have two unasserted 
propositions, namely “a = 6” and “b =a,” while what is asserted is that the 
first of these implies the second. In language, we indicate when a proposition 
is merely considered by “if so-and-so” or “that so-and-so” or merely by 
inverted commas. In symbols, if p is a proposition, p by itself will stand 
for the unasserted proposition, while the asserted proposition will be de- 
signated by | 

Be ary a 

The sign “F” is called the assertion-sign*; it may be read “it is true that” 
(although philosophically this is not exactly what it means). The dots after 
the assertion-sign indicate its range; that is to say, everything following is 
asserted until we reach either an equal number of dots preceding a sign 
of implication or the end of the sentence. Thus “F:p.3.q”. means “ it is 
true that p implies q,” whereas “+ .p.>+.q” means “p is true; therefore 
q is truet.” The first of these does not necessarily involve the truth either 
of p or of g, while the second involves the truth of both. 


(4) Assertion of a propositional function. Besides the assertion of 
definite propositions, we need what we shall call “assertion of a propositional 
function.” The general notion of asserting any propositional function is 
not used until «9, but we use at once the notion of asserting various special 
elementary propositional functions. Let ¢« be a propositional function whose 
argument is x; then we may assert ¢« without assigning a value to a. 
This is done, for example, when the law of identity is asserted in the form 
“Ais A.” Here A is left undetermined, because, however A may be deter- 


* We have adopted both the idea and the symbol of assertion from Frege. 
+ Cf. Principles of Mathematics, § 38. 
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mined, the result will be true. Thus when we assert $2, leaving # undetermined, 
we are asserting an ambiguous value of our function. This is only legitimate 
if, however the ambiguity may be determined, the result will-be true. Thus 
take, as an illustration, the primitive proposition *1:2 below, namely 
“Fipvp.-p,” 

p or p’ implies p.” Here p may be any elementary proposition: by 
ore p undetermined, we obtain an assertion which can be applied to any 
particular elementary proposition. Such assertions are like the particular 
enunciations in Euclid: when it is said “let ABC be an isosceles triangle; 
then the angles at the base will be equal,” what is said applies to any isosceles 
triangle; it is stated concerning one triangle, but not concerning a definite: 
one. All the assertions in the present work, with a very few exceptions, assert 
propositional functions, not definite propositions. 


ce 


As a matter of fact, no constant elementary proposition will occur in the 
present work, or can occur in any work which employs only logical ideas. 
The ideas and propositions of logic are all general: an assertion (for example) 
which is true of Socrates but not of Plato, will not belong to logic*, and if an 
assertion which is true of both is to occur in logic, it must not be made 
concerning either, but concerning a variable z. In order to obtain, in logic, 
a definite proposition instead of a propositional function, it is necessary to 
take some propositional function and assert that it is true always or some- 
times, z.¢. with all possible values of the variable or with some possible value. 
Thus, giving the name “individual” to whatever there is that is neither 
a proposition nor a function, the proposition “every individual is identical 
with itself” or the proposition “there are individuals” will be a proposition 
belonging to logic. But these propositions are not elementary. 


(5) Negation. If p is any Proposition, the proposition “not-p,” or “p is 
false,” will be represented by “~ P ’ For the present, p must-be an elementary 
proposition. 


©) Disjunction. If p and q are any propositions, the sseapeartiens “p org,” 
ae. “either p is true or q is true,’ where the alternatives are to be not 
mutually exclusive, will be ee Py: 
“ovg.” . 
This is called the disjunction or the logical sum of p and g. Thus “~pvq” 
will mean “p is false or g is true”; “~ (pvq)” will mean “it is false that 
either p or g is true,” which is equivalent to “p and gq are both false”; 
“ww (~ pv ~q)” will mean “it is false that either p is false or q is false,” which 
is equivalent to “p and g are both true”; and so on. For the present, p and 
qg must be elementary propositions. 
* When we say that a proposition “belongs to logic,” we mean that it can be expressed in 


terms of the primitive ideas of logic. We do not mean that logic applies to it, for that would of 
course be true of any proposition. 
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The soe are all the primitive ideas required i in the theory of deduction. 
Other primitive ideas will be introduced in Section B. 


Definition of Implication. When a proposition g follows from a proposition 
Pp, so that. if .p is true, g must also be true, we say that p implies q. The idea 
of implication, in the form in which we require it, can be defined. The mean- 
ing to be given to implication in what follows may at first sight appear some- 
what artificial; but although there are other legitimate meanings, the one here 
adopted is very much more convenient for our purposes than any of its rivals. 
The essential property that we require of implication - is this: “What is 
implied by a true proposition is true.” It is in virtue of this property that 
implication yields proofs. But this property by no means determines whether 
anything, and if so what, is implied by a false proposition. What it does 
determine is that, if p implies q, then it cannot be the case that p is true and 
q is false, t.e. it must be the case that either p is false or g is true. The most 
convenient interpretation of implication is to say, conversely, that if either p 
_ 1s false or g is true, then “p implies g” is to be true. Hence “p implies q” 
is to be defined to mean: “Either p is false or g is true.” Hence we put: 
*101. pdq.=.~pvq Df. 

Here the letters “ Df” stand for “ definition.” They and the sign of equality 
together are to be regarded as forming one symbol, standing for “is defined 
to mean*.” Whatever comes to the left of the sign of equality is defined to 
mean the same as what comes to the right of it. Definition is not among the 
primitive ideas, because definitions are concerned solely with the symbolism, 
not with what is symbolised; they are introduced for practical convenience, 
and are theoretically unnecessary. 


In virtue of the above definition, when “ p 3 q” holds, then either p is false 
or q is true; hence if p is true, g must be true. Thus the above definition 
preserves the essential characteristic of implication ; it gives, in fact, the most 
general meaning compatible with the preservation of this characteristic. 


PRIMITIVE PROPOSITIONS. 


#11. “Anything implied by a true elementary proposition is true. Ppt. 

The above principle will be extended in *9 to propositions which are not 
elementary. It is not the same as “if p is true, then 7f p implies q, q'is true.” 
This is a true proposition, but it holds equally when p is not true and when p 
does not imply g. It does not, like the principle we are concerned with, enable 
us to assert ¢g simply, without any hypothesis. We cannot express the principle 
symbolically, partly because any symbolism in which p is variable only gives 
the hypothesis that p is true, not the fact that it is truet. 


* The sign of equality not followed by the letters “Df” will have a different Meaning, to be 
defined later. 

+ The letters « Pp” stand for ‘“ primitive proposition,” as with Peano. 

} For further remarks on this principle, cf. Principles of Mathematics, § 38. 
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The above principle is used whenever we have to deduce a proposition 
from a proposition. But the immense majority of the assertions in the 
present work are assertions of propositional functions, te. they contain an 
undetermined variable. Since the assertion of a propositional function is a 
different primitive idea from the assertion of a proposition, we require a 
primitive proposition different from #1°1, though allied to it, to enable us to 
deduce, the assertion of a propositional function “pe” from the assertions of 
the two propositional functions “¢x” and “¢aD ya.” This primitive pro- 
position is as follows: 

#111. When ¢zx can be asserted, where « is a real variable, and da D Wa can 
‘be asserted, where « is a real variable, then ya can be asserted, where 2 is a 
real variable. Pp. 


This principle is also to be assumed for functions of several variables. 


Part of the importance of the above primitive proposition is due to the 
fact that it expresses in the symbolism a result following from the theory of 
types, which requires symbolic recognition. Suppose we have the two assertions 
of propositional functions “+. ga” and “t.ga Dye”; then the “x” in gx is 
not absolutely anything, but anything for which as argument the function “ga” 
is significant ; similarly in “¢a Dye” the « is anything for which “gad yar” 
is significant. Apart from some axiom, we do not know that the a’s for which 
“dx Da” is significant are the same as those for which “dz” is significant. 
The primitive proposition *1°11, by securing that, as the result of the assertions 
of the propositional functions “ox” and “da Dye,” the propositional function 
“ax” can also be asserted, secures partial symbolic recognition, in the form most 
useful in actual deductions, of an important principle which follows from the 
theory of types, namely that, if there is any one argument @ for which both 
“da” and “pa” are significant, then the range of arguments for which “dx” 
is significant is the same as the range of arguments for which “wa” is sig- 
nificant. It is obvious that, if the propositional function “dx Dye” can be 
asserted, there must be arguments a for which “@aD Wa” is significant, and 
for which, therefore, “da” and “ya” must be significant. Hence, by our 
principle, the values of x for which “da” is significant are the same as those 
for which “Wa” is significant, ae. the type of possible arguments for $2 (cf. 
p. 15) is the same as that of possible arguments for yy. The primitive pro- 
position *1°11, since it states a practically important consequence of this fact, 
is called the “axiom of identification of type.” 


Another consequence of the principle that, if there is an argument a for 
which both ¢a and wa are significant, then ¢x is significant whenever ya is 
significant, and vice versa, will be given in the “axiom of identification of real 
variables,” introduced in *1:'72. These two propositions, *1°11 and *1°72, give 
what is symbolically essential to the conduct of demonstrations in. accordance 
with the theory of types. 
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The above proposition *1:11 is used in every inference from one asserted 
_ propositional function to another. We will illustrate the use of this proposition 
by setting forth at length the way in which it is first used, in the proof of 
*2°06. That proposition is | 
“bipdq.d:gIr.d.pdn” 
We have already proved, in *2°05, the proposition 
bki.gor.-IipIq.2.p rr. 
It is obvious that *2-06 results from *2-05 by means of *2°04, which is 
binped.qQridiq.d.por. 
For if, in this proposition, we replace p by gr, q by pq, andr by por, 
we obtain, as an instance of *2-04, the proposition 
ki:g2r.d:pdq.d.pIr:.ItpdIg.dI:qIr.d.pIr (1), 
and here the hypothesis is asserted by *2°05. Thus our primitive proposition 
*1:11 enables us to assert the conclusion. 


"12. F:pvp.D.p Pp. 

This proposition states: “If either p is true or p is true, then p is true.” 
It is called the “principle of tautology,” and will be quoted by the abbreviated 
title of “Taut.” It is convenient, for purposes.of reference, to give names to 


a few of the more important propositions; in general, propositions will be 
referred to by their numbers. 
#13. Fiq.3.pvq Pp. 

This principle states: “If q is true, ee p org’ is true.” Thus eg. if g is 
‘“.to-day is Wednesday” and p is “ to- day is Tuesday,” the principle | states: 
“Tf to-day is Wednesday, then to-day is either Tuesday or Wednesday. ” It 
is called the “principle of addition,” because it states that if a proposition is 


true, any alternative may be added without making it false. The principle 
will be referred to as “Add.” 


«14. Fipvqg.D.qvp Pp... 
This principle states that “p or qg” implies “q or p.” It states the 


_permutative law for logical addition of propositions, and will be called the 
“principle of permutation.” It will be referred to as “Perm.” 
"15. Fipv(qvr).d.qv(pvr) Pp. | 

This principle pialess “If either p is true, or ‘g or r’ is true, then either 
q is true, or ‘p or r’ is true.” It is a form of the associative law for logical 
addition, and will be called the “associative principle.” It will be referred to 
as “Assoc.” The proposition 

pviqvr)«<d.(pvgq)vr, 

which would.be the natural form for the associative law, has less deductive 
power, and is therefore not taken as a primitive proposition. 
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#16. Fi.gor.d:ipvg. > -pvr Pp. 

This principle states: “If q implies r, then ‘p or g’ implies ‘p or rv.” In 
other words, in an implication, an alternative may be added to both premiss 
- and con¢lusion without i impairing the truth of the implication. The principle 
will be called the “principle of summation,” and will be referred to as “Sum.” 


*1:7. If p is an elementary proposition, ~p is an elementary proposition. Pp. 


*1'71. If p and q are elementary propositions, p vq is an elementary pro- 
position. Pp. 


*1-72. If dp and wp are sismeneey propositional functions which take 
elementary propositions as arguments, opv VP 1 is an elementary propositional 
' function. Pp. 

This axiom is to apply also to functions of two or more variables, It is 
called the “axiom of identification of real variables.” It will be observed that 
if @ and ¥ are functions which take arguments of different types, there is no 
such function as “da v yx,” because ¢ and yr cannot significantly have the 
_ same argument. A more general form of the above axiom will be given in *9. 

The use of the above axioms ¥1°7-71-72 will generally be tacit. It is only 
through them and the axioms of *9 that the theory of types explained in the 
Introduction becomes relevant, and any view of logic which justifies these 

axioms justifies such subsequent reasoning as employs the theory of types. 


This completes the list of primitive propositions required for the theory 
of deduction as applied to elementary propositions. 


R&WI . 7 


*2. IMMEDIATE CONSEQUENCES OF THE 
PRIMITIVE PROPOSITIONS 


Summary of *2. 

The proofs of the earlier of the propositions of this number consist simply 
in noticing that they are instances of the general rules given in *1. In such 
cases,.these rules are not premisses, since they assert any instance of them- 
selves, not something other than their instances. Hence when a general rule 
is adduced in early proofs, it will be adduced in brackets*, with indications, 
when required, as to the changes of letters from those given in the rule to 


those in the case considered. Thus “Taut 5 ” will mean what “Taut” becomes 


when ep is written in place of p. If “Taut—£” is enclosed in square brackets 


before an asserted proposition, that means that, in accordance with “Taut,” 
we are asserting what “Taut” becomes when ~p is written in place of p. 
The recognition that a certain proposition is an instance of some general 
proposition previously proved or assumed is essential to the process of de- 
duction from general rules, but cannot itself be erected into a general rule, 
since the application required is particular, and no general rule can explicitly 
include a particular application. 


Again, when two different sets of:symbols express the same proposition in 
virtue of a definition, say *1-01, and one of these, which we will call (1), has 
been asserted, the assertion of the other is made by writing “[(1).(#1-01)]” 
before it, meaning that, in virtue of *1-01, the new set of symbols asserts the 
same proposition as was asserted in (1). A reference to a definition is dis- 
tinguished from a reference to a previous proposition by being enclosed in 
round brackets. 


| The propositions in this number are all, or nearly all, actually needed in 

deducing mathematics from our primitive propositions. Although certain — 
abbreviating processes will be gradually introduced, proofs will be given very 
fully, because the importance of the present subject lies, not in the propo- 
sitions themselves, but (1) in the fact that they follow from the primitive 
propositions, (2) in the fact that the subject is the easiest, simplest, and most 
elementary example of the symbolic method of dealing with the principles of 
mathematics generally. Later portions—the theories of classes, relations, 
cardinal numbers, series, ordinal numbers, geometry, etc.—all employ the 
same method, but with an increasing complexity in the entities and functions 
considered. 


.* Later on we shall cease to mark the distinction between a premiss and a rule according to 
which an inference is conducted. It is only in early proofs that this distinction is important. 
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The most important propositions proved in the present number are the 
following : : 
#202. F:qg.3.p)q 

Le. ¢ implies that p implies q, 1.¢. a true proposition is implied by any 
proposition. This proposition is called the “principle of simplification ” (re- 
ferred to as “Simp ”), because, as will appear later, it enables us to pass from 
_ the joint assertion of g and p to the assertion of gq simply. When the special 
meaning which we have given to implication is remembered, it will be seen 
that this proposition is obvious. 

*2:03. FipI~q.d.qI~p 
#215. ki ~pdq.d.~q Dp 
#216. Ki:pIg.d.sgI~p 
#217. bin~qiep.d.prq. 

These four analogous propositions constitute the “principle of transposition,” 
referred to as “Transp.” They lead to the rule that in an implication the two 
_ sides may be interchanged by turning negative into positive and positive into 
negative. They are thus analogous to the algebraical rule that the two sides 
of an equation may be interchanged by changing the signs. 

#204. Fi.p.D.gdridiq.d.por 

This is called the “commutative principle” and referred to as “Comm.” 
It states that, if r follows from q provided p is true, then r follows from p 
provided q is true. 


#205. Fi.g2r.Dipdq.d.pIr 
*206. bi.p)q.d:gIr.d.p Ir 

_ These two propositions are the source of the syllogism in Barbara (as will 
be shown later) and are therefore called the “principle of the syllogism” 
(referred to as “Syll”), The first states that, if r follows from q, then if q 
follows from p, r follows from p. The second states the same thing with the 
premisses interchanged. 


*2°08. /.p dp 

Ie. any proposition implies itself. This i is called the “ principle of identity ” 
and referred to as “Id.” It is not the same as the “law of identity” (“a is 
identical with x”), but the law of identity is inferred from it (ef. *13°15). 
42:21, bi~rp.d.pdq 

Je. a false proposition implies any proposition. 

The later propositions of the present number are mostly subsumed under . 


propositions in *3 or *4, which give the same results in more compendious 
forms. We now proceed to formal deductions. 
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*201. Fi:pI~p.d.~p 

This proposition states that, if p samples its own falsehood, then p is false. It 
is called the “ principle of the reductio ad absurdum,” and will be referred to as 
‘Abs.”* The proof is as follows (where “ Dem.” is short for “ demonstration”): 


Dem. 
| Taut = binpvep.d.~p | (1) 
[(1).(*1°01)] Fi pI ~p.d.~vp 
#202. Fi:qg-I.p dq 
Dem. 
| aaa =P bk:g.D.~pvq (1) 
[(1).(*1°01)] Fig. D.p dq 
#203. Fk: pI~q.9.qgI~p 
Dem. 


| Perm a ~4] Frepv~g.d.~qv~rp (1) 
[(1).(*1°01)] bF:pIng.3.gI~p . 
4204. Fi.p.DdD.gIridig.I.-por 
Dem. | 
[Assoc =P. ~4 bi.wpv(~gqvr).d.~gv(~pvr) (1) 


[(1).(*1°01)] bi.p.I.gIridig-I.por 
4205. bi.gDr.dDipIq-I-pIr 
Dem. 
| Sum =? brglQr.Ddivpvg-I.~pvr © d) 


[(1).(a1'01)] Fi. gor. D:pdIq.d-p Ir 
#206. b:i.pdq.-I:qgIr.Id.pIr 
Dem. 
[Comm 22% P2422") ki:qgor.JipIq-I2-por:. 
es | Dipdgud:qDr.D.prIr (1) 
[*2°05 ] ki.gr.I:pIg.I.por (2) 
[(1).(2).*1 11] kr. pdIq.I:gIr.-d.por 
In the last line of this proof, “(1).(2).*111” means that we are 
inferring in accordance with *1-11, having before us a proposition, namely 
p2q.D:qgIr.D.pr, which, by (1), is implied by gor.d:pIq.d.p Ir, 
which, by (2), is true. In general, in such cases, we shall omit the reference 
to *1‘11. 


* There is an interesting historical article on this principle by Vailati, “A proposito d@’ un 
passo del Teeteto e di una dimostrazione di Euclide,” Rivista di Filosofia e scienze affine, 1904. 
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The above two propositions will both be referred to as the “ principle of 
the syllogism ” (shortened to “Syll”), because, as will appear later, the syllo- 
gism in Barbara is derived from them. 


#207. bip.d.pvp [a132| 
Here we put nothing beyond “ ¥137 .” because the proposition to be 


proved is what *1‘3 becomes when p is written in place of gq. 


#208. |. pdp 
Dem. 
[w2o52eP2 | Fiipvp.I.p:I:ip-I.pvpi:d.pop (1) 
[Taut] Fipvp.2.p (2) 
[(1).(2).*#1:11] Fi.p.dD.pvp:d.pIp . (3) 
[*2°07 ] Fip.d.pvp | (4) 


_ [(8).(4).*«111] F.podp 
#21. b.npvp [*2°08.(*1:01)] | 
#211. F.pvep 
Dem. 


| Perm ~ hE | bFinpvp.>.pv~p (1) 
[(1).#2°1.#1°11] Fi. pv~p 
This is the law of excluded middle. 
#212. |. pI~(~p) 
Dem. | 
[e211 <2] be wpvn(ap) (1) 
[(1)-(e101)] F .pI~(~p) 
#213. +. pv~{~(~p)} 
This proposition is a lemma for *2'14, which, with *2°12, constitutes the 
principle of double negation. 
Dem. 
| Som Eee) bi.wp.d.rvfro(rp)}.d: 
a. . pv~p.d.pv~{~(~p)} (1) 
| #212 <P . binp.d.rn{[~(rp)} (2) 


[().(2).41 11] Ripa psd. pva{a(~p)} (3) 
[(3).%*2-1 11-11] Fk. pvr{~(~p)} | 
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#214. Fen(~p) Dp 


Dem. “eo 3 | ; _ 
[ Perm IPN] be pvwin(mp)}.d-vin(mplve 
[(1)e2134111] ben {a(~p)} vp | (2) 
[(2).(#1°01)] b.n(np) Dp ea 3 
#215, Fra pdg.d.~g2p | 
Dem. 
[x205 Pa) big 2a(~g)-DimpIg.I.~pI~(~q) (I) 
[wei2 2] ° , b.gd0(~g) "  (Q2) - 
[(1).(2).#1-11] Kiwpdg+3-~pI~(~9) nC) 
[203 ~P~4 bra pdIn(ng).Dsnqg>dn(~p)  _ (4) 
| #205 Ph bs.o(~p)Dp.Ii~gI~(~p)-D-gIp (5) 
[(5).¥2°14.*1°11] bingd~0(xp).d.vgp (6) 
[sos 2224 ~pP—(~g). 9 2—(~P)] | 
PD; q r : 


w~pIn(~g)-I.~GIn(~p)ir:. 
~pdq-d.~pI~(~g i dirpIgq.3.~gGI~(~p) (7) 
[(4).(7).*111] Finw~pdg.d.~pIn~(~gQ)id: 


~pIqed.~G2~(~p) (8) 
[(8).(8)#1‘11] bivpdq.2.~g2~(~p) (9) 
| #205 W224. 2 AP) 4 P| bizwgda(wp).d.ngDp: 


Du mrpIg.I.~qIr(vp)rIinpIg-Id.~gIp (10) 
[(6).(10).*1L11] Fin pdgq.D.vgdn(np)id: 
; ~pIq-I.~gIp (11) 
[(9).(11).#«L11] Fi:~pdq.3.~g Ip . 

Note on the proof of *2°15. In the above proof, it will be seen that (3), 
(4), (6) are respectively of the forms p,) pz, P2D Ps, Ps Pr, Where p, Dp, is 
the proposition to be proved. From p,) pz, P2I ps, Ps p, the proposition 
Pp: > p, results by repeated applications of *2°05 or *2°06 (both of which are 
called “Syll”). It is tedious and unnecessary to repeat this process every 
time it is used; it will therefore be abbreviated into 

“[Syll] F. (a). (6). (c)« DF. (@),” . 
where (a) is of the form p,  p,, (b) of the form p, D pz, (c) of the form p; 9 p,, 
and (d) of the form p,>p,. The same abbreviation will be applied to a sorites 
of any length. 
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Also where we have “t.p,” and “t.p,3 pz,” and p, is the proposition to 
be proved, it is convenient to write simply 
“Fp. 
[ete. ] +...” 


where “ete.” will be a reference to the previous propositions in virtue of which 
the implication “p, Dp,” holds. .This form embodies the use of *1°11 or ¥1°1, 
and makes many proofs at once shorter and easier to follow. It is used in the 
first two lines of the following proof. 


#216. kip dg. d.~gI~p 


Dem . 
3 [2°12] k.gIn(~q)-2D 
[*2°05] k:pDq-dI.pI~(~q) (1) 
| #203 ~4 k:pda(ng).d.~gInp (2) 
[Syl] F.(1).(2). Dk: pIq.3.~qI~p 


Note. The proposition to be proved will be called “Prop,” and when 
a proof ends, like that of *2°16, by an implication between asserted propo- 
sitions, of which the consequent is the proposition to be proved, we shall 
write “Fete. DF. Prop”. Thus “DF. Prop” ends a proof, and more or less 
corresponds to “Q.E.D.” 


#217. kingod~p.d.prq 


Dem. 
[#203 22 bingdwp.d.pI~(~9) (1) 
[%*2°14] Fin(~g)dq:> 
[2:05] b:pdA(~q).Deprq (2) 
[Syll] F.(1).(2). D+. Prop 


2°15, *2°16 and *2°17 are forms of a principle of transposition, and will 
be all referred to as “ Transp.” 


#218. Fi~pdp.d.p 


Dem. 
[*2°12] b.pDaA(~p).d 
[*2°05] be vpdp.d.~pr~(~p) (1) 
[#201 =?! brapdn(ap).d.~(~p) (2) 
[Syl] F.(1).(2). Db rapIp.d.~(~p) (3) 
[*2°14] bF.an(~p)Ip (4) 
[Syll] b.(3).(4).D. Prop 


This is the complement of the principle of the reductio ad absurdum. It 
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states that a proposition which follows from the ing potas of its own false- 

hood is true. 

"22. Fip.d.pvq 
Dem. | 

F.Add.DF:p.d.qvp (1) 

[Perm] k:qvp.3.pvq (2) 

[Syll]. F.(1).(2). DF. Prop 


#221. bi~p.d.pdq [2222] 


The above two propositions are very frequently used. 
#224. bip.d.npdq [*2'21.Comm] 
#225. bi.pivipvg.d.¢ 
Dem. 
Fin21]. DE:e(pvq).v.(pvq): 
[Assoc] Dk: p.v.{~(pvq).v.g}: DF. Prop 


4226. Fiwpivipdq.2.q | «225 ~2| 


#227. Fi.p.Dipdg.D.q  [*2'26] 
*23, Fipv(qvr).>.pv(rvq) 
Dem. 
| Perm 2" | Frqvr.d.rvg: 


’ 


[Sum a 4) Ikipvi(qvr).I.pv(rvq) 
*2'31. Hipv(qvr).d.(pvg)vr 

This proposition and *2°32 together constitute the associative law for 
logical addition of propositions. In the proof, the following abbreviation - 
(constantly used hereafter) will be employed*: When we have a series of 
propositions of the form ab, bd c, cDd, all asserted, and “add” is the 
proposition to be proved, the proof in full is as follows: 


[Syll] F:.a96.3:bI¢.Dd.a dc (1) 
— Fra.d.b (2) 
[(1).(2).*#1°11] F:bDce.D3.adc ~ (3) 
F:b.D.¢ (4) 

[(3).(4).#L11] F:a.d.c¢ ‘ . (5) 
[Syl] bi.aDdc.Dd:cDd.d.aDd (6) 
{(5).(6).*#111] F:cDd.3.add (7) 
Fi:c.d.d (8) 


[(7).(8).*1°11] F:a.3.d 
* This abbreviation applies to the same type of cases as those concerned in the note to *2°15, 
but is often more convenient than the abbreviation explained in that note. 
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It is tedious to write out this process in full; we therefore write simply 


t:a.>.6. 

[ete] D.c. 

[ete] D.d:D+. Prop, . 
where “a Dd” is the proposition to. be proved. We indicate on the left by 
references in square brackets the propositions in virtue of which the successive 
implications hold. We put one dot (not two) after “b,” to show that it is b, 
not “ab,” that implies c. But we put two dots after d, to show that now 
the whole proposition “a@>d” is concerned. If “ad” is not the proposition 
to be proved, but is to be used subsequently in the proof, we put 

k:a.3.6. 

[ete] D.¢. 

fete] >.d (1), 
and then “(1)” means “a Dd.” The proof of *2°31 is as follows: 


Dem. 
[x23] t+: pv(qvr).>.pv(rvq). 


[Assoc 4 - D.rv(pvq). 


qT 


[ Perm PC) D.(pvg)vr:IF. Prop 


#232. F:(pvq)vr.-2.pv(qvr) 


Dem. 
| Perm PY 2" F:(pvq)vr.3.rv(pvq) 
| Assoc aa >.pv(rvq) 
[*2°3] D.pv(qvr): IF. Prop 


*2'33. pvqvr.=.(pvq)vr Df 
This definition serves only for the avoidance of brackets. 
#236. bi.g Dr. D:pvg.d.rvp 


Dem. 
[Perm] Fipvr.D.rvp: 
| syuPLa Pen rye] Dki.pvg-I.pvr:I:ipvg.-I.rvp (1) 
[Sum] bFi.godr.D:pvg-2.pvr (2) 


F.(1).(2).Syll. DF. Prop 

#237. bi.gdr.diqvp.d.pvr 
[Syll. Perm . Sum] 

*2°38. Fi.g2r.d:iqvp.3.rTVvp 
{Syll. Perm . Sum] 
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_ The proofs of *2'37:38 are exactly analogous to that of *2°36. (We use 
“ *2°37°38 ” as an abbreviation for “*2°37 and *2°38.” Such abbreviations will 
be used throughout.) 


The use of a general principle of deduction, such as either form of “ Syll,” 
in a proof, is different from the use of the particular premisses to which the 
principle of deduction is applied. The principle of deduction gives the general 
rule according to which the inference is made, but is not itself a premiss in 
the inference. If we treated it as a premiss, we should need either it or some 
other general rule to enable us to infer the desired conclusion, and thus we 
should gradually acquire an increasing accumulation of premisses without 
ever being able to make any inference. Thus when a general rule is adduced 
in drawing an inference, as when we write “[Syll].(1).(2). >. Prop,” the 
mention of “Syll” is only required in order to remind the reader how the 
Inference is drawn. 


The rule of inference may, however, also occur. as one of the ordinary 
premisses, that isto say, in the case of “Syll” for example, the proposition 
“pdq.I:qgIr.Dd.pIr” may be one of those to which our rules of deduction 
are applied, and it is then an ordinary premiss. The distinction between the 
two uses of principles of deduction is of some philosophical importance, and 
in the above proofs we have indicated it by putting the rule of inference in 
square brackets. It is, however, practically inconvenient to continue to dis- 
tinguish in the manner of the reference. We shall therefore henceforth both 
adduce ordinary premisses in square brackets where convenient, and adduce 
rules of inference, along with other propositions, in asserted premisses, 7.¢. we 


shall write e.g. 
“F.(1).(2).Syll. DF. Prop” 


rather than “(Syll] F.(1).(2).F. Prop” 
x24, bip.v.pvg:>.pvg - 
Dem. 
F.*x231.3hi.peVipvg: Di pvp.Vv.g: 
[ Taut.*2°38] I:pvq:.IF. Prop 
#241. Fi.g.V.pvgid.pvg 
Dem. 
[Assoc #24) Fe.g-VepVGiJip.V.gvg: 
[Taut.Sum] D>: pvq:.I5. Prop 


#242. Fi.w~p.v.prgid.prg [x24 


42°43. Fi.p.D.pIqid.pIq  [*2-42] 
#245. bin~(pvq)-I.~p [*2°2. Transp] 
#246. Fi~(pvq).d.~¢ [*1°3. Transp] 
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#247. bin(pvg).d-~pvg [aes #22 —P ? P. gyi] 


42:48. bin(pvg).3.pv~g *2°46. «1:3 —4 =4. Sy 


re ae 


#249, bin(pvg)-D.~pvng #245. *2°2 * mag, . Syl] 


? 


*25. bin(pdg).d-mprq | | «247 =P 

*2'51, b:n(pdq).d-pIng [#248 =F 
#252. F:0(pdq).d-xpIng [ «2-49 <2] 

#2521. F:~(pq).I.qIp [*2°52:17] 


*253. Fipvg.-I.~prIq 


Dem. . . 
b#212°38. Di pvg.d.~(~p)vg: Db. Prop 
4254. F:~pdq.2-pvq — [#271438] . 
4255. bi.np.D:pvq.3.q [*2'53.Comm] 
#256. bing. Dipvg.d.p [4205 22. Perm| 


| #26. Fi.npdg.d:pIg-I-g 


Dem. 

[x2°38] kinrpdq.Iinpvg-I.qvy (1) 
[Taut .Syll] kr. spvq.d.gvqidinpvg-I-4 (2) 
F.(1).(2).Syll.DkinpdIq.dIi~pvg.I.gi- IF. Prop 

*2'61. bi.pDq.DdinpIgG-D-4g [*2°6 . Comm] 

*262.. Fi.pvg.I:pIq-I.4g [*2°53°6 . Syll] 

#2621. b:.pDq.Dipvg-D-qg [*2°62 . Comm] 

#263. Fi.pvg.I:i~pvg-I.q = [2°62] 

#264. bipvg.I:pv~g-.I.p [#263 22. Perm | 

*2°65. bi.pdq.DipI~g.d.np ed 


«2-67. bipvg.d«qidsprq 
Dem. 
[x2°54.Syll] Fi-pvqg.d.q:dirnpIq-I-g (1) 
[*2°24.Syll] knw pDq.D.g:D.pI¢q (2) 
F.(1).(2).Syll. DF. Prop 
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#268, Fi. pq.3.9:9-pvg 
Dem. 
[s207 =| br pdqed.gid-~pIg (1) 
‘F.(1). #254. D5. Prop ; 
*269. Fi.pDq.d.gi:IiqIp-I-p [42-08 Perm 2-62 22 
*2°73. bi.p dq. Dipvgvr.d-qvr [*2°621°38] 
#274, Fi.qDp.Dipvgvr.d.pvr [+273 £2. Assoc. Syl] 


4275. Fizpvg.d:.p.V.qgorid.pvr [92744 425531 
#276. bi.p.vegdr:Dipvg.2.pvr [*x275.Comm] 
#277. Fi.p.d.gIridIipIq-I-p Ir [ «2-76 =P 
#28. Fiqvr.dJ:ervs.d.qvs 
Dem. 
+.*2°53.Perm.dbkigvr.di:erdq: 
[*2°38] Diervs.d.qgvs:.IF. Prop 
#281. bisqg.D.rds: Diu pvg-Iipvr.d.pvs 
Dem. 
F.Sum.Dbisg.D.rIs: Diu pvg-Iip.V.rIs (1) 
b.*2°76 Syl. DFspvg.-Dip.vV.rIsi. die 
pvVg-Itpvr.d.pvs (2) 
F.(1).(2). D4. Prop 
#282. Fi. pvqvr.DdDipVrrvs.d-pvqvs 
[ers.e2e1 WE OTVS ave) 
q@ «7, 8 
#2°83. Fizp.d.gIridup.d.rIsidip.Id.gIs 
ed 
PD 4. 
*2°85. kicpvq.D.pvridip.V.gor 


Dem. . . % 
[Add.Syll] Ki.pvq.D.r:D.qDr | (1) 
b.#255 Db sawp. Iu pvr.d.P is 
[Syl] . Dipvg-I-PVTiIipvg- Ir 
[(1).*2°83] Di.pvg.D.pvrid:grr (2) 
F.(2).Comm. Dt: pvg.d.pvr:d:np.d.g or: | 
[2°54] © I:p.v.gIr: I+. Prop 


*2°86. Fi.pIq.d.pIridip.d.gor |x285—2) 


*3. THE LOGICAL PRODUCT OF. TWO PROPOSITIONS 


Summary of *3. 

The logical product of two propositions p and q is practically the pro- 
position “p and q are both true.” But this as it stands would have to be a 
new primitive idea. We therefore take as the logical product the proposition 
~(~pv~q), ue. “it is false that either p is false or g is false,” which is 
obviously true when and only when p and q are both true: Thus we put 
#301. p.g.=.~(~pverg) Df 

where “p.q” is the logical. product of p and q. 
43°02. pIgIre=.pIq-qIr Df. 

This definition serves merely to abbreviate proofs. 

When we are given two asserted propositional functions “. gx” and 
“F .apa,” we shall have “bk... Wa” whenever ¢ and » take arguments of 
the same type. This will be proved for any functions in *9; for the present, 
we are confined to elementary propositional functions of elementary pro- 
positions. In this case, the result is proved as follows: 

~ By «17, ~dpp and ~ Wop are elementary propositional functions, and there- 
fore, by *1°72, ~ pp v~ yp is an elementary propestuonat function. Hence 


by *2°11, 
bin gpvewp.v. (Wop ~ wp). 
Hence by *2°32 and. *1°01, 
hie gp.dipp.I.~(~dpvrypp), 
| Fi.gp.divp.d. pp. wp. 
Hence by *1°11, when we have “Fk. gp” and “t.srp” we have “F. gp. yp.” 


This proposition is *3°03. It is to be understood, like *1°72, as applying also | 
to functions of two or more variables. 


ue. by «3°01, 


The above is the practically most useful form of the axiom of identification 
of real variables (cf. *1°72). In practice, when the restriction to elementary 
propositions and propositional functions has been removed, a convenient means 
by which two functions can often be recognized as taking arguments of the 
same typé is the following : 


If $x contains, in any way, a constituent y (a, y, 2, ...) and fa contains, 
in any way, a constituent x(a, u, v,...), then both dx and we take arguments 
of the type of the argument « in x Ge y, 2, ..-); and therefore both ox and wa 
take arguments of the same type. Hence, in such a case, if both dz and wa 
can be asserted, so can $2. ya. 
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As an example of the use of this proposition, take the proof of «3°47, We 
there Bere 
kn pdr.gds.d:p.g.d.ger (1). 
and Peo aeeees (2) 
and what we wish to prove is 
porg ou oipsaea te 
which is *3°47, Now in (1) and (2), p, g, 7, s are elementary propositions 
(as everywhere in Section A); ; hence by *1°7-71, applied repeatedly, 
“por. qds. D:p.q.D.q-r” and “por. g2s.D:q-7.D.7r.8” are ele- 
mentary propositional functions. Hence by *3°03, we have 
FsrpIr eg Is. Di pede De GePePIT~GISsDigehsIe1aS, 
whence the result follows by *3'43 and *3'33. 
The principal propositions of the present number are the following : 
432. Fi.p. Dig. d.p.g . 
Ie. “p implies that q implies p.q,” i.e. if each of two propositions is true, 
so is their logical product. 
*3'26. Fip.g.D.p 
43:27. Ki p.g.d.g 
Ie. if the logical product of two propositions is true, then each of the two 
propositions severally is true. 
433. Fi.p.qg.d.riDdip.d.gor 
Ie. if p and q jointly imply r, then p implies that g implies r. This 
principle (following Peano) will be called “exportation,” because q is “exported” 
from the hypothesis. It will be referred to as “ Exp.” 
4331. Fi.p.d.gIridip.g.Ier 
This is the correlative of the above, and will be called (following oe 
“importation ” (referred to as “Imp ”). 
*3'35. Fip.pdq.d.q 
Le. “if p is true, and q follows from it, then q is true.” This will be called 
the “principle of assertion” (referred to as “Ass”). It differs from «1-1 by 
the fact that it does not apply only when p really is true, but requires merely 
the hypothesis that p is true. 
43°43. Fi.pdq.pIr.dDip.Ddeger 
Ie. if a proposition implies each of two propositions, then it implies their 
logical product. This is called by Peano the “ a of composition.” It 
will be referred to as “Comp.” 
*3°45. Fi.pDq.D:p.reD.ger 
Ie. both sides of an implication may be multiplied by a common factor. 


This is called by Peano the “principle of the factor.” It will be referred to 
as “ Fact,” 
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43°47, biepdr.gds.Dip.gsedersS 

Ie. if p implies qg and r implies s, then p and q jointly imply r and s 
jointly. The law of contradiction, “t..+(p.~p),” is proved in this number 
(*3°24) ; .but in spite of its fame we have found few occasions for its use. 


*301. p.q.=.~(~pv~q) Df 

#302. pIgIr.=.pIq.q Dr Df 

*3°03. Given two asserted elementary propositional ee “-.gp” and 

“t.ayp” whose arguments are elementary propositions, we have +. dp. wp. 
Dem. 


b.4«1°7°'72 24211. DE se ppv pp.v.n(~dpve~ vp) (1) 
F. (1). #232. (#101). Ibs. gp. Diyp.d.~(dpvewp) (2) 
F. (2). (3°01). Dk. gp. d:yp.d. dp. wp (3) 
F.(3). #111. 5+. Prop 

#31. Fip.g.3.~(~pverg) [Id.(*3'01)] 

4311, Fin (~pv~g).d.p.g [Id.(*301)] 

4312. Finvp.ving.Vipeg [e211 ~P~a| 

#313. bin(p.g).-I.~+pv~rg [*311. Transp] 

#314. Fin pvrg.2.~(p.q) [*3'1. Transp] 

432. bi p.digq.d. peg [*3°12] 

#321. bing. D:p.D.p.q  —s [x3'2.. Comm] 

¥3'22. bip.g.D.qep 


This is one form of the commutative law for logical multiplication. A 
more complete form is given in *4°3. 


Dem. 
s13he k:in(q.p). Dew v~ ‘ 
. | pq (q+ p) q Pp 


[Perm] J.~pv~g. 
[*3°14] : 2-~(p+q) (1) 
F.(1). Transp. >+. Prop 


Note that, in the above proof, “(1)” stands for the proposition 


“~ (qe p)-I+~(p-g),” 
as was explained in the proof of *2°31. 
*3°24, F. ~(p . ~p) 
Dem. 


| 21 =2] b.wpva(sp).d 


|*o14 =2| bin(p.~p) 


The above is the law of contradiction. 
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Dem. 
7 [ones] tip.d.q>p (1) 
[(1).(*1-01)] bisp.sv.~vgvp: 
[*2°31] Dkinpvrgq.v.p: 
|s253 PY ~ OP | Dhkin(wpv~g).d.p (2) 
[(2).(*3°01)] bi:p.g.d.p 
#3°27. Fip.q.3.g 
Dem. 


[*3°22] bip.qeDeQep- 
| #326 22) -  D.q:Dk.Prop 
- ¥3:26-27 will both be called the “principle of simplification,” like *2-02, 


from which they are deduced. They will be referred to as “Simp.” 
#33. Fip.g.d.r:Dd:p.d.gIr 


Dem. 
[Id.(*3-01)] Fki.p.g.3-r:Din(~pv~rg).od.r: 
[Transp] Dinr.d.vpverg: 
[Id.(*1:01)] Iivr.d.pI~|q: 
[Comm] DI:p.dI.~rId~|g: 
[Transp.Syll] Dip.I.gIri.DF. Prop 

43°31. Fi.p.d.qIridip.g.I-7r 

-Dem. . 
[Id.(¥101)] Fki.p.D.gDridinp.VvV.rqvr: 
[*2°31] Din pvrg-vV.ri 
eed Din(wpverg).der: 
[Id.(*3°01)] | D:ip.gq-I2.r:. IF. Prop 


«3°33. bipdq.qor.d.p or [Syll. Imp] 
43°34. b:gDr.pdq. i por [Syll.Imp] 
These two propositions will -hereafter be referred to as “Syll”; they are 
usually more convenient than either *2°05 or. *2°06. 
#335. Fip.pdq.Dd.q [*2°27.Imp] 
43°37. Fi.p.qg. Deri Dipsrr.I-~gG 


Dem. 
+. Transp. DFigQr.d.~rId~g: 
[Syll] Dks.p.D.gIdr:dip.d.nrIdng . (1) 
F.Exp. Dkipeg.dI-ridIip.d.gor (2) 
FeImp. Dki.p.dD.w~rIwgidiperr.d.rvg (3) 


F.(2).(1).(8). Syll. DF. Prop 
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This is another form of transposition. 
#34. tip.g.). prq -  [e2°51. Transp. (1-01. #3°01)] 
4341 Fi.pIr.d:p.g.3.7r [*326.Syll] 
*3'42, Fi.gIr.Iip.g.D.r [«3'27.Syll] 
43°43. Fi.pdq.-pIr.dip.d.ger 


Dem. oo mad 
 bexs2. Db g.-Itr.D.g.r (1) 
F.(1).Syll. DFi:pIq.di.p.dir.Dd.g-r: 7 
[x2-77] - IepIr.dip.d.ger (2) 


 #-.(2). Imp. 3+. Prop 
4344 F:.gDp.rDp.d:qvr.d.p 
This principle is analogous to *3:43. - The analogy between *3°43 and 


*3°44 is of a sort which generally subsists between formulae roneern ing 
products and formulae concerning sums. 


Dem. 
F.SylDFsnegor.rdp. ding dp: 
[*2°6] D:qgIp.I.p (1). 
F.(1).Exp.DFiiegodr.oirdp.d:qgDp.D.p:. 
[Comm.Imp] Di.qIp.rDp.D.p (2) 


F.(2).Comm.Dbi.g2p.rdp.)d: ~qor. D.pi. 
[*2'53.Syll] Dt. Prop . 
#345. Fi.pIq-Iip.r.d.ger 
This principle shows that we may multiply both sides of an implication 
’ by a common factor; hence it is called by Peano the “principle of the factor.” 
We shall refer to it as “ Fact.” It is the analogue, for multiplication, of the 
primitive proposition *1°6. 
Dem. : 
F. Syll—".DhipIg.D DiqDdear.d.pIer: 
[Transp] | In (pIer).I.~ (Ir): 
[Id.(%1-01.*3-01)] Dk. Prop 
43°47. Fi.pdr.gIs.d:p.q-I.7.8 
‘This proposition, or rather its analogue for classes, was proved by Leibniz, 
and evidently pleased him, since he calls it “ preeclarum theorema*.” 
Dem. 
F.*3'26.3IF:.pIr.gds. dip or: 
[Fact] ; Dip-q-d-r.g: 
[*3°22] Dipped. I-Qer (1) 
* Philosophical works, Gerhardt’s edition, Vol. vu. p. 223. 
R&WI 8 
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b.xd'27. Db. pIr.gds.I:gI8:. 
[Fact] Dig-er-D.8aPri 
[*3'22] Digq.7. I-78 
b. (1). (2). #3°03 . #283 . 2 


bipdregds.Dipeqsd.1.8t. Db. Prop 


«348, Fi.pIr.qds.Iipvg-I.TVS 


This theorem is the analogue of *8°47. 
Dem. 


b.x826. Db. pIr.qgds.I:p Ir: 

[Sum] Dipvg.d.rvq: 
[Perm] DI:ipvg-I-qvr 

b.x3'27.D bs. pIr.gIs.d:qIs: 

[Sum] Diqvr-I.svr: 
[Perm] Diqvr.I.rvs 

F. (1). (2). *2°83 29 


bi.pdr.gIs.Iipvg-I.rvs:.It. Prop 


[parr I 


. () 


(1) 


(2) 


#4. EQUIVALENCE AND FORMAL RULES 


Summary of #*4. 

In this number, we shall be concerned with rules analogous, more or less, 
‘to those of ordinary algebra. It is from these rules that the usual “calculus 
of formal logic” starts. Treated as a “calculus,” the rules of deduction are 
capable of many other interpretations. But all other interpretations depend 
upon the one here considered, since in all of them we deduce consequences 
from our rules, and thus presuppose the theory of deduction. One very 
simple interpretation of the “calculus” is as follows: The entities considered 
are to be numbers which are all either 0 or 1; “pq” is to have the value 0 
if p is 1 and q is 0; otherwise it is to have the value 1; ~p is to be 1 if p 
is 0, and 0 if p is 1; p.q is to be 1 if p and q are both 1, and is to be 0 in 
any other case; pvq is to be 0 if p and q are both 0, and is to be 1 in any 
other case; and the assertion-sign is to mean that what follows has the 
value 1. Symbolic logic considered as a calculus has undoubtedly much 
interest on its own account; but in our opinion this aspect has hitherto been 
too much emphasized, at the expense of the aspect in which symbolic logic 
is merely the most elementary part of mathematics, and the logical pre- 
requisite of all the rest. For this reason, we shall only deal briefly with what 
is required for the algebra of symbolic logic. 

When each of two propositions implies the other, we say that the two are 
equivalent, which we write “p=q." We put 
#401. p=q-=-.pIq-qIp Df 

It is obvious that two propositions are equivalent when, and only when, 
both are true or both are false. Following Frege, we shall call the truth- 
value of a proposition truth if it is true, and falsehood if it is false. Thus two 
propositions are equivalent when they have the same truth-value. 


It should be observed that, if p=g, q may be substituted for p without 
altering the truth-value of any function of py which involves no primitive 
ideas except those enumerated in *1. This can be proved in each separate 
case, but not generally, because we have no means of specifying (with our 
apparatus of primitive ideas) that a function is one which can be built up out 
of these ideas alone. We shall give the name of a truth-function to a function 
F(p) whose argument is a proposition, and whose truth-value depends only 
upon the truth-value of its argument. All the functions of propositions with 
which we shall be specially concerned will be truth-functions, ze. we shall 
have : 


p=q-9-f(p)=f@. 
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The reason of this is, that the functions of propositions with which we deal 
are all built up by means of the primitive ideas of *1. But it is not a universal 
characteristic of functions of propositions to be truth-functions. For example, 
“A believes p” may be true for one true value of p and false for another. 

The principal propositions of this number are the following: 
#41. bipdq.=.~q>~p | 
e411. bipsq.s.~p=rq 

These are both forms of the “ panes of transposition.” 
#4:13. |. p=~(~p) | 

This is the principle of double negation, i.e. a proposition is equivalent to 
the falsehood of its negation. 
*42. |-.p=p 
4421. Fip=q.=.g=p . 
¥422. Fip=q.qz=r.d.p=r 

These propositions assert that equivalence is refleaive, mmm and 
transitive. | 
4424. Fip.=.p.p 
4425. kip.=.pvp 

Ie. p is equivalent to “p and p” and to “p or p,” whiclr are two forms of 
the law of tautology, and are the source of the principal differences between 
the algebra of glee logic and ordinary algebra. 


#43. Fip.g.=.q-p 
This is the commutative law for the pean of propositions. 


#431. bi pvg.=.qvp 
This is the commutative law for the sum of propositions. . 
The associative laws for multiplication and addition of propositions, namely 
#432. b:i(p.g)»r.=.p-(q-Pr) 
#433. bi(pvg)vr.=.pv(qvr) 
The distributive law in the two forms 
H44, bie peqgvreStpigeVe per 
4441. Fi.p.v.g.ri=.pvg-pvr 
The second of these forms has no analogue in ordinary algebra. 
#471. bi. pdq.=ip-S-p-g . 
fe. p implies q when, and only when, p is equivalent to p.g. This pro- 
position is used constantly; it enables us to replace any implication by an 
equivalence. 
#473. bi.g. Di p.=-p-g . 
Ie. a true factor may be dropped from or added to a proposition without 
altering the truth-value of the proposition. 
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4401. p=q-= -prq-qIp Df 
4402. p=q=r.=.p=q.q=r Df 
This definition serves merely to provide a convenient stiteristion 


w41. Fipdq.=.~qo~p [*2°16°17] 
e411. bi:p=q.=.np=Eryg (%2°16°17 . *3°47°22] 
4412. Fbi:p=~rq.=.g=~p {*2°03°15] | 
4413. b.p=~(~p) . [2°12°14] 


#414. Fi.p.g.d.r:=ip.r riding [337.413] 


#415. Fip.geDevrisig.r.d.vp [#3'22. #41314] 

442. b.p=p [Id . *3-2]: 

#421. b:p=q.=.qg=p . [*3°22] 

4422. bip=q.q=r.d.p=r 

» Dem. © i 
+. *3°26. Dhkip=q.q=r.d.p=q: 

[*3°26] >.prq (1) 
ee Dhipzq.g=r.I.g=r. 

_ [3°26] 2.g or (2) 
t.(1).(2).#2°83. Fi p=q. -g=r.d.por (3) 
+. «3°27 . Dkip=q.qzer.Id.g= 
[x327] 0° D.rDq nc) 
+. #326. Dhip=q-q=r.Dd.p=q- 

[*3°27 ] | D.g>p —_. (5) 
b .(4).(5).#283 Db: peq.q=r.d.rdp (6) 


F.(3).(6)..Comp. DF. Prop 
Note. The above three propositions show that the relation of equivalence 
is reflexive (*4°2), symmetrical (*4°21), and transitive (44°22). Implication 
is reflexive and transitive, but not symmetrical.- The properties of being 
symmetrical, transitive, and (at least within a certain field) reflexive are 
essential to any relation which is to have the formal characters of equality. 


#424. bip.=.p.p 


Dem. 
| b.#3'26.9bip.p.d.p (1) 
F.432. DEip.dip.d.p.pie | 
[*243] Dbsp.d.pep (2) 


F.(1).(2).*3°2.54. Prop 
4425. bip.=.pvp | Taut . Aad? 


Note. *4°24°25 are two forms of the law of tautology, which is what chiefly 
distinguishes the algebra of symbolic logic from ordinary algebra. 
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#43. bip.q. oop [*3°22] 
Note. Whenever we have, whatever values p and g may have, 


rs) (p, q) " >. $(9,P), 
we have also 
(p,q)+= + (Gp). 
For (6 (7.9) -2-b GP) Ee -2$(GP)-2- $0, q). 


#431. kipvg.=.qvp [Perm] 
44:32. bi(p.qg)-r-=.p-(q-7) 


Dem. 
“haw4l5. Dkr peGdseDePPiBsigersderpt 
[*4°12] =1p.I.~(q-7r) (1) 


F.(1). #411. 54:0 (p-q- i wr). Ser {[ped.r(ger)}s 
[(*1'01.*3°01)] > +. Prop 

Note. Here “(1)” stands for “F:.p.g.3.~r:sip.d.~(q-1r),” which 
is obtained from the above steps by *4°22. The 1 use of #422 will often be 
tacit, as above. The principle is the same as that explained in respect of 
implication in *2°31. 
#433, |: (pV Q)Vre= -pv(qvr) [*2'31:32] 

The above are the associative laws for multiplication and addition. To. 
avoid brackets, we introduce the following definition: 


44:34. p.g-er.=+(psg)+? Df 


#436. Fi.p=q- Dip. re Seger [Fact .*3°47] 
4437. bi.p=q-Iipvr.=+qvr [Sum . *3°47 ] 
4438. bi.par.qg=s.D:p.g.=.r.8 [BAT . 44°32 . #322] 
4439. FK:s.pHr.g=s.Dipvg-=-7Vvs [*343:47 .*4°32 . #322] 
#44, Fip.qvre=itpeqsVsp-r 
This is the first form of the distributive law. 
Dem. 
b. #32. Dhip.dig.I-PeGspsItr-Dd.p-r 
[Comp] Dhkip.dig-D-ppgir.d.p.ri. 
[*3°48] | Di gVreDtp-GeV sper @) 
t.(1).Imp. Dki.p.qvr-Dip.q-V.p-r (2): 
F .*3°26. Dki.p.q-I-pip.T+D-pi 
[*3°44)] Dkip.gsVeperTid.p (3) 
b. 3°27. Dei p.g-D-qip-7T.I.7t 
[*3°48 | Dii.p.g-V.p-rid-.qvr (4) 
+.(8).(4).Comp. DF i.p.gsVep eri d-p.qvr (5) 


t.(2).(5). D+. Prop 
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e441. b:. -PuViGsPi=epVg-pvr 

This is the second form of the discibative law—a form to which there 
is nothing analogous in ordinary algebra. By the conventions as to dots, 
“p.V.ger” means “pv(q-r).” 


Dem. . 
b.4*3:26.Sum. Dkip.v.g.ri:d.pvg (1) 
F.4327.Sum. Dkip.v.g-rid-pyr (2) 
F.(1).(2).Comp.Dtip.v.g-ri2.-pvg-pyr — (3) 
b . 42°53 . 43°47 . OF: mye: —pYr.ItvpIq-~por: 
[Comp] Dinp.d.g-7r: 
[*2°54] _ Dip.Vegsr (A) 
F.(8).(4). D+. Prop | 
WS. bp. Sip.g- Ve peng 
Dem. | 
b.eS21.. Dki.qveg.Ddip-d-p-qvrg? 
[*2°11] Dkip.d.p.qv~q (1) 
b.*326. Dbip.qve~g.D-p . (2) 
F.(1).(2).D bi p.=ip.qvy~g: 
[x44] =:p.q.V.p.~qi. IF. Prop 
4443, bi.p.=ipvg- pvy~g 
| b. #22. Dhkip.dI-pvgip.d-pv~q: 
[Comp] Dhip-I-pvg-pv~y (1) 
b.a265 2 DE pdq. Din pI~g-D-pt 
[Imp] Iki wpIg-v~pI~ng-I-pi 


[*2°53.4347] Dk: pvg.pv~q->-p (2) 
k.(1).(2). DF. Prop 
4444. bip.=ip.V.p.g 


Dem. 
F.*2'2. Dki.p.dip.V-p-g (1) 
b.Id.438-26.Db:.pdpip.gq-I-p 
[*3°44] Dki.p.vipegir-p (2) 


t.(1).(2). DF. Prop 
¥445. ip.=.p.pvq [#326 .*2'2] 
The following formulae are due to De Morgan, or rather, are the propo- 
sitional analogues of formulae given by De Morgan for classes, The first 


of them, it will be observed, merely embodies our definition of the logical 
‘product. 
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445, bs p-qe= 
#451. | ~(p.gq).= 
#452. T: p»rq-= 
4:53. |: (peng)ee 
 *464. | ~p.g.= 
4455. Fb: ~(~p.q).= 
#456. + wT perg. 

#457, bin(~p.r~g). 
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.~(~pverg) [#42 (43°01)] 
s~pVverg 
~~ (~pvg) 
~~ pVvg 
.~(pv~q) 
«pvyrg 
-~(pvq) 


[#4°5-12] 


| +45 se +613] 
| q 


[*4°52°12] 
[+45~2 . 413 
[#45412] 

|a+5a 2 #413 
[#45612] 


[Part I 


The following formulae are obtained immediately from the above. They 
are important as showing how to transform implications into sums or into 
denials of products, and vice versa. It will be observed that the first of them 
merely embodies the definition *1°01. hey 


*46. prq.=-~pvg  [*42.(*101)] 
*4°61. | ~(pdq).=-per~q — [*46°11°52] 
¥*4°62. | — pIrg.=-~pverg | «#6 a 
#463. Ff: ~(pI~q).=.p-g [*4°62°11°5] 
*4°64, +: ~pIq.=-pvqg [*2°53°54] 
*465. Fr w(~pdg).s.ep.rg [#4641156] 
*4°66. + ~pIvg-=.pvrg | «+64 =a 
44°67 FKin(~ png) Ser peg [*4°66°11°54] - 
x47. Fipdq.=ip.d.p.g 
Dem 
F.*3'27.Syll. Dki.p.d.p.g:d.prq 
b.Comp. Iki pIp.pIg-Iip.d.pegu | 
[Exp] Iki: pIp.d:pIg-Iip.d.p.g: 
[Id] Iki. pIg.dip.d.p.g 
| F.(1).(2).. DF.Prop | 
#471, biapdg.=ip.=.p.g 
Dem. . 
F.*3°21. Ihirp.g-D.pirInp.dep.gidIip.= 
[#326] = Dkip.dep.g:dip.=.p.g 
F .*3°26 . Dhip.=.pegidip.d.p.g 
F.(1).(2). Dhi.p.d.p.giZip.=-p.g 


F. (3) .#47-22. D6. 


(1) 
(2) 
(1) 


(2) 
(3) 
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The above proposition is constantly used. It enables us to transform 
every implication into an equivalence, which is an advantage if we wish to 
assimilate symbolic logic as far as possible to ordinary algebra. But when 
symbolic logic is regarded as an instrument of proof, we need implications, 
and it is usually inconvenient to substitute equivalences. Similar remarks 
apply to the following proposition. : 


#472. bi.pIq.3:9-=-pvg 


Dem. 
Fia4]l. Obi. pIq.=inrqo~p: 


[wn et?] Sing.S.0g.np: 


P; 
[*4°12] Sige=.rv(~q.~p): | 
[*4°57] =iq.=.qvp: 
[4°31] =1q.=.pvq:.I-. Prop 


#473, bi.g.Dip.=.p.g [Simp. #471] _ 

This proposition is very useful, since it shows that a true factor may be 
omitted from a product without altering its truth or falsehood, just as a true 
hypothesis may be omitted from an implication. 


#474. Fiurwp.d:q.=.pvq [2°21 . %4°72] 
#476. Fi.pDq.pDr.=ip.d.ger | x41 =P (e101) 
477. Fii.qop.rodp.=iqvr.2.p [*344. Add .*2°2] 
#478. bi.pdq.v.pIri=ip.d.qvr 


Dem. . ae: 
F #42. (4101). Db. pog.vV.pIri=ivpvg.VvV.rpvr: 
[¥4°33] =.wp.v.gvrpvr: 
[¥4°31°37] Sin p.V.rpvagvr: 
[#433] Sin pvep.v.gvr: 
[4°25°37] Sinp.Vv.qvr: 
[4°2.(%1-01)] =:p.d.qvri.It. Prop 
#479. ki.qg>Dp.v.rDpi=ig.r.d.p 
Dem. ms 
F.44139.Dbs.qglp.v.rIpi=ir~pInrg.v.rpIeor: 
[*4°78] Sinp.d.rvgver: 
[*2°15] =Hin(~qverr).d.p: 
[*4°2.(%3°01)] =1q-re-D.p:.dF. Prop 


Note. The analogues, for classes, of *4°78°79 are false. Take, e.g. #478, 
and put p= English people, g=men, r= women. Then p is contained in g 
or 7, but is not contained in g and is not contained in r. 
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48. FipIwp.=.~p  —— [x201.Simp] 

#481. Fin pDp.=.p [¥2°18 . Sump] | 
4482. bi pDq.pdI~q.=.~p [#265 . Imp. ¥2-21 ; Comp] — 
4483. bi pdgq.~pIgq-=-¢ [*2°61 . Imp . Simp . Comp] 

Note. *4°82°83 may also be obtained from ¥#4°43, of which they are virtu- 
ally other forms. ; 
#484, bz. pag. Dipdr.=.g dr [*206.*3°47] 

4485. bi. pag. DirDdp.=.rDdq [¥2:05 .*3°47] 

#486. bi.psq.Dipsr.s.qer [#42122] 

#487. Fi. peg.D.TsSip.~D-QIriziqe ID -pIrs=iqep-I.r 
[Exp . Comm . Imp] 

*4°87 embodies in one proposition the principles of exportation and im- 
portation and the commutative principle. 


tll 


45. MISCELLANEOUS PROPOSITIONS 


Summary of *5. 

The present number consists chiefly of. propositions of two sorte : (1) those 
which will be required as lemmas in one or more subsequent: proofs, (2) those 
which are on their own account illustrative, or would be important in other 
developments than those that we wish to make. A few of the propositions of | 
this number, however, will be used. very frequently. These are: 

"51, bip.g-Dd.p=q 

Je. two propositions are equivalent if they are both true. (The statement. 
- that two. propositions are sic amen are both false is *5°21.). 

4532. bi.p.dD.QBrisip.q-=-p-r. , 

Ie. to say that, on the hypothesis p, g and r are equivalent, is eaieaten 
to saying that-the joint assertion of p and q is equivalent to the joint assertion 
of p and r. This is a:very useful rule in inference. 

*56. Fi.p.rvg.d.risip.d.qvr 

Te. “p and not-g imply r” is equivalent to “p implies q or r.” 

Among propositions never subsequently referred to, but inserted. for their 
intrinsic interest, are. the following: *5-11‘12'13'14, which state that, given 
any two propositions p, q, either p or ~p must imply g, and p must imply 
either q or not-g, and either p implies gor g implies’ p; and given any third 
proposition’r, either p-implies q or g.implies r*. 

Other propositions not subsequently. referred to are *5°22'23'24; in these 
it is shown that two propositions.are not equivalent-when, and only when, 
one is true: and the other false, and that two propositions are equivalent 
when, and only when, both.are true or both false. It follows (*5°24) that the 
negation of “p.g.V.~p.~q” is equivalent to “p.~vg.Vig.rwp.” *5°5455 
state that both the product and the.sum of p and q are eaeaene ga aL 
either to p.or to q. 


The proofs of the following propositions are all easy, and we shall therefore 
often merely indicate the propositions used i in the proofs, 


#51. Fip.gs Dd. p=q [*3°4°22]. 

#511. Fipdgq.vVerpIdg.  [*25°54) 

4512. tipdq.v.pI~q = [#25154]. 

#513. Fi pdq.v.qgrp [*%2°521] 

4514. Fkipdq.v.qgor ~ [Simp. Transp. *2°21] 


* Cf. Schréder, Vorlesungen tuber Algebra der Logik, Zweiter Band (Leipzig, 1891), pp. 270— 
271, where the apparent oddity of the above proposition is explained. 
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«515. bi paq.v.penq 
Dem. , | 
b.e461. Db: (pIg).d-perg: 
{*5°1] D.pHrg: 
[x254] DkipIgq.v.p=arg | (1) 
F461. Db (g Dp). d.g.~p. 
eee ott ai ee 
[42:54] DkiqDp.v. pang ; (2) 
F.(1). (2). #441. +. Prop 
Dem. 
b .*3°26 . DF: p=q-pI~g- >. prdq-pI~yg: 
[482] a.~p (1) 
b.*3'27 . DkE:peq.pIrg.I.qIp.pIrg. 
[Syl]] D.gI~q. 
[Abs] I.~g (2) 
gp eee ee 
[x05 22 2.~(~92p) 8) 
F.(3).Exp.dh:. p= gs Di pI~g.d.~(~qDp): 
[Id.(*1-01)] Din(PI~G) «V«er(~qIp): 
~ [¥4°51.(44-01)] I:0(p=~q):. IF. Prop 
4517. F: ‘PVG: ~(p.q)-=.p=~q 
Dem. | 
b #46421 « Dk:ipvg.=.~qIp - (1) 
F.*463.Transp. Dhin(p.g).=-pIrg|g (2) 
F.(1).(2).*4°38°21.55. Prop 
W518. bipsq.s.n(peng) [a51516.0517 PEO P=— I 
*519. b.n(p=rp). [as182. 04-2 | 
*B21. b:~p.ng.d.pzq [x51 . *4°11] 
#522, bi.n(p=q)-Siper~geV-gs ~p [#4615139] 
#523. bi.pHqe=ipedsVirperg [#518 .4522 ~7.x41936| 
#524 bi (p.geVir pir g) Si per geVig.~p [#5'22'23] 
#525. Fi.pvg-=:pIq-2-q [*2°62°68] 
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From *5°25 it appears that we might have taken implication, instead of | 
disjunction, as a primitive idea, and have defined “pvgqg” as meaning 
“pdq-2.q.” This course, however, requires more Primitive propositions 
than are required by the method we have adopted. 

#53. bi.p.qg.D.r:=:p.g.>.p.r [Simp.Comp.Syll] 
*531. bir.pdg:d:p.d.q-r (Simp. Comp] 
#532. bip.d.geri=ip.qe=eper [e476 #3331. #5'3] 


_This proposition is constantly réquired in subsequent proofs. 


#5°33. br. pegDrsSt pi pede der : [4°73-84 . 45°32] 
*5°35. bi.pDq.pDr.Dd:ip.d.g=r [Comp . *5'1] 
45:36. + Pe P=Q-=-q-p=q - [Ass . 4°38] 
"54. bi.p.d.pdq:=.poq [Simp . *2°43] 
"541. bi.pIq.D.pIr:=:p.d.gor [*2°77°86] 
#542, Fisp.d.qgorisip.dig.d.per [53 .%487] 
"544, bitp)g.DupdreHip.Dd.ger [*4°76 . *5°3'32] 
"55. Fi.p.D:pIg.=.g [Ass. Exp. Simp] 
*5°501. b:i.p.D:gq.=.p=q [x51 Exp. Ass] 
*5'53. Fi.pvgvr.d.s:=ipos. q2s. rls [e477] 
4554. Fi.p.g-=.pivip.qe=+q [*4°73 . 44°44. Transp. 451] 
*555. bipvg.=.pivipvg-=-g [#13 . e571. 4°74] 
*56. Fip.ng.d.r:Sip.d.qvr [*+87 =2. 4-045 
#561. bipvg..g.5.p.~q | [474 2 #532] 
«562. bipeqeVargizepveg jer 22 

PW 
*5°63. bipvg.=ip.Vv.np.g | #562 ~P4 
“57. Fiupvr.=.qvrisir.v.psq [474.413.451.437] 


*5°71. bigder. Dipvg-r.=.p.r 


In the following proof, as always henceforth, “Hp”. means the hypothesis 
of the proposition to be proved. 


Dem. 
bitddh. Dba pvg.r.Siper.veger (1) 
b . e4°62°51. D6: :Hp.o: 1 (q. Tr) 
[*4°7 4] DiePef Vig Pi=iper (2) 


F(1).(2).*422. 955. Prop 
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#674. biup.d.g=errsipIq<=.pIr 
Dem. 


b.eF 4D. Dba pg. dD. pIri=ip.IdI.gori 
q 


prIr.d.pIqiz=ip.I.rdIgq 
Fi (1). 4438. Db: pDq.5.pIr.Shp.Iegorip.d.rdq 
[*4°76] enp.d.ger:uD+.Prop 
4575. bar Dergip.=.qvridiperg-s=er 
Dem. 


F.x56. Dt: Hp.dip.rvgeIer 
+.43:27.Db:.Hp.Ddiqvr.d.p: 

[4°77 | IirIp 

f .4*3'26.3h:.Hp.dirdI~q 
F.(2).(3).Comp.3F:.Hp.dirdp.rd~g: 

[Comp] Dir. D.per| 
.(1).(4).Comp.3+:.Hp.dip.vg.=.ri. db. Prop 


[PART I 


(1) 


(2) 
(3) 


(4) 


SECTION B 


THEORY OF APPARENT VARIABLES 


*9. EXTENSION OF THE THEORY OF DEDUCTION FROM 
LOWER TO HIGHER TYPES OF PROPOSITIONS 


Summary of *9. 

In the present number, we introduce two new primitive ideas, which may 
be expressed as “da is always* true” and “$x is sometimes* true,” or, more 
correctly, as “de always” and “¢« sometimes.” When we assert “dz always,” 
we are asserting all values of ¢2, where “¢2” means the function itself, as 
opposed to an ambiguous value of the function (cf. pp. 15, 40); we are not 
asserting that ¢x is true ‘for all values of 2, because, in accordance with the 
theory of types, there are values of « for which “da” is meaningless; for ex- 
ample, the function $@ itself must be such a value. We shall denote “da 
always” by the notation 

(x) S pa, 


where the “(x)” will ‘be followed by a sufficiently large number of dots to 
cover the function of which “all values” are concerned. The form in which 
such propositions most frequently occur is. the “formal implication,” ze. such 


& proposition as 

| (2): de. D.wa, 
te. “pax always implies ye.” This is the form in which we express the 
universal affirmative “all objects having the property @ have the property yp.” 

We shall denote “dx sometimes” by the notation 

| (qa). ga. | 
Here “q” stands for “there exists,” and the whole symbol may be read 
“there exists an # such that da.” 

In a proposition of either of the two forms (2). da, (qx). gx, the x is 
called an apparent variable. A proposition which contains no apparent 
variables is called “elementary,” and a function, all whose values are elemen- 
tary propositions, is called an elementary function. For reasons explained in 
Chapter II of the Introduction, it would seem that negation and disjunction» 
and their derivatives must have a different meaning when applied to elemen- 
tary propositions from that which they have when applied to such propositions 
as (7). dx or (qx). px. If % is an elementary function, we will in this number | 
call (x). da and (qx) . pa “first-order propositions.” Then in virtue of the fact 


* We use “always” as meaning ‘‘in all eases,” not “at all times.” A similar remark applies 
to ‘‘sometimes.” - 
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that disjunction and negation do not have the same meanings as applied to 
elementary or to first-order propositions, it follows that, in asserting the 
primitive propositions of #1, we must either confine them, in their application, 
to propositions of a single type, or we must regard them as the simultaneous 
assertion of a number of different primitive propositions, corresponding to the 
different meanings of “disjunction” and “negation.” Likewise in regard to 
the primitive ideas of disjunction and negation, we must either, in the primi- _ 
tive propositions of *1, confine them to disjunctions and negations of elementary 
propositions, or we must regard them as really each multiple, so that in regard 
to each type of propositions we shall need a new primitive idea of negation 
and a new primitive idea of disjunction. In the present number, we shall 
show how, when the primitive ideas of negation and disjunction are restricted 
to elementary propositions, and the p, g, 7 of *1—«5 are therefore necessarily 
elementary propositions, it is possible to obtain definitions of the negation and 
disjunction of first-order propositions, and proofs of the analogues, for first- 
order propositions, of the primitive propositions *1°2—‘6. (#11 and *1-11 
have to be assumed afresh for first-order propositions, and the analogues of 
*1°7°71'72 require a fresh treatment.) It follows that the analogues of the 
propositions of *2—x5 follow by merely repeating previous proofs. It follows 
also that the theory of deduction can be extended from first-order propositions 
to such as contain two apparent variables, by merely repeating the’ process 
which extends the theory of deduction from elementary to first-order pro- 
positions. Thus by merely repeating the process set forth in the present 
number, propositions of any order can be reached. Hence negation and 
disjunction may be treated in practice as if there were no difference 1 in these 
ideas as applied to different types)\that is to say, when “~ p” or “pvq: 
occurs, it is unnecessary in practice to know what is the type of p or q, since 
the properties of negation and disjunction assumed in *1 (which are alone used 
in proving other properties) can be asserted, without formal change, of pro- 
positions of any order or, in the case of pv q, of any two orders. The limitation, 
in practice, to the treatment of negation or disjunction as single ideas, the 
same in all types, would only arise if we ever wished to assume that there 1s 
some one function of p whose value is always ~ p, whatever may be the order 
of p, or that there is some one function of p and g whose value is always pv q, 
whatever may be the orders of p and g. Such an assumption is not involved 
so long as p (and q) remain real variables, since, in that case, there is no need 
to give the same meaning to negation and disjunction for different values of 
p (and q), when these different values are of different types. But if p (or q) 
is going to be turned into an apparent variable, then since our two primitive 
ideas (x). @x and (qx). px both demand some definite function ¢, and restrict 
the apparent variable to possible arguments for >, it follows that negation 
and disjunction must, wherever they occur in the expression in which p (or q) 
is an apparent variable, be restricted to the kind of negation or disjunction 
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appropriate to a given type or pair of types. Thus, to take an instance, if we 
assert the law of excluded middle in the form. 


“Fipvsp” 
there is no need to place any restriction upon p: we may give to p a value 
of any order, and then give to the negation and disjunction involved those 
meanings which are appropriate to that order. oe if we assert 


“F.(p)-pv~p” 

it is necessary, if our symbol is to be significant, that “pv ~ p” should be the 
value, for the argument p, of a function ¢p; and this is only possible if the 
negation and disjunction involved have meanings fixed in advance, and if, there- 
fore, p is limited to one type. Thus the assertion of the law of excluded middle 
in the form involving a real variable is more general than in the form involving 
an apparent variable. Similar remarks apply generally where the variable is 
the argument to a typically ambiguous function. 


In what follows the single letters p and g will represent elementary pro- 
positions, and so will “x,” “pa,” etc. We shall show how, assuming the 
primitive ideas and propositions of *1 as applied to elementary propositions, 
we can define and prove analogous ideas and propositions as applied to pro- 
positions of the forms (x) . da and (qz).¢a. By mere repetition of the analogous 
process, it will then follow that analogous ideas and propositions can be defined 
and proved for propositions of any order; whence, further, it follows that, in 
all that concerns disjunction and negation, so long as propositions do not 
appear as apparent variables, we may wholly ignore the distinction between 
different types of propositions and between different meanings of negation 
and disjunction. Since we never have occasion, in practice, to consider pro- 
- positions as apparent variables, it follows that the hierarchy of propositions 
(as opposed to the hierarchy of functions) will never be relevant in practice 
after the present number. 


The purpose and interest of the present number are purely philosophical, 
namely to show how, by means of certain primitive propositions, we can 
deduce the theory of deduction for propositions containing apparent variables 
from the theory of deduction for elementary propositions. From the purely 
technical point of view, the distinction between elementary and other propo- 
sitions may be ignored, so long as propositions do not appear as apparent 
variables; we may then regard the primitive propositions of *1 as applying 
to propositions of any type, and proceed as in *10, where the purely technical 
deyelopment is resumed. | 

It should be observed that although, in the present number, we prove 
that the analogues of the primitive propositions of *1, if they hold for propo- 
sitions containing n apparent variables, also hold for such as contain n +1, 
yet we must not suppose that mathematical induction may be used to infer 
that the analogues of the primitive propositions of *1 hold for propositions 

R&Wi 9 
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containing any number of apparent variables. Mathematical induction is a 


method of proof which is not yet applicable, and is (as will appear) incapable 
of being used freely until the theory of propositions containing apparent 
variables has been established. What we are enabled to do, by means of the 
propositions in the present number, is to prove our desired result for any as- 


signed number of apparent variables—say ten—by ten applications of the same: 


proof. Thus we can prove, concerning any assigned proposition, that it obeys 
the analogues of the primitive propositions of *1, but we can only do this by 


proceeding step by step, not by any such compendious method as mathematical. 


induction would afford. The fact that higher types can only be reached step 
by step is essential, since to proceed otherwise we should need an apparent 
variable which would wander from type to type, which would contradict the 
principle upon which types are built up. | 


Definition of Negation. We have first to define the negations of (). oa 
and (q2).@2. We define the negation of (x). da as (qx). ~ $2, we. “it is 
not the case that Ga 3 is always true” is to mean “it is the case that not-¢x 
is sometimes true.” Similarly the negation of (qx). ox is to be defined as 
(x). ~ gx. Thus we put 
*901. ~ {(z).¢2}.=.(qz).~ge Df 
*902. ~{(qz).¢2}.=.("2).~ga Df 

To avoid brackets, we shall write ~ (x). px in place of ~ {(x). pa}, and 
~ (qx). px in place of ~ {(qx). da}. Thus: 

49011. ~(2). de.=.~ {(a). pa} Df 
#9021. ~(qax). oe. =.~ {(qz)- gx} Df 

Definition of Disjunction. To define disjunction when one or both of the 
propositions concerned is of the first order, we have to distinguish six cases, 
as follows: 

#903. (x). G¢x.v.p: =.(2).g¢avp Df 
*904. p.v.(x). gu: =.(2).pv¢ge Df 
*9°05. (qa). gx.v.p:=.(qz).gdavp Df 
(4906. p.v.(qz).dui:=.(qz).pvge Df 
*907. (2). ¢a.v.(qy)- wy: =:(2):(qy)-davyy Df 
4908. (Gy). vy-v.(c).ga:=1(2):(qy).yyv go DE 

(The definitions *9:07:08 are to apply also when ¢ and y are not both 

elementary functions.) 


In virtue of these definitions, the true scope of an apparent variable is 
always the whole of the asserted proposition in which it occurs, even when, 
typographically, its scope appears to be only part of the asserted proposition. 
Thus when (qx). px or (x). x appears as part of an asserted proposition, it 
does not really occur, since the scope of the apparent variable really extends 
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_ to the whole asserted proposition. It will be shown, however, that, so far as the 
theory of deduction is concerned, (qz). da and (x) . da behave like propositions — 
not containing apparent variables. 


The definitions of implication, the logical sesdute and equivalence are to 
be transferred unchanged to (a). ga and (qa). da. 


The above definitions can be repeated for successive types, and thus reach 
_ propositions of any type. 


Primitive Propositions. The semithin propositions required are six in 
number, and may be divided into three sets of two. We have first two 
propositions, which effect the passage from elementary to first-order proposi- 
tions, namely 
"91. Fieda.d.(qz). gz Pp 
#911. F:duvgy.5.(qz).goz Pp | | 

Of these, the first states that, if @a is true, then there is a value of $2 
which is true; 1.e. if we can find an instance of a function which is true, then 
the function is “sometimes true.” (When we speak of a function as “some- 
times” true, we do not mean to assert that there is more than one argument 
for which it is true, but only that there is at least one.) Practically, the above 
primitive proposition gives the only method of proving “existence-theorems” : 
in order to prove such theorems, it is necessary (and sufficient) to find some 
instance in which an object possesses the property in question. If we were to 
assume what may be called “existence-axioms,” z.¢. axioms stating (qz). $2 for 
some particular ¢, these axioms would give other methods of proving existence. 
Instances of such axioms are the multiplicative axiom (*88) and the axiom of 
infinity (defined in *120: 03). But we have not assumed any such axioms in 
the present work. 


The second of the above primitive propositions is only used once, in 
proving (qz).oz.v.(qz).$2:3.(qz).dz, which is the analogue of *1:2 
(namely pvp. ).p) when p is replaced by (qz).¢z. The effect of this 
primitive proposition is to emphasize the ambiguity of the z required in order 
to secure ("z).@z. We have, of course, in virtue of *9°1, 


go. D. (qe). de and py .D. (gz). dz 
But if we try to infer from these that pzv py. D.(qz).6z, we must use the - 
proposition g }p.rdp.D.gvrDp, where p is (qz).¢z. Now it will be 
found, on referring to *4°77 and the propositions used in its proof, that this 
proposition depends upon #1'2,7.¢e. pvp.>.p. Hence it cannot be used by 
us to prove (qa). ox .v.(qx).¢a:D.(qz). $a, and thus we are compelled 
to assume the primitive proposition *9°11. 


We have next two propositions concerned with eee to or from propo- 
_ sitions containing apparent variables, as opposed to implication. First, we have, 
: 9—2 
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for the new meaning of implication resulting from the above definitions of 
"negation and disjunction, the analogue of *1°1, namely 


*9°12. What is implied by a true premiss is true. Pp. 


That is to say, given “+. p” and “F.p gq,” we may proceed to “t.g,” 
even when the propositions p and q are not elementary. Also,as in *1°11, we 
may proceed from “+. gx” and “+. gx > px” to “t. a,” where « is a real 
variable, and @ and w are not necessarily elementary functions. It is in this 
latter form that the axiom is usually needed. It is to be assumed for functions 
of several variables as well as for functions of one variable. 


We have next the primitive proposition which permits the passage froma _ 
real to an apparent variable, namely “when ¢y may be asserted, where y may 
be any possible argument, then («) . px may be asserted.” In other words, when 
py 3 is true however y may be chosen among possible arguments, then (7) . $x 
is true, i.e. all values of ¢ are true. That is to say, if we can assert a wholly 
ambiguous value py, that must be because all values are true. We may express 
this primitive proposition by the words: “What is true in any case, however 
the case may be selected, is true in all cases.” We cannot symbolise this pro- 


position, because if we put 
“hi gy.D.(&)- gu” 


that means: “However y may be chosen, dy implies (x). oz,” which is in 
general false. What we mean is: “If py is true however y may be chosen, then 
(a). $x is true.” But we have not supplied a symbol for the mere hypothesis . 
of what is asserted in “t+. gy,” where y is a real variable, and it is not worth 
while to supply such a symbol, because it would be very rarely required. If, 
for the moment, we use the symbol [¢y] to express this hypothesis, then our 


primitive proposition is 
ts[py].>.(x). pa Pp. 


In practice, this primitive proposition is only used for inference, not for impli-- 
cation; that is to say, when we actually have an assertion containing a real 

variable, it enables us to turn this real variable into an apparent variable by 

placing it in brackets immediately after the assertion-sign, followed by enough 

dots to reach to the end of the assertion. This process will be called “turning — 
a real variable into an apparent variable.” Thus we may assert our primitive 
proposition, for technical use, in the form: . 

*9'13. In any assertion containing a real variable, this real variable may be 
turned into an apparent variable of which all possible values are asserted to 

satisfy the function in question. Pp. 


We have next two primitive propositions concerned with types. These 
require some preliminary explanations. 

Primitive Idea: Individual. We say that x is “individual” if # is neither 
a proposition nor a function (cf. p. 51). 
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*9°131. Definition of “being of the same type.” The following is a step-by-step 
definition, the definition for higher types presupposing that for lower types. 
. We say that w and v “are of the same type” if (1). both are individuals, (2) both 
are elementary functions taking arguments of the same type, (3) u is a function | 
and v is its negation, (4) wu is $2 or 2, and v is $2 v W2, where $2 and We 
are elementary functions, (5) u is (y).$(2,y) and v is (z). (2, z), where 
o (&, 9), vv (2, 9) are of the same type, (6) both are elementary propositions, 
(7) u is a proposition and v is ~u, or (8) u is (#) . px and v is (y)-. ee where 
$%_and 2 are of the same type. 


Our primitive propositions are: 
*9'14. If “gx” is significant, then if # is of the same type as a, “ga” is 
significant, and vice versa. Pp. (Cf. note on *10°121, p. 140.) 


*9°15. If, for some a, there is a proposition da, then there is a function $2, 
and vice versa. Pp. 
It will be seen that, in virtue of the definitions, 
(x).¢u.>.p means ~(2%). Ge.V.p, te. (qx) «~P2.v-p, 
1.¢. (Gx) -~Guvp, 2.6. (qx). pz Ip 
(q2)- ge.D.p means ~(qr).pu.v.p, te. (a).~Pr.V- Pp, 
te. (4) .~ Grp, 1.6. (x). 6x Ip | 

In order to prove that (x) . dx and (qx) . dx obey the same rules of dsduchon 
as $x, we have to. prove that propositions of the forms (x). px and (qx). dx 
may replace one or more of the propositions p, q,7 in *1°2—6. When this has 
_ been proved, the previous proofs of subsequent propositions in *2—*5 become 
applicable. These proofs are given below. Certain other propositions, required 
.in the proofs, are also proved. 


492. b:(2)< ox. dD. dy 
‘The above proposition states the principle of deduction from the general 
- to the particular, «.e. “what holds in all cases, holds in any one case.” 


‘Dem. 


be *2°1. >t. ~hy Vv py (1) 
. 491 Dh ewgyv py .D. (qu) ge v dy (2) 
F.Q).@).#111 34. (Gqe).ogevey (3) 
‘ [(3).(#9:05)] F 2(qx).~gr.v. hy (4) 


‘ [€4).(49°01.41°01)] Fs (@) gv. 2. dy 
‘In the second line of the above proof, “~ dy v dy” is taken as the value, 
‘for the argument y, of the function “~ dav dy,” where 2 is the argument. 
-A similar method of using *9°1 is employed in most of the following proofs. 
1°11 ds ‘used, as in the third line of the above proof, in almost all steps 
except: such’ as are mere applications of definitions. Hence it will not be: 
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further referred to, unless in cases where its employment is obscure or specially. 
important. : 
*921. F:.(x) deIWr.d:(x).gr.)d. ie); yu 

Ie. if 6x always implies ya, then “gx always” implies “yx always.” The 
use of this proposition is constant throughout the remainder of this work.. 


Dem. ; 
F. «2°08. Iki dzIpz.9. 62 Iz . (1) - 


b.(1).*91. Dhi(qy):ozIpz.d.pyI pz (2) 
F.(2).*91. DF: (qx): (qy): eI pa.d. Py Id Wz © (8) 
F.(3).*913. Dk: (z) 2: (qx): (qy) Ge Ia. Dd. dy I pz _ (4) 
[(4).(*9°06)] kes (2) 2: (qu): da Dpx.d:(qy). dy D> Wz aD) 
[(5)-(1°01.49°08)] Fr. (qa). ~ (de I Pa)ivi(z):(qy).~dyvyz (6) 

- [(6).(49-08)] I. (qa). ~ (aD po) tvs (ay). ~ by. Vv. (Zee (7) 
[(7).(*1°01)] F:.(x2). da Ddpa.d: (y) «py. 3. (2). pez 


This is the proposition to be proved, since “(y). py” is the same propo- 
sition as “(#). da,” and “(z).*z” is the same proposition as “(a) . Wa.” 
*9°22. b:.(a). pa Drape. D: (qx). gu. dD.(qx). pu 

Te. if ¢x always implies ya, then if da is sometimes true, so is a. This 
proposition, like *9°21, is constantly used in the sequel. 


Dem. 
F. «2°08. Dei gyIWy.d.PyI Vy. (1) 
F.(1).*9'1. DE: (qz): gy IWy.Dd. gy I Wz - (2) 
F.(2).*91. DF :.(qa):.(qz): pr dIpr.d. py Ie (3) 
F.(8).*913. Dk sz (y)s3 (qx). (Gz): pe Ipu.d. dy dz (4) | 
[(4).(*%9°06)] Fss(y)i2(qa)i. pa Ie. d:(qz). dyd wz (5) 


[(5).(%1°01.%9°08)] Fs (qa). (pa D pa)ivi(y):(qz). dy D pz (6) | 
[(6).(#1°01.%9°07)] Fir (qr) .~(ga Dpa)ivi(y).~dy-v.(qz). we (7) 
[(7).(#1:01.%9°01:02)] Fs. (a). pa Iu. Dd: (Gy). dy. D- (Gz). pz 

This is the proposition to be proved, because (qy). dy is the same pro- 
position as (qx). px, and (qz). Wz is the same proposition as (qx) . >a. 
*9°23. F:(a).o7.9.(2). oa [Id . *9°13°21] 
4924 b:(qx).ga.D.(qx). ge [Id .*913-22] 
49°25. b:.(c) pv. Dip. Vv. (a). gu [#923 .(*9-04)] 

We are now in a position to prove the analogues of *1‘2—6, replacing 


one of the letters p, g, r in those propositions by (x). $e or (qx). ga. The 
proofs are given below. 
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493. bs. (ce). fv.v.(x).du:d.(x). oz 


Dem. 

ba *l'2. DE .davdu.d. ga (1) 

F.(1).#91. Dh: (qy): rv py... pax . (2) 

F.(2).*9'13. Di :.(x):.(qy): dav dy.d. pe (3) 
_- [(8)-(#9°05'01-°04)] Fs. (a). pv.v.(y). dy: 2. ga (4) 

F.(4).%9°21. Di :. (a): pa.v.(y). dy: 5.(2). ox (5) 

[(5).(*9°03)] b:.(v).gr.v.(y)- py: 2.(©).gu:. +. Prop 


«931. b:.(qa).dx.v.(qz).ou:D.(quz). hx 
This is the only proposition which employs #911. 


_ Dem. 

-.  b.*911138. DEi(y)s davgy.D.(qz2). G2 (1) 
[(1).(*9°03°02)] F:(qy). dav dy. 2. (Gz). pz (2) 
F.(2).*913. D2 (a): (qy). dav py. D-(qz)- pz (3) . 
[(3).(*9'03'02)] bs. (qx): (qy)- dav hy: 2. (qz). hz (4) 


[(4).(*9'05:06)] F:.(qv).ga.v.(qy). gy: 2. (qz)- oz 
#932. bFi.g.3:(2). pe .V.g 


Dem. : 
FF. x13. Dki.g-Iigx.v.g (1) 
F.(1). 4913. Db 2. (@)2.q. I: Gu.v.g 
[*9°25] Dksi.g-I:(a):gr.Vv.g (2) 


[(2).(*9'°03)]ssF:.q. D(a). Gu.v.g 
*9°33. b:.¢ .D:(qz).¢2.v.q [Proof as above] 
*9°34. F:.(7).g7.I:p.v.(“).gb« 


Dem a 
b.*13. DIK: g@z.d.pv pe (1) 
F.(1).*913. Dki(2):d7.d.pv pe (2) 
F.(2).4921. Dk:(z).dr.d.(e).pvde (3) 
t . (8). (*9°04). D5. Prop 


*9'35. b:.(qv).gv.I:p.v.(qz).dx [Proof as above] 
*9°36. F:.p.v.(%).-PeiD:(x).g2.V.p 


ae) Dkipvgdxr.d.dbavp (1) 
F.(1).49°1321. Dk:(v).pvdr.d.(x).duvp (2) 
F . (2) . (*9°'03°04). D+. Prop 

*9°361. | :.(v).fa.Vv.prdip.v.(2). gx [Similar proof] 

49°37. bi.p.v.(qv).gv:3:(quv).ge.v.p [Similar proof] 

49°371. b:.(qv).dea.v.p:I:p.v.(qz).ge [Similar proof] 
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49°4. Hepiviq.v. (0) gat Digivip.v.(a).de 


Dem. 
b. x15 4921. Dh. (e)ip.v.qvderD:(a):q.V.pvdw (1) 
F.(1).(«9:04). 3+. Prop 
*9401. bi:pivig.v.(qz).gu:.Dt.q:vip-V.(qz).gx [As above] 
*941. Firpivi(e).gu.v.riDi.(@).gurvipvr [As above] 
#9411. birpivi(qar). gx .v.rs.D:.(qv).duivipvr [As above] 
49°42. F::(x).duiviqvri.D:.q:Vi(“)-he.ver _ [As above] 
¥9°421, bi: (qr). daiviqvr:. D:.q: vi(qe).oz.ver [As above] 
495.. bizpDq.D:.p.v.(a).duidig.v.(“). de 
Dem. | 
F.¥l6. DIFipIq.-dIipvdy.r.qv gy i (1) 
F.(1). #91. (#906). Dki.pIg.d:(qu)ipvdxe.d.qv dy (2) 
F. (2). #913. (49:04). DF rpg. Ds. (y)(qz)ipvdr.Dd.qgvgy (8) 
[(3).(#9°08)] Fipdg.3:.(qz).~(pvdz).v.(y).gvdy (4) 
[(4).(*9°01)] FizpIq.9:.(a).pvgue.D.(y).qv py (5) 
[(5).(#9°04)] FipIqg.Dd:.p.V.(e). dur dig.v.(y). py 


#9501. Fi:pIq.Dd:.p.v.(qz). gar: digq.v.(qz). pe [As above] 
49°51. Fisp.D.(v). dv: Diupvr.I:(#).pe.vur | 

Dem. | 

F.*l6. Di. pI de. Dipvr.d.daevr (1) 

F.(1).*913-21. Dhi:(2).pIde.D:(a)ipvr.d.guvr (2) 

F . (2). (49:03:04). D+. Prop | | 
"9511. Fi: p-3.(qv). Gar dIiupvr.d: (qx). Ge.v-r [As above] 
#952. Fir(v). gv. d.q: 2: (2). Oe.Verid.gvr- 

Dem. . 
F.*l'6. Dk: ge Ig.I:gGzvr.d.qvr (1) 
F.(1).4#913'22. Dhis(qv).gdwdgq.I:.(qv): gevr.d.gvr (2) 
F.(2). (*9°05°01). Dki:(v). Ge. d.g:9:.(2).gevr.d. qvr (3) 
-F.(3). (#903). OF. Prop 

#9521. Fi: (qav).¢@.3.g:9:.(qz).gz2.v.r:d.qvr [As spots) 

*9°6. = (x). ha; ~(x). pa, (qx). du and ~(qx). dx are of the same type. 
[*9°131, (7) and (8)] 

-*9°61. If ¢@ and W@ are elementary functions of the same type, there is a 

function $2 v 2. 

Dem. 

By *914°15, there is an a for which “wa,” and therefore “da,” are 
significant, and therefore so is “pa v ya,” by the primitive idea of disjunction. 
Hence the result by *9°15. 

The same proof holds for functions of any number of variables. 
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«9°62. If $(2, 9) and 2 are elementary functions, and the z-argument to 
¢@ is of the same type as the argument to Wp, there are.functions 


> (y) «(8 ye Ve Wa, (ay) $B, y).V- We. 
em. 


By *9°15, there are propositions $(a, b) and Wa, where by hypothesis x 
and a are of the same type. Hence by *#9°14 there is a proposition ¢ (a, 6), 
and therefore, by the primitive idea of disjunction, there is a proposition 
(a, b)v wa, and therefore, by -*9°15 and *9°03, there is a proposition 
(y). (a, y).v.a. Similarly there is a proposition (qy). (a, y).v. a. 
Hence the result, by *9°15. 

#963. If (2, 9), ¥(@, 9) are Stementary functions of the same ‘type, there 
are functions (y).@(%, y)-v-(z).(@, 2), ete. [Proof as above] 

We have now completed the proof that, in the primitive propositions of 
*1, any one of the propositions that occur may be replaced by («#). x or 
(qx).oxz. It follows that, by merely repeating the proofs, we can show that 
any other of the propositions that occur in these propositions can be simul- 
taneously replaced by (x) .«px-or (qz).1px%. Thus all the primitive propositions 
of *1, and therefore all the propositions of *2—x5, hold equally when some 
or all of the propositions eencerned are of one of the forms (x). pa, (qx). pa, 
which was to be proved. 

It follows, by mere repetition of the proofs, that the propositions of *1—+*5 
hold when p, g, r are replaced -by propositions containing =“ number of 
apparent variables. 


~ #10. THEORY OF PROPOSITIONS CONTAINING 
ONE APPARENT VARIABLE 


Summary of *10. 

The chief purpose of the propositions of this number is to extend to 
formal implications (t.e. to propositions of the form (#).¢a% 23x) as many as: 
possible of the propositions proved previously for material implications, 7.e. 
for propositions of the form pDgqg. Thus eg. we have proved in *3°33 that 

prq-qIr-I.por. 

Put | p = Socrates is a Greek, - 

q = Socrates is a man, 
r = Socrates is a mortal. 
Then we have “if ‘Socrates is a Greek’ implies ‘Socrates is a man,’ and 
‘Socrates is a man’ implies ‘Socrates is a mortal,’ it follows that ‘Socrates is 
a Greek’ implies ‘Socrates is a mortal.” But this does not of itself prove 
that if all Greeks are men, and all men are mortals, then all Greeks are 
mortals. 
Putting gx .=.x 1s a Greek, 
Woe .=.2 18 a man, 
ye .=.2 18 a mortal, 


Il 


we have to prove 

(a). px Ipaur(a). podyerDi(x).dadya. 
It is such propositions that have to be proved in the present number. It will 
be seen that formal implication ((x). oz 3x) is a relation of two functions 
$2 and Ww. Many of the formal properties of this relation are analogous to 
properties of the relation “pq” which expresses material implication ; it is 
such analogues that are to be proved in this number. 


We shall assume in this number, what has been proved in *9, that the 
propositions of *1—%*5 can be applied to such propositions as (x). @«# and 
(qa).gx. Instead of the method adopted in *9, it is possible to take negation 
and disjunction as new primitive ideas, as applied to propositions containing 
apparent variables, and to assume that, with the new meanings of negation 
and disjunction, the primitive propositions of *1 still hold. If this method is 
adopted, we need not take (qx). a as a primitive idea, but may put 
*1001. (qx). gx. =.~(2).~¢d« Df 

In order to make it clear how this alternative method can be developed, 
we shall, in the present number, assume nothing of what has been proved in 
*9 except certain propositions which, in the alternative method, will be 
primitive propositions, and (what in part characterizes the alternative method) 
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the applicability to propositions containing apparent variables of analogues 
of the primitive ideas and propositions of *1, and therefore of their conse- 
quences as set forth in *2—«5. 

The two following definitions merely serve to introduce a notation which 
is often more convenient than the notation (x). px D We or (x). pa = Wa. 
*1002. cI, yur.=.(2).gxdyx Df 
*1003. ¢r=,~r.=.(x).dv=yea Df 

The first of these notations is due to Peano, who, however, has no notation 
for (x). px except in the special case of a formal implication. 

The following propositions (#10°1'11'12'121'122) have already been given 
in *9. *10°1 is *9°2, *10°11 is *9°13, *10°12 is *9°25, *10°121 is *9°14, and 
#107122 is *9°15. These five propositions must all be taken as primitive : 
propositions in the alternative method; on the other hand, *9°1 and *9°11 are . 
not required as primitive propositions in the alternative method. 

The propositions of the present number are very much used throughout 
the rest of the work. The propositions most used are the following : 

*101. F:(a).gv.d. gy © 

Ie. what is true in all cases is true in any one case. 
*10°11. If ¢y is true whatever possible argument y may be, then (x) . px is 
true. In other words, whenever the propositional function ¢y can be asserted, 
so can the proposition (x) . dz. | 
*1021. b:.(4).pIgx.=:p.9. (x). bu 
*10'22. | :.(v). da.yu.=:(2). gui (a). vo 

The conditions of significance in this proposition demand that ¢ and 
should take arguments of the same type. 

*10'23. F:.(«).drIp.=:(qu).g¢x.D.p . 

Le. if px always smplie p, then if $a is ever true, p is true. 
*10°24. Fi gy.2. (qx). pa 

Le, if oy is true, then there is an w for which $a is true. This is the sole 
method of proving existence-theorems. 

#1027. | :.(2z).fzIw2z.9:(z).$2.3.(2). pz 

Ie. if pz always implies yz, then “ z always” implies “fz always.” The 
three following propositions, which are equally useful, are analogous to *10° 27. 
*10°271. Fs. (2). 62 = pz.9:(z).6z.=.(2). pz 
#1028. F:.(@). ded pu. d: (qv). gv.d. (qx). va 
*10°281. F:.(¢). Peau. dD: (qr). fe.=.(qx). po 
#1035. [:.(qz).p-gu.-=:p:(qe). pe 
*1042. /:.(qz).dx.v. (qa). Wrr=.(qz).gavpe 
*¥105. F:.(qar).dv.pr.d: (qr). pus (qr). we 
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_ It should be noticed that whereas #10°42 expresses an equivalence, *10°5 
only expresses an implication. This is the source of many subsequent 
differences between ‘formulae concerning addition and formulae concerning 
multiplication. 


*10°51. b:.~ {(qx). ba. po}.= ihr. dg.~ pa 
‘This proposition is analogous to ae 
| biw(p.g)s=.pIng 
which results from'*4°63 by transposition. . 
Of the remaining propositions of this number, some are splayed: fairly 
often, while others are lemmas which are used only. once or twice, sometimes 
-at a much later stage. : 


*10°01. (qv). d7.=.~(%).~ga Df . 
This definition is only to be used when we discard the method of *9 in 
favout of the alternative method already-explained. In either case we have 
bs (qa). pa.. =.~(#). he. 
*1002. o2D, War. =.(2). pc De Df | 
*1003. dr=,yu.=.(«).dc=ara Df. 
#101. F:(a).¢7.3. dy [*92] 
*10°11. If gy is true: whatever ‘possible eee y may be, then: An). pe i 18 
true. [9°13] | 

-This proposition is, in a sense,'the converse of *10°1. #10°1 may be stated: 

“What is true of all is true of any,” nH *10:11 ae) be stated : ““ What is 
true of any, however. chosen, is true of all.” 
*10°'12. ‘Fs. (2). p V pa. D:p.V.«(a)pa [*9°25] 

According to the definitions in *9, this proposition-is a mere example - 
_of “qDq,” since ‘by:definition the two sides of the implication are different 
-symbols ‘for the same proposition. According tothe alternative method, on 
the contrary, *10°12 is a substantial proposition. 


#10121. Tf “pa” is significant, then if a.is of thessame type.as.#, “pa”: 
‘significant, and vice versa. [¥#9: 14] 

It follows from this proposition that two arguments’to the same function 
must be:of'the same type; for if # and a are arguments:to $2, “dx” and “da” 
are significant, and therefore «and aare of the same type. Thus.the above 
‘primitive proposition embodies the outcome of our discussion of the vicieus- 
circle paradoxes in Chapter II of:the Introduction. 

#10122. If, forsome a, there is a proposition pa, then there is a function ¢%, 
sand vice versa. [#*9°15] 

*1013. If $a and @:take arguments:of the-same: type, and we: have “‘F.. ee 
and “bt. apa,” we shall have “t «pa. yo.” | 
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Dem. 
By repeated use of *9°61°62°63:131 (3), Gee is a function ~ PAV ~ We. 
Hence by *2°11 and «3°01, 
Fs ~ Gave. V.bt. Wau (1) 
F.(1).*2°32.(*1-01). bi... D:iyr.>D. $e: wa (2) 
F.(2).#912.54+. Prop 


#1014. | :.(v). fai (x).prid. dy. wy 

This proposition is true whenever it is significant, but it-is not always 
significant when its hypothesis-is significant. For the thesis demands that 
¢ and y should take arguments of the same type, while the hypothesis does 
not demand ‘this. Hence, if it is to be applied when ¢ and ¥ are given, or 
when is given as a function of ¢ or vice versa, we must not argue from the 
hypothesis to.the thesis unless, in the supposed case, ¢ and y take arguments 
of the. same type. | 


Dem. 
bixlOl. | Dk: (a). gv.d. by (1) 
t.*101. —  Dkr(e).be.Dd.py _ (2) 


—bL(1). (2). #1013. DE: (a). pa. Ds dy: (2). pa. Dd. py: 
[*3°47] 7 Ds. (x). pai (a). ward. dy. py 2 F ..Prop 
*10°2. F:. (a). pv pa.=ip.v.(x). or 


Dem. , 

. F.*101.416.5b:.p.v.(e).fei:d.pv dy: 
- £*10711] Dhi.(y)i-p-V. (x). Perr. pv py: 
[¥1012] Dkup.v.(a).¢ard.(y).pvdy 
F. #1012. DE:.(y)- pv gy.o: p.v. (a). pa (2) 


F.(1).(2). DF.. Prop 
#1021. F:.(2).pIgGux.=:p.d.(2)- ge | #102 = 


This proposition is much more used than *10°2. 


*10°22. a a a) 


Dem. 
F.*101. Di:(a). gr. Wwa.d. hs ry » (1) 
[*3°26] oF 
[*10-11] Dk: (y): (x) Ge.wpa. o py i 
[*10-21] Dhs. (0). pa. o.d.(y)-by (2) 
b.(1).438°27. Di. (x). dfa.pr.d.wz:. 
[*10°11]} Dk: (2): (@). pa. Wa. d. per 
[*10°21] -  Dhki.(w).phe.wa. dD. (2) pz (3) 


F.(2).(3).Comp. Dt :.(2). pv. pu. d:(y). py: (Zz). pz (4) 
F.*101411. DE: (y)s. (a). fui(a).perrd.dy.py:. 
[W021] Ds. (e).en(z)- er D.(y).dy-vy (5) 
F.(4).(5). Dt. Prop: ; 
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The above proposition is true whenever it is significant; but, as was 
pointed out in connexion with #1014, it is not always significant when 


- “(a). pa: («). x” is significant. 


«10221. If ¢x contains a constituent y (w y, 2,...) and we contains a con- 
stituent y (a, u, v, ...), where y is an elementary function and y, z,... u,v, ... 
are either constante or apparent variables, then $2 and y@ take arguments 
of the same type. This can be proved in each particular case, though not 
generally, provided that, in obtaining ¢ and y from y, x is only submitted © 
' to negations, disjunctions and generalizations. The process may be illustrated 
by an example. Suppose oz is (y).%(a, y)» 2. 6x, and a is fe. D.(y). (a, y). 
By the definitions of *9, da is (qy).~x (a, y) V Oa, and a is (y).~ fav x (a, y). 
Hence since the primitive ideas (x). Fx and (qa). Fx only apply to functions, 
there are functions ~y (2, pv 02, ~ Savx @, 9). Hence there is a proposi- 
tion ~y(a, b)v@a. Hence, since “pvg” and “~p” are only significant 
when p and q are propositions, there is a proposition y(a, b). Similarly, for 
some u and v, there are propositions ~fuv y (u, v) and x (u,v). Hence by 
*9°14, u and a,v and b are respectively of the same type, and (again by *9°14) 
there is a proposition ~favy(a, b). Hence (*9°15) there are functions 
~x (a, 9) v Oa, ~fav x (a, 9), and therefore there are propositions 


(ay) -~x(@, y)v Ga, (y)-~favx (ay) 


we. there are propositions ¢a, va, which was to be proved. This process can 
be applied similarly in any other instance. 


*10°23. Fs. (a). a cs 2(qv). Ge. d.p 


Dem. . 
«#42. (4908). Db. (a) ogav p.si(a)-wdw.v.p? | 
- [(«9°02)] =.(qz).ge.3.p (1) 


F.(1). (#101). Dt. Prop 


In the above proof, we employ the definitions of *9. In the alternative 
method, in which (qa). ¢a is defined in accordance with *10°01, the proof 
proceeds as follows, : 


*10°23. F:.(v). dv) p.=:(qx). G@.2..p 
Dem. 
F. Transp .(*10°01). D4 :.(qv).o@.3.pr=einp.d.(a).vga: 
[*10°21] Hi(a)i~p.d.~¢e: (1) 
[*10°1] Iinp.d.v¢g«: 
[Transp] 2: oa i) 5 Piss 


{*10°11] Dh:. (a) 2. (qx). Ge. DI. prdiduc.d.p: 
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{*10°21] Dk: (qr). gv. Dd. p:I:(a):¢e.3.p (2) 
F. «101. Dhs(a) i Ge.D.prIiprIdp: 

[Transp] 7 7 Iinp.d.vge:. 
{%10°11-21] Dk:.(a7): od. Dd. piI:(@):~p.d.v Ge: | 
[(1)] D:(qz).gr-D.p (3) 
F.(2).(8). a+. Prop . 


Whenever we have an asserted proposition of the form pD ¢z,.we can 
pass by *10°11:21 to an asserted proposition p.>.(a#).¢x#. This passage is 
constantly required, as in the last line but one of the above proof. It will 
be indicated merely by the reference “*10°11-21,” and the two steps which it 
requires will not be separately put down. 


*1024 bi gy... (qa). gba 
This is #91. In the alternative method, the proof is as follows. 


Dem. 
F.*1l01 Db: (2) whe. d.ngy: 
[Transp] Db: dy.d.~(2).~ge: 
[(*10°01)] DF. Prop 
#1025. +:(c).¢0.>.(qa). da [¥10°1-24] 


*10'251. | :(2).~d7.3.~{(x). ga}  [*10°25. Transp] 
#10252. bk: {(qx). da}. =.(a) wha [4-2 . (*9°02)] 
*10'253. | s~{(z). da} .=.(qav).~gu [42 .(49°01)] 
In the alternative method, in which (qa) . px is defined as in *10°01, the 
proofs of *10:252:253 are as follows. 
#10252. F:~i(qav).pe}.=.(x).~ge [#413 .(*1001)] 
#10253. b:~{(a). oa} =. (qa) .~pe 
Dem. ss 
Fe*l01. DEi(z). gx.d. py. 
[2°12] D> .~(~ gy): 
- [*10°11:21] D+: (2). gv. 3. (y).~(~ dy): 
[Transp] Dh iw{(y).~(~py)} -D-~{(z). ha}: 


[(#10-01)] Dkr (qy).wdy. Dm {(a)« da} (1) 
F.*1O1. Dhi(y).v(~gy). Din(~go). 
[*2°14] D. Gx: 


[*10°11-21] DF s(y).~(~dy). 3D. (x). da: 

[Transp] Dkin{(2).da}. — D-m{(y)-(~4y)}- 
[(x1001)) >. (ay) -~4y (2) 
F.(1).(2). D+. Prop 
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#1026. [:.(z).dzI Wz: g2:3.yu [¥101. Imp] 

This is one form of the syllogism in Barbara. E.g. put ¢z.=.z is a man, 
apz.=.2 1s mortal, =Socrates. Then the proposition becomes: 

“Tf all men are mortal, and Socrates is a man, then Socrates is mortal.” 


Another form of the syllogism in Barbara is given in *10°3. The two 
forms, formerly wrongly identified, were first distinguished by Peano and 
Frege. 

#1027. F:.(2z). gz Iyz.D:(2).Gz-3.(Z). pe . 

This is *9°21. In the alternative method, the proof is as follows. 

Dem. 

F.*1014. Dh:.(2).dzIpz:(z). pz: Id. gyI py. py. 


f Ass] a. Wy:. 

[*10°1]} Di: (y)2- (2). bz Pz: (z). oz: 2.Wy:. 

[xl021] Ds.(z). gz Iper(z). 2:9. (y)- Py . (1) 

t.(1).Exp. >. Prop 

#10271. Fr. (2). fz=pe.3:(2z)~62.5. (2). pz 
Dem. . 

F #1022. DF: Hp.d2(2z). dz Iz: 
[*10°27] D(z). 62. 3-.(z) pe (1) 
fF. #1022. Dt:.Hp.Id:(z). wed gz: , 
[*10°27] D:(z).pe.3.(z). $2 (2) 


F.(1).(2).Comp.3-F . Prop 
*10°28.  b:. (2). de Ida.D: (qx). Ga.d. (qx). va 
This is *9:22. In the alternative method, the proof is as follows. 
Dem. 
F.x1O1. Dk: (x). de IWe.d.fdyrIwwy. 


[Transp] a .wWwy I~ gy: 

[KlO-11-21] D+ 2.(2). da dpa. di (y)-~vy Indy: 

[*10°27] | 2:(y) mo py +I) oy: 

[Transp] >: (qy)- by >. (ay) + py DE. Prop 


«10281. b:.(a).o2= wa.D:(qa).de.=.(qw).ya [*10'22'28 . Comp] 
#1029. b:.(@). dad Wwar(c). gx dD yar =3(4) Gx. D2. pu. xe. 

Dem. 

F. +1022. Ds. (2). $a D po: (a). gx ya: 

| (a): gc Da. dur yx (1). 
' 4476. DE: ge dru. ha dyx.= 2 GL. dD. Wu. yet . 
felO ll} ODk:.(@):. ge Iwvae.drIye.=:$e.9. Ya. e XL ie 
[kl10-271] Dh:.(a): de dpa. du dye:=:(2):6e.D.Wae.ya (2) 
F.(1).(2).>F. Prop 


This is an extension of the principle of composition. 


I 


yi fll 
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*103.  F.(x). de dwa:(2). podya:d.(x). dad xx 


This is the second form of the syllogism in Barbara. 


Dem. 
F . *10°22-221 .Db:Hp.d.(a). ded wa. pedye. 
[Syll.410°27] > .(z). ga xx": D+. Prop 
*10°'301. | :.(2). das Wai(a). pes yur. (2). pez yx 
Dem. | 


F.#10°22-221 .26:.Hp.3: (2). dsape.pu=ye: 
[4°22.410°27] © D>: (x). pe = yex:. D+. Prop 
In the second line of the proofs of *10°3 and *10°301, we abbreviate the 
process of proof in a way which is often convenient. In *10°3, the full process 
would be as follows: 
F.Syll. DF: ger De. pedyx. Dd. ge Ddyu: 
[xlO11J Db: (2): dr IdIpe.padye.d.fadysx: 
[*10-27] DE: (a). da Da. padyr.d. (x). gad ya — 
The above two propositions show that formal implication and formal 
equivalence are transitive relations between functions. ; 
*10°31. Fs. (2). da dwa.di(a)idGu.yu.d.pa.ya 
Dem. 
F. Fact .*10°11 -Dhi.()s. ge dpa. die. ye. d.po. ye (1) 
F.(1).*1027. Ob. Prop 
*10°311. F:.(z). dvewo.di(a)iga.yx.=.pu.ye 
Dem. ; 
F.*4°36.%1011.5 i Gieges We Idx. ye. =.we.ye (1) 
F.(1).*1027. Db. Prop 
The above two propositions are extensions of the principle of the factor. 


*1032. /:dr=,pr.=. r=, pu 


Dem. 
F. 41022. 3b: dra, prs. ptr, yr. pod, du. 
[#43] =. par, he. pr rzpa. 
[*10°22] =.yr=,¢4:3+. Prop 


This proposition shows that formal equivalence is symmetrical, 


*10°321. F: ¢2 =, a. pe Hp XL. D. pu=_z yx 


Dem. 
F.*10°32. Fact. +: Hp.d. wes, px. px=zya. 
[*10°301] | >. Wax=eyx2 Dt. Prop 
*10°322. b ipo =, bx. yraz Gr. dD. r=, yx 
Dem. 


b.*1032.3+:Hp.d.Wr=,gr.ox=zya. 
[*10°301] 2.x =zxu: It. Prop 
R&Ww iI | 10 
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#1033. F:.(c):oa.p: 


=1(x). perp 

Dem. 
F.exlO1. Dk:.(a):gu.prd.gy-p- — (I) 
[*3:27] D.p (2) 
b.(1).*3'26. Db s. (x): gu. pid. dy: . 
([x10°11:21]  Dk:.(a)s:dhu.p:d.(y). hy (3) 
F.(2).(8). Dh: (aida. pitdi(y)-pyip (4) 
F.xlO1l. Dhi(y).dy. D- Ga. 
_ [Fact] Dhi(y)- dy: p:d.gu.pt. 
[xl011-21] Dki(y).gytprd:(z):Gx.p (5) 


+ .(4).(5). Dt. Prop 
#1034. /:.(qz). gcd p.=:(x).Gv.I-p 
This follows immediately from *9°05‘01 and *1°01. In the alternative 
method, the proof is as follows. 


Dem. 
F. #42 (#1001). 9 : 
bi.(qu).drdp. =i~{(x).~(pxDp)}: 
[46 1.*#10°271] =:~{(a): da.~p}: 
[*10°33] =inf{(z).pai~p}: 
[*4°53] =i~n{(x).ga}.veps 
[*4°6] =:(r).g".2.p 

«10°35. b:.(qz).p-gr.=:p: (qx) pa 
Dem. 


F.*326. DItip.gv.d.p: 
[xl011] Dk:(x):p.fe.d.p: 
[x10°23] Dk :(qe).p.fe.d.p (1) 
b.x327. Dkip.g2.I3.ga: 
[xlO11] Dki(e):p.¢e.d. ga: 
[x10°28] Dt:(qr)-p.oe-.I. (qx). pu . (2) 
b.xB2. Dkr p.d:Ge.Dd.p.gGa. 
[xl011-21] Dbi.p.d: (a): pe.d.p. gu: . 
[¥10°28] D:(qz).px.D.(qx)-p- he (3) 
t.(1).(2)-(3).Imp.F . Prop 

«10°36. b:. (qv). pavp.S: (qx). Gu.V.p 

This follows immediately from *9°05. In the alternative method, the 
proof is as follows. . 


Dem. 
t. 4°64. Dtidavp.=.vor Ip: 
[*10-11] Di:(a): Guvp.=-~Ge Ip: 
[*10°281 ] Dh:.(qur). gavp.=:(qz)- ~grr pt 
[*10°34] . =:(2).~g@. Jip. 


[*4°6.(*10°01)] (x) PL.V- pt. DE. Prop 
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The above proposition is only required in order to lead to the following: 

#1037. 1s. (qz).p>oe.=:p.>.(qa). go [#1036 =P] 

#1039. Fs. dr, yu: ard, Ox PI Ge. pu. dz. Xr. Ox 


Dem. 
+. *1022.D+:.Hp.d:(z2): ded yu. werd Ox: 
[#3°47 10°27 | D:(a): da .pa.d.yax.0a:.53+. Prop 


This proposition is only true when the conclusion is significant; the 
significance of the hypothesis does not insure that of the conclusion. On the 
conditions of significance, see the remarks on *10°4, below. 


*104, 0 Fides, yx os, 0r. ID: ba. yr.sy,. xu. Oa 


| Dem. 
F.*10°22 . Db: Hp.d: $e dz yx. We dz Ox: 
[*10°39] DI: G2. Wr. de. ye. Ox (1) 
Similarly bs, Hp.D: y%.0a.9,. 62. wa (2) 
F.(1).(2).Comp.3t:. Hp. di: da. we. dp. ya. Our yx. 00. De. Ge. Wu 
{*10°22] DI: oe. wa.=,. yx. On:.5+. Prop 


In *10°4 and many later propositions, as in *10°39, the conclusion may be not 
significant when the hypothesis is true. Hence, in order that it may be legiti- 
mate to use *10°4 in inference, 1.e. to pass from the assertion of the hypothesis 
to the assertion of the conclusion, the functions ¢, ar, x, 9 must be such as to 
have overlapping ranges of significance. In virtue of *10-221, this is secured if 
they are of the forms F {x, y (a, 9,2, ...)}, f {x, x (a, GY, 2,...)}, G fa, x (a, 9, cary |e 
9 \%, x (@, §, 2, ...)}. It is also secured if @ and w or @ and 6 or y and ¥ 
or x and @ are of such forms,.for @ and y must have overlapping ranges of 
significance if the hypothesis is to be significant, and so must and 6. 


*10°41. F:.(@).gx.v.(x).perd.(2). davYpr 


Dem. 
F.xlO1. Di:(a). da.d. dy. 
[2:2] 2. dyvvy (1) 
F.*101. Di(a).pu.Ddapy. 
[*1'3] >. dyvyy (2) 
F.(1).(2).*1013. 35s. (2). Gr. Dd. gyv py: (2). pr. d.dyvpy:. 
[*3°4.4] Dk: (a). da.v.(a). par d.gyvypy 
[*10°11:21] Dhi.(2).pe.v.(4). ward. (y)-gyvpy:. DF. Prop 


Observe that in the above proof the uses of *2°2 and *1°3 are only legitimate 
if dy and yy have overlapping ranges of significance, for otherwise, if y is such _ 
that there is a proposition ¢y, it is such that there is no proposition yy, and 
conversely. 


10—2 


148 MATHEMATICAL LOGIC [PART I 


*10°411. bs. dra, ye. apo =, Oa. >: PLV WH + =_. YLV Ox 

Dem. 7 
F.*1014.5+: Hp. do: ¢rayr.we= On: 
[*439] Di: dtvyr.=.yrv Ox (1) 
F.(1). *10°11-21.34. Prop 
*10412. : ¢2=,Wa.=.~dvezrya [#411.*1011-271] 
*10413. Fs. dv =, yu. wou, 00.3: ge We. =_. 4x D Ox 

Dem. : 
t .#10°411:412. Db. Hp. Dindavwe.=z.~yxev Oa 

[(*1°01)] 2: da I War. =,. 4" 2 0x:. D+. Prop 

*10°414. a a a 

Dem. 


v, 6, 9, x 
F, eS ae ao vive: »*10°32.5:.Hp.d: Melee: =,.02) xa (1) 


F.#10°413 (1). «104. 2+. Prop 

The propositions *10°413°414 are chiefly used in cases where either x is 
replaced by ¢ or @ is replaced by yf, in which case half the hypothesis becomes 
superfluous, being true by *42. 


*10°42. 3. (qa). gx.v.(qu)-Wer: 2. (qx). Pavia 


Dem. 
F.*10°22. D3. (4) ~~ Ga: (et) .~ pers .(2).~dt.nwpr: 
[*4°11] Dh sv {(2) vga: (a) wpa} .=.nf{(2) wba .rpa}: 
[*4°51°56.410°271] Dh s.~{(x). vga} .v.rf{(e) wa}: 
| Bw {() -o(Gev po) t 
[*10°253] Dh i. (qr). pe.v. (qr). por=.(qz).duvypa: 
2+. Prop 


This proposition is very frequently used. It should be contrasted with 
*10'5, in which we have only an implication, not an equivalence. 


#1043. Fidz=,pz.2.=.$2=, pz. we 
b.xlO1. Db: g¢2=,W2.9.gv= wa (1) 
F.(1).*532.96+. Prop . 


#105. ob :.(qv). pa. wa.d: (qa). ba: (qr). wa 
sti #326. #1011. Db: (a):dx.yo.d. da: 
[*10°28] Dh: (qe).du.wa.d. (qx). bx (1) 
F.*3°27.x1011. DF. (a): gu.pu.d.we: 
['*10°28] Dh :(qa).dv.wa. dD. (qa). pe (2) 
F .(1).(2).Comp. 3 :. Prop 
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The converse of the above proposition is false. The fact that this 
proposition states an implication, while *10°42 states an equivalence, is the 
source of many subsequent differences between formulae concerning logical 
addition and formulae concerning logical multiplication. 


#1061. Fin {(qr). da. vo}. =162.2,.~ pe 


Dem. 
F.*10°252. Db s.~{(qa). be. pa}.=:(#).~ (be. a): 
[*4°51°62.%10°271] «2 (a@)i de. d.~pe:.D+. Prop 
*1052. F:.(qr).gv.3:(2). pad p.=.p 
Dem. 
F.#55.Db:: Hp.d:.p.3:(qz).gu.d.p: 
[*10°23] =:(z).¢zI p:: I+. Prop 
#1053. b:..(qz).dx.D:62.2,. Wr 
Dem. 


F.*2°'21.*10°11.5 

k:.(x) vor. Digr.d.wes . 

[*10°27] Dis. (x) .whe.d: (a): Ge. d.e:. 

[*10°252] DF s.v(qa). pe. D2 (x): Ge. 3. wor. Dt. Prop 
*10:541. bi. dy. D,.pvpy:=ip.v. gy dy wy 


Dem. 
F.#4e2. (#101). DF :. py. Dyepvpyi=i(y).~hyvpvypys . 
[Assoc.*10°271] =:(y).py~gyvyy: 
[*10-2] =ip.v.(y) -~gyvypy: 
[(*1°01)] =ip.v.dy dy vy: . Prop 


The above proposition is only needed in order to lead to the following: 
10542, Fi. dy. Dy-pIpy:=ip.d. py dy Wy | #10541 =| 
This proposition is a lemma for *84°43. 


*10°55. b:.(q2).gr.we: gr dD, pors: (qe). gu: gad, bx 
Dem. 


biah71. Dh i.dcdyr.didc.yr.=. ge (1) 
F.(1).*10°11:27.5 

bi.gaD,wu.D:(“): pe.pu.=.ga: 

[*10°281] 2: (Gx). par. pa. =.(q2). da (2) 
F.(2).*5°32.54+. Prop 


This proposition is a lemma for *117°12°121. 


150 MATHEMATICAL LOGIC [PART 1. 


*10°56. Fs. 6v.d,. pu: (qu). de. yor. (qr). pu. ye 


Dem. 

F.x1031. Di he. De. Wer Di Pe. ye. De. We. ye: 

[*10°28] D:(qx)-de.yr.D.(qx)-We.ye (1) 
F.(1).Imp. DF. Prop 


This proposition and *10°57 are used in the theory of series (Part V). 
#1057. Fi. gv.d,.Wevyrid: br degWx.v.(qx). Ge. ye 

Dem. 
+. 10°51. Fact. 
bs. be. Dee PUVyei~(Ye)- Pe. KEE I Pe. Dee WLV YH IPGL» Dp ew XL? 
[*10°29 ] Di Gl. Dz WV yL.~ya: 
[5°61] I: G2. Id, va (1) 
F.(1).%56.D5. Prop 


«11. THEORY OF TWO APPARENT VARIABLES 


Summary of *11. . 

In this number, the propositions proved for one variable in *10 are to be 
extended to two variables, with the addition of a few propositions having no 
analogues for one variable, such as 411°2'21-23-24 and #11°53'556°7. “p(a,y)” 
stands for a proposition containing # and containing y; when # and y are un- 

“assigned, ¢ (2, y) is a propositional function of x and y. The definition #11:01 
shows that “the truth of all values of ¢ (2, y)” does not need to be taken as a 
new primitive idea, but is definable in terms of “the truth of all values of yz.” 

- The reason is that, when « is assigned, ¢(«,y) becomes a function of one 
variable, namely. y, whence it follows that, for every possible value of 2, 
“(y).(x,y)” embodies merely the primitive idea introduced in #9. But 
“(y).b (a, y)” is again only a function of one variable, namely 2, since y has 
here become an apparent variable. Hence the definition *11°01 below is: 
legitimate. We put: 


411-01. (0, y)-(@y)-=:@2y)-o(my) = s—~=*éE! 
#1102. (2, y,2)-6(,y,2)-=2(@)2(y2)-O@Y: 2) Df 
#1103. (qa, y)-$(@ y)-=3 (a2)? (ay) -@Y). Df 


#1104. (qx, y,2)-6(%, y, 2) +=! (G2): (AY, z). O(a, Y, 2) Df 

#1105. $(2,y)- Day VY = TZY)Eb™ y)- Dd. (e,y) Df 

411-06. (a, y)- Say -V(@Y)F=1@Y) EO, y)-=.(a,y) Df . 
All the above definitions are supposed extended to any number of variables 
. that may occur. : 

The propositions of this section can all be extended to any finite number 
of variables; as the analogy is exact, it is not necessary to carry the process 
beyond two variables in our proofs. j . 

In addition to the definition *11°01, we need the primitive proposition 
that “whatever possible argument « may be, ¢ (2, y) is true whatever possible 
argument y may be” implies the corresponding statement with x and y inter- 
changed except in “#(z,y)”. Either may be taken as the meaning of 
“g(a, y) is true whatever possible arguments 7 and y may be.” 

The propositions of the present number are somewhat less used than those — 
of #10, but some of them are used frequently. Such are the following: 


#111. F:(@,y)-$(@y)- >.¢ (4, wv) 
¥11-11. If $(z, w) is true whatever possible arguments z and w may be, then 
(x, y)~ $ (a, y) 1s true 

These two propositions are the analogues of *10°1'11. 
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¥112. Fi(a,y). b(a,y)-=-(y,2)-$ (ay) 

Le. to say that “for all possible values of a, p (a, y) is true for all possible 
values of y” is equivalent to saying “ for ae possible values of y, p(a, y) is 
true for all possible values of «.” 

(MIDS. biped. y).(@y)i=i(@y)ip.d. P(9) 

This is the analogue of #1021. 

#1132. Fi. (@,y)2$ (ay). 2. Ww y)22:(@y)-b(Gy)-D (ay) H (BY) 

Le. “if $(«,y) always implies y(a,y), then ‘(z, y) always’ implies 
‘ah (a, y) always.” This is the analogue of 10°27. *11:33'34341 are respec- 
tively the analogues of *10-271-28-281, and are also much used. 

*1135. bi. (a, y) h(a, y).>.pr=: (aa, y)-$(ay). Dp 

Ie. if (a, y) always implies p, then if ¢(a, y) is ever true, p is true, and 

vice versa. This is the analogue of *10°23, 


w1L4. 2. (qa, y)tp. 6 (ay)? = 1p? (Ha, 9). $(@, y) 

This is the analogue of *10°35. 

#1154. Fs. (qa,y). du. wy.=: (qu). ba: (qy) Wy 

This proposition is useful because it analyses a proposition containing 
two apparent variables into two propositions which each contain only one. 
“dx .Wy” is a function of two variables, but is compounded of two functions 
of one variable each. Such a function is like a conic which is two straight 
lines: it may be called an “analysable” function. 

#1155. bs. (qa, y). pe. (ay). =: (qa): brs (Ty). (a, y) 

Ie. to say “there are values of « and y for which oz. (a, y) is true” is 
equivalent to saying “there is a value of «for which gz is true and for which 
there is a value of y such that yp (a, y) is true.” 

116. Fit (qa): (ay). 6(@ 9)» by tx@ te = te (GY) te (Ge) (ay) xeE py 

This gives a transformation which is neefal4 in many proofs. 

#1162. Fir pa. (2,y)- Day +X (GY) i =i pe. Dz th (%, Y) «Dy X (HY) 

This transformation also is often useful. 


#1LOL. (2,9). 6 (a, y)-=1(0)#(y) h(a y) | Df 
*1102. (a, y, 2). h(a, y, 2).=:(#)2(y, z)- h(a, y, 2) Df 
*1103. (q4, y)-$ (a, y).=: (qx): (ay). $(2,y) | Df 


1104 (Ge, y, 2). O(a, y, 2)-= 2 (Ge)? (GY, 2) (@Y, 2) | Df 

*11°05. $(2,y)- Izy (a, y)i=2(2,y):$(a, y).D.v (a, y) Df 

*11-06. $(@,y)-=2y-v(@y)t=:(%, y):6(4,y).=- (a, y) Df 

with similar definitions for any number of variables. 

*1107. “Whatever possible argument x may be, $(2,y) is true whatever 
possible argument y may be” implies the corresponding statement with # and 
y interchanged except in “$(a, y)”. Pp. 
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*111. F:(z,y). $e Y)+2-$(z,w) 
Dem. . | 
F.xl01.3+:Hp.d.(y). (2, y). 
[#101] 2.6(4,w): D+. Prop 
*11-11. If $(z, w) is true whatever possible arguments z and w may be, then 
(a, y)- (a, y) is true. 
Dem. 
By «10°11, the hypothesis implies that (y).¢(z,y) is true whatever 
possible argument z may be; and this, by *10-11, implies (a, y). ¢ (a, y). 
#1112. Fs, (2, y).pvb(@y)-Dip.v. (a, y)-$(ay) 
Dem. 
F.*xlO12.db:.(y).pvgp(ay). DIip.v.(y).b(4,y) 
[¥*10°11:27] DF. (av, y) pv (a,y).D:(w)ip.v.(y). h(a, y): 
[*10°12] D:p.Vv.(2,y)- h(a, y)t. IF. Prop 
This proposition is only used for proving *11°2. 
*1113. If ¢(@, 9), (2,9) take their first and second arguments respectively 
of the same type, and we have “+. (a, y)” and “F.y(a, y),” we shall have 
“EF. (a, y).(a,y).” [Proof as in *10°13] 


*1114. Fs. (,y).6(a,y)i (ay) v(ey)tI:O(z, w).(z,w) 


Dem. 
F.*1014.5 Fr. Hp. d:(y)- (zy) y)- (zy) 
[*10°14] Dd: (z,w).W(z, w):. Db. Prop 
This proposition, like *10-14, is not always significant when its hypothesis 
is true. #11°13, on the-contrary, is always significant when its hypothesis is 
true. For this reason, #1113 may always be safely used in inference, whereas 
*11:14 can only be used in inference (t.e. for the actual assertion of the con- 
clusion when the hypothesis is asserted) if it is known that the conclusion i 18 
significant. 


"112. F:(2,y).6(a,y)-=-(y,2).6(a,y) 
Dem. 
Fe xlll. Dh:(2,y)- (4, y).d.4(2, w) (1) 
fae donee Di :.(w, 2): (a, y)- -$(a,y). I. (2, w) (2) 


Fs rs Y)-b(@y)-I-(w, 2). $(z, wv) (3) 
Similarly F :.(w,z)-(z,w).D.(@, y) h(a, y) (4) 
F.(3).(4). DIF. Prop 
Note that “(w, z).6(z, w)” is the same proposition as “(y,z).¢ (x, y)”; 
a proposition is not a function of any apparent variable which occurs in it. 
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#1121, +: (x, Y, 2) + h(a, ¥, 2) «=o (y, 2, 2) h(a, y, 2) 


Dem. 

[(4#11-01°02)] Fs: (a, y, 2). h(a, y, 2). =. (x). (y) 2 (2). (4, y, 2) & 

[*11-2] =1.(y):.(x@)2(z). O(a, y, 2) 

[*11-2.%10°271] =s.(y)2.(2) (a). P(ayy, Zt 

[(*11-01-02)] Sh (y, 2,2). (a, y, 2)2: DF. Prop 
*1122. F:(qe,y). O(a, y)-=-~(@Y)-~d@y)} 

Dem. 


F .*10°252 . Transp . (11-03). 5 
bi (qe, y)- p(x y)- o> {(a):~ (ay) 6(@ y)} - 


ill 


[*10°252:271] -~ {(x):(y)-~ $(2,y)} - 
[(*11°01)] =.rf{(,y).~ (2 y)} i IF. Prop 
#1128. 1: (az, y).6(0,y)-=-(ay,2)- (ay) 
Dem. 
b. #1122. Db syqa,y)-b(@, y)-=-~{((@%y)-~o(a,y)} - 
{*11-2.Transp] =.~ {(y,2).~ (2, y)} » 
[*11-22] =.(qy, x). f(x,y): Db. Prop 


w1124. F2(qa,y,2)-6(@ y2)-= (ays 22) $(mY,2) 
Dem. 


[(*11-03:04)] F :: (qa, y, z)-¢ (2, Yy, 2) «= te (qe) t- (Ty) 2 (Gz). (2, Y, 2) 


[¥11°23] = =. (ay) 2. (ax): (q2)-6(@y 2) * 
[#11-'23.*10°281] =:.(qy) i. (qz) 1 (qx). b(@, y, 2) & 
[(#11:03-04)] =1.(qy, 2, £2)» p(w, y, 2) 22 DF. Prop 


#1125. bin ((qa,y)- O(a y}-=-(@Yy)-~h (wy) (#1122. Transp | 
#1126. Fs. (qa): (y)-6(@, y)2 32): (Az) $(@,Y) 
Dem. 
F.#101:28. DF :.(qa)2(y). $(a, y)t D2 (Gz). b(2,y) (1) 
F.(1).*10°11°21 . 5+. Prop 
Note that the converse of this proposition is false.. E.g.let (a, y) be the 
propositional function “if y is a proper fraction, then x Is a proper fraction 
greater than y.” Then for all values of y we have (qx). (a, y), so that 
(y): (qx). p(«,y) is satisfied. In fact “ (y): (qx). (x, y)” expresses the 
proposition: “If y isa proper fraction, then there is always a proper fraction 
greater than y.” ‘But “(qz):(y)- (a, y)” expresses the proposition: “There 
is a proper fraction which is greater than any proper fraction,” which is 
false. ; 


#1227. b:.(qa,y)1(qz)- (a, y52)2 = (He) 2 (GY, 2)» (@Y, 2)? 
=2(42,y,2) +P (,Y, 2) 
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Dem. 
F #42. (#11703). > 
bs: (qa, y)2(qz)-$(a, y,2): = (qe) (ay)? (az)-$(@ yz) (1) 
b, #4°2.. (11°03). 3 
b:.(qy): (Wz). $ (ay, 2)? =2(Gy2) -b(@, y 2) (2) 
F..¢2) . #10°11-281 . 3 
bez (qa) t. (qy): (G2)+ b (a, y 2) = (qe): (ay 2). $(@, 4,2) (8) 
F .(1):..(3) . (#1104). 3.F . Prop: : 
All the propositions of *10 have analogues which hold for two or mere 
variables. The more important of these are proved in. what follows. 
"113, Fip.d.(a,y).O(@ yt=i(@ yi pr d-b(ey) 
Dem. 
F. #1021. 3s. p.d.(2,y)-b(a,y) t= 2(@)2p-9-(y)-6(@y)? 
[10-21-2713] =:(@,y):p-D. (2, y)t. I+. Prop 
x11°31. bs. (x.y). $(0,y)1 (Gy) GY) t= 1@Y26GY)- ¥GBY) 
Here the conditions of: significance on the right-hand side require that . 
¢ and ¥ should take arguments of the same types. ; 
Dem. 
F. #1022. 5 Fir (w, y). b (ey)? (a y). (ey): 
| = 1.(2) -(y)-$ (wy) 2(y) (wg) 
[*10°22-271], (a, y) 2. O(&, y)- (a, yy it DE. Prop 
The proofs of most of the following propositions are conducted exactly as 
those of *11°3°31 are conducted: the analogous proposition in *10 is used 
twice, together with *10°27 or *]0:271 or *10-28 or *10°281 as the case may 
be. When proofs conform to this pattern we shall merely give references to 
the propositions used. 
*11:311. If (2,9), (2,9) take arguments of the same type, and we have . 
“bk. d(a,y)” and “F.pr(a,y),” we shall nave “koh (x,y) (@,y).” [Proof 
as in *10°13.] 


#1132. Fs.(a,y)ib(a,y)-I.P(@y)rI:(@y)-d(a,y).d.(a,y) (ay) 
| [x10-27] 
*1133. Fi.(z,y):-6(@,y).- =. (e%yrI:(e y)- h(a, y)> 


-(2,y)» vay) 
[*10-271] 
#11340 Fi(ay)id(a,y).I.v(@yrd: 
(q2,y). h(a, y). Dd. (qe, y)- (x,y) [10-27-28]; 

#11341. F:.(2,y): O(a, y).=.P(my)id: 

(qx, y)-$(2,y)- =. (qz, yw (ay) [*10271-281] 
#1135. F:.(@,y)i:¢(a,y).d.pr=i(qz,y)-b(@,y).D.p  [%1023-271)] 
ee F:f(Z,w).D.(q,y)-b(a, y) 

em. 


IN 
Ml 


Feel. ODEs (a,y).~O(@,y)-I-~ OZ, w) (1) 
F.(1). Transp. D+. Prop 
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¥1137. bis(a,y)ib(@,y).D.v(ay)s (ay) i (ay) - D>. (4, y)% 


D3 (a, yy b(a,y)-d-x (HY) 
Dem. 


In the following demonstration, “Hp” means the hypothesis of the propo- 
sition to be proved. We shall employ this abbreviation, whenever convenient, 
in all cases where the proposition to be proved is a hypothetical, ie. is of the 
form “pDq.” Similarly “ Hp (1)” will mean “the hypothesis of (1),” and 
SO On. 

F.#1131.3¢:: Hp. 3:.(2,y)2.6(2,y)-d.v(ay) iv (a y)-d-x(@y) (1) 
F. Syll. 1111. 3b (a,y)t.6(2,y)-D-(a,y) 4 (a,y).Dd.x (ay)? | 
D:6(&,y)-D.y (ay) it 
[*1 1:32] ODEs (a yi G(@y) De P(ayiv(ay). Dd. (ay): 
D(a y)iP@y)-I-x@y) (2) 
F.(1).(2).Syll. D+. Prop 

The above is a type of proof which recurs frequently in what follows. 
Proofs conforming to this pattern will be indicated only by the numbers of 
the propositions used. 


*11°371. Fi: (a, y)i6(@y)-=-b(@y)ie (my iv(ey)-=-x(Gy)t 
Di (4, y)2 6 (a, y)+=-x (a, y) [*11'3111°33] 
#1138. F::(2,y):$(a, y)-d.W(a,y) 1.3: 
(x,y) 6(@,y)+K(G,y)- De p(a,y)- x(a, y) [Fact - #111132] 
#1139. Fs: (a, y)ib(a,y) Dd. W(a, y)te(@,y) tx (4, y).D.0(a,y)t. 3 
(2, y): (x, y)-xX (4, y)-D.W (a, y)- O(a, y) [*3°47. #111132] 
*11°391. Fi: (a, y):6(z,y)- Dd. Way)? (4 y)tO(G%Y)- Dd. (ay) 
| : =1(2,y)?b(Z,y)- I. (a,y)-xX(@,Y) 
Dem. 
F.x476.  Dki day). dopey): h(By)-d-x(%y): 
=:O(@,y)-d-P@y)-x@y)? 
[#111133] Dh:.(@,y)ib(a,y)-d.v(eyio(ay).d-x(a,y): 
=1(@,y)t h(a y)-IeP@y) xy) 
{*11°31] © Dhiz(w,y)r h(a, y)- Deb (x,y) (a, y) 2b (ay) DX (a, Y)t 
| | =1(@, Yi G@y)-I-¥@y)-x@y)s 
DF. Prop . 
*114  Fis(a,y): h(x, y)-= Vey) (@YIx(@,y)-=-O(a, yn de 
. (2, y)?P(@,9)-X@,Y)-=- (a, y)-9(2,y) , 
em. 
F. #1131. 3b:: Hp. 3s. (a, y) 2.6 (0, y) =. (@, y) 2x (a, y).=+9(a,y) i 
[*4°38.4111132] Os. (a, y) 2 O(2,y)- x(a, y)- =. (a, y)- O(a, y) 3 
D+. Prop . : 
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*11-401. Fi:(a,y):d(4, y)-=. (a y)id: 
Yb @Y) XY) =v (ay)-KX(Y) [wi % ; 1a| 
*11-41. F:.(qa,y). (a, y):v: (qa, y)- (a, y): 
: =i(qz yt O(@%y)-vev@y) [*10-42°281] 


*1142, Fs. (qa, y). $ (2, y)- (a, y)- a: (qa, y)- (x,y): (G2, y) (zy) 
[*10°5] 


#11421. 2. (a, 9). $ (0 DV (%9): vG yt I(x, y)ib(a,y).v.(a,y) 


[11 42 ~f oad - Transp. #4: 56 
- *11-43. Fs. (qa,y):b(a,y).dI.pr=i(a,y).d(a,y).-D-p [*1034281] 
#1144. F:.(a2,y): O(a, Y) «Ve pr=i(z,y)-$(%,y)-Vv.p [*10°2:271] 
*1145. F:.(qa,y)ip. (2, y):=:p:(qa, y)- (2, y) [*10°35:281] 
#1146. F:.(qa,y)ip.d.¢(@, yi=ip.d.(qu,y)-o(a,y) [*10°37-281] 
*1147. Fs.(ay)ip.d(a,y):=:pi(a,y)-(2,y) [*10°33°271] 
*115. Fe (qe) {(y) - d(@y)}r=ir{@y)- o@y}tS 1 (qa,y).~ (ay) 
Dem. | 
++ #10253. Db :.(qa)i~{(y)- (a, yp s =~ (xz): (y)-b(@, y)} 
[(#11-01)] =t~ (a, y) + $ (a, y)} (1) 
F. 10253 .Dbi~ f(y). p(a,y)}- = (GY) «~h(a&, y): 
[¥1011-281] 9 Fs. (qa) ~{y)-$(@ y)} t= (Ga)? (Hy) ~~ (a, y): 


[(*11-03)] 
F.(1).(2). DF. Prop 
¥1161. Fs. (qa): (y)-6@y)rsi~[(2): (ay) -~O(@, y)} 
Dem. 
F .*10'252. Transp. D1 :.(qz):(y). (a, y): 
F. #102538. DE s.(y).6(a,y)- 
[xlOTL271J DF: (x) rn(y). g(a, y): 
[Transp] JIFi.n[(e):~{(y)- (a, y)}]- 
F.(1).(2).3F. Prop 
#1152. F:.(qx,y)-b(2.y)- (ay) =~ {@y)ib(ay)-d-nH(2,y)} 
Dem. 
b . 451-62. > 
Fi lO@y-bay}. =16(#,y).I-~v(e,y) (1) 
F.(1).#11°11'33.D : 
F(t y)-{b@y) P(e Yr=2@y)tb(@y)-Ienp(zy) (2) 
F:(2). Transp .*11:22.>+. Prop 
#11521. Fi.~ (Gz, y). b (ay) oh (ey) = 2 (a, Yi h(a, y)- I. (x,y) 
~v¥ (2, | 
(ey) 


2 (qa, y)-~o(a, y) (2) 


i~[@i~Yy)-o@y] (1) 

2(Y) -~ P(x, y) & 

5 (@) (GY) -~p(a,y) i 
~{(z):(qy).~ (2, y)} (2) 


i We Won 


[x11 52. Transp. - 
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*1153. ++. (a, 9). de Dy. (ge) ~ pe. Dy) wry 
Dem. 
+.#10°21:271 . DF 2-(x, — ha Day = 2 (2) 2 Po. Daly) Py 
[10°23] Sa(qv). de. D .(y) «yt. Dt. Prop 
#1154. + 262, Ya Ge. y= 2 (Gr). br: (Gy). Wy 
Dem. 
+.#1035. Dri. (qy). dx. py. 
[*10°11-281] DE :. (qa, y). pa .apy.=2(qer): per(qy)- vy: 
{*10°35] 2 (qx) «pa: (Ty). Wy %D.F ..Prop 
This proposition is-very often used. 
*11:55.  b:.(qa, yy). bx. W (a, y). 22 (qa): bei (qy)- (zy) 
Dem. 
F. #1035. DF. (Ay). Gr. (a, y)- =1 per (qy)-W@y) 
[H1011]  DEs.(a) 2(qy) da. p(w, 9). =i ber (ay) (ZY) t | 
[#10281] Dt :.dqa): (Ty) Pe. ap (x, y)«=i (Ga)s ui (Gy). W(a,y)i- IF. Prop 
This proposition is very often used. 
#1156. b:.(2)-hoi(y).pyt =i (a, y oda ay 
Dem. 
b.#1033 DF st (a) has (y). bys 


has (Ty). Wyss 


i ail aK 


nn gery)vy 


+ .*1033.>5:. gay). py: =: do. px ryt 

[M1011] Dhi.(z)mgerly). py: =t(y). Ge. py? 

[*10°271] Db s(x): pai (y). py =2@) 2 (y)- gupy: 
[(#11-01)] =1(0,y).oovy (2) 
F.(1).(2}.9:F. Prop 


#1157. F:(c).ga.=. (x,y). Ge. py [1156 . 424] 
The use of *4:24 here depends upon the fact that (x). dz and (y). dy are 
the same proposition. 
#1158. b: (qa). oo. =. (qa, y) ge edy -[H1154. 44-24] 
#1159. bs. G2. 9,. Was =i ht oe Py « Days WC. Wy 


Dem. 
b.*1L57 Db. be. dee PurHi(a,y) ior. d.por poy. dey: 

[8°47 11°32] Dr(a, y)i Pe. dy. Dd. pu.wy (1) 
F.xlll . Db:(@,y)i da. gy.d.We.py: Di Gx. gy. d.pu.wy (2) 
(2) -ab24. DF: Hp(2). Diba. ye (3) 
+.(3).*1011-21.3 


bi. (a,y) 2 Gz. gy. Dd. po. pyi di ga. dz. or (4) 
F.(1)-(4). 35. Prop 
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#116. ::(qa):-(qy)-$(2,y)- vy 2 yet. = te (GY) (GX). O(a, y) XE EWY 
This proposition is very frequently employed in subsequent proofs. 
Dem. 
b.*1035. Dk: (qy)- O(a, y)-wyrxer=i(ay)i O(@Yy) vy - Ket 
[*#10°11:281] DE ts (qa):.(qy)-b(2, y)- vy: xe: 
| | =. (qe): (Gy) $@ y) vy xe 


[*11-23] =e (HY) 2+ (AX) P(%, Y)- PY YES 
[*11:341.Perm] =:.(qy):- (Gz). 6 (a, y)- xu Wy 
[¥*10°35°281] =:.(qy)2- (qx). o (ay). xarpyt Db. Prop 


*11°61. bs. (ay) 1G2.22-P (4, yi ID: be.9,-(qy)- W(Z, y) 
Dem. 
+ .*11:26.5:: Hp.3:.(2):.(qy): dx. 9-H (2,y) (1) 
t .*10°37 Db 3. (qy): dr. 9. v(a,y)2 3: 64.9. (qy)- yz, yy): 
(*10°11-27] Db ss (x) :.(qy): ov -D. (a, y)2.3:.(x):p2.3.(qy).(a,y) (2) 
t.(1).(2). +. Prop 
*11:62. bir gaey(a,y)-Dey+X(@,Y) t= 2 Pl. Det (zy). Dy. x(a, y) 
Dem. 
F .#*4°87 .*11:11:33.) 
bis pu. (a, y) «Dey X(LY)? 


r.(a, y) ts Ge. D2 (a, y) +d. soe 
[#10:21°11:271] 


2. (x) 2. pr. Dz (y)2 ¥ (a, y)-D xe y) 
+. Prop 


u WU 


*11 i Fr. (qa,y)- P(@Y)- 92 h(2,y)- Jay P(@Y) 
em. 

F.*2°21 e111. Db: (a, y)2~o(a,y). 2 h(a, Y) =» D(a, y)t 
[41°32] Dh 3.(a, 9) ~h(@,y)-D2 (my) pla, y)-D-4(a,y) 
[¥1125] DF .w(ge 9). G(@,y)-D=(@ 9)? G(@,y)-D.#(@,y) 
. . 2+. Prop 
"117. Fs. (qu,y)i (a, y) Vv. p(y, x) 2 =. (qa, y). 6 (a, y) 

Dem. 
F.#11-41.56 :. (qa, y):p(a, y)- Vv. pty, x): 
: (qa, y)+ (a, y) «Vv «(ax, y)-bLy, 2): 
[411-23] (G2, y)- f(z, y¥)-V.(HY, )- p(y, x): 
[4°25] :(q2, y)-$(2,y):. D+. Prop 

In the last line of the above proof, use is made of the fact that 

(a2, y)- $(@,y) and (ay, a). p(y, 2) 

are the same proposition. 


uo Wl 


The first use of the following proposition occurs in the proof of *234-12. 
Its utility lies in its enabling us to aa from a hypothesis 
$2» XW» Dz, w+ pee bw, 


sonbeaning two apparent variables, to the product of two hypotheses each 
containing only one. 
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#1171. bi: (qz). dz: (qw).xw:D:. | 
PZ Dee W2EXW 1 Dye Ow =i hs. Kw. Dz we Ps. Ow 
Dem. 

fF. #101 .%3°47 . DF 662.92. pzi yw. dy. Ow: 

. | I:dz.yu.d.yz. Ow (1) 
‘Fi (1).#11113.9F 2. 62.9,. pe: yw. dy. Ow: 

D2hzZ-YwWedzwePz.Ow (2) 

F.#e1OL Dhi hz. yw. Dz we WZ. Owi di. hz. KW. Dy. Pr. Ow:. 


[*10°28] D:.(qw).6z.yw.d.(qw).wz.dw:. 
[*10°35] D:. 62: (qw).ywidipes (qw). Ow 
| (3) 


+. (3).Comm . #3'26. DF i: (qw).ywid:. 62. yw- Dew We. Ow: 
| Digs. Die (4) 
F.(4).*1011:21. 5b 2: (qw). yw. D2. G2. YW. Dz we Pe. Ow: 
I:Gz.9,.Wwz (5) 
Similarly kis (qz). bz. D2. h2.yWe De we Ps. Ow: : 
a D:yw.D,.dw (6) 
F.(5).(6).*3'47.Comp.> . 
Fir: Hp. Di. Gz. YweDzwe WZ. Owi Di hz. 92. Wet yWs Dw. Ow (7) 
F.(2).(7). DF. Prop a 


*12. THE HIERARCHY OF TYPES AND THE AXIOM 
OF REDUCIBILITY 


The primitive idea “(x).¢a#” has been explained to mean “dz is always 
true,” ze. “all values of ga are true.” But whatever function ¢ may be, there 
will be arguments « with which $a is meaningless, i.e. with which as argu- 
ments ¢ does not have any value. The arguments with which dz has values 
form what we will call the “range of significance” of ga. A “type” is defined 
as the range of significance of some function. In virtue of *9:14, if da, dy, 
and wa are significant, .e. either true or false, so is wy. From this it follows 
that two types which have a common member coincide, and that two different 
types are mutually exclusive. Any proposition of the form («). da, ie. any 
proposition containing an apparent variable, determines some type as the 
range of the apparent variable, the type being fixed by the function ¢. 


The division of objects inta.types is necessitated by the vicious-circle 
fallacies which otherwise arise*. These fallacies show that there must be 
no totalities which, if legitimate, would contain members defined in terms of 
themselves, Hence any expression containing an apparent variable must not 
be in the range of that variable, ze. must belong to a different type. Thus 
the apparent variables contained or presupposed in an expression are what 
determines its type. This is the guiding principle in what follows. 


As explained in x9, propositions containing variables are generated from 
propositional functions which do not contain these apparent variables, by the 
process of asserting all or some values of such functions. Suppose ga is a 
proposition containing a; we will give the name of generalization to the 
process which turns ¢a into (x). x or (qx). x, and we will give thé name 
of generalized propositions to all such as contain apparent variables. . It is 
plain that propositions containing apparent variables presuppose others not 
containing apparent variables, from which they can be derived by generaliza- 
tion. Propositions which contain no apparent variables we call elementary 
propositions +, and the terms of such propositions, other than functions, we call 
individuals. Then individuals form the first type. 

It is unnecessary, in practice, to know what objects belong to the lowest 
type, or even whether the lowest type of variable occurring in a-given context 
is that of individuals or some other. For in practice only the relative types 
of variables are relevant; thus the lowest type occurring in a given context 
may be called that of individuals, so far as that context is concerned. Accord- 
ingly the above account of individuals is not essential to the truth of what 

* Cf. Introduction, Chapter II. 
+ Cf. pp. 91, 92. 
R&W I . 11 - 
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follows; all that is essential is the way in which other types are generated 
from individuals, however the type of individuals may be constituted. 

By applying the process of generalization to individuals occurring in 
elementary propositions, we obtain new propositions. The legitimacy of this 
process requires only that no individuals should be propositions. That this is 
so, is to be secured by the meaning we give to the word individual. We may 
explain an individual as something which exists on its own account; it is then 
obviously not a proposition, since propositions, as explained in Chapter IT of 
the Introduction (p. 43), are incomplete symbols, having no meaning except 
in use. Hence in applying the process of generalization to individuals we run 
no risk of incurring reflexive fallacies. We will give the name of first-order 
propositions to such as contain one or more apparent variables whose possible 
values are individuals, but contain no other apparent variables. First-order 
propositions are not all of the same type, since, as was explained in *9, two 
propositions which do not contain the same number of apparent variables 
cannot be of the same type. But owing to the systematic ambiguity of nega- 
tion and disj unction, their differences of type may usually be ignored in practice. 
No reflexive fallacies will result, since no first-order proposition involves any 
totality except that of individuals. 

Let us denote by “@!%” or “$! (2, 9)” or etc. an elementary function whose 
argument or arguments are individual. We will call such a function a predt- 
cative function of an individual. Such functions, together with those derived 
from them by generalization, will be called first-order functions. In practice 
we may without risk of reflexive fallacies treat first-order functions as a type, 
since the only totality they involve is that of individuals, and, by means of the 
systematic ambiguity of negation and disjunction, any function of a first-order 
function which will concern us will be significant whatever first-order function 
is taken as argument, provided the right meanings are given to the negations 
and disjunctions involved. 

For the sake of clearness, we will repeat in somewhat different terms our 
account of what is meant by a first-order function. Let us give the name of 
matriz to any function, of however many variables, which does not involve any 
apparent variables. Then any possible function other than a matrix is derived 
from a matrix by means of generalization, 2.e. by considering the proposition 
which asserts that the function in question is true with all possible values or 
with some value of one of the arguments, the other argument or arguments 
remaining undetermined. Thus e.g. from the function ¢ (#, y) we shall be able 
to derive the four functions 


(x). (x,y), (G2)-b(@% 4), Y)-P@Y), (HY) $(@ ¥), 
of which the two first are functions of y, while the two last are functions of 2. 
(All propositions, with the exception of such as are values of matrices, are also 
derived from matrices by the above process of generalization. In order to obtain 
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a proposition from a matrix containing n variables, without assigning values 
to any of the variables, it is necessary to turn all the variables into apparent 
variables. Thus if ¢ («, y) is a matrix, (#, y).$(a, y) is a proposition.) We 
will give the name first-order matrices to such as have only individuals for 
their arguments, and we will give the name of first-order functions (of any 
number of variables) to such as either are first-order matrices or are derived 
from first-order matrices by generalization applied to some (not all) of the 
arguments to such matrices. First-order propositions will be such as result 
from applying generalization to all the arguments to a first-order matrix. 


As we have already stated, the notation “¢!2” is used for any elementary 
function of one variable. Thus “¢! x” represents any value of any elementary 
function of one variable. It will be seen that “@!a” is a function of two 
variables, namely $12 and ». Since it contains no apparent variable, it is 
a matrix, but since it contains a variable (namely ¢!2) which is not an in- 
dividual, it is not a first-order matrix. The same applies to #!a, where a is 
some definite constant. We can build up a number of new matrices, such as 

~ola, xwola, dlavdly, dPlavpls, dlavely, 

gla.dIepia, dPla.pia, dlavp!lyvy'tz, and so on. 
All these are matrices which involve first-order functions among their argu- 
ments. Such matrices we will call second-order matrices. From these matrices, 
by applying generalization to their arguments, whether to such as are functions 
or to such (if any) as are individuals, we obtain new functions and propositions. 
Such functions (together with second-order matrices) will be called second- 
order functions, and such propositions will be called second-order propositions. 
Thus we are led to the following definitions: 

A second-order matria is-one which has at least one first-order matrix 
among its arguments, but has no arguments other than first-order matrices 
and individuals. 

A second-order function is one which either is a second-order matrix or 
results from one by applying generalization to some (not all) of the arguments 
to a second-order matrix. 

A second-order proposition is one which results from a second-order matrix 
by applying generalization to all its arguments. 

In addition to the above illustrations of second-order matrices, we may 
give the following examples of second-order functions: : 

(1) Functions in which the argument is $!2: (x). ¢!2, (qx). o! 2, 
p!a.5.$15, where a and 6 are constants, ¢!a.D,.g!4a, where g!2isa 
constant function, and so on. ; 

(2) Functions in which the arguments are #!2 and W!2: 

P!e.dg.pla, Pla.zzewta, (qz).dr.pa, pla.d.ptd, 
where a and 6 are constants, and so on 
11-2 
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(3) Functions in which the argument is an individual x: ($).¢o!2 
(qo). Gla, dla.I9.g!a, where a is constant, and so on. | 

(4) Functions in which the arguments are ¢!2 anda: d!a,¢la.3.¢la, 
where a is constant, (qw):@!a.=.!.a, and so on. 


Examples of second-order functions might, of course, be multiplied in- 
definitely, but the above seem sufficient for purposes of illustration. 


A second-order matrix of one variable will be called a predicative second- 
order function of one variable or a predicative function of a first-order matrix. 
Thus Pla, ~Plaand p! aD! bare predicative functions of 6! 2. Similarly 
a function of several variables of which at least one is a first-order matrix, 
while the rest are either individuals or first-order matrices, will be called 
predicative if it is a matrix. 

It will be seen, however, that a second-order function may have only 
individuals for its arguments; instances were given just now under the 
heading (3). Such functions we shall not call predicative, since predicative 
functions of individuals have already been defined as being such as are of the 
first order. Thus the order of a function is not determined by the order of its 
argument or arguments; indeed, the function may be of any order superior to 
the order or orders of its arguments. 


A variable matrix whose argument is @!2 vil be denoted by f!@!2, and 
generally, a matrix whose arguments are 6! 2, y!2,... #, y, ... (where there is 
at ee one function among the arguments) will be denoted by 


SE(PYZ, W'2, BY, w+). 
Such a matrix is not of the first or ae order, since it contains the new 
variable f, whose values are second-order matrices. We proceed to construct 
new matrices as we did with the matrix @!2; these constitute third-order. 
matrices. These together with the functions derived from them by generali- 
zation are called third-order functions, and the propositions derived from third- 
order matrices by generalization are called third-order propositions. 


In this way we can proceed indefinitely to matrices, functions and propo- 
sitions of higher and higher orders. We introduce the following definition: 

A function is said to be predicative when it is a matrix. It will be 
observed that, in a hierarchy in which all the variables are individuals or 
matrices, a matrix is the same thing as an elementary function (cf. pp. 
127, 128). 


“Matrix” or “predicative function” is a primitive idea. 

The fact that a function is predicative is indicated, as above, by a note of 
exclamation after the functional letter. 

The variables occurring in the present work, from this point onwards, will 
all be either individuals or matrices of some order in the above hierarchy. 
Propositions, which have occurred hitherto as variables, will no longer do so 
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except in a few isolated cases of which no subsequent use is made. In practice, 
for the reasons explained on p. 162, a function of a matrix may be regarded 
as capable of any argument which is a function of the same order and takes 
arguments of the same type. 


In practice, we never need to know the absolute types of our variables, but 
only their relative types. That is to say, if we prove any proposition on the 
assumption that one of our variables is an individual, and another is a function 
of order n, the proof will still hold if, in place of an individual, we take a 
function of order m, and in place of our function of order n we take a function 
of order n+ m, with corresponding changes for any other variables that may 
be involved. This results from the assumption that our primitive propositions 
are to apply to variables of any order. 

We shall use small Latin letters (other than p, q, 7, s) for variables of the 
lowest type concerned in any context. For functions, we shall use the letters 
o,%,%,9, f, 9, F (except that, at a later stage, F' will be defined as a constant 
relation, and @ will be defined as the order-type of the continuum). 

We shall explain later a different hierarchy, that of classes and relations, 
which is derived from the functional hierarchy explained above, but is more 
convenient in practice. 


When any predicative function, say @!2, occurs as apparent variable, it 
would be strictly more correct to indicate the fact by placing “(¢!2)” before 
what follows, as thus: “(#!2)./(!2).” But for the sake of brevity we 
write simply “($)” instead of “(!2).” Since what follows the ¢ in brackets 
must always contain ¢ with arguments supplied, no confusion can result from 
this practice. | 

It should be observed that, in virtue of the manner in which our hierarchy 
of functions was generated, non-predicative functions always result from such 
as are predicative by means of generalization. Hence it is unnecessary to 
introduce a special notation for non-predicative functions of a given order and 
taking arguments of a given order. For example, second-order functions of an 


individual # are always derived by generalization from a matrix 


FU(PU2, Wl 2, ... HY, % ».-); 

where the functions 7, ¢, yy, ... are predicative. It is possible, therefore, without 
loss of generality, to use no apparent variables except such as are predicative. 

We require, however, a means of symbolizing a function whose order is not 
assigned. We shall use “¢a:” or “f(y! 2)” or etc. to express a function (¢ or f) 
whose order, relatively to its argument, is not given. Such a function cannot 
be made into an apparent variable, unless we suppose its order previously fixed. 
As the only purpose of the notation is to avoid the necessity of fixing the order, 
such a function will not be used as an apparent variable; the only functions 
which will be so used will be predicative functions, because, as we have just 
seen, this restriction involves no loss of generality. 
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We have now to state and explain the awiom of reducibility. 


It is important to observe that, since there are various types of propositions 
and functions, and since generalization can only be applied within some one 
type (or, by means of systematic ambiguity, within some well-defined and 
completed set of types), all phrases referring to “all propositions” or “all 
functions,” or to “some (undetermined) proposition” or “some (undetermined) 
function,” are prima facie meaningless, though in certain cases they are capable 
of an unobjectionable interpretation. Contradictions arise from the use of 
_ Such phrases in cases where no innocent meaning can be found. 


If mathematics is to be possible, it is absolutely necessary (as explained 
in the Introduction, Chapter II) that we should have some method of making 
statements which will usually be equivalent to what we have in mind when 
we (inaccurately) speak of “all properties of x.” (A “property of 2” may be 
defined as a propositional function satisfied by 2.) Hence we must find, if 
possible, some method of reducing the order of a propositional function without 
affecting the truth or falsehood of its values. This seems to be what common- 
sense effects by the admission of classes, Given any propositional function waz, 
of whatever order, this is assumed to be equivalent, for all values of a, to a 
statement of the form “sx belongs to the class a.” Now assuming that there 
is such an entity as the class a, this statement is of the first order, since it 
involves no allusion to a variable function. Indeed its only practical advantage 
over the original statement yx is that it is of the first order. There is no 
advantage in assuming that there really are such things as classes, and the 
contradiction about the classes which are not members of themselves shows 
that, if there are classes, they must be something radically different from in- 
dividuals. It would seem that the sole purpose which classes serve, and one 
main reason which makes them linguistically convenient, is that they provide 
a method of reducing the order of a propositional function. We shall, therefore, 
not assume anything of what may seem to be involved in the common-sense 
admission of classes, except this, that every propositional function is equivalent, 
for all its values, to some predicative function of the same argument or argu- 
ments. 


This assumption with regard to functions is to be made whatever may be 
the type of their arguments, Let fu bea function, of any order, of an argument 
wu, which may itself be either an individual or a function of any order. If fis 
a matrix, we write the function in the form f!u; in such a case we call f a 
predicative function. Thus a predicative function of an individual is a first- 
order function; and for higher types of arguments, predicative functions take 
the place that first-order functions take in respect of individuals. We assume, 
then, that every function of one variable ,is equivalent, for all its values, to — 
some predicative function of the same argument. This assumption seems to 
be the essence of the usual assumption of classes; at any rate, it retains as much 
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of classes as we have any use for, and little enough to avoid the contradictions 
which a less grudging admission of classes is apt to entail. We will call this 
assumption the axiom of classes, or the axiom of reducibility. 

We shall assunie similarly that every function of two variables is equivalent, 
for all its values, to a predicative function of those variables, z.¢. to a matrix. 
This assumption is what seems to be meant by saying that any statement about 
two variables defines a relation between them. We will call this assumption 
the axiom of relations or (like the previous axiom) the axiom of reducibility. 

In dealing with relations between more than two terms, similar assumptions 
would be needed for three, four, ... variables. But these assumptions are not 
indispensable for our purpose, and are therefore not made in this work. 


Stated in symbols, the two forms of the axiom of reducibility are as follows: 
#121. E:i(qf):¢a.5c. fla. Pp 
#1211. F:(qf): (2, y)-=zy-fI(@, y) Pp 

We call two functions 62, ~2 formally equivalent when $x.=,. x, and 
similarly we call ¢ (2, 9) and (2, 9) formally equivalent when 


$ (#, ¥)+=x,y-¥@ Y)- 
Thus the above axioms state that any function of one or two variables is 
formally equivalent to some predicative function of one or two variables, as 
the case may be. 

Of the above two axioms, the first is chiefly needed in the theory of classes 
(*20), and the second in the theory of relations (*21). But the first is also 
essential to the theory of identity, if identity is to be defined (as we have done, 
in *13°01); its use in the theory of identity is embodied in the proof of *13:101, 
below. 

‘We may sum up what has been said in the present number as follows: 

(1) A function of the first order is one which involves no variables except 
individuals, whether as apparent variables or as arguments. 

(2) A function of the (n + 1)th order is one which has at least one argument 
or apparent variable of order n, and contains no argument or apparent variable 
which is not either an individual or a first-order function or a second-order 
function or ... or a function of order n. 

(8) A predicative function is one which contains no apparent variables, 
ae. is a matrix. It is possible, without loss of generality, to use no variables 
except matrices and individuals, so long as variable propositions are not - 
required. 

(4) Any function of one argument or of two is formally equivalent to a 
predicative function of the same argument or arguments. 


413, IDENTITY 


Summary of #13. 

The propositional function “x is identical with y” will be written “a = y.” 
We shall find that this use of the sign of equality covers all the common uses 
of equality that occur in mathematics, The definition is as follows: 


#1301. c=y.=:(d):d!a.3.¢6¥y Df 

_ This definition states that « and y are to be called identical when every 
predicative function satisfied by « is also satisfied by y. We cannot state that 
every function satisfied by 2 is to be satisfied by y, because « satisfies functions 
of various orders, and these cannot all be covered by one apparent variable. 
But in virtue of the axiom of reducibility it follows that, if «= y and « satisfies 
ape, where is any function, predicative or non-predicative, then y also satisfies 
Wy (cf. *13°101, below). Hence in effect the definition is as powerful as it 
would be if it could be extended to cover all functions of x. 


Note that the second sign of equality in the above definition is combined 
with “Df,” and thus is not really the same symbol as the sign of equality 
which is defined. Thus the definition is not circular, although at first sight 
it appears so. 


The propositions of the present number are constantly referred to. “Most 
of them are self-evident, and the proofs offer no difficulty. The most important 
of the propositions of this number are the following: 


#13101. Fiv=y.d.prrdwy 

Ie, if x and y are identical, any property of # is a property of y. 
#1312. Fiv=y.d.pr=yy 

This includes *13'101 together with the fact that if # and y are identical 
any property of y is a property of a. 
*13°15:16:17, which state that vig is reflexive, symmetrical and transitive. 
#13191. ki.y=a.D,.oy:=.¢ | 

Le. to state that everything that is identical with x has a certain POpETtY 
is equivalent to stating that w has that property. 


#13:195. Fi (qy).y=a.gy.=. ou 


Ie. to state that something identical with x has a certain property is 
equivalent to saying that 2 has that property. 


#1322. F:(qz,w).z=2.w=y.$(z, w).=-(4, y) 
This is the analogue of *13°195 for two variables. 
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#1301. cz=y.=:(¢):d!a2.3.d!y Df 
The following definitions embody abbreviations which are often convenient. 
*13-02. v+y.=.~0(4@=y) Df 
#1303. c=y=z.=.c=y.y=2z Df 
#131. biway.sidla.doedly [#42 . (#1301). (41002)] 
#13101. F:a=y.D. Wad py 
Dem. 


F. e121. Db. (qd) prs. dlarpy.s.oly (1) 
+.#x131.Db:: Hp. da gla.dg.dly: . 

[+4°84'85.*%10-27] Diwo.=.dlaipy.=- ely rorya. Dd. py: 
[*10°23] D:.(qp)ipu.=.glarpy.=.ply:dipe.d. vy (2) 
F.(1).(2).D+. Prop 


In virtue of this proposition, if =y, y satisfies any function, whether 
predicative or non-predicative, which is satisfied by x It will be observed 
that the proof uses the axiom of reducibility («12'1). But for this axiom, two 
terms 2 and y might agree in respect of all predicative functions, but not in 
respect of all non-predicative functions. We should thus be led to identities 
of different degrees, according to the degree of the functions in respect of 
which « and y agreed. Strict identity would, in this case, have to be taken as 
a primitive idea, and *13°101 would have to be a primitive proposition, as would 
also *#13°15°16:17. 


HIB. bilaay.aigpla.seegly 


Dem. 
F. 10°22. Deigla.sg.dly:Iidla.dg. gly: 
[*13°1] Dixv=y (1) 
F.*13101. DIbkia=y.dI.plarddly (2) 
F.#13101 641-7. Dk a2=y.d.nPladInrdly. 
[Transp] D.¢lyddta (3) 
F.(2).(3).Comp. IF: a=y. D.dlxa=agly: 
[%10°11°21] IFia=y.IiPla.=e.gly (4) 
F.(1). (4). D+. Prop 
#1312. F:2=y.d.prspy 
Dem. 
F.*13°101.Comp.dFia=y.d.perdpy.nprdrwy. 
[Transp] D.ba= wy: Dt. Prop 
_ #13138. bie .c=yidiy _[*13°101 . Comm. Imp] 


#1314. Feypou.rpy.d.c+y (*13°13 . *4°14] 
#1315. bio=a [Id . «10°11 .*13-1] 
*13-16. big=y.=.y=a - [*13°11 . #1032] 
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"1317. Fiv=y.y=z2.)."=2 

Dem. 

F.x131.Db:: Hp. di gia.dg.dly:gly.dg.hlarn 
[*10°3] D:.g1e.9,. P22: D+. Prop 

In the above use of #103, Pd! a, db! y, d!z are regarded as three different 
functions of ¢, and ¢ replaces the w of *10°3. 

The above three propositions show that identity is reflexive (*13°15), 
symmetrical (*13'16), and transitive (*13°17). These are the three marks of 
relations having the formal properties which we associate commonly with the 
sign of equality. 


“#13171. + [f= Y= Z.I.yY=2 [*13°16°17] 

#13172. Fiy=a.z=@.3.y=2 [*13°16°17] 

#1318. Fiv=y.e+2.D0.y+2 [*13°17 . *4°14] 

¥13:181. Fi:a=y.y+z.3.4+2 [#13171 . 414] 

#13182. bi.2=y.Diz=0.=.2=y [#1317172 . Exp. Comp] 

#13183. Fine =y.eiz=27.=,.2=y 

Dem. 

b. #13182. #101121. bin esy.Ddiz—0.5,.2=y (1) 
F.eelO1,. Dhizee.=,.2>y:Ji#=a2.).02=y: 
[*13°15] Jigmy (2) 


F.(1).(2). DF. Prop 
*13'19. |. (qy).y=a [13°15 . #1024] 
#13191. b:.y=a.3,.¢y:5-de 
Dem. 
F.xlO01. Dkiy=a.d,.Py:Iie=a2.d.¢o2: 
[*13-15] >: da (1) 
F.*1312. Dki.y=x.diga. D. by: 
[Comm] I:.g¢e.d:y=a. Dd. gy. 
[¥10°11-21] Dk. gx. Di yaa. Dy $Y (2) 
F.(1).(2). DF. Prop 
This proposition is constantly used in subsequent proofs. 
#13:192. F :.(qc):@=b.=,.2=c:pe:=.pb 


Dem. ; 
bi *42.438 2. Db iibb.dDi.c2=b.=,.c¢=bi pb: 
[*10°24] Du (qe)iv=b.=,.2=c:e (1) 
F.xl01. DE:i.e2=b.=,.¢=c:pe:I:b=b.=.b=c: We: 
[*5°501.%13°15] D:b=c.e: 
[*13°13] | a:b (2) 


F.(2).*10°11:23. 3b :.(qe):e=b.=,.¢=cipe:d.wd (3) 
F.(1).(3). 3+. Prop 
This proposition is useful in the theory of descriptions (#14). 
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*13°193. bi dc.a=y.=.gy.r=y 


Dem. 
F. Simp. Dhki¢dv.ea=y.d.2=y (1) 
F.*1313. Dkidua.a=y.d. hy (2) 
F.(1).(2).Comp.dIF:dv.c#=y.3.oy.4=y (3) 
F.*13:16.Fact. Iki dy.c=y.3.gy .y=u 
jas] D.du.y=a. 
[*13-16.Fact] >. ¢2.0=y (4) 


F.(3).(4). D+. Prop 
This proposition is very often used. 
#13194. F: d¢.c2=y.=. ou. py.a=y [*1313.%471] 
This proposition is used in *37°65 and *101°14. 
¥*13:195. F: (qy).y=a.gy.=. ha 


Dem. 
Fexd2.*1315. DEidx.d.c=2. G2. 
[*10°24] 2- (ay) -y=u- hy © (1) 
F.*1313.#1011 Ds (y):y=a.gy.23. G2: 
[*10°23] Dk: (qy) y=u.hy.d. ou (2) 
F.(1).(2). DF. Prop 


The use of this proposition in subsequent proofs is very frequent. 
#13196. F:.~ gx .=igy.d,.y+a [*13-195. Transp. *1051] 
*13-21. Fiz=x2.w=y.9,0-6(2,w):=-(4,y) 


Dem. 

F,.*1162.9 

Fir z=C.W=Ys De we P(Z, W) tS SHLD WHY se Dy A (Z,W) 2 
[*13°191] =1w=y.d0-$(4, wW)t 

[*13°191] =: (x, y):: IF. Prop 


This proposition is the analogue, for two variables, of *13°191. 
#13:'22. F:(qz,w).z=x2.w=y.o(2,w).=.6(2,Y) 
Dem. . 
F.*1155.36:.(qz,w).z=a.w=y.(Z,w)- 
1(qz):z=a2:(qw).w=y.(Z,w): 
[*13°195] :(qw).w=y.d(a, w): 
[*13°195] :6(#, y):. 5. Prop 
This proposition is the analogue, for two variables, of *13°195. It is fre- 
quently used, especially in the theory of couples (#54, *55, *56). 


1 on | 


The following proposition is useful in the theory of types. Its purpose is 
to show that, if a is any argument for which “ da” is significant, 7.e. for which 
we have dav~¢a, then “dx” is significant when, and only when, @ is either 
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identical with a or not identical with a. It follows (as will be proved in *20°81) 
that, if “da” and “ara” are both significant, the class of values of x for which 
“ox” is significant is the same as the class of those for which “yw” is signi- 
ficant, i.e. two types which have a common member are identical. 

In the following proof, the chief point to observe is the use of *10°221. 
There are two variables, a and 2, to be identified. In the first use, we depend 
upon the fact that.¢a and «=a both occur in both (4) and (5): the occurrence 
of da in both justifies the identification of the two a’s, and when these have 
been identified, the occurrence of «=a in both justifies the identification of 

the two a’s. (Unless the a’s had been already identified, this would not be | 
legitimate, because “=a” is typically ambiguous if neither 2 nor a is of 
given type.) The second use of *10°221 is justified by the fact that both ga 
and x occur in both (2) and (6). 
#133. Fi: dave ga.3:. 6¢V~br.=:2=4.V.2+4 


Dem. 
be x*211. Dt. dauveda (1) 
F.(1).Simp. © DIF: daveda.d.hav~da | (2) 
Fex2Q1]. Dtiv=a.v.cta (3) 
+.(3).Simp. Ib:.fdavrdga.d:2=a.v.0+4 (4) 
+.*13:101.Comm.3+:.davrda.D:v=a.). revete (5) | 


+. (4). (5). *10'13-221.> 

bi:¢davega.div= =a.v.ctanpavrda.d:0=4..$2vroge (6) 

F .(2).(6). #1013221 . > | : 

Fi:davedga.d.gavrgr:.daverga.d:£2=a.V.ttar 
gdaverda.d:2=a.9.gavrgu (7) 


+.(7).Simp.> . 
Fs: davedga.d. davrda:. gav~rga.div=a.v. a+ a, (8) 
F.(8).*5°35. Dh: daveda. di. davrda.siv=a.Vv.0tar 


at. Prop 


*14. DESCRIPTIONS 


Summary of *14. | 

A description 1s a phrase: of the form “the term which etc.,” or, more 
explicitly, “the term # which satisfies $2,” where $2 is some function satisfied 
by one and only one argument. For reasons explained in the Introduction 
(Chapter IIT), we do not define “the x which satisfies $2,” but we define any 
proposition in which this phrase occurs. Thus when.we say: “The term « 
' which satisfies $% satisfies 2,” we shall mean: “There is a term 6 such that 
gx is true when, and only when, « is 6, and wd is true.” That is, writing 


“(1x) (px)” for “the term « which satisfies oa,” y (1%) (dx) is to mean 
(qb): bx. =,.0=bi wb. 
This, however, is not yet quite adequate as a definition, for when (72) (px) 
occurs in a proposition which is “part of a larger proposition, there is doubt 
whether the smaller or the larger proposition is to be‘taken as the “ap (100) (px). 
Take, for example, (1x) (px).3.p. This may be either 
(qd): $.=;.2=b:iwbid.p 

or (qb):.¢x2.3,.2=bi:yb.d.p. 
_ If “(qb): ¢a.=,.2=b” is false, the first of these must be true, while. the 
‘second must be false. Thus it is very necessary to distinguish them. . 

The proposition which is to be treated as the “br (2”) (dx) ” will be called 
the scope of (1”)(a). Thus in the first of the above two propositions, the 
scope of (1”) (pa) is y(1")(gx), while in the second it is p(1x)(px).D.p. 
In order to avoid ambiguities as to seope, we shall indicate the scope by 


writing “[(1)(¢x)]” at the beginning of the scope, followed by enough dots 
to extend to the end of the scope. Thus of the above two propositions the 


first: is | 
[(2a) (par)] «ap (10) (pa). D«p, 
[(1) (pa) ] 2 (12) (px). Dd. p. 


Thus we arrive at the following definition : 
*1401. [(1”) (fx)] -  (1z) (px). =: (qb): e.=,.2=b: hb Df 
It will be found in practice that the scope usually required is the smallest 
proposition enclosed in dots or brackets in which “(1”)(¢x)” occurs. Hence 
when this scope is to be given to (1”) ($x), we shall usually omit explicit 
mention of the scope. Thus e. g.weshall have 
a+(1%) (be) .=: (qb): de.=,.2=biatb, 
~ {a= (1x) (px)} .=.~{(qb): px.=,.2=b:a=$}. 


while the second is 
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Of these the first necessarily implies (qb): ¢”.=,.a=6, while the second 
does not. We put | 


#1402. E! (2x) (px). =:(qb): dv. =z. 0=b ‘Df 

This defines: “The « satisfying $% exists,” which holds when, and only 
when, $% is satisfied by one value of # and by no other value. 

When two or more descriptions occur in the same proposition, there is 


need of avoiding ambiguity as to which has the larger scope. For this purpose, 
we put 
#1403. [(12) (Gn), (12) (po)] .f {(12) ($a), (12) (Wpa)} «= 
[(1a) (pax)] = [Cx (Yr)] -f {(27) (pa), (2) (pa)} Df 

It will be shown (*14°118) that the truth-value of a proposition containing 
two descriptions is unaffected by the question which has the larger scope. 
Hence we shall in general adopt the convention that the description occurring 
first typographically is to have the larger scope, unless the contrary is expressly 


indicated. Thus e.g. ; 
(12) (a2) = (22) (spe) 
will mean (qb): @x.=,.02=b:b=(12) (Wo), 
1. (qb) :. Gv .=2.0=b:. (qe): we.=,.e=cib=c _ 
_ By this convention we are able almost always to avoid explicit indication of 


the order of elimination of two or more descriptions. If, however, we require 
a larger scope for the later description, we put 


#1404. [(22) (pa)] .f{(22) ($a), (12) (p2)} .=- 
[(1a) (ypu), (14) (Px) ] fie) (pa), (1a) (Ypx)} Df 

Whenever we have E!(22)(2), (22) (px) behaves, formally, like an ordinary 
argument to any function in which it may occur. This fact is embodied in 
the following proposition : 

*14°18. F:. E! (a2) (dx). 3: (x). pa. d. (12) (dz) 

That is to say, when (2x) ($x) exists, it has any property which belongs to 
everything. This does not hold when (77) (fx) does not exist; for example, 
the present King of France does not have the property of being either bald 
or not bald. 

If (2%) (ox) has any property whatever, it must exist. This fact is stated 
in the proposition : | 
¥1421. Five (2x) (oxv). 3. E! (2x) (px) 

This proposition is obvious, since “E!(2r)(px)” is, by the definitions, part 
of “ar (12) (px).” When, in ordinary language or in philosophy, something is 
said to “exist,” it is always something described, 7.e. it is not something 
immediately presented, like a taste or a patch of colour, but something like 
“matter” or “mind” or “Homer” (meaning “the author of the Homeric 
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poems ”), which is known by description as “the so-and-so,” and is thus of 
the form (77) (¢x). Thus in all such cases, the existence of the (grammatical) 
subject (2x) (px) can be analytically inferred from any true proposition having 
this grammatical subject. It would seem that the word “ existence ” cannot 
be significantly applied to subjects immediately given; 7.e. not only does our 
definition give no meaning to “E!«,” but there is no reason, in philosophy, to 
suppose that a meaning of existence could be found which would be applicable 
to immediately given subjects. 

Besides the above, the following are among the more useful propositions 
of the present number. 
#14202. b:. dv. =,.0=b:=:(1") (6x) =b:5: Ov. =,.b=0£:=:b = (10) (ha) 

From the first equivalence in the above, it follows that | 
#14204. Fs E! (27) (px) . =. (qb). (22) (bx) =b 

Ie. (1”)(px) exists when there is something which (12) ($2) is. 

We have 
#14205. | sy (1x) (px). =. (qb) .b = (ax) (bx) . wh 

Ie. (1@) ($x) has the property yy when there is something which is (27) (dx) 
and which has the property y. 

We have to prove that such symbols as “(1x)(dx)” obey the same rules 
with regard to identity as symbols which directly represent objects. To this, 
however, there is one partial exception, for instead of having 


(12) (px) = (1x) (pa), 
we only have 


*14-28. b:E! (1x) (px). =. (1) (px) = (12) (2) 

Le. “(1x)(px)” only satisfies the reflexive property of identity if (22) (dx) 
exists. 

The symmetrical property of identity holds for such symbols as (2) (dz), 
without the need of assuming existence, 7.e. we have 
#1413. F:a=(12)($x).=.(12) (bx) =a 
#14131. F : (22) (bx) = (2x) (re) . =. (20) (px) = (12) (pa) 

Similarly the transitive property of identity holds without the need of 
assuming existence. This is proved in *14:14°142°144, 


#1401. [(27)(bx)]. (22) (px). =: (qb): be. =,.2=b: yb Df 
#1402. E!(22)(¢x).=:(qb):¢e.=,.2=b) Df 
#1403. [(rx) (fa), (12) (par)] . f (2) (ar), (122) (pa)} = 
[(ra) (Px)] = [Cx) (pa)] . f {(12) (bx), (2x) (Yx)} Dé 
#1404, [(1x) (px)]. f{(1x) (px), (12) (a)pe=. | 
[(rx) (par), (rar) (har)] . f{(aa) (ba), (17) (pa)} Dé 
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yl41. bs. [(0x) (pa)]. (02) (px). = 2 (Gb): Gx. S,.2=bi pb 
[x42 . (14°01)] 

In virtue of our conventions as to the scope intended when no scope is 
explicitly indicated, the above proposition is the same as the following : 
#14101. bs. (ax) (gx). =: (qb): pe. =,.¢2=biyb [*14-1] 

#1411. F:. E'S (1x) (px).=: (qb): ga.=,-2=b [x42 . (%14'02)] 
#14111. | :. [(ax) (au)]. f{(22) (2), (12) (Yra)} . = 


(qb, c): bv. =,.0=bipu.=,.02=c:f(b,c) 
Dem. 


b . #42 . (#140403) . > 
b sz [(2@) (rx)] « f {(22) (pa), (12) (pa)} = 

[(aa) (apa)]: [() (qhar)] . f {(r22) (ar), (102) (xpar)} t- 
[4141] =. [(2@) (a)]:. (qb): be. =,.0=b: f[b, (12) (pa)} 
[e141] =:. (qe) po. sy. v=. (qb): pe. =,.0=b: f(b, c):. 
[K11-55]=:. (qb, c): ga. =,.c=cibe.=,.2=b: f(b, c):: IF. Prop 
#14112. + :. f {(22) (px), (12) (a)} . = 
(1), ¢): $a. =_-2=bi pa. =_,.2=0: f(b, 0) 


[Proof as in *14°111] 

In the above proposition, we assume the convention explained on p. 174, 
after the statement of *14°03. | 
14113. F :[(00) ()] -F (C02) (Ge), (20) (pe)} = -F (C02) ($2), (a2) (0) 

[414-111-112] 

This proposition shows that when two descriptions occur in ite same pro- 
position, the truth-value of the proposition is unaffected by the question which 
has the larger scope. 

#1412. bs. El (1x) (pa). Dida. by - Dey =Y- 

Dem. 

F.xl41 Dt: Ap.d:(qb): dx. =,.c2=b (1) 
. #438 . #1071 . #11113 .5 

1.0. S_e0= br Di ge. py. Say 0 = b.y=b. 
te 172] Days 2=Y (2) 
F.(2).*10°11-23. Dhk:.(qb):ge.=,.4=b:9: Py» Izy-2=y (3) 
F.(1).(8). DF. Prop 
#14121. ki.6a.=,.0=b:o0.=,.0=0:9.b=¢ 


Dem. 
F.*101.5+:.Hp.3:$b.= eee b=c 
[*13°15]} 3:96): ob.=.b=c: 
[Ass] D:b=c:.d+. oe 


#14122. + :. pv. =3,."=b: dit. De. a=b:¢b: 


:oa.D,.2=b: (qx). px 


WoW 
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Dem. 

F.*1022. Dhi.dv.=,.2=b:=:$¢.),.c=bi2=b.d,.g@ 

[*13-191] =1o".22,.2=b: ob (1) 

bFia471. Dhig@e.d .c=b:I:Ge.= .fa.e=b:. 

[¥10°11:27] Dki.de.d,.c=b:D:d2.=,.6".0=b: 

{*10°281] 3: (qv). gv. =. (qu). or. c=b 

[413-195] =. pb (2) 


F.(2).*5°32.Db162.3,.2=6: 
F.(1).(8). 


:ox.3,.2=b: pb (3) 
>|. Prop 


The two following propositions (#14°123'124) are placed here because of 
the analogy with *14122, but they are not used until we come to the theory 
of couples (*55 and *56). 

#14123. Fs. h(Z, w). =, y.2=2.W=y? 
D202 2=L.W=Yyih(@, y): 


(2, W)» Deyo Z=".W=Y 2 (GZ, w). H(z, w)- 
Dem. 
bexlL31. Dh (z, w).-=,y-2=".way 
== (2, W).De0e ZHU WHYtZH=L.W=YiD2y- (2, w)! 
[13°21] =1O(Z, W)-I20-2=2.W=Y! h(Z, y) (1) 
Fix471. Dh:.O(2,w).d.2=2.W=y! 
I: O(2Z,w).=-.$(2,wv).2=2.wWHy 
[#111132] Dhi.d(z,w).d.y.2=".W=y:! 
I: h(Z, W)- =, w+ $(Z, WwW). 2=e.W=y: 
[*11°341] 2:(q2, w)-b (4, Ww). =. (Gz, Ww). P(2z,w) 2=H.W=y. 
[13°22] =. (a, y) (2) 


F.(2).4532. 3b 1h (2, Ww). Dey 2=e. w= yi (qz, W) H(z, w): 
: = . «Deu =f, =y: , 3 
b.(1).(8). Db. Prop PGMs et ORY 1Oesy) 8) 


¥*14124. bs. (qa, y)i (Zz, w). S201 2=U.WHYy? 
=:(qz, y)- (4, y):b(z,w)-6(U,%) -Deuu0-2=U.WE=d 
Dem. 


b . #14123 .*3°27.5 
Fe. (aa, y): b(z, W) + =z 2=e.w=yid.(qe,y)-(a,y) (1) 
F. e111. 43°47. Db 6 (z,w). Ss, ye 2=e.W Hy? 
2:$(4,v)-$(u,v).D.2=e.w=y.u=n.v=y. 
[*13°172] >-2=U.w=v (2) 
F.(2).#11-11°35.D | 
Fr. (qa, y)ib(Z,w).220-2=".W=y: . 
I:$6(2,w).O(u,v).d.z=u.wH=v (3) 
R&W I 12 
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F.(3).*11113.5 
Fr. (qa, y)ib(Z, WwW)» =m 2=U Wy? 

D1 hz, w)- (4, %) © Dz,w,u0- 2 =U WHY (4) 
bexlll. dbs. h(a, yy): (2, Ww). (UH, %) + 2z,u,u,05 2 = UW HV: 

Di h(z, yi P(Z,W) P(4,Y)+Iz0:2=C.WH=Y? 
[*5°33] Di f(x,y) PZ, W)~ Dew 2=oW=yt 
[*14°123] Di (Z,W) + =20+2=LeW=yY (5) 
t.(5).#11:11'3445 .3 
bs. (qx, y)+ h(x, yt h(Z, W)-P(U,%) + Iz,u,u052 =U. W =U! 

D:(q%, yt h(Z, W)- Sz y+-2H=LwWHy (6) 
+ .(1).(4).(6).35F. Prop 
#14138. b:a=(12)(bx).=. (12) (px) =a 


Dem. 
Faxlal. Dt:.a=(24)(bx).=:(qb): bv. =,.0=b:a=b (1) 
b. #1316 #436. Dbhi.o62.5,.2=b:a=b:5: h4.=,.c=bib=a: 
[*10°11:281] Di:.(qb): ge.=,.02=bia=b: 
=:(qb):oc.=,.0=b:b=a: 
[*14-1] =:(1”) (px) =a (2) 
F.(1).(2). DF. Prop 


This proposition is not an immediate consequence of *13°16, because 
“q@=(1")(p")” is not a value of the function “a#=y.” Similar remarks 
apply to the following propositions. 

#14131. Fs (22) (bz) = (12) (au) . = « (12) (rx) = (12) (bz) 
Dem. | 
be x14. Db ts (0x) (px) = (1x) (px). = 1. (qb): be. 2,.0=b:b=(12)(Wor):. 


[e141] =:.(qb):.ov.=,-=b:. (qc): po.=,.0=cr1b=c:. 
[e116] =:.(qe). Wo. =,-0=C:.(qb)i de. =z,.0=bib=ci. 
[xl41] =:.(qe)t- po. s,.0=6:(1”) (pr) =cz 

[414-13] =1.(qe)t. po. s,.e=c10= (12) (Px) te 

[e141] =:. (2) (be) = (12) (px) 22 DF. Prop 


In the above proposition, in accordance with our convention, the descriptive 
expression (1%)($a) is eliminated before (72) (px), because it occurs first in 
“(10) (pa) = (12) (ou)”; but in “(2x) (px) = (1x) (Pa),” (20) (Wx) is to be first 
eliminated. The order of elimination makes no difference to the truth-value, 
as was proved in *14°113. 

The above proposition may also be proved as follows: 
b.x14111.D5 2. (12%) (px) = (12) (Yr). 

:(qb,c): gx. =,.02=bipe. 
i(qb,c)iva.=,.0=c: on. 
2 (1a) (rx) = (2x) (pw) 2. DF. Prop 
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#1414. F:a=6b.b=(12)(6x2).3.a=(1x) (px) [13°13] 
¥14142. Fa = (12) ($a) . (12) (px) = (14) (x). d.a= (12) (pa) 
Dem. 
bh .e141.3b:: Hp.3:. (qb): ¢7.=,.¢2=b:a=b:3. 
(qc): Pt. =,-2=cC:c=(1") (Wer): 


[*13°195] Di. G@.2,.0=41.(4C)i pe. =,.¢@=C:¢=(12) (a): 
[*10°35] Di. (qc) :. Ge. =,.-L=a:he.=,.0=C:0= (10) (Wa): 
[*14°121] D(C) i. Pe. =p. =Ata=—cic=(12) (wo): 


[*3°27.*13°195] D:.a=(12) (a) i: DF. Prop 


#14144. | : (ax) (pa) = (12) (War) . (1%) (ra) = (12) (yx). D . (28) (fx) = (12) (x2) 
Dem. 


F.#l4111. 3h: Hp.3:.(qa,b):¢xv.=,.0=aipu.=,.0=b:a=b:. 
(qc, d)ipa.=,.-=Ci yr. =,.c%=dic=d:. 
[*13°195] D:.(qa): ov. =,.-0=4:Wr.=_.0=01. . 
(GC) te. Hq BE CHYX.S,.=C6h 
[*1154] D:.(qa,c)i be. =_.- C=O: Wr.=_.0=0! 
WE Hy BH CITY. Sze =C8. 
[*14-121.%11°42] D1. (qa, c)i be. Hp. HAY. Sy. €=C10=Ch 
[*14°111] D:. (12) (dx) =(22) (yx) ts D+. Prop | 


‘ #14145. |: a= (12) (pu). @ = (12) (a). D « (12) (pa) = (12) (ro) 
Dem. 


F.xl4l. Dk :.a=(22) (bx). =:(qb):be.=,.0=b:a=b: 


il 1 


[#13195] . | $0. =z.2=4  () 
F.(1).#141. 3b: Hp.=:.¢e.5,.c=a:.(qb)ipo.=,.27=b:a=b:. 
[*10°35] =1.(qb) in Gu.=,-2=Aiypu.=,.0=b:a=b1 
[*14-111] D :. (12) (x) = (12) (a) 2: DE. Prop 
#1415. b:.(22) (px) =b. D2 {[(1x) (Gx)} «= od 
Dem. 
b.x141.5 
F::Hp. D:.(qe):ov.=,-e2=cre=b:. 
[*13'195]D:.o¢2.=,.42=6b (1) 
F.(1).#141.3 | 
Pat pe :3 -W {(2@) (pa)} » i(qce):#=b.=,.H=crpe: 
[#13192] ivb:: Db. Prop 


#1416. bz. (12) ($x) = (12) (a). D2 y {(1x) (fx)} . =. x {(2x) (pa)} 
Dem. 


b.#1l41. 3b: Hp.3:(qb): oe. =,.2=b:b =(12z) (2) (1) 
b.xl41. Dhirda.s,.2=biD:. 
x {(22) (pa)} - _ He m=b.5,.@=C2yC! 


= (2) 


12—2 


[*13-192] 
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F.¥1413:15.Db:.b= (20) (pr). d:yb.=. x {(2z) (a)} (3) 
F.(2).(8). Dki.dv.=z,.2=bi:b=(1x) (par): | 

D+ {(12) (Ga)} «=x (C00) (a) (4) 
F.(1). (4). *101:23. 5+. Prop 


*1417. F:.(22)(p2)=b. =: pl (1x) (pz). Sy. wld 


Dem. 

F »*14°15 .*10°11:21.)5 
I 3. (10) (a) =. Ds pl (12) (par) «ayo (1) 
Fe. x1O1 #422. Dhar ylae.5,.2=): yr! (10) (pa) « syed: 

2:(12) (px) =b. =b: 
[419-15] > : (12) (ar) =b 0 
F. (2). Exp. *10°11°23.5 
Fis(qy)i xia. =,.c=bi dip! (12) (px). Sy. Pplb:d.(12)(dx)=b (3) 
F.*121. Dhi(qy):xte.=2.0=b (4) © 
b.(8).(4). Dbl (s2) (br). Sy-Wlb:D. (2x) (px) =b (5) 
F.(1).(5). D+. Prop 


It should be observed that we do not have 
(1x) (px) =b. =i! (12) (Px). d,. lb 
for, if ~ E! (1%) (ox), yr! (1x) (px) is always false, and therefore 
pl (ar) (pz). Dy.wld 


holds for all values of 6. But we do have 
#14171. Fs. (9x) (px)=b. =r pld. dy. Ww! (12) (da) 


Dem. 
b.xl417. Dh: (22) (Px2)=b.Diplb.d,.Wwl (12) (px) (1) 
F.x101. #4121. 5b: Wlb. dy. vl (12) (p27): 3:b=b.9.(12)(gr)=b: 
[*13°15] >: (1x) (dx) =b (2) 


F.(1).(2). DF. Prop 


#1418. F:. El(27)(px).3:(&). pe. Dd. (12) (Px) 

Dem. 
F.e*el01. Dks(x). pu. d.pb: 
[Fact] Dh: ge.=,.2=b: (x). Wer: Iibe-=,.c=bi wpb: 
[*10°11:28] DE :. (qb): Gv.=,.e2=b: (x). We: I: (qb): Ge.=,.2=bi b:. 
[*¥10°35] Dhk::(qb): da.=,.¢=b:.(4). Word: (qb): pv.s,.a2=bi Wd: 
[14111] Db. E! (12) (bx): (a) «bard: (1z) (bx). +. Prop 

The above proposition shows that, provided (27) (pa) exists, it has (speaking 
formally) all the logical properties of symbols which directly represent objects. 
Hence when (2x) ($x) exists, the fact that it is an incomplete symbol becomes 
irrelevant to the truth-values of logical propositions in which it occurs. 
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#142. +.(av7)(e2=a)=a 


Dem. 
F. #14101. 34 :. (12) (v@=a)=a.=:(qb):v=a.=,.0=b:b=a: 
[*13°195] =12=4.=,.0=4 (1) 


F.(1).Id. D+. Prop 
*14:201. F: E! (27) ($x).3. (qx). ba 
Dem. 


F.¥1411.36:.Hp.3:(qb):¢r2.=,.¢=b: 
[*10°1] | D:(qb):ob.=.b=): 
[*13°15] >:(qb).gb:. D+. Prop 

#14202. + :. pu. =,.0=b:=: (12) (gx) =b:=:62.=,.b=2: 


Wil 


tb = (1) ($a) 


em. 
b.xl41. Db: (20) (pr) =b. =: (qe): oe.=,.0=crc=b: 
[*13°195] =:¢e.=,.2=b:.9+. Prop 
[The second half is proved in the same way as the first half.] 
#14203. F:. EI (12) (p2).=: (qx). ri dr. py. Iny-0=y 
Dem. 
F.#1412201. Dk: El (sx) (gx).I: (qx). pa: pe. gy. Izy-0=y (1) 


F.*lO1. Dhi:.gb: dz. py.Iny.2=y:I: ob: 62.60.9,.2=5b: 
[*5°33] 2:66: 960.9,.2=b: 
[¥*13°191] . I:2=b.5,.¢a: 

fz. I,.2=b: 
[*10°22] D:or.=,.2=b (2) 
F (2). #10128. Db 3. (qb): pb: bu. py. Dey. t= y:I:(qb): de. =,.@2=b1 
[*10°35] Dh :.(qb).fb: bu. by. IDz,y-e=Yyid: (qb): gr.=,.0=b: 
[*14-11] . D:E!(ax)(px) (8) 


F.(1).(3). Dt. Prop 


#14204. Fs. E! (2x) (px). =: (qb). (22) (bx) =b 
Dem. 

F.*14°202.%10°11.5 
F:.(b)i. ge. =,.2=b:=:(12)(b2)=b:.D 
[*10°281]F :. (qb): pa. =,.0=b: =: (qb). (12) (px) =b (1) 
F.(1).*1411.354. Prop 

#14205. |: (12) (px). =. (qb). b=(2x) (px). wb [14-2021] 

#1421. Fi (1x)(dr).>.E! (1x) (pz) 


Dem. 
F.#l41.3 
Fs. {(2x) (px)}. 32 (qb): ga.=,.c2=b: pb: 
[*10°5] 3:(qb): oa.=,.2=b: 


[14°11] 2: E! (22) (paz) :. D+. Prop 
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This proposition shows that if any true statement can be made about 
(1x) (px), then (1x) (px) must exist. Its use throughout the remainder of the 
work will be very frequent. 

When (2x) ($x) does not exist, there are still true propositions in which 
“(1”)(px)” occurs, but it has, in such propositions, a secondary occurrence, 
in the sense explained in Chapter III of the Introduction, 1.e. the asserted 
proposition concerned is not of the form w(2z)(dx), but of the form 
SLi (1x) ($x)}, in other words, the proposition which is the scope of (17) (fx) 
is only part of the whole asserted proposition. ; 
#1422. F:E!(Ux)(d2).=. (12) (px) 

Dem. 

F.*14122. Di:ide.=,.2=b:9.¢b (1) 

F.(1).4471. Db: gu.=,.2=b:=:6e.5,.0=b: pb:. 

[¥10°11:281] Dk: (qb): dr. =,.2=b:3:(qb)igr.=,.2=b: bb: 

[41411101] Dt: EL(2x)(dz).=. (10) (px): DF. Prop 

As an instance of the above proposition, we may take the following: “The 
proposition ‘the author of Waverley existed’ is equivalent to ‘the man who 
wrote Waverley wrote Waverley.’” Thus such a proposition as “the man 
who wrote Waverley wrote Waverley” does not embody a logically necessary 
truth, since it would be false if Waverley had not been written, or had been 
written by two men in collaboration. For example, “the man who squared 
the circle squared the circle” is a false proposition. 

*1423. bF:El(17) (bv .>e).=.¢ {(2x) (px. pa)} 

Dem. 

fF .*14:22.Dh:. E! (ax) (px. ye). 


= :[(12) (bx .pa)]: & {[(12) (ba. ypar)} oy {(22) (fa . ra)} 


[*10°5.*3°26] ~ D1 {(ax) (ha .>pa)} (1) 
b.¥1421.3b:¢ {(ax) (pe. r)}.d. EK! (ax) (px. yo) (2) 
.(1).(2). DF. Prop 


Note that in the second line of the above proof *10°5, not only *3°26, is 
required. For the scope of the descriptive symbol (1x) (pa . yx) is the whole 
product ¢ {(ax) (px. wa)} .w {(2x) (pa .yx)}, so that, applying *141, the 
proposition on the right in the first line becomes 

(qb): or .Wa.=,.2=b: hb. pb 
which, by *10°5 and *3:26, implies 
(qb): oe.wo.=,.v=b: ob, 
1.€. db {(12) (ba . ey}. 
#1424. F:. E! (27) (px).=:[(2%) (px)]: by =y + y = (12) (G2) 

Dem. , 

bi x14]. Ds. [(0x) (px)] 2 by - Sy + y= (12) (bx): 
=:(qb): dy.=,.y=b: dy-=,.y=): 
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[*4°24.%10°281 ] 2 (qb): py. =y.y=b: 
[*14°11] : E! (ax) (ox) :. D+. Prop 

This proposition should be compared with *14°241, where, in virtue of the 
smaller scope of (1x) (px), we get an implication instead of an equivalence. 


#14241. b:. El (02) (bx). 3: py. =y-y =(12) (Px) 


MW 


Dem. . 
t.*14203.3+::Hp.d:.¢y.d7.3.y=ai 
[Exp] Di. Gy. I: GL. I-YH UE: 
[¥10°11-21] Dk::Hp.d:.gy-I: Gr. Iz. Y= Li 
[*4°71] Di. dy = Py: Gl. In. Y=4? 
[*13-191] Hry=HU.Dz Gr Pe. dg Y=@! 
[*10°22] Hie. =,-YHR! 
[*14°202] =:y=(1x) (pa) 2: DF. Prop 


#14242. bs. du.s,.0=b:D:yb.=. (rx) (pe) [14202'15] 
*14-25. b:. El (1x) (b2).3: $22, po. =. (12) (fz) 


Dem. 
b #484. #1027271. Db iba. =,-@=b:32. Pe Ie pu.=:L=b. Iz. pu: 
[*13°191] =iwpb: 
[*14°242] . =. (12) (px) (1) 
F.(1).*1011:23.31:.(qb): dv. =,."=6: : 


DI: ot Iz. 


Ul] 


(a0) (g2) (2) 
F.(2).*1411. ODF. Prop 
*1426. b:. El (ax) (bx). 3:(qx). dv. po. =. {((1")($2)} =. pe Iz po 
Dem. : 
b.*1411.5 | 
F:. Hp.3:(qb): da.=,.2=b | (1) 
F.xlO0311. Db: g7.=,.2=bi di. gu. pr.=,.2=b. Wei. 
[*10°281] Di. (qx). du. wa.=.(qr).c=b.pa. 
[13-195] 
[14242] 
F. (2). #10°11-23.D 
b:.(qb)i dr. =,-4=b:9:(qx)-Gu.we. 
F.(1).(3). #1425. . Prop 
#1427. Fs. E! (22) (pe). 3: geez pe. =. (1x) (2) = (12) (fr) 
Dem. 
fF. 48621. Dii:de.= .2=b:I):.62.=.prr=ipe.=.2=6 (1) 
b.(1).*10°11:27.Dbs:de.5,.2=b:3:.(2)i. Gus. pura: yr.=.2=b 
[*10-271] Di.dv.He-Pursiva.s,.e2=b: 
[*14°202] :b=(12) (a): 
[w14-242] : (a) (gar) =(12) (ya) (2) 
b. (2). «1011-23. #1411. . Prop 


tll 


Wott a 


yb. 
- wf (22) ($a)} (2) 
- wf {(a2) (pa)} (3) 


owl WM 
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#14271. Fs. de. =,. por: E! (12) (px). =. E! (12) (pa) 
Dem. . 


F.*486. Dhi:dreypr.D:..g2.5.c=b:=:pr.=.02=b 

[*10°11-:27] D+:: Hp. D:.(2)2.G2.=.c=bi=ipr.=.c=b 
[*10°271] D:.(2):oe.=.¢=b:2:(2):we.=s.e=b:: 
[*10°11:21] >+:: Hp. D:.(b):. be. =,.e=bi=iwu.=,.x2=b: 
[*10-281] D:.(qb): be. =,.0=b:=:(qb)i br.=,.2=b 


#14272. b 2. br. =z. por Diy (1) (bx). =. ¥ (12) (hr) 
Dem. 


F.x486. Dhidrape.d:.¢6e.=.c=brs:e.=.c2=) 

[*10°11°414] D+ :: Hp. D:.$.=,-2=b:=:ar.=,.0=b:. 

[Fact] D:.o@.=,.0=b: yb: =: ~e.s,.2=b:yb:. 

[*10°11:21] D:: Hp. D:.(b):. 62. =2.0=biybisiwe.=,.02=b:xb:. 

[*10°281] D:.(qb): ¢u.=,.c2=b:yb:= 
:(qb)i:a.=,.2=b:yb:. 

[*14°101] D:. x (1") (Px). =. x (12) (Wa): Db. Prop : 


The above two propositions show that E!(2x”)(x) and y(1x)(¢x) are 
“extensional” properties of $2, «.e. their truth-value is. unchanged by the 
substitution, for $2, of any formally equivalent function W2. 


*14:28. +: E! (1x) (x). =. (10) (bx) = (12) (pax) 

Dem. 
F.*13°15 #473. 3b: 6v.=,.¢2=b:=:60.=,.2=b:b=6 (1) 
F.(1).#*1011:281.5 

F:.(qb):62.=,.0=b: 

F.(2).#141:11.5+. Prop 

This proposition states that (12) (p«) is identical with itself whenever it 
exists, but not otherwise. Thus for example the proposition “the present 
King of France is the present King of France” is false.’ 


:(qb):¢0.=_.0=b:b=b (2) 


The purpose of the following propositions is to show that, when E!(22) (dz), 
the scope of (22) ($x) does not matter to the truth-value of any proposition 
in which (1z)(¢«) occurs. This proposition cannot be proved generally, but 
it can be proved in each particular case. The following propositions show 
the method, which proceeds always by means of *14°242, *10°23 and *14-11. 
The proposition can be proved generally when (2x)(@x) occurs in the form 
x (1%) (pa), and x (2) ($x) occurs in what we may call a “truth-function,” ce. 
a function whose truth or falsehood depends only upon the truth or falsehood 
of its argument or arguments. This covers all the cases with which we are 
ever concerned. That is to say, if x (2x) (px) occurs in any of the ways which 
can be generated by the processes of *1—x11, then, provided E! (2x) (pz), 
the truth-value of f {[(2x) ($x)] . y (22) (bz)} is the same as that of 


[(1#) (px)] - {x (22) (pa)}. 
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This is proved in the following proposition. In this proposition, however, the 
use of propositions as apparent variables involves an apparatus not required 
elsewhere, and we have therefore not used this proposition in subsequent 
proofs. 


#143. Fi.p=q.pq-f(p)=f(qg): E! (1x) ($2): 9: 
F {[(ox) (pa)] « x (12) (Pa)} « = « (Ca) (ba)] «Fix 2) (G2)} 


“b.#14-242,D 
brew. =2-0=b: D+ [(02)($2)].y(2)(ge2).5-xb (1) 
F.(1). DF. peq- pgs f(p)=f(Q): Gr. =2-0=b:)5: 


F {[0x) (pa)]. x (az) (fx) «= F(x) (2) 
b. #14°242.> 


bi. dx .=2.2=b:3:[(1x)(dx)]. f {x (12) (p2)} «=. f(y) (3) 
F.(2).(8).9 
Fi.p=q-Dpqg-S (D=Sl(Q): Ge. Sz. e=b:9: 
SF {[(2z) (b2)] « x (a7) (pa)} « = « [(22) (Pa)] SF {x (az) (Pax)} (4) 

(4). #10°23 «#1411. 55. Prop 

The following propositions are immediate applications of the above. They 
are, however, independently proved, because *14°3 introduces propositions 
(p, g namely) as apparent variables, which we have not done elsewhere, and 
cannot do legitimately without the explicit introduction of the hierarchy of 
_ propositions with a reducibility-axiom such as *12°1. 


— #1431. Fi: El (17) (px). 3:3. [(22) (bx)]. pv x (1%) (fz) » 
Z =i p.v.[(1) (pa)]. x (1) (pa) 
Dem. 


#14242. Db. po. =,.2=b:D:[(20)(2)]. pv x (1”) (pz). =. pv xb (1) 
b.*14242.Dbs. pa. =,.0=b:5:[(22)(bx)]. x (12) (px). =. xd: 
[*4°37] >: pv[(1x) (px)] x (12) (pa). = «pv xb (2) 
F.(1).(2).DF:. bv. 5,.2=b:9:[(27)(px)]. pv x (1x) (px). 

=. pv[(1x)(p2)] x (12) (pa) (8) 


+ 


F. (3). *10°23.%1411.5¢. Prop 


The following propositions are proved in precisely the same way as *14°31 ; 
hence we shall merely give references to the propositions used in the proofs. 


*1432. F:. E! (2x) (px). =:[(22) (P2)].~ x (22) (pz). 
= «~ {[Qx) ($2)] . x (12) (G2) 
[14242 . 4°11. *10°23 . #1411] 

The equivalence asserted here fails when ~E! (1x) ($x). Thus, for example, 
let dy be “y is King of France.” Then (7«)(#2)=the King of France. Let 
xy be “y is bald.” Then [(27)(2)]-~y (1x) (Px). =. the King of France 
exists and is not bald; but ~ {[(2x) (¢a)] . x (1”) (ox)} . =. it is false that the 
King of France exists and is bald. Of these the first is false, the second true. 
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Either might be meant by “the King of France is not bald,” which is am- 
biguous ; but it would be more natural to take the first. (false) interpretation 
as the meaning of the words. If the King of France existed, the two would be 
equivalent ; thus as applied to the King of England, both are true or both false. 
#1433. F:: E! (27) (px). :.[(10)($x)].p Dy (1) (bz) . 
| =tp-2.[(1x) (pz)]. x 02) ($2) 
[*14-24.2 . 44°85 .*10°23 . *1411] 
#14331. F :: E! (az) (6x). 3:.[(2x%) (px)] . x (12) (Pe) Dp. 
~ 2:[(02) ($2)] x (02) ($a). «p 
[4°84 . *14°242 .*10°23 . ¥14-11] 
#14:332. bs: HE! (ax) (bx). 92. [(02) (bx)]- p= (1%) (bx). = | 
[#4°86 . #14242 .*10°23 . ¥14-11] 
#1434. bs. p:[(2x) (b2)].y (12) (Px): = 2 [(12) (hx)] 2p. x (12) (bz) 
This proposition does not require the hypothesis E ! (2x) (pz). 


Dem. 
Fexl41.3 
Fs. ps [(2x)(px)]. x (10) (px): =: pi: (qb): dr.=,.2=b: yb: 
[*10°35] =:(qb): p:¢ov.=,.02=b: yb: 
[*14-1] =:[(12)(px)]: p. x (2@) (Px) 2. IF. Prop 


Propositions of the above type might be continued indefinitely, but as they 
are proved on a uniform plan, it is unnecessary to go beyond the fundamental 
cases of pvg, ~p, pI q and p.g. 

Is should be observed that the proposition in which Gay ds) has the 
larger scope always implies the corresponding one in which it has the smaller 
scope, but the converse implication only holds if either (a@) we have E ! (1x) ($x) 
or (6) the proposition in which (2”)(¢x) has the smaller scope implies 
E!(2”)(px). The second case occurs in *14°34, and is the reason why we 
get an equivalence without the hypothesis E!(2x)(ox). The proposition in 
which (1”)(f«#) has the larger scope always implies E! (22) ($2), in virtue of 
#1421. 


SECTION C 


CLASSES AND RELATIONS 


*20. GENERAL. THEORY OF CLASSES 
Summary of *20. 


The following theory of classes, although it provides a notation to represent 
them, avoids the assumption that there are such things as classes. Thisit does 
by merely defining propositions in whose expression the symbols representing 
classes occur, just as, in *14, we defined propositions containing descriptions. 


The characteristics of a class are that it consists of all the terms satisfying 
some propositional function, so that every propositional function determines a 
class, and two functions which are formally equivalent (.e. such that whenever 
either is true, the other is true also) determine the same class, while conversely 
two functions which determine the same class are formally equivalent. When 
two functions are formally equivalent, we shall say that they have the same 
extension. The incomplete symbols which take the place of classes serve the 
purpose of technically providing something identical in the case of two functions 
having the same extension ; without something to represent classes, we cannot, 
for example, count the combinations that can be formed out of a given set of 
objects. 

Propositions in which a function ¢@ occurs may depend, for their truth- 
value, upon the particular function ¢, or they may depend only upon the 
extension of @. In the former case, we will call the proposition concerned an 
intensional function of @; in the latter case, an extensional function of ¢. 
Thus, for example, (z). dx or (qx). x is. an extensional function. of ¢, 
because, if @ is formally equivalent to yw, we. if dw.=,.a, we have 
(a). 6@.=. (x). a and (qe). pr.=.(qxz).ye. But on the other hand 
“TI believe (w).¢2” is an intensional function, because, even if dx. =,. We, 
it by no means follows that I believe (x). x provided I believe (x). dx. The 
mark of an extensional function f of a function ¢!2 is : 

blaeSyePlardguif(P!l2).=-f(p!2). 
(We write “!2” when we wish to speak of the function itself as opposed to. 
its argument.) The functions of functions with which mathematics is specially 
concerned are all extensional. 


When a function of #!2 is extensional, it may be regarded as being 
about the class determined by¢ ! 2, since its truth-value remains unchanged 
so long as the class is unchanged. Hence we require, for the theory of classes; . 
a method of obtaining an extensional function from any given function of a 
function. This is effected by the following definition: , 
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*2001. f {2 (Wz)}.=: (qd): gla.=,.wa: f{o!2} Df 
Here f {2(z)} is in reality a function of 2, which is defined whenever 
J {$ ! 2} is significant for predicative functions ¢!2. But it is convenient to 
regard f {2(4z)} as though it had an argument 2 (yz), which we will call 
“the class determined by the function 2.” It will be proved shortly that 
J {2 (vz)} is always an extensional function of y2, and that, applying the 
definition of identity (*13°01) to the fictitious objects 2 ($2) and 2 (pz), we 
have 

2 (pz) =2 (rz). =: (2): bv. =. we. 
This last is the distinguishing characteristic of classes, and justifies us in 
treating 2 (yz) as the class determined by 2. 

With regard to the scope of 2 (yz), and to the order of elimination of two 
such expressions, we shall adopt the same conventions as were explained in 
*14 for (12) ($x). The condition corresponding to 

E! (ax) (pa) is (Go): 612. =,. a, 
which is always satisfied because of *12°1. 
Following Peano, we shall use the notation 
xe? (Wz) 

to express “a is a member of the class determined by W2.” We therefore 
introduce the following definition: 

*2002. xe(p!2).=.g!a Df 

In this form, the definition is never used ; it is introduced for the sake of the 


proposition 
Fs.me2(wz).=:(qdb)ipy-=y. oly:dla 
which results from *20°02 and *20°01, and leads to 
bive2(pz).=. pe 
by the help of *12°1. 

We shall use small Greek letters (other than e, u, 77, $, W, x, 9) to represent 
classes, 7.e. to stand for symbols of the form 2 ($z) or 2(6!z). _When a small 
Greek letter occurs as apparent variable, it is to be understood to stand for a 
symbol of the form 2 (¢!z), where ¢ is properly the apparent variable con- 
cerned. The use of single letters in place of such symbols as 2 (2) or 2($!z) 
is practically almost indispensable, since otherwise the notation rapidly becomes 
intolerably cumbrous. Thus “# ea” will mean “# is a member of the class a,” 
and may be used wherever no special defining function of the class a is in 
question. 

The following definition defines what is meant by a class. 

*2003. Cls=4 {(qo).a=2(¢!z)} Df 

Note that the expression “@ {(q¢).a=2(f!z)}” has no meaning in 
isolation: we have merely defined (in *20°01) certain uses of such expressions. 
What the above definition decides is that the symbol “Cls” may replace the 
symbol “@ {(qo).a=2(p!2z)!,” wherever the latter occurs, and that the 
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meaning of the combination of symbols concerned is to be unchanged thereby. 
Thus “Cls,” also, has no meaning in isolation, but merely in certain uses. 

The above definition, like many future definitions, is ambiguous as to 
type. The Latin letter z, according to our conventions, is to represent the 
lowest type concerned; thus ¢ is of the type next above this. It is convenient 
to speak of a class as being of the same type as its defining function; thus a 
is of the type next above that of z, and “Cls” is of the type next above that 
of a. Thus the type of “Cls” is fixed relatively to the lowest type concerned; 
but if, in two different contexts, different types are the lowest concerned, the 
meaning of “Cls” will be different in these two contexts. The meaning of “ Cls” 
only becomes definite when the lowest type concerned is specified. 

Equality between classes is defined by applying *13°01, symbolically un- 
changed, to their defining functions, and then using «20°01. 

The propositions of the present number may be divided into three sets. 
First, we have those that deal with the fundamental properties of classes ; 
these end with *20°43. Then we have a set of propositions dealing with both 
classes and descriptions; these extend from *20°5 to *20°59 (with the ex- 
ception of *20°53'54). Lastly, we have a set of propositions designed to prove 
that classes of classes have all the same formal properties as classes of in- 
dividuals. 

In the first set, the principal propositions are the following. 

*2015. bio. =,. yor =.2 (wz) =2 (xz) 

Ie. two classes are identical when, and only when, their defining functions 
are formally equivalent. This is the principal property of classes. 
*20°31. bs. 2 (2) =2 (yz). =: 262 (Wz). =z. Ue 2 (xz) 

I.¢. two classes are identical when, and only when, they have the same 
members, 

*20°43. Fi.a=B.=:x26a.=,.2€8 

This is the same proposition as.*20°31, merely employing Greek letters 
in place of 2(yz) and 2 (yz). 

*2018. | :.2(62)=2 (Wz). 3: f {2 (o2z)} =» f {2 (p2)} 

Ie. if two classes are identical, any property of either belongs also to the 
other. This is the analogue of *13°12. 

*20°2'21'22, which prove that identity between classes is reflexive, symmetrical 
and transitive. 
*20°3. Fire? (vz). =.we . 

Ie. term belongs to a class when, and only when, it satisfies the defining 
function of the class. 

In the second set of propositions (*20°5—’59), we show that, under suitable 
circumstances, expressions such as (1”)(@#) may be substituted for v in *20°3 | 
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and: various other propositions of :the first set, and. we prove a few properties 
of such expressions as “(74) (fa),” t.e. “ the class which satisfies the function f.” 
Here it is to be remembered that “a” stands for “2(gz),” and that “fa” 
therefore stands for “f{2($z)}.” This is, in reality, a function of $2, namely 
the extensional function associated with f(w!2) by.means of *20:01. Thus 
an expression containing a variable class is always an abbreviation for an 
expression containing a variable function. 

In the third set of propositions, we prove that variable classes satisfy all 
the primitive propositions assumed for variable individuals or functions, whence 
it follows, by merely repeating the proofs of the first set of propositions (#20°1 
—-43), that classcs of classes have all the formal properties of classes of in- 
dividuals or functions. We shall never have occasion explicitly to consider 
classes of functions, but classes of classes will occur constantly—for example, 
every cardinal number will be defined as a class of classes. Classes of relations, 
which will also frequenily occur, will be considered in *21. 


#2001. f (2(p2)}.=:(Gb):o!a.=,-warf{p!2} Df 
#2002. we(p!2).=.dbla Df 
«2003. Cls=@{(q¢).a=2(p!2z)} Df 

The three following definitions serve merely for purposes of abbreviation. 
#2004. a, yea. =.rea. yea Df 
#2005. 2, y,zea.=.u,yea.zea Df 
#2006. wrea.=. (rea) Df 

The following definitions merely extend to symbols representing classes 
the definitions which have already been given for other symbols, with the 
smallest possible modifications. 


20°07. (a) + fa.=«(h) +f {2 ($!2)} Df 
420071. (qa). fa.=.(a$) +f 2(6!2)) Df 
420°072. [(10) (fa)] .f (2a) (ha). = 2 (Hy) Ge. Ha. yi ty Df 
42008. f{@(sra)} -=2 (Gb): ya-seehlarf(p!) Df 
#20081. aepla.=.pta Df 


The propositions which follow give the most general properties of classes. 
4201. bs. f(2(bz)}-=2(ab) plo.se. yu sf{p!2} — [xe4r2.. (#20°01)] 
#2011. Fi. wa. sz. yor Dif (2 (v2) = S12 (x2} 


Dem. 
b.#486. Db: Hp. Dd: Gla. =e-pursgiGlx. =p. yet. . 
[*4°36] Di gla.sz Wer f{[POl2} ray: dla.sy. yur f[pr2}: 
[*10-28T] D:.(qob): Gl a.se- por f {tz}: 


=:(q¢): d!xv.=,. yur f {pola}: 
[-*20'T] D:.f {2 (b2)} «= »f {2 (y2)} 2 DF. Prop 
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This proves that every proposition about a class expresses an extensional 
property of the determining function of the class, and therefore does not 
depend for its truth or falsehood upon the particular function selected for 
determining the class, but only upon the extension of the determining function. 
#20111. bs. f(6!12).=4-9(612): 3: f [2 (b!2)} .=4-9 [2(h!2)} 

Dem. 

t. Fact. Dk::Hp.d:.dla.=,.Pla:f(plaiseibla.=,.plarg(plZ)u 
[*10°11-21] D+2:Hp.D:.d!a.=,.pla:f(w!2):=,:ble.s2.vloig(l2):. 
[*10-281] Ds.(qy):bla-s.pla:f(l2):=(qy)ible.=.plaig(pl2):. 
[4201] Dz. f2(b!a)}-=-9 2b! 2)} (1) 
F.(1).*10°11:21.5+. Prop 
*20°112. | :. (qg):.f{2(p!2)}.=4.g!{2(p!2)} 
Dem. 
be aL21. Ft. (gg) f(P12). = 4-9! (G!2) (1) 
F.(1).*20111.3F. Prop 

Thus the axiom of reducibility still holds for classes as arguments. 
#2012. :(qo): GO! x.=2. par f{2(bz)}.=.f[2(Gl 2} [e202]. ¥121) 
#2013. bs. Yu. =_. yD. 2 (Wz) =2 (xz) 

The meaning of “2(yz)=2(yz)” is obtained by a double application of 
*20°01 to *13°01, remembering the convention that 2(z) is to have.a larger 
scope than 2 (yz) because it occurs first. 


Dem. 
F.x201. Db 2:2 (rz) = 2 (yz). =: (Gh): pe. =,.p)ai:g!12=2 (yz): 
[*20°1] =:.(q¢, O):.o.=,.hlasyxe.s,-OMa:gp12=O12 (1) 


F121. *10°321.5 
Fi: Hp. 3:.(q): pu.=,.Glaiyee=,.g'ari. 


[*13°195] Ds. (qb, 0): Wr.seohlaryx.=,-OlarPlZ=O'2 (2) 
F.(1).(2).D5. Prop 
#2014 £2. 2(pz)=2 (yz). 3: pu. =z,. yu 

Dem. 


F. #201. Db 2: 2 (bz) =2 (yz). = 2. (Gh): Po. He. hlar pl? =2 (yz):. 
[x201] =:.(qo, 0):.~e.=,.plaiyx.=,-Olaipt2=O'2:. 
[¥13-195] =:.(qo):.We.Se-blatye.sz-bler. 
[*10°322] Di.apo.=,. yur D+. Prop 

This proposition is the converse of #2013. 
#2015. ti.Wo.=,. yur =.2 (Wz) =2 (yz) [*2013:14] 

This proposition states that two functions determine the same. class when, 
and only when, they are formally equivalent, ¢.e. are satisfied by the same set 


of values. This is the essential property of classes, and gives the justification 
of the definition *20°01. 
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*20°151. +. (qh). 2 (rz) = 2 (p12) 
Dem. , . 
F.x2015. Dhkiwr.=,. hl e:3.2(W2)=2(h!z):.. 

[1011-28] Dk: (qh): Wr. =,.Pla:d.(qd)-2(pz)=2(p!z) (A) 
F.(1). «121.55. Prop 

In virtue of this proposition, all classes can be obtained from predicative 
functions. This fact is especially important when classes are used as apparent 
variables. For in that case, according to the definitions *20:07-071, the ap- 
parent variable really involved is a predicative function. In virtue of *#20°151, 
this places no limitation upon the classes concerned, except the limitation 
which inevitably results from the nature of their membership. A class, there- 
fore, unlike a function, has its order completely determined by the order of 
its possible members, #.e. of the arguments which render its defining function 
significant. 
*2016. F: (qd): f (2 (rz)} . 
*2017. £:(f).f {2 3(o! Yz)}. 2. f {2 (z)} [*20°16 . *10°1] 
#2018. b:.2(h2)=2 (wz). I: f [2 (bz)} + = -f [2 (z)} [*2011°15] 
#2019. bs. 2 (bz) =2 (x2). S2(f)2fl2 (bz). Dd -f12 (x2) 

Dem. 
b .#20°'18. #101121. :.2 (wz) =2 (x2). 9: 

(fifi 2 spe). D.f18(y2) ) 
bi. k201815. Db Pla.sy- purOla.s,. Kur fl2 (2). Dd. fl2(yz):9: 
fl2(ptz).d.ft2(A!z) (2) 
F . (2). *10°11'27°33 . | | 


birGla. eg. purOla. =. Xe (f)ifl2 (yz). D-fl2 (ye) Ot 
- (fyaflo(gtz).d.f12(Ot2) +. 
[*20°112.4101] Digla.sz-Pla:Iiglx.=z.Olai. 


Ff {2 (b12)} [#2012] 


[4-2] Di. Gla.=,.Ola:. 
[*10°301°32.Hp] Di. pr. =z- Kei 
[*20°15] D1. 2 (hz) = 2 (x2) | (3) 


+ .(8).*10°11:23°35 . 
bs (Hi, O)s ple. en ar Olay. yee (f)Ef12 (pa). D.f12 (x2) 
D2 (wz) =2 (x2) (4) 
F.(4) #127. DE (f) tft 2 (he). fl 2 (yz). 2 (vz) =2 (x2) (5) 
F.(1).(5). DE. Prop 
*20°191. bs. 2 (hz) =2 (yz) = t(f) it fl2(pz).= $12 (x2) 
[*20°1819 . 10-22] 
#202. +.2(6z)=2(¢2) 
Dem. . 
+. *2015.Db:.2(h2) =2 (p62). =: PL. =e. Px (1) 
F. (1). #42. 1011.55. Prop 
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¥*20°21. | :2(62)=2 (hz). =. 2 (hz) =2 (hz) [#2015 . ¥10°32] 
*20°22. |: 2 (62) =2 (hz). 2 (rz) =2 (yz). D.2 (bz) =2 (xz) 
[*20°15 . *10°301] 


The above propositions are not immediute consequences of *13°15-16°17, 
for a reason analogous to that explained in the note to *14°13, namely because 
J {2 (pz)} is not a value of fx, and therefore in particular “2? ($2) =2 (bz) ” is 
not a value of “a = y.” . ° 
*20°23. 1:2 (hz) =2 (vz). 2 ($2) =2 (yz) .D.2 (vz) =2(x2) [20-21-22] 
*20°24. 1/22 (yz) =2 (pz). 2 (yz) =2 ($2). 3.2 (sz) =2 (yz) [20-21-22] 
*20°25. b:.a=2(p2z).=..4=2 (pz): =.2 (hz) =2 (Wz) 

Dem. . 
F.xlO1. Dhia=2(z).=..a=2(Wz): Dd: 

2 (he) =2 (pe). = 2 (hz) =2 (qe): 


[*20°2] 2:2 (pz) =2 (wz) (1) 
F.*20'22. Dhra=2(hz).2(h2z)=2 (wz). D.a=2( wz): 

[Exp.Comm] Df :.2 (62) =2 (Wz). D:a=2($z)-D.a=2 (wz). (2) 
b.#2024. Dh:.2(h2z)=2(Wz).a=2 (pz). D.a=2(dhz)3 

[Exp] Dh. 2($z)=2 (pz). Dia=2(pz).d.a=2(¢gz) (3) 


F.(2).(8). Dh. 2 (hz) =2 (vz). Dia=2($z).=.a=2 (Wz): 


[#101121] Dh:.2(h2z)=2(z).D:a= 2 (hz). S,.a=2 (Wz) (4) - 
F.(1).(4). Db. Prop 
*203. Fire2(Wz).=. pa 
Dem. . 
F.*20'1.) 7 
Firwe? (pz).=3.(qb):. py.=,.bly:xve(p!2): 
[(*20-02)] =1.(qd):.Wy.=,-dly:dla:. 
[*10°43] =i (Gh) vy.=y-dlyipor 
[*10°35] =i.(qh): py.=y.dlyn won 
[*12°1] =i. var: Dt. Prop 


This proposition shows that « is a member of the class determined by 
when, and only when, z« satisfies ap. 


#2031. 12.2 (re) =2 (x2). =1we2(ps).=,.eeF(yz) [#20153] 


#2032. |. 2 {a e2(z)} =2 (bz) [*20°3-15] 
*20°33. :.a=2(z).=:aea.=,.d6u 
Dem. 
F.*20°31. Dhs.a=2(o2).=ivea.=,.x262 (gz) (1) 
F.(1).*203.3+. Prop 


Here a is written in place of some expression of the form 2 (wz). The 
use of the single Greek letter is more convenient whenever the determining 
function is irrelevant. 

R&W iI : 13 
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#2034. Fi.c=y. =e rea. Da YER 


Dem. 

b . #42. (#2007). Dr. wea. D..yearaire2 (plz). dp. ye2(ptz): 
[*20°3 ] e:dla.dg.gly: 

[*13-1] =:e2=y:.D+F.Prop 


The above proposition and *20°25 illustrate the use of Greek letters as 
apparent variables. 

#2035. bia =y. = tea. =a. YEa —— [¥20°3 . #18°11] 
«204. k:acCls.=.(qd)-a=2(h!z) [#203 . (*20°03)] 
*20°'41. £.2 (pz) eCls [%20°4°151] 
#2042. +.2(zea)=a 

A Greek letter, such as a, is merely an abbreviation for an expression of 
the form 2(¢z) ; thus this proposition is *20°32 repeated. 

Dem. 

+. *20°3.*1011.,. Db: ve2(z)-=,- a: 
[*20°15] Db .B{xe2(vz)} =2 (br). DF. Prop 
#20438. bia=B8.=:v¢a.=,.0%e8 [*2031] 

The following propositions deal with cases in which both classes and 
descriptions occur. In such cases, we shall, in the absence of any indication 
to the contrary, adopt the convention that the descriptions are to have a 
larger scope than the classes, in applying the definitions «14°01 and *20°01. 


HI 


*20°5. Fs (2x) (pr) € 2 (rz) = « v {(1z) (b2)} 
Dem. 
be 141. Db: (ar) (bx) 2 (bz). =. (Gc)! $e. Sp. 4=Cr0e2 (Wz): 
[*20°3] =:.(qc):ov.=,-e2=crwe:. 
[*14-1] =n. {(2@)(gx)} 22 DF. Prop 
#2051. + :.(27)(bx) =b. =: (14) (Px) €a.=a- bea 
Dem. 
F.*20°5°3.) 


F =. (18) (pu) e2(wlz).s.be2(plz)r=iyl (1a) (pa).=. plo: 2 
[xlO-11] bs. (2x) (pa) ea. =..bea: i! (1x) (pe). =y-Wlb: 
[*14°17] : (12) (px) =b:. D+. Prop 
42052. bs. El (av) (dx). = 2 (qb): (22) (px) ea. =a-bea 
Dem. 


F. *20°51.%*1011°281.9 
Fs. (qb). (17) (bx) =b. =: (qb): (1x) (Pa)ea.=a-bea (1) 
F.(1).#14°204. 55. Prop 
#2053. b:.8=a.22.¢8:=.¢a 
This is the analogue of *13°191. 
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Dem. ; 
F.xlO1. Ik:.B=a.92.¢68:I:a=a.).¢a: 
[*20°2] . 3: da (1) 
F.*20°18:21. 3: 8=a.3:6a.3.¢68:. 
[Comm] Dk:.fa.3:8=a.).¢8:. 
[*10°11-21] Dhk:.ga.d:8=a.D,.68 (2) 
_F.(1).(2). OE. Prop 
*20°54. [+:(q8).B=a.¢8.=.¢a 
This proposition is the analogue of *13:195. 


Dem. 
F.*2018.*1011.3F:8=a.68.),. da: 
[*10°23] DF:(qB8).R=a.$8.9D. da (1) . 
F.*202.432. Dk: ga.d.a=a. ga. : 
[¥10-24] >. (gq). =a. $8 (2) 
F.(1).(2). >. Prop 

#2055. | .2($z)=(10)(wea.=,. bx) 
Dem. 


+. *20°33.DF wed. =,.6u1=,.a=2(gz):. 
[*2054] Dhi.(GA):.cea.=,.6e:=,.4=B:.2(b2z)=B:. 
[¥l4-1] Dh.2($2z)=(10)(wea.=,. hx). D+. Prop 
*20°56. |. E!(10)(cea.=,. px) [20°55 .*1421] 
*20°57. |. 2(62z)=(12) (fa). Dig {2(2)}.=-9 (10) (fa)} 
Dem. 


Fexl41. Dt:: Hp. (8): fas =..a=B:3(b2)=Be 


Ml Ui 


[*20°54] sh fa.=..a=2 (2) (1) 
Fexl41. Drs. g {(72)(fa)} =: (qP): fa.=.-a=B:98 (2) 
F.(1).(2).3D bs: Hp. 3s. 9 {(2a) ( fa)} -=1(q8):a=2(p2z).=..a=B:9P: 
[*13-183] =:(q).2(¢z)=B.gB8: 
[*20°54] =: 9 {2($z)} :: DF. Prop 
*20°58. | .2(pz) = (10) |a=2(dz)} 
Dem. 
b. #42. 41011. 3b :a=2($2).=,.a=2(dz): 
_ [20°54] Dh:.(q8):.a=2($2).=,.4a=B8:2(b2)=8:. 
[*14°1] Dt .2($z) = (2a) (a= 2(hz)} . D+. Prop 
*20°59. | 22 (pz) = (1a) ( fa). =. (1a) ( fa) =2 (dz) 
Dem. . 
F.*201 - D1 2.2 (pz) =(1a) (fa). =: (qw) igo. =,.plarp!2=(1a)( fa): 
[*14°13] =Hi(qyp) ior. =,.ple:(1a)(fay=wl?: 
[*20°1] =1(1a) (fa) =2(z):. DF. Prop 


13—2 
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In the following propositions, we shall prove that classes have all the 
formal properties of individuals, and have the same relations to classes of 
classes as individuals have to classes of individuals. It is only necessary to 
prove the analogues of our primitive propositions, and of our definitions in 
cases where their analogues are not themselves definitions. We shall take 
the propositions *10°1°11°12'121:122, rather than those of *9, and we shall 
prove the analogue of «10°01. As was pointed out in *10, we shall thus have 
proved everything upon which subsequent proofs depend. The analogues of 
*20°01-°02 and of *1401 remain definitions, but those of *10°01 and *13°01 
become propositions to be proved. *9°131 must be extended by the definition: 
Two classes are “of the same type” when they have predicative defining 
functions of the same type. In addition to these, we have to prove the 
analogues of *10°1°11°12°121-122, «11:07 and *12°1:11. When these have been 
proved, the analogues of other propositions follow by merely repeating previous 
proofs. These analogues will, therefore, be quoted by the numbers of the 
original propositions whose analogues they are. 

#206. F:(qa).fa.=.~{(a).~fa} 
Dem. 
t. 4:2 .(*20°071).> 
Ks (qa). fa.=.(ap)- S12 ($!2)}. 
[(#10°01)] =.[($)-f (2 ($42)]]- 
[(*2007)] =.~{(a).~fa}: D+. Prop 
This is the analogue of *10°01. 
*20°61. F:(a).fa.3.f8 

Dem. 

F. #101. (#2007). DF: (a). fa.d.f{2(p!z)}: D+. Prop 

This is the analogue of *10-1. 


In practice we also need 


-) Fr:(a).fa.d.f {2 (pz)}. 
This is *20°17. 


We need further F. (qa). 2 (pz) =a. 

This is *20°41. 
*20°62. When /@ is true, whatever possible argument of the form 2(¢!z) 
8 may be, then (a). fa is true. 

This is the analogue of *10°11. 

- Dem. | 

+. *10°11.5. when /{2($!z)} is true, whatever possible argument ¢ may 
be, then (f). f {2 (! z)} is true, 2.e. (by *20°07), (a) . fa is true. 
«20°63. |:.(a).pvfa.dI:p.v.(a)-fa 

This is the analogue of *10°12. 
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Dem. 
bt .*4'2.(*20°07).> 


F:.(a) pv fa.=:(p). pv f{2(dtz)}: 
[*10°12] p.v.(d). f{2(ptz)}: 
[(*20°07)] :p.v.(a).fa:. 5. Prop 
*20°631. If “fa” is significant, then if B is of the same type as a, “/8” is 
significant, and vice versa. 
This is the analogue of *10°121. 
Dem. . 
By *20°151, a is of the form 2(¢!z), and therefore, by *20°01, fa is a 
function of $!2. Similarly 8 is of the form 2(y!z), and /@ is a function of 
w!2. Hence by applying *10°121 to $!2 and W!2 the result follows. 


*20°632. If, for some a, there is a proposition fa, then there is a function f a, 
and vice versa. 

Dem. 

By the definition in *20-01, f {2 (4! z)} is a function of w!2. Hence the 
proposition follows from *10°122. 


*20°633. “Whatever possible class a may be, f(a, 8) is true whatever possible 
class 8 may be” implies the corresponding statement with a and 8 inter- 
changed except in “f(a, 8).” 

This is the analogue of *11:07, and follows at once from *11-07 because 
f(a, 8) is a function of the defining functions of a and 8. 


*20°64. bs. (a). fa:(a).ga:>.f8.g8 


Dem. 
F. #42. (*20°07).9 
Fi. (a). far (a). gaz=2(p).f{2(b!2)} 2(b) -g{2(p!2)} : 
[*10°14] Dif {Z(vlz)}.g{2ptz)}:. DF. Prop 


Observe that “8” is merely an abbreviation for any symbol of the form 
2('z). This is why nothing further is required in the above proof. 

The above proposition is the analogue of *10°14. Like that proposition, 
it requires, for the significance of the conclusion, that f and g should be 
functions which take arguments of the same type. This is not required for 
the significance of the hypothesis. Hence, though the above proposition is 
true whenever it is significant, it is not true whenever its hypothesis is 
significant. 

*x207. Fi(qg):fa-=.-.g!a [*20112] 

This is the analogue of *12°1. 


*20°701. fF: (qg):f{2(6!2), x} -=60-9!{2(b!2), a} 
[The proof proceeds as in #207112, using *12°11 instead of *12:1.] 


198 MATHEMATICAL LOGIC [PART I 


*20°702. F:(qg):f{x, 2(6!12)}-=¢,2-9! {a, 2(h!z2)} 
[Proof as in *20°701.] 
*20°703. F : (qq) {2 (6!2), 2h 12)} «Seu Gl {2 (blz), 2 1 2)} 
Dem. 
F.x10311 . Db f{yl2, O12}.=, 9-9! {[x!2, O22: 
bla=pyla.wlas,0la.f{yl2, O12}.=, 6. 
Ie=,ylo.wla=,Ola.glivl2, OY 
F. (1). #*11913°341.5 fe a ee ene ananeral “A? 
F:.Hp(1). OJi(qy, 9). dlaezcyla.wlae=,Ola.f{yl2, O12} .=sy- 
(qx, 9)-dlaazxla.ple=,Ola.gt{x!2, O12}: 
[*20°1.%10°35] D:f {2 (p12), 2b lah- Seu GliGl2, pla} (2) 
F. (2) .#10°11-281.> 
Fs. (agi f{yl2, O12. Sag l {inv !2, OL2}2D: 
(9) 2S {2 (P12), 2061 2)} -=6u- GE (2(P1z), 2( 12} (3) 
F.(3).#1211.55. Prop 
*20°701'702'703 give the analogues, for classes, of *12°11. 
#2071. bi.a=B.S:g!la.d,.g!18 [*2019] 
This is the analogue of *13°01. 


This completes the proof that all propositions hitherto given apply to | 
classes as well as to individuals. Precisely similar reasoning extends this result 
to classes of classes, classes of classes of classes, etc. 


From the above propositions it appears that, although expressions such as 
2($z) have no meaning in isolation, yet those of their formal properties with 
which we have been hitherto concerned are the same as the corresponding 
properties of symbols which have a meaning in isolation. Hence nothing in 
the apparatus hitherto introduced requires us to determine whether a given 
symbol stands for a class or not, unless the symbol occurs in a way in which 
only a class can occur significantly. This is an important result, which enables 
us to give much greater generality to our propositions than would otherwise 


be possible. 


The two following propositions (*20°8°81) are consequences of *13°3. The 
“type” of any object x will be defined in *63 as the class of terms either 
identical with x or not identical with z We may define the “type of the 
arguments to $2” as the class of arguments x for which “ga” is significant, 
i.e. the class 8(dav~dax). Then the first of the following propositions shows 
that if “da” is significant, the type of the arguments to $2 is the type of a; 
the second proposition shows that, if “¢a” and “pa” are both significant, 
the type of the arguments to $2 is the same as the type of the arguments to 
2, because each is the type of a. #20°8 will be used in #63:11, which is a 
fundamental proposition in the theory of relative types. 
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#208. +: davrda.d.2(pavrgz)=2(c#=4.V.2+a) 
Dem. 
F,*13°3 .*10°11:21.5 
bk:: Hp. D:.gaverge.=,:2=a.V-.0+0t. 
[*20° 15]D: .2(p2V~ ox) = a(a= a.v.x+a)::D+. Prop 
«2081. +: daveda.paverwa.d .2 (deve) =f (prv~Yor) 
Dem. 
.*208.D+:Hp.d.2(drv~vogs) =2(e#=a.v.x2+a) (1) 
b.*20°8.3+:Hp.d.8(pavrwe)=2(a#=a.vV.£+a) (2) 
.(1).(2).*10°121-13.Comp.> 
bk: Hp.>.8(dav~v gu) =2(2=a.v.2+a).2 (paver we) =2(e=4.V.0+ 4). 
[*20°24]D .2(dav~dr) =2 (paver): I+. Prop 
In the third line of the above proof, the use of *10°121 depends upon the 
fact that the “a” in both (1) and (2) must be such as to render the hypothesis 
significant, 2.e. such as to render 
“paverda.paveya” 
significant. Hence the “a” in (1) and the “a” in (2) must be of the same 
type, by *10°121, and hence by *10°13 we can assert the product of (1) and 


? » 


(2), identifying the two “a’s. 


Since a type is the range of significance of a function, if da is a function 
which is always true, 2($z) must be a type. For if a function is always true, 
the arguments for which it is true are the same as the arguments for which 
it is significant; hence 2 (¢z) is the range of significance of oa, if (a) . px holds. 
Thus any class a is a type if (z).wea. It follows that, whatever function ¢ 
may be, 2(¢2v~¢z) is a type; and in particular, 2(«@=a.v.a#+ a) isa type. 
_ Since @ is a member of this class, this class is the type to which a belongs. 
In virtue of *20°8, if da is significant, the type to which a belongs is the class 
of arguments for which ¢z is significant, t.e.2(@zv~¢x). And if there is any 
argument a for which ¢a and wa are both significant, then $2 and W% have » 
the same range of significance, in virtue of *20°81. 


*21. GENERAL THEORY OF RELATIONS 


Summary of *21. 


The definitions and propositions of this number are exactly analogous to 
those of *20, from which they differ by being concerned with functions of two 
variables instead of one. A relation, as we shall use the word, will be under- 
stood in extension: it may be regarded as the class of couples (2, y) for which 
some given function ¥(a, y) is true. Its relation to the function vr (2, 9) is 
just like that of the class to its determining function. We put 
#2101. f {294 (w, y)} -=1(ad)# O10, 9). Say H(@ Wtf (b1(@ 9} DE 
Here “29 yp (a, y)” has no meaning in isolation, but only in certain of its uses. 
In *21-01 the alphabetical order of u and v corresponds to the typographical 
order of 2 and @ in f {29 (a, y)}, so that | 

Ff GB-p (a, y} -=1(GG) 1 ONG y) «Say h(a yf (O10, @} DE 
This is important in relation to the substitution-convention below. 
It will be shown that 
2p (a, y) = OY x (#, y) «Ste (@, Y) + Say +X (ey), 
ze. that two relations, as above defined, are identical when, and only when, 
they are satisfied by the same pair of arguments. . 

For substitution in $!(@,9) and $!(9, 2), we adopt the convention that 
when a function (as opposed to its values) is represented in a form involving 
® and 9, or any other two letters of the alphabet, the value of this function 
for the arguments a and 6 is to be found by substituting a for # and b for y, 
while the value for the arguments b and a is to be found by substituting b 
for 2 and a for 9. That is, the argument mentioned first is to be substituted 
for the letter which comes first in the alphabet, and the argument mentioned 
second for the later letter; thus the mode of substitution depends upon the 
alphabetical order of the letters which have circumflexes and the typographical 
order of the other letters. ; 

The above convention as to order is presupposed in the following definition, 
where a is the first argument mentioned and b the second: 

*21°02. a{p!(2,9)}b.=.¢1(a,b) Df 

Hence, following the convention, 
b{Pl(2,)}a.=.o!1(b,a) De 
aiP!(G,2)}b.=.6!(b,a) Df 
b{1G,2)}a.=.1 (a,b) Df 

This definition is not used as it stands, but is introduced for the sake of 


a [BG (a, y)} b. = 3 (TP) PU (Hy) + Saye hwy)?! (a,b) 
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which results from *21-01:02. We shall use capital Latin letters to represent 
variable expressions of the form 29! (a, y), just as we used Greek letters for 
variable expressions of the form-2(¢!z). If a capital Latin letter, say R, is 
used as an apparent variable, it is supposed that the R which occurs in the 
form “(Rf)” or “(qR)” is to be replaced by “(6)” or “(q¢),” while the R which 
occurs later is to be replaced by “29! (a, y).” In fact we put 


(R).fR.=.($)-f{29b!(@y)} Dt 
The use of single letters for such i a as 29 (a, y) is a practically 
indispensable convenience. 


The following is the definition of the class of relations: 


#2103. Rel= RB {(q¢).R=296'(«,y)} Df 
Similar remarks apply to it as to the definition of “Cls” (*20°08). 


In virtue of the definitions *21:01‘02 and the convention as to capital 
Latin letters, the notation “«Ry” will mean “sz has the relation R to y.” - This 
notation is practically convenient, and will, after the preliminaries, wholly 
replace the cumbrous notation x {29 (a, y)} y. 


The proofs of the propositions of this number are usually omitted, since 
they are exactly analogous to those of *20, merely substituting *12°11 for 
*12°1, and propositions in *11 for propositions in *10. 


The propositions of this number, like those of *20, fall into three sections. 
Those of the second section are seldom referred to. Those of the third section, 
extending to relations the formal properties hitherto assumed or proved for 
individuals and functions, are not explicitly referred to in the sequel, but are 
constantly relevant, namely whenever a proposition which has been assumed 
or proved for individuals and functions is applied to relations. The principal 
propositions of the first section are the following. 


#2115, Fi (2, y) Se y+ KX (4, Y) 2 = BOW (4, y) =29x (4, y) 
fe. two relations are identical when, and only when, their defining functions 
are formally equivalent. 


*2131. | 2.20 (a, y) =29 x(a, y)- =: (BOW (2, y)} y+ Hay 2 {Bx (a, YY 
J.e. two relations are identical when, and only when, they hold between 
the same pairs of terms. The same fact is expressed by the following 
_ proposition: 
#2143. $:.R=S.=:aRy.=,,.a8y 
*21'2'21'22 show that identity of relations is reflexive, symmetrical and 
transitive. 
#213. Fix {2Gb(a,y)y.=-P(%,y) 
Ie. two terms have a given relation when, and only when, they satisfy its 
defining function. 
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*21°151. F .(qd). 29 (a, y) =29 6 l(a, y) 

L.e. every relation can be defined by a predicative function. Hence when, 
using *21:07 or *21-071, we have a relation as apparent variable, and are there- 
fore confined to predicative defining functions, there is no loss of generality. 


#2101. (f [29 (a, y)}.=1(qb)1b!(@ y) + Say- 0 (a, y) fF {h!(@, d)} Df 
On the convention as to order in *21:01-02, ef. p. 200, and thus relate @, 9 
to 2, 9 so that 


Ff (QRp (a, YY} -=1(Ab) ON, y)-=ny VG YS {O!G OD} Dt 
#2102. a {[h!(2, 9) b.=.o! (a, b) Df 
#2103. Rel=R {(qo).R=29¢6'(a, y)} Df 


_ The following definitions merely extend to relations, with as little modifi- 
cation as possible, the definitions already given for other symbols. 


#2107. (R).fR.=.(b).f (296! (a, y)} Dt 
*21-071. (qR).fR.=.(q¢)-S(29b'(@, y)} Df 


421-072. [(1R)(R)]. FOR) (oR). =1(qS): GR. =e2-R=S8:f8 Df 
42108. f{RSy(R, S)}.=:(q¢): P(B S)-=2,5-61(B, 8) f (oh, S)} Dé 
#21081. P{61(R, 8) Q.=. 6! (2, Q) Df 


The convention as to typographic and alphabetic order is here retained. 


421-082. f{R(pR)} .=:(qo):WR-=n2-b!Rif(o!R) Df 

#21083. Ref! R.=.o!R Df | 

ALL bi S29 (@, yh. =2 (Ab) Ol, Y)+ Sa, ; v (a, y) Fb 1G, 9} 
[4-2 . (*21-01)] 

¥2V11. brew (a, y)- Hay X(% YDS {2b (@ y)} = -f (2x W} 
[*4°86°36 . #10°281 . *21°1] 

This proposition proves that every proposition about a relation expresses 
an extensional property of the determining function. 
wZLALL. Fe f{612, 9}. = 6-9 {PUG Yj} 22 fH, Yh =o +9 {AGFGL@ y)} 

[Fact .*11+11°3 . «10-281 . *21°1] : 
#21112. F 2.(q 9) SLAG HL (x, y)} =o GL {29b! (a, y)} [#121 . 21111] 

It is *12°1, not *12'11, which is required in this proposition, because we 
are concerned with a function (f) of one variable, namely ¢, although that 
one variable is itself a function of two variables. 

#2112. be (qd) 2. 8 (a, y) + Say VG YS I29 (@, y= FBG $1 (@, y)} 
[x21-11 .*12-11] 

This is the first use of the primitive proposition *12°11, except in 
*20°701°702°703. 

#2118. Fie (a,y)- Say X (2, Y) ED BUY (a, y) =29X (4, Y) 
(#211. #1211. *13°195] 
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#2114. bs. 290 (a, y)=29x (a, y)- Di (2, y)-=ny +X (HY) 
[Proof as in *20°14] 
#2115. bie (a, y)s Sey +X (4, Y) 2S BO (a, y) = 29x (a, y) [21:19:14] 
This proposition states that two double functions determine the same 
relation when, and only when, they are formally equivalent, ze. are satisfied 
bythe same pairs of arguments. This is a fundamental property of relations 
as defined above (*21°:01). 


#21151. +. (Ap) 29-0 (a, y) = 2961 (a, y) [21-15 . #1211] 


F 

42116. 1: (9d): / 29H (a, y} = +f AV OMa y)} [#2112] 
F 
F 


I 


#2117. £3 ()- f {29 bl (a, y)}-D-f [29 (a, y)} [#21716 . *101] 
#2118. 1 2. 29h (a, y) = 29h (a, y) D2 f {29> (a y)} = FAY (a, y)} 
| [%21-1115] 
#2119. br. 29 (a, y)=29x (4, y) Hi (f) flag (@, y)~ D6 fl 2gx (a, y) 
[21-18 .&10°11°21 . 21:1 . *10°35.. (#1301) . #21:112 . #10301) 
¥2L-191, £2. 294 (0, y) = 29x (0, y) = (f)fLE9V @ y) «=f 19 (GY) 
[¥21-18'19] 
*212. |. 29b(x, y) =29 (a, y) [21°15 . #42] 
#2121. +229 (a,y) = 29 (a, y) = 29 (2, y)=29 h(x, y) [*2115 . #1032] 
#2122. 12 OG (a, y) = BOb (a, y) «29 (@,Y) =B9X (2 Y) +r 
RY h (2,y) = BY x (a, y). [21°15 .*10°301] 
#2123. §:296(a, y) =29 (a, y)- 296 (x,y) = 29x (4,y).2- 
BQ (x,y) = 29x (x,y) [#212122] 
#2124. bs BQ (x,y) = 29> (2, y) 29x (2, y) = B96 (4,y)-2- 
BG (2, y) = 29x (a, y) [21:21:22] 
*213. Fira {2¢p(a,y}y.=-v(ay) [*21:1:02.*10°43°35 . #1211] 
This shows that x has to y the relation determined by yr when, and only - 
when, « and y satisfy (a, y). 
Note that the primitive proposition *12°11 is again required here. 
#2131, 12.2909) =29 x (0,y)-= 10 AIF (G hy Hay 2X CDY 
[*21:15°3] 
#2132. +. 29 [0 {29> (@, y)} yI=29 > (a, y) [x21-3°15] 
#2133, b:. R=29¢(a,y).S:aRy.=2y-6(2,y) [*21:31:3] 
Here # is written for some expression of the form 29 (a, y). The use 
of a single capital letter for a relation is convenient whenever the determining 
function is irrelevant. — 


“214. F:ReRel.=.(q¢).R=29b' (a, y) [#203 . (*21°08)] 


#2141. |.29¢(a, y)e¢ Rel [*21°4°151] 
*2142. |. 29) (e@Ry)=R ; [*21°3-15} 
#2143. F:.R=S.=:a¢Ry.=,,.0Sy [*21°15°3] 


*20°5°51:°52 have no analogues in the theory of relations. 
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#21538, b:S=R.Dg.6S:=. GR [#101 . *21°2°18-21. Comm. #101121] 


#2154, F:.(qS):S=R.¢S.=.6R [21:18 .%10°11-23 . «21-2 . #1024] 
*21'55. + 296 (a, y)=(R) (a@Ry.=2,-6(2, yy} [#2133'54. 4141) 
#2156. +. E!(R) (aRy.=,,.6(«, y)} [21-55 . 414-21] 
#2157. bs. 29 (a, y)= (AR) (FR). D2 9 [29 (a, y)} «= 9 (2B) (FR)} 

; [x14] . #2154. #13183] 
#2158. 1:29d(a,y)=(R){R=29 (a, y)} [dD . #1011. #2154. 414-1] 


The following propositions are the analogues of *20°6 ff., and have a similar 
purpose. 
*216. F:(qR).fR.=.~{(R).~fR} [Proof as in *20°6] 


*21°61. +:(R).fR.3.f8 [Proof as in *20°61] 
*21°62. When /R is true, whatever possible argument of the form 29! (x, y) 
R may be, (R).fR is true. [Proof as in *20°62] 


*21°63. [:.(R).pvfR.3:p.v.(R).fR [Proof as in *20°63] 
*21'631. If “fR” is significant, then if S is of the same type as R, “fS” is 


significant, and vice versa. [ Proof as in *20°631] 
#21 632. If, for some R, there is a proposition fR, then there is a function 
fR, and vice versa. [ Proof as in *20°632] 


*21°633. “Whatever possible relation R may be, f(R, S) is true whatever | 
possible relation S may be” implies “whatever possible relation S may be, 
F(R, 8) is true whatever possible relation R may be.” 
[Proof as in *20°633] 
*21°64. |+:.(R).fR:(R).gR:3.fS.gS [Proof as in *20°64] 
*217. Fi(qg):fR.=p.gth ’ [Proof as in *20°7] 
*21°701. F: (qg):f(R, ©).=p2-9!(R, 2) [Proof as in *20:701] 
*21°702. F:(qg) f(a, R).=r,2-9!(R, x) [Proof as in *20°702] 
*21°703. | : (ag): /(R, 8).=rn9-9!(R, 8) [Proof as in *20°703] 
*21°'704. F:(q9):f(R,a).=p.-9!(R,a) [Proof as in *20°703] 
#21705. ts (ag) f(a, Hy =, 2-9!(a,R) [Proof as in *20°703] 
#2171, Fi. R=S.=:g!R.9,.g!18 [Proof as in *20°71] 

From the above ae it appears that relations, like classes, have 
all the formal properties which they would have if they were symbols having 
a meaning in isolation. Hence unless a symbol occurs in a way in which only 

a relation can occur significantly, we do not need to decide whether it stands 
for a relation or not. This result, like the corresponding result for classes 
mentioned at the end of *20, is important as giving greater generality to our 
propositions than they would otherwise possess. The results obtained in *20 
and *21 for classes and relations whose members or terms are neither classes 
nor relations can be extended, by mere repetition of the proofs, to classes of 
classes, classes of relations, relations of classes, relations of relations, and so on. 


*22. CALCULUS OF CLASSES 


Summary of *22. 

In this number we reach what was historically the starting-point of 
symbolic logic. The Greek letters used (except $, , y, 0) are always to 
stand for expressions of the form 2(!«), or, where the Greek letters are 
not apparent variables, 2(¢x). The small Latin letters may either be such as 
have a meaning in isolation, or may represent classes or relations; this is 
possible in virtue of the notes at the ends of #20 and x21. We put: 

*2201. aC @.=:4ea.D,.06e8 Df 

This defines “the class a is contained in the class 8,” or “all a’s are p's.” 
*2202. anB=2(xea.a%e8) Df 

This defines the logical product or common part of two classes a and £. 
*22:03. av B=2(cea.v.re) Df 

This defines the logical sum of two classes ; it is the class consisting of all 
the members of one together with all the members of the other. 

*2204. -—a=2(a~ea) Df . 

This defines the negation of a class. It is read “not-a.” It does not 
contain every object « concerning which “wea” is not true, but only those 
objects concerning which “xea” is false; we. it excludes those objects for 
which “zea” is meaningless. Thus it consists of all objects, of the type next 
below a, which are not members of a; but it does not contain objects of any 
other type but this. 

*2205. a—-B=an-—£6 Df 

This definition gives an abbreviation which is often convenient, 

The postulates required for the algebra of logic have been enumerated by 
Huntington*. In our notation, they are as follows. 

We assume a class K, with two rules of combination, namely v and a; 
and we then require the following ten postulates : 

Ia. av bis in the class whenever a and 6 are in-the class. 
Ib. and is in the class whenever a and b are in the class. 
IIa. There is an element A such that a v A =a for every element a. 
II 6. There is an element V such that an V =a for every element a. 
Illa. avub=bva whenever a, b,a ub and b va are in the class. 
IIIb. anb=bna whenever a, 6b, anb and baa are in the class, 


* Trans. Amer. Math. Soc. Vol. 5, July 1904, p. 292. 
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IVa. avu(bac)=(avub)a(a vc) whenever a, b,c,avb,ave,bac,avu(bac), 
and (av b)n (auc) are in the class. 

IVb. an(buc)=(anb) vu (anc) whenever a, b,c,anb,anc,buc,an(bvc), 
and (an b)v (anc) are in the class. 

V. If the elements A and V in postulates IIa and IIb exist and are 
unique, then for every element a there is an element —a@ such that 
av—-a=Vandan—a=A. 

VI. There are at least two elements, # and y, in the class, such that 2+ y. 

The form of the above postulates is such that they are mutually inde- 
pendent, te. any nine of them are satisfied by interpretations of the symbols 
which do not satisfy the remaining one. 

For our purposes, “ K ” must be replaced by “Cls.”. A and V will be the 
null-class and the universal class, which are defined in *24. Then the above 
ten postulates are proved below, as follows: 

Ta, in *22°37, namely “F.avu BeCls” 
1b, in *22°36, namely “F.anBeCls” 
IL a, in *24-24, namely “F.avA=a” 
II b, in *24°26, namely “F.an V=a” 
IIT a, in *22°57, namely “Ft .auB=Bva” 
III 6, in *22°51, namely “Ff .anB=Bana” 
IV a, in #2269, namely “Fk .(au B)a(avy)=au(Bny)” 
IV b, in *22°68, namely “F. (an B)u(any)=an(Bvy)” 
V, in *24°21:22, namely “F.an—a=A” and “F.av—a=V” 
VI, in «241, namely “F.A4+V” 

Hence, assuming Huntington’s analysis of the postulates for the formal 
algebra of logic, the propositions proved in what follows suffice to establish 
that this algebra holds for classes. The corresponding propositions of *23 
and *25 prove that it holds for relations, substituting Rel, vu, 4, A, V for 
Cls, v, a, A, V. 

The principal propositions of the present number are the following: 

(1) Those embodying the formal rules: 

#2251. F.anB=Baa- 
#2257. F.auB=Bvua 

These embody the commutative law. 
#22'52. F.(anB)ny=an(Bny) 
#227. b.(auB)uy=avu(Bvuy) 

These embody the associative law. 
*22°5. bF.ana=a 
#2256. F.avua=a 

These embody the law of tautology. . 
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¥*22°68. F.(an B)u(any)=an(Buy) 
*22°69. F.(auB)a(avy)=au(Bny) 
These embody the distributive law. It will be seen that the second 


results from the first by everywhere interchanging the signs of addition and | 
multiplication. 


*22°8. F.—(—a)=a 
This is the principle of double negation. 
*22°81. F:aCPB.=.—BC-a 
This is the principle of transposition. 
(2) Other useful propositions : 
#2244. F:aCB.@Cy.d.aCy 
#22441. F:aCB.xvea.Dd.x€8 
These embody the two forms of the syllogism in Barbara. 
*22°62. F:aC8.=.avuB=8 
#22621. F:aCB.=.anB=a 
These two propositions enable us to transform any inclusion (aC 8) into 
an equation. 
#2291. F.avuB=avu(B—a) 


Ie. “a or B” is identical with “a or the part of 8 which is excluded 
from a.” 


#2201. aCB.=:%ea.3,.268 Df 
#2202. anB =2(rea.xeB) Df 
#2203. auB =2(@ea.v.xe8) Df 


#2204. -a =2(a~ea) Df 
*22°05. a-—B =an—B Df 
#221. FiaCB.=irea.D,.c6eB [*42.(*2201)] 
#222. F.anB=2(rea.xe8) [*20°2 . (*22°02)] 
*22°3. F.auB=2(rea.v.xe) [*20°2 . (*22°03)] 
#2231. + .—a=2(a~ea) [*20°2 . (*22°04)] 
#2232. b.a—-B=B(wea.ureB) [#202 (22-05) #22-2. #2032] 
#2233. biveanB.=.rea.xeR [*20°3 . *22°2] 
#2234. bi.weauB.=:nea.v.veB [*203.*22'3] 
#2235. Five—a.=.a~ea [*20°3 . *22°31] 
*22'351. + .—ata 
Dem. 
F .#22°35.45:19. Db :~{we—a.=.area}: 
[*10°11] Dhi(a)i~{we—a.=.xea}: 
[*10-251] Dhin{(a)ive—a.=.xvea}: 


[*20°43.Transp] Dk:~(—~a=a): D+. Prop 
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_ This proposition is used in proving that the null-class is not identical 
with the class containing everything (*241), which is used to show that at 
least two classes exist. Our axioms do not suffice to prove that more than 
one individual exists, but they prove the existence of at least two classes and 
at least two relations. 


*22°36. F.anBeCls [*2041] 
#2237. F.auBeCls [*20°41] 
*22°38. -.—aeCls [20°41] 
*22'39. | .2(p2) n 2 (bz) =2 (bz. Wz) 


Dem. . 
F . *22°33. DkiaveZ (hz) n2(wz).=. ve? (hz). ve2 (wz). | 
[*20°3] . =. G2. wa . (1) 


F.(1).*20°33.5+. Prop 
*22°391. | .2(o2z) ¥ 2 (hz) =2(dzvyz) [Similar proof] 


#22392. | .—-2 (hz) =2(~¢2z) [Similar proof] 
*224. -FiaC8.8Ca.=:2¢6a.=5,.27€8 © 
Dem. 


Fix221. Db ::aCB.=:c2ea.d,. 268% BCa.=:27€B8.D,.0€a 
[*x4°38] Dks:aC PB. BCa.=:.vea.dy - LEBrvEeB. Dy LEM 


il ll 


[*10°22] r6@ea.=,.0¢B8:: D+. Prop 
#2241. braCB.BCa.=.a=6B [224.2043] 
#2242. F.aCa . [Id .*10°11] — 
*22'43. FianBCa [*3°26 . *10°11] 


#2244, FiaCB.BCy.d.aCy [103] 

This is one form of the syllogism in Barbara. Another form is the following : 
#22441. b:aCB.rea.>.x2€8 [#101.Imp] — 
#2245. FiaCB.aCy.=.aCBny 


Dem. 
Fix221.0FnaCB.aCy.H:vea. dy. ve Bived. dy. Ley? 
[*10°29] Hivea Dy TER.LEY: 
[*22°33.%10°413] = 1Hea.dz-ceRBny:.I+. Prop 


#2246. Fivea.aC@B.d.x%68 [*22°441. Perm] 
42247, FraCy.D.anBCy [29-43-44] 
42248. biaCB.dD.anyCBay [#1031] 
#22481. b:a=8.d.any=Bony 

Dem. 
F.*22°41.3:.Hp.d:aCB.8Ca: 

[*22°48] DianyCBay.BnyCany: 
[22°41] Diany=Bany:.Dt. Prop 
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#2249. FraCB.yCS.dD.anyCBAnd [*1039] 
*22°5. kFi.ana=a 


Dem. - 
F.#22°'33.Dk:s.cveanae=ixvea.vea: 


[4°24] =Si@ea (1) 
F.(1).*10°11 . *20°43 . >. Prop 

The above is the law of tautology for the logical multiplication of classes. 
#2251. Fi.anB=Bna  . [*22°33 . *4°3 . #10711 . *20°43] 

#2252. F.(anB)ny=an(Bany) [*22°33 . 4432 .*10°11 . 20°43] 

Thus logical multiplication of classes obeys the commutative and associative 
laws. References to *22'33'34'35 and to *20°43 will in future often be omitted. 
#2253. anBay=(anB)ny Df 

This definition serves merely for the avoidance of brackets. 

#2254. bFi.a=B.D:aCy.=.BCy [*2018] 
*22'55. Fi.a=8.Ddi:yCa.=.yCP [*2018] 
#22551. b:a=8.d.avy=Buy — [#10411] 


#2256. b.ava=a [#4°25 . *10°11] 
The above is the law of tautology for the logical addition of classes. 
#2257. -.auB=Bua (*4°31 .*10°11] 
— #2258. F.aCauv@.BCavuB [#13 . 2°2] 
(#2259. bkraCy.BCy.=.auRCy 
Dem. rt 
F.*221.3b::Hp.=i.cvea.D,.rey:veB8.d,.2ey% 
[*10°22] =i.(@)i.rea.dD.veyireB.d.vey:. 
[#4077 .%10°271] =i(@)i.vea.vViveBid.xveys. 
[*22°34.410°413] =i. (~):veauB.d.reysidk. Prop. 


The analogue of *4°78, t.¢. 
is false. We have only ake aa 
aCP.v.aCy:d.aCBvuy. 
A similar remark applies to the analogue of *4°79. Cf. *22°64°65. 
#226. -i.teauB.=zi:aCy.BCy.d,.26¥ 
Dem. . 
F.*2259. Db. aCy. BCy.d:vceavuB.d.xey:. 
[Comm] Dh:ceauB.DdiaCy.BCy.Dd.ceys 


[4101121] Dbi.weauB.DdDi:aCy.BCy.rd,.vey (1) 
F.xlO1. DhsaCy.BCy.d,.cey:DiaCavB.BCavB.d.ceauBP: 
[*22'58] I:reauR (2) 
F.(1).(2). 5+. Prop 
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#2261. F:aCB.DdD.aC Buy [*22°44°58] 
#2262. F:aCB.=.avB=B8 


Dem. 

b.#*472. Dkiwvea.D.veBi=i.0Ea.V.ceBr=.2€R:. 
[*22°34] =HnaeavuB.=.xeR (1) 
F.(1).*«10°271.5+:: — AC B.=1nxveavP.=,.re8:. 
[*20°43] =:.auRB=B::3+. Prop 


#22621. F:aCB.=.anB=a [*471] 

The proof proceeds as in *22°62. The proposition *22°621 is one of the 
most useful propositions in the present number. 
*22'63. F:au(anP)=a [*4°44] 

The process of obtaining *22°63 from *4°44 is of the same kind as the 
process employed in the proofs that have been written out in this number. 
Hence only *4°44 is referred to. We shall similarly restrict references for 
later propositions in this number. The process is always roughly as follows: 
p,q 7 are replaced by wea, xe B, ey; then *10°11 is applied, and such 
further propositions of *10 as may be required, together with *22'33:34°35. 


*22'631. F.an(avB)=a [*22°58°621 | 
#22632. Fia=PB.Dd.a=an8 [*22°42°621] 
#226383. Fk:aCB.DdD.auy=(anB)uy [22551621] 
#2264. bFi.aCy.v.8Cy:dD.anBCy 


Dem. 
t. #224751 .DbsaCy.dD.anBCy:BCy.d.anBCy § (1) 
F.(1).#477.96. Prop 


The converse of this proposition does not hold, because the converse of 
~ *10°41 does not hold. 


*2265. Fr.aCB.v.aCy:d.aC Buy [#226157 .*4°77] 


Here again the converse is untrue. 


} 


#2266. F:aCB.d.avyCBvy [*2°38 ] 

#2268. F.(anB)u(any)=an(Bvy) 
Dem. 
+. #2234. Dbi:2e fan B)u(any)}.=r.7eanB.Vv.veany:. 
[#2233 | =H1.LEa.LEB.V«TEALEY?. 
[474 =HSiwearveB.viveyi 
[*22°34 | =navea.veBuyt 
[*22°33 ] =rcean(Buy) (1} 


F.(1).*1011 . *20°43.35. Prop 
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#2269. £.(auB)a(avuy)=au(Bay) {Similar proof, by 4°41] 

The above propdsitions *22°68°69 are the two forms of the distributive 
law. Note that either results from the other by interchanging the signs of 
addition and multiplication. | 
"227. -F.(auB)uy=au(Bvyy) [*4°33] 

#2271. auBuy=(avB)uy Df 

422-72. FsaCy.BCS.dD.auBCyvd [x*3-48] 
422-78. Fia=y.8=8.3.auB=yvd [10411] 
#2274. FranBCy.anyCR.=.anB=any 


Dem. : 
bt. *22'43.%473. DkranBCy.=.anBCa.anBCy. 
[*22°45] | =.anBCany (1) 
Py. DhianyCB.=.anyCang (2) 
(1). (2).#438.D bran BCy.anyCB.=.anBCany.anyCang. 
[%*22°41 ] =.anB=any: Ff. Prop 
#228. +.—(—a)=a _ [413] 
*22°81. F:aCP.=.—BC-—a [*4°1] 
#22811. F:aC-8B.=.8C—a [x41 . *22°8] 
#2282. FianBCy.=.a—-yC-f [#414] 
#22383. F:a=8.=.—a=-8 [x41 1] 
*22°831. Fia=—-8.=.8=-a © [*412] 
*22'84. +.—(anP)=~—av—B [4°51 | 
#2235. F.anS8=—(—av—8) [*22°84831 ] 
#2286. +.—(-—an—B)=av8B [*4°57 ] 


#2287. F.-an—B=—(avu 8) [*22°86'831] 
*22'84'85°86°87 are De Morgan's s formulae. 


*22'88. | .(x).xve(av—a) [2°11] 
This is a form of the law of excluded middle. 
#2289. |. (7). a@~re(a—a) [*3°24] 
This is a form of the law of contradiction. 
#229. |+.(au8)—-B=a—8 (*5°61] 
*22°91. F.auB=avu(8—a) 
Dem. 
F.*5'63. Dk:i.vea.V.teBr=:Lea.VixceB.vrvean 
[*22°33°34°35] Db i.c2eauB.=:rea.v.ve(B—a): 
[*22°34] =:veau(B—a) (1) 


F.(1). #1011 . #2043 .35. Prop 
14—2 
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#2292, F:aCB.d.B=avu(B—a) [*22°91-62] 
*22°93. F.a—-B=a—(anB) 
Dem. 
+ .*4°73. Transp. :.2ea.3):02~e€8.=.~(w@ea.ve Bf). 


[*22°33] ~2~re(an B): 
[*5°32] Dri.tea.areB.=.LEa.L~E(aNB):. 
[*22°35°33] Dkivea—B.=.vea—(an8B): . 


[*10°11.*2043] Dt.a—B=a—(anB).D+t. Prop 
*22'94. [:(a).fa.=.(a).f(—a) 


Dem. 
F.*101. DF :(a).fa.d.f(—a): 
[10°11-21] Dk:(a).fa.d.(a).f(—a) (1) 
F.x*xlO1. DF:(a).f(—a).3.f{—(-a)}. 
[*22°8.*20°18] >. fa: 
[*l0°11'21] De: :(a).f(—a).>. a. fa (2) 


F.(1).(2). DE. Prop 

This proposition is used in connection with mathematical induction, in 
*90°102, which is required for the ‘proof of *90°132, which is one of the 
fundamental propositions in the theory of mathematical induction. 
#2295. F:(qa).fa.=.(qa).f(—a) 

Dem. | . 
b.*22'94. 5D: (a).~fa.=.(a). ae (1) 
F.(1). Transp .*206.5+.Prop | 


*23. CALCULUS OF RELATIONS 


. Summary of *23. 
The definitions and propositions of this number are to be exact analogues © 
of those of *22. Properties of relations which have no analogues for classes 
will not be dealt with till Section D. Proofs will be omitted in the present 
number, as they are precisely analogous to those of analogous propositions in 
*22. In this number, as always in future, capital Latin letters stand for 
expressions of the form 29! (a, y), or, where they are not being used as 
apparent variables, for 29¢ (a, y). The principal propositions of this number 
are the analogues of those of *22. 


#2301. RCS.=:cRy.5d,,.2Sy Df 
*2302. RAS=29 (cRy. «S8y) Df 
*2303. Ru S=2)(eRy.v.aSy) Df 
*23°04. + R=29{~(cRy)} Df 
#2305. R+-S=RA~S Df 
Similar remarks apply to these definitions as to those of *22. 
"231. F:RGES.=:¢Ry.d,,.0Sy 


«232. +,.RAS=29 (@Ry. cSy) 

*23'3. +. RuS=29 (cRy.v.a«Sy) 

*23°31. | .+R=29{~(cRy)} 

*23°'32. +. R-S= 29 |e@Ry .~(«8y)} 

*23'33. F:2(RA S)y -=.aRy. «Sy 

*23'34. bi.2(RuS)y.=:aRy.v.aS8y 

#2335. bia2+Ry.=.~(cRy) 

*23°351. +.+R+R 

*23'36. +. RAS €e Rel 

#2337, +. Ru Se Rel 

*23°38. |+.+—Re Rel 

#2339. +. 296(x, y) ABD (a, y)=29 [6 (x,y) (0,9) 
*23°391. |. RO (2, y)u LO (x, y) = 29 {p(2, y)Vi (a, y)} 
*23°392. | .+ 296 (a, y) = 2Y {~$ (2, y)} 

*234. F:RGCS.SCR.=:0Ry.=,,.a8y 

*2341. }:RES.SCR.=.R=S 

#2342, +.RER 

*23°43. +. RASCR 

«23°44. F:RCS.SET.DO.RET 

*23'441, F: RCS. acRy.3. aSy 
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*23°45. 
*23°46. 
*23°47. 
*23°48. 
*23°481. 
*23°49. 
*23°5. 
*23°51. 
*23'52. 
*23'53. 
*23°54. 
*23'55. 
*23°551. 
*23°56. 
*23°57. 
*23'58. 
*23°59. 
*23'6. 
*23°61. 
#23'62. 
*23°621. 
*23°63. 
*23°631. 
*23°632. 
*23°633. 
*23 64. 
*23°65. 
*23°'66. 
#23°68. 
*23°69. 
*23°7. 
*23°71. 
*23°72. 
-*23°73. 
¥23°74. 
*23'8. 
*23°81. 
*23°811. 
#*23°82. 
*23'83. 
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:RES.RET.D.RESAT 
:¢Ry. RES.D.a8y 
:RET.D.RASECT 
:RES.D.RATGSAT 
:R=S.3.RAT=SAT 
:PGQ.RECS.D.PARGCQAS 
-RAR=R 
-RAS=SAR 
(RAS)AT=RA(SAT) 
ASAT=(RAS)AT Df 
»2R=S.9:RET.=.8CT 
2R=S.9:TCR.=.TES 
:R=S.9.RuT=SuT 
-RuR=R 
-RuS=SuR | 
-RERvS.SCRvVS 
:RET.SET.=.RUSECT 
.a(RuS8)y.=:RET.SECT.d7.2Ty . 
:RES.D.RESuT 


RES.=.RvS=8 
RES.=.RAS=R 
Ru(RAS)\=R 
RaA(RvS)=R 


R=8.3.R=RAS 
RES.3.RvuT=(RAS)yT 
-RET.v.SET:3.RASECT 
-RES.v.RET:D.RESvT 
RGS.D.RuTCSuT 
(RAS)Y(RAT)=RASvT) 
(Ru S)A(RvT)=Rv (SAT) 
(RuS)uyT=Ru(SuT) 
vuSuT=(RuS)uT Df 
:PER.QES.D.PuQERvS 
P=R.Q=S.3.PuQ=RvS 
PAQGR.PARGCQ.=.PAQ=PAR 
+(+R)=h 
:RCS.=.+SC+R 
:RG+S.=.SC+R 
:RASGCT.=.R+TC=+S8S 
:R=S.=.+R=+8S 
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*23°831. 
*23°84. 
*23°85. 
*23°86. 
‘23°87. 
*23'88. 
#23°89. 
*23°9. 
*23°91. 
*23°92. 
*23°93. 
*23°94. 
*23°95. 


F 
+ 
F 
f 
+ 
F 
b. 
F 
+ 
+ 
- 
b 
+ 


CALCULUS OF RELATIONS 


:R=+S.s.S8S=—Rh 
+(RAS)=+Rv=S8 
»RAS=+(+Rv+S8) 
(+RA+S)=RvS 
-RA+S=—(RvS) 
(2, y).a(Rutk)y 

(a, y).~ {a (R~R)y} 
(Rv 8)+S=R+S 
RuS=Rvy(S—Rh) 
:RCS.D.S=Rvu(S+R) 
~R-S=R+(RAS) 
:(R).fR.=.(R).f (+R) 


(qk). fR.=.(qR).f(—R) 


*24, THE UNIVERSAL CLASS, THE NULL-CLASS, AND THE 
EXISTENCE OF CLASSES 


Summary of *24. 


The universal class, denoted by V, is the class of all objects of the type 
which, in the given context, is being denoted by small Latin letters, i.e. of 
the lowest type concerned. Thus V, like “Cls,” is ambiguous as to type. Its 
definition is as follows : 


42401. V=2(a=x) Df 


Any other property possessed by everything would do as.well as “x = 2,” 
but this is the only such property which we have hitherto studied. 


The null-class, denoted by A, is the class which has no members. Like 
V, it is ambiguous as to type. We use the same symbol, A, for null-classes 
of various types; but these null-classes differ. The type of A is determined 
by that of the terms # concerning which “ae A” is false: whatever x may be, 
“ge A” will not represent a true proposition, but unless « is of the appropriate 
type, “ze A” will be meaningless, not false. Thus A is of the type next above 
that of an # concerning which “ae A” is significant and false. The definition 
of A is 


*2402. A=—V Df 


When a class a is not null, so that it has one or more members, it is said 
to exist. (This sense of “existence” must not be confused with that defined 
in *1402.) We write “q!a” for “a exists.” The definition is 


#2403. Wla.=.(qr).vea Df 


In the present number, we shall deal first with the properties of A and V, 
then with those of existence. In comparing the algebra of symbolic logic with 
ordinary algebra, A takes the place of 0, while V combines the properties of 
1 and of 0. | 


Among the more important properties of A and V which are proved in 
this number are the following: 


*241. F.ALV 


Ie. “nothing is not everything.” This is useful as giving us the existence 
of at least two classes. If the monistic philosophers were right in maintaining 
that only one individual exists, there would be only two classes, A and V, 
V being (in that case) the class whose only member is the one individual. Our 
primitive propositions do not require the existence of more than one individual. 
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*24102:103 show that any function which is always true determines the 

universal class, and any function which is always false determines the null- 

class. 

*24:21:22 give forms of the laws of contradiction and excluded middle, namely 

“nothing is both a and not-a” (an—a=A) and “everything is either a or 
not-a” (av—a=V). 

*24°23'24'26'27 give the properties of A and V with respect to addition and 

multiplication, namely: multiplication by V and addition of A make no change 

in a class (*24'26:24); addition of V gives V, and multiplication by A gives A 

(*24°27-23). It will be observed that the properties of A and V result from 

each other by interchanging addition and multiplication. 

#243. b:aCB.=.a-B=A | 

Te. “a is contained in 8” is equivalent to “nothing is a but not 9.” 
#24311. F:aC—B.=.anB=A 

Ie. “no ais a 8” is equivalent to “nothing is both a and 8.” 
*24411.F:8Ca.d.a=Bu(a—P) 

#2443, bia—BCy.=.aCBuy 

As a rule, propositions concerning V are much less used than ‘the corre- 
lative propositions concerning A. 

The properties of the existence of classes result from those of A, owing to 
the fact that q!a is the contradictory of a= A, as is proved in *2454. Thus 
we have, in virtue of *24'3, 

*24:55. b:~(aCB).=.qla—B 

Ie. “not all a’s are £’s” is equivalent to “there are a’s which are not B's.” 
This is the familiar proposition of formal logic, that the contradictory of the 
universal affirmative is the particular negative. 

We have 
*2456. b:i.qi(au@).=:qla.v.q!f- 

*24561. Fi: q!(anB).d.q!ia.q!B 

I.e. if a sum exists, then one of the summands exists, and vice versa; and 

if a product exists, both the factors exist (but not vice versa). 


The proofs of propositions in the present number offer no difficulty. 


#2401. V=2(¢=2) Df 
*2402. A=-—V Df 
#2403. qla.=.(qr).cea Df 
#241. F.A+V [*22°351 . (*24°02)] 


¥24101.F.V=—A [#22°831 . (424-02)] 
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*24102. F: (2). d2.=.2(62z)=V 
Dem. 
F.*1315.%5501.D+:.60.=:¢62.=.02=0 
(*10°11:271] Dh. (a). gu.=:(#):$@.=.2=2: 
[*20°15] =: 2 (2) = 2(a=a): 
[(*24°01)] =:2(¢z)=V:. 3+. Prop 


Thus any function which is always true determines the universal class, 
and vice versa. 


*24103. bs (2).~oe.=.2(b2z)=A 


Dem. 
F.*24102. 36 :. (a) .~ gx. =:2(~g2z)=V: 
[*22°392] =:-—2(dz)=V: 
[*22°831] =:2(oz)=—V: 
[(*24-02)] =:2(6z)=A:.D+. Prop 
*24104. F(z). eV 
Dem. : 
b.#2038.Db:a26V.=.2=2 (1) 


F (1). #1315 .*10°11°271. 35. Prop 
*24-105. F.(a).2@~reA 
Dem. 
t.*22°35.Dbk:2eA.s.areV: 
[e412] Dhk:aveA.=.%eV (1) 
F.(1).#1011-271 . *24°104. D+. Prop 
*2411. F.(a).aCV 


Dem. 7 
F.*24104.%101.3F.veV. 
[Simp] Dkivea.DdD.veV: 
[*10°11.%22°1] Drea Vs. 
[*10°11] DF:(a)-aCV:idFt. Prop 
#2412. F.(a).ACa 
Dem. 


b.*24105.x101. Db.tredA. . 
[*2°21] DkiveA.D.vea (1) 
F.(1).*10°11.%*22:1. 55. Prop 

#2413. F:a=A.=.aCA 


Dem. 
F. #2412 .*4°738. DF :aCA.=.aCA.ACa. 
irae =.a=A: D+. Prop 
#2414. F:(v).vea.=.a=V 
Dem. 


F.*24102. DF: (#).vea. 
[*20°32] 


-2(ceay=V. 


-a=V:DF. Prop 
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*24:141.':VCa.=.V=a 


Dem. 
b.x2411. 4473. 3b:VCa.e.aCVv.VCa. 
[22°41 | =.a=V:)t.Prop 
#2415. F:(z).a~rea.=.a=A 
Dem. , 
bt. 24103. Db :(7).trea.=.&k(cea)=A. 
[*20°32] =.a=A:)DFf. Prop 
#2417. Fra=V.=.—a=A_ [*22°83. (*2402)] 
#2421. F.an-a=A [#24103 . *22°89] 
#2422, b.auv—-a=V _ [*22°88 . #24102] 
#2423. tian A=A [¥24°12 . #22°621] 
#2424. Fi.avA=a [24°12 .*22°62] 


The above two propositions (*24'23'24) exhibit the algebraical analogy of 
A to zero. 


#2426. bF.anV=a [*22°621 . #2411] 
This exhibits the analogy of V to 1. . 
#2427. F.avV=V. [*22°62 . *24°11] 


This exhibits the analogy of V to oo. 
#243. F:aCB.=.a—-B=A 


Dem. 
b.4536.3 
Ki.wea.D.meBr=in(rea.trveB): 
[*22°35 | =Sin(wea.ve—BP): 
[*22°33] =i~n(tea—) (1) 


.(1).#1011-271.> 
Fr:aC@.=.(x).~(wea—§). 
[*24°15] =.a—@B=A: DF. Prop 
The above proposition is very frequently used. 
#2431, F:aCB.=.—-avB=V 
Dem. 
b.x46. Dki.vea.DdD.ceBrsixrea.v.xces:. 


[x10 11-271] Dt s.aCB.=i:(@) ta vea.v.veB: 
[*22'35 ] =i(a)sae—a.Vv.veR: 
[*22°34 | =:(@).xe(-avu 8): 
[*24°14] =:—avB=V:.)D+. Prop 


This proposition is the’ correlative of *24°3, but, unlike that proposition, 
it is not useful in the sequel. Every proposition concerning A has a corre- 
lative concerning V, but we shall often not give these correlatives, since they 
are seldom required for subsequent proofs. 
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#24311. F:aC—B.=.anB=A 


Dem. 
b.*22°35.Dbivea.D.ve—Bi=ixvea.d.anreR: 
[*4°51-62] | =in(rea.re8): 
[*22°33] =in(rzeanP) (1) 
$.(1).#1011-271. D+ :aC—8.=. (a). a~reanp. 
[24°15] : =.anB=A:Dt -Prop -. 

#24312. F:—-aCB.=.auB=V | 

Dem. 7 
F.*2235.Db:.—-aCB.=ianrea.d,.2€8: 
[*4:64] =i(4)ivea.v.veB: 
[*22:34] =i(#%).ceauRB: 
[24°14] =:avB=V:.)+. Prop 


*24313. Fi:an B=A.=.a=a—f [*24311 . *22°621] 
*2432. FiauB=A.=.a=A.B=A 


Dem. 
b.#2413.DbsauB=A.=:auRBCa: 
[*22°59] =:aCA.@CA: 
[#2413] =:a=A.8=A:.3+. Prop 
#2433. Fra=V.d.auB=V 
Dem. . 
t.*22°551.)+:Hp.d.auB=Vvu8 
[24°27 22°57 ] | =V: +t. Prop | 


#2434. Fia=A.D.anB=A_ [#22481 .*2423] 
42435. bia=V.d.anB=B [#22481 .424-26] 
*24°36. F:a=A.D.avB=B [#22551 . 24-24) 
#2437. FianB=A.=imea.yeB.dey.04y 


Dem. 

b.x2415,. Db r.anB=A.=:(2).@~re(an8): 

[*22°33] =1(2).~(wea.xveB): 

[#13191] =i(a,y):v@=y.d.~(eea.yeB): 

[Transp] =:(a,y):vea.yeB.D.c+y:. I+. Prop 
#2438. bran B=A.Dd:at¢B.v.a=A.B=A 

Dem. | 

F.#*22481.DF:anB=A.a=B.Dd.ana=A. 

[*22-5] | Dia=A. 

[*20-23] D.a=A.B=AN (1) 

F.(1). Exp. Dtsi.anB=A.Dd:a=8.d.a=A.B=A: ; 

[*4°6] DiatB.v.a=A.B=A:. D+. Prop 
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#2439. Fr.anB=A.=:26a.D,.0re8 [#24311 . #2235] 
#244. FranB=A.=.(avP)—-a=8.=.(avB)—BR=a 
Dem. 


F.#*24311.,.Dbk:anB=A.=.8C-a. 
[*22°621] =.B-a=68. 
hada =.(au8)-a=B8 (1) 
F. (1) ® at Dk: Baa=A.=.(Bva)—B=a: 
[¥225157] Dk:anB=A.=.(av~)—B=a (2) 
F.(1).(2).34. Prop 
*24401.4:@8Ca.>d.(Bvy)-a=y-a 
Dem. 
F.*2268. DE.(8uy)—a=(B-a)u(y—a) (1) 
k.#243. DF: Hp.d.8-—a=A (2) 
F.(1).(2). DF: Hp.d.(@vuy)—a=A vu (y—a) 
[*24°24] =y-—a:DF. Prop 
#24402. F:anB=A.ECa.nCB.d.Enn=aA 
Dem. . 
F.*2249.D+-:Hp.d.EnqCan®s. 
[22°55] D.EnnCa. 
[*24°13] D.Enn=A: DF. Prop: 
*2441. F.a=(an B)v(a—f) 
Dem. 
b.*22°68. Db. (an 8) v(a—B)=an(Bv—8) 
[*24°22] =anv 
[*24°26] =a. Dt. Prop 
*24411. F:8Ca.Dd.a=Bu(a—£) 
Dem. 
F. waren oe e—8, Dh: BCa.d.Bu(a—fB)=(an f)v(a— 
feeder] =a:Db. Prop 
(#24412. bs BCa.yCB.3.(a—B)u(B-y)=a—-¥ | 
Dem. 
F .#24-41.5F:Hp.>.(a—fB)u(B—y)=(a—Bay)v(a—B—y) v (8-7) 
[*24-3-23] =(a—B-y)¥(B—y) 
[22°68] ={(2—A) vB} — 
{*24°411] -“=a-y:Dt. Prop 


This proposition is used. in #234181, in the theory of continuous functions. 
#2442. Fian@Cy.a—-BCy.= acy 


Dem. 
#2259. DkranBCy.a—BCy.=.(anB)u(a—B)Cy. 
[24°41] =.aCy: Dt. Prop 
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#2443, bFia-BCy.=.aCBuy 
Dem. 


t.*5'6. Dhirweaaveh.D.eeyienvea.DimeB.V.meyt 

[*22°35°33] Db i:wea—B.D.xvey: 

[*22°34)] 

F.(1).*1011:271.. +. Prop 
#24431. F.(auy)n(Byu—y)=(an 8) vy (a—y) ¥ (Bay) 

This and the following proposition are lemmas for *24°44. 

Dem. | 

+. *2268. Db .(auy)a(Bu—y)={(avy)n Bly f(avy)a—y} 


Gea. :veB.vivey: 


16 EA.D.0E(BvUy) (1) 


Ul 


[*22'63 ] | =(anB)vu(yaB)v(a—y) ¥(y-4) 

[*24°21] =(anB)u(yanB)u(a—yua 

[*24-24] =(anB)vu (yn B)vu(a—y) 

[*22°51°57 | =(anB)u(a—y)u(Bay).IF. Prop 
424-432. F.(a—y) (Bry) =(anB)u(a—7)¥ (B94) 

Dem. 

b #242235 .Dk.anB=(an Byal(yv—y) 

[22-68] =(anBay)v(an8—7) 

[*22°51] =(anBny)v(an—-yon8). 

[*22°551 ] Dt.(an B)u(a—y)=(anBay)v(an—ynB)v(a—y) 

[#2263] =(anBay)v(a-y) 

[22°57] =(a—y)u(anBany). 

[H22551] Dk .(an B)v(a—y)¥ (Bay) =(a—7) ¥ (an Bay)u(Bay) 

[22°63 } —  =(a-y)u(Bny).oF. Prop 


42444, b.(auy)a(Bu-—y)=(an—y)¥(Bny) [*24431°432] 
*24°45. Ki(any)u(B—-y)=A.=.BCy-yC-a 


Dem. 

b.*x24°32. Db s(any)u(B-y)=A.s-any=A.p—y=A. 

[*24°3°311] =.yC—a.8Cy: Dt. Prop 

*2446. bi(any)u(B-y=A.d.anB=A 

Dem. 
Fk .*2445 .%2244.9F2:Hp.d.8C—a. 
[*22°811] D.aC-£. 
[*24-311] D.anB=A:)DF. Prop 


The following propositions, down to *24°495 inelusive, are lemmas inserted 
for use in much later propositions, most of them being only used a few times. 
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#2447, FianB=A.auB=y.=.aCy.B=y—-a 


Dem. 

F.*x24311.DF:anB=A.=.BC-a (1) 
F.*x2241. Dh:auB=y.=.auBCy.yCav®. 

[*22°59.%24°4:3 | =.aCy.BCy.y—aCB (2) 
F.(1).(2).DF:anB=A.auP=y.=.8C—a.aCy.BCy.y—aCcCP. 
[*4°3] =.aCy.BCy.BC—a.y—aCB. 
[*22°45] =.aCy.BCy—a.y—-aCP. 
[*22°41 ] =.aCy.8=y-—a:)Dt. Prop 


#2448. F:1.&Ca.& Ca.nCB.7n' CB.anB=A.9: 
Eung=fu7.=.€=F n= 


Dem. 
b .*22°73. DEr:E=f n=’. D.EvHnaE vy’ (1) 
F,*22-481. Dei Euyneuy .d:(Evgn)na=(EFvuy)ana: 
[*22°68] D:(Ena)u(nna)=(E' na)u(n’ na) (2) 
+. *22°621. DE:ECa.D.Ena=H=E:F Ca.d.& na=#: 
[*3°47 | DF: :ECa.&@Ca.d.Ena=E.P na=k’ (3) 
+. #2248. DkinCB.d.nnaCanP: 
[22°55] DE:nCB.anB=A.d.nnaCa. 
[*24-13] D.nna=A (4) 
Similarly Fin CB.anB=A.D.7' na=A (5) 
F.(3).(4). It: Hp.d:(Enalu(nna=EvA 
[*24-24] | =e (6) 
F.(3).(5). IF: Hp.d:(E'na)u(n najy=t’ vA 
[*24-24] = (7) 
F.(2).(6).(7). Dk: Hp. di Euna£’un'.d.F=€’ (8) 
Similarly Fr Hp.d:Euqgel ud. d.g=7/ (9) 


F.(1).(8).(9). DE. Prop 
The above proposition, besides being used in the next two, is used in the 
theory of couples (*54°6), in the theory of greater and less (*117°632), and in 
the chapter on the ordering of classes by the principle of first differences 
(*170°68). 
#24481. Fi.anB=A.any=A.d:avuB=avuy.=.8 
Dem. 


bo e244g BT OEGPY 5 
a, BEE, CPR) 


br.aCa.aCa.8C-—a.yC—a.a-a=A.D: 
avB=avuy.=.a=a.8=y (1) 


I 
x 


F .*22°42 .*24-21.3 
F:.aCa.aCa.BC—a.yC-a.a—a=A.=.8C—a.yC-a. 
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[*24°311] =.anB=A.any=A_ (2) 
F.#20°2 4473. Db:a=a.B=y7.=.R=¥ (3) 
F.(1).(2).(8). DF. Prop 

The above proposition is used in the theory of selections (*83°74), in the 
theory of greater and less (*117°582), and in the theory of transfinite induction 
(#257). oe 
*24°482. br. £Ca.nCB.anB=A.d:fuqsau8.=.f=a.4=B8 

| 2448 oe 2242 
0 


The above proposition is used in the theory of convergence (*232°34). 
#2449, bFranB=A.d:aCBuy.=.aCy 


Dem. 
+. #22621 .Db:aCBuy.=.a=an(Bvuy) 
[*22°68] — =(anB)vu (any) (1) 
b.x2424. DkEsanB=A.D.(anB)vu(any)=any (2) 
F.(1).(2). DF: Hp. dDiaCBvy.=.a=any. 
[*22°621] =.aCy: DF. Prop 


#24491. k: Bany=A.aCBvuy. 
: D.a—-B=any.a—-y=anB.a=(a—P)v(a-—y) 


Dem. 
+. *22°621 . Dt:Hp.d.a=an(Pvy). 
[*22°481 | D.a-y=an(Buy)—-y | 
[*24°4] =anB (1) 
Similarly t:Hp.d.a—B=any (2) 
F.(1).(2). Dk:Hp.d.(a—B) v(a—y)=(any)v(anB) 
[22°68] =an(yu B) 
[*22°621] =a (3) 


F.(1).(2).(3). DF. Prop 
The above proposition is used in the theory of selections (#83°63'65) and 
in the theory of segments of a series (*211°84). 


#24492. ks: 8B Ca.a—B=y.3.a-y=B8 


Dem. 
F.*22:481.)+:Hp.d.a—y=a—(a—B) 
[*22°8°86] . =an(—av 8) 
[*22°8°9] =anB 
[*22°621] = 8:21. Prop 


The above proposition is used fairly frequently, especially in the theory of 
series. It is first used in *93-273, in the theory of “generations.” 
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#24493. bs: Bny=A.D.a=(a—8)¥(a—7) 


Dem. 
b.*22'84.%2417.3+:Hp.d.-—By-—y=V. 
[*24°26] D.a=an(—Bvy—-y) — 
[*22°68] =(a—8)v(a—y):DF. Prop 
#24494. F:ECa.nCB.anB=A.d.(Eun)—a=7.(Eun)—B=E 
Dem. 
F.#«243. Dt: Hp.d.€-a=A (1) 
Ft. 24311. Dt:Hp.»d.8C—a. 
[*22°44] D.7C—a. 
[*22°621] | D.n-a=n (2) 
F.*22°68. DE.(EUn)—a=(E—a) U(q—a) (3) 
F.(1).(2).(8).#2424.3F:Hp.3.(Eun)—a=y (4) 
Similarly t:Hp.d.(Eun)—B=EéE (5) 
F.(4).(5)- Dt. Prop 


This proposition is used in the theory of selections («83°63 and *88°45). 
*24495. biany=A.d.(avy)—(Bvy)=a—-B | 


Dem. 
F . *22°87°68 .> . 
F.(avy)—(Bvy)=(a-B-7) ¥ (y¥- BY) 
[24°21] Sengay (1) 
b .*24°311.*22621.>+:Hp.d.a-—y=a . (2) 
F.(1).(2). D+. Prop 


The above proposition is used in the theory of minimum points 
(*205°83°'832°84). 

In the remainder of this number we shall be concerned with the existence 
of classes. Many of the properties of the existence of classes follow from the 
fact that to say a class exists is equivalent to saying that the class is not equal 
to the null-class. This is proved in *24'54. 


#245. Fiqla.=.(qx).vea [*42.(*2403)] 


"2451. Fingqla.=.a=A 


Dem. 
b. #245. Dbiaqgta. 


[*10°252] 
[*24°15] 
*2452. F.q iV [*2451:1. Transp] 
This proposition states that the class of all objects of the type in question 
is not null, but has at least one member. The assumption that there is some- 


-~i(qz)-vea'. 
»(%) area. 


.a=A:DF. Prop 


R&Wwt 15 
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thing, which is equivalent to this proposition, is implicit in the proposition 
*10°1, that what is true always is true in any instance. This would not hold 
if there were no instances of anything; hence it implies the existence of 
something. It will be observed that the above proposition (#2452) depends 
on *24°1, which depends on *22°351, which depends on *10°251, which depends 
‘on *10:24, which depends on *10°1 or on *9°1.. The assumption that there is 
something is involved in the use of the real variable, which would otherwise 
be meaningless. This is made explicit in *9°1, and in the proof of *9:2, which 
is the same proposition as *10°1. 


#2453. bingtA [24°51 . *20°2] 
#2454. biqila.=.atA [#2451 . Transp] 
#2456. -b:n(aCB).=.qia—B [#243 . Transp . #2454] 


#2456. bigqi(auB).=iqla.v.qh® [10-42 .*2234] 
*24°561. F:qi(anB).o.qla.qis [*10°5 . *22°33] 
#2457, Fi.anB=A.9:q!la.d.at+8 


Dem. 
b.*22481 ,.Db:anB=A.a=f8.d.ana=A. 
[*22°5] Dia=A. 
[24°51] D.nvgla . (1) 


+. (1). Exp. Transp. 3-. Prop 
#24571. k:qia.a=6.3.q!(anP) 


Dem. 
+. *24:57.Comm.D:.q!la.dJ:anB=A.d.a+B8: 
[Transp] . Jia=P.d.anB+A. 
[#2454] D>.qi(anB) (1) 
t.(1).Imp.3F. Prop 
42458. Fi.aCB.d:qta.d.qtf8 [*10-28] 
*246. |-Fi.aCBd:atf.=.q!B—a 
Dem. . 
+ .*22°41. Transp . Dt:.Hp.d:at¢8.3.~(8Ca). 
[*24°55] D.q!B—-a (1) 
F.*2421. Dk:a=B.3.B—-—a=A (2) 


(2). Transp .*2454. DFiqiB—a.d.a4¢8 (3) 
(1). (8). D+. Prop 


F. 
F. 

#2461. Fing!@.d.auB=a [*2451-24] 

#2462. bing! @.Dd.anB=A_ [#2451:23] 
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*2463. Fi. Arnex.=iaex.d,.qla 

In this proposition, the conditions of significance require that « should 
be a class of classes. The condition “aex.3..q!a” is one required as 
hypothesis in many propositions. In virtue of the above proposition, this 
hypothesis may be replaced by “Awe x.” 


Dem. 
F.*13191 Dts Annex. =1a=A.d,.an€K: 
[Transp] =raex.d,.atA: 
[*24°54] Siaex.da-q!a: I. Prop 


This. proposition is frequently used in later parts of the work. We often 
have to deal with classes of existent classes, and the most convenient form in 
which to state that all the members of a class of classes exist is “A~e «.” 


15—2 


*25. THE UNIVERSAL RELATION, THE NULL RELATION, AND 
THE EXISTENCE OF RELATIONS. 


Summary of #25. 


This number contains the analogues, for relations, of the definitions and 


propositions of *24. Proofs will not be given, as they proceed precisely as 
in *24, ; 


The universal relation, denoted by V, is the relation which holds between _ 
any two terms whatever of the appropriate types, whatever these may be in 
the given context. The null relation, A, is the relation which does not hold 
between any pair of terms whatever, its type being fixed by the types of the 
terms concerning which the denial that it holds is significant. A relation R 
is said to exist when there is at least one pair of terms between which it holds; 
“FR exists” is written “qq ! R.” 

The propositions of this number are much less often referred to than those 
of *24, but for the sake of uniformity we have given the analogues of all 
propositions in *24, with the same numeration (except for the integral part). 


All the remarks made in *24 apply, mutatis mutandis, in the present 
number, 


>R=V.=.+R=A 
-RAtR=A 


*25°17. 
*25°21. 


*2501. V=2¢(a@=a2.y=y) #£xDf 
#2502. A=—+V Df 
*25°03. WqIh.=.(qz,y).aRy Df 
*251. F.A+V 
#25101. +. V=—+A 
#25°102. F: (7, y).b(a, y).=-29 b (2, y)= Vv 
#25103. F:(@,y).~b(4, 9) =- 29 (2, y)=A 
#25104. |. (a, y).aVy 
*25°105. +. (a, y).~(eAy) 
«2511. |.(R).REV 
#2512. +.(R).AGR 
«2513. -:R=A.=.RCGA 
#2514. /:(a,y).¢Ry.=.R=V 
#25141. }:VER.=.V=R 
«25:15. b:(2,y).~(eRy).=.R=A 
F 
F 
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*25°22. 
*25°23. 
*25°24. 
#25 26. 
*25°27. 
*25°3. 
*25°31. 
*25°311. 
*25°312. 
*25°313. 
*25°32. 
*25°33. 
*25°34. 
*25°35. 
*25°36. 
#2537. 
*25°38. 
*25°39. 
*25°4. 
*25°401. 
*25°402. 
*25°41. 
*25°411. 
*25°412. 
*25°42. 
*25°43. 
*25°431. 
*25°432. 
*25'°44. 
*25°45. 
*25°46. 
25°47. 
*25°48. 


+r 


*25°481. 


*25°482. f:. 
» PAQ=A.3:PEQuR.=.PER 


rT 


-#*25°49. 


i miei iii: aoiiite ii ae sls ol os es i is ile a oO il a i oe a i ile i oi mn i i oe 
Cf. | ee | ee | | | ee | ee 2 | 
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.Ru~R=V 
-RAA=A 
-RvA=R 
.RAV=R 
-RvV=V 
:RGS. 
:RGS. 
:RE+S.=.RAS=A 


.R~S=A 
-RvS=V 


lll 


tll 


R=A.D.RAS=A 

R=V.>.RAS=S 

R=A.3.RuS8=S8 
>:RAS=A.=1 Ry. 28w. dey wil tS Vie Y FU 
RAS=A.9:Rt8.v.R=A.S=A 


»RAS=A.=:aRy .Dz,y-~(aSy) 
:PAQ=A.=.(PyuQ+P=Q.=.-(PyuQ—Q=P 
:QCP.3.(QuR)~+~P=R=+P 
:PAQ=A.REP.SEQ.D.RAS=A 
.R=(RA8)u(R+S) 

:SER.3.R=Su(R~S) 
:QEP.SEQ.3.(P~Q) vu (Q+S)=P+S 
>:PAQGCR.P+QCR.=.PCR 
:P+~QGCR.=.PCQUR 

(Pu R)AQu+R)=(PAQ)U(P~R)v(Q4 R) 
(P+R)v(QAR)=(PAQ) vu (P~R)u(QA R) 
(Pu R)AQu+R)=(PA~R)yu (QAR) 
:(PAR)u(Q~R)=A.= 
1(PAR)v(Q+R)=A.D.PAQ=A 
:PAQ=A.PvuQ=R.=.PER.Q=R+P 
2 REP.REP.SEQ.S'GQ.PAQ=A.)D: 


-QGCR.RE+P 


RuS=R v8’ .=.R=R'.S=S' 
2 PAQ=A.PAR=A.9:PuQ=PuR.=.Q=R 
REP.SEQ.PAQ=A.d: RvS=PuQ.=.R=P.S=Q 
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*25°491. 


*25°492. 
*25'493. 
#25494. 
*25°495. 


*25'5. 

*25°51. 
*25°52. 
*25°53. 
*25°54. 
*25°55. 
25°56. 


*25°561. 


*25°57. 


*25°571.. 


*25°58. 
*25°6. 

*25°61. 
*25°62. 
*25'63. 


Ree = qi k+S 
a! I(RwS).= qik.v.giS 
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:QAR=A.PGQuR.D. 


P+Q=PAR.P+{R=PAQ.P=(P+Qu(P+R) 


:QG€P.P+Q=R.D.P+R=Q 
:QAR=A.5.P=(P+Q)u(P=+R) 
rREP.SEQ.PAQ=A.).(RuS)+P=S8.(RvS)+Q=R 
:PAR=A.5.(Pw R)~ (Qu R)= P+Q, 

tat h.=. (qe, y).aRy 

wg! Rs. R=A 


nen eae aa Cees 


ig Pe een eee 
Wt R.R=S.3.q!(RAS) . 

DRES.D:q!1R.D. ats 

> RES.I:R+S.=.q!1S-R 


wyls.>. RoS=R 


rw~G!S.>.RAS=A 


Arex. =:Rex.op-G!R 


SECTION D 
LOGIC OF RELATIONS 


In the present section we shall be concerned with such of the general 
properties of relations as have no analogues in the theory of classes. The 
notations introduced in this. section will be used constantly throughout the 
rest of the work, and the ideas expressed in the definitions will be found to 
be of fundamental importance. | 


#30. DESCRIPTIVE FUNCTIONS 
Summary of «30. | 


The functions hitherto considered, with the exception of a few particular 
functions such as an 8, have been propositional, ze, have had propositions for 
their values. But the ordinary: functions of mathematics, such as 2%, sin 2, 
log x, are not propositional. Functions of this kind always mean “the term 
having such and such a relation to #.” For this reason they may be called 
descriptive functions, because they describe a certain term by means of its 
relation to their argument. Thus “sin 7/2” describes the number 1; yet 
propositions in which sin 7/2 occurs are not the same as they would be 
if 1 were substituted for sin 7/2. This appears eg. from the proposition 
“sin ar/2=1,” which conveys valuable information, whereas “1 =1” is trivial. 
Descriptive functions, like descriptions in general, have no meaning by them- 
selves, but only as constituents of propositions *. 

The general definition of a descriptive function is: 

*30°01. R‘y=(12)(eRy) Df 

That is, “R‘y” is to mean “the term « which has the relation R to y.” 
If there are several terms or none having the relation R to y, all propositions 
about R‘y, ze. all propositions of the form “$(R‘y),’ will be false. The 
apostrophe in “ R‘y” may be read “of.” Thus if R is the relation of father 
to son, “ R‘y” means “ the father of y.” If R is the relation of son to father, 
“Ry” means “the son of y”; in this case, all propositions of the form 
“(Ry)” will be false unless y has one son and no more. 


All the functions that occur in ordinary mathematics are instances of the 
above definition; all are obtained in the above manner from some relation. 
Thus in our notation “R‘y” takes the place of what would commonly be 
“fy,” this latter notation being reserved for propositional functions. We 
should write “sin ‘y” in place of “sin y,” using “sin” to express the relation 
of x to y when #=sin y. 

A definition such as R‘y=(17)(xRy), where the meaning given to the 
term defined is a description, must be understood to mean that the term 
defined (in this case R‘y) and the description assigned as its meaning (in this 
case (1”) (aRy)) are to be interchangeable in use: the definition is, in a sense, 
more purely symbolic than other definitions, since the description assigned as 
the meaning has itself no meaning except in use. It would perhaps be more 
formally correct to write 

f(RYy).=.f {(12)(@Ry)} De 
* Cf. «14, above. 
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But even this definition would not be quite complete, because it omits 
mention of the scope of the two descriptions, R‘y and (1x) («Ry). Thus the 
complete form would be 

[Ry]. f (Ry). =. [(1) (@Ry)]. f {(2)(eRy)} DE. 
But it is unnecessary to adopt this form of definition, provided it is under- 
stood that the definition *30-01 means that “R‘y” may be written for 
“ (ax) (a@Ry)” everywhere, i.e. in indications of scope as well as elsewhere. The 
use of the definition occurs always in accordance with the proposition : 
ts [Rty].f (By) - = -[(22) (wRy)] -f (00) (wy), 
which is *30°1, below. | 


It is to be observed that *80°01 does not necessarily involve 
Ry = (1x) (wRy). 
For this, by the definition, is equivalent to 
(1x) (a@Ry) = (1x) (aRy), 
which, by *14°28, only holds when E!(22)(#Ry), 7.e. when there is one term, 
and no more, which has the relation R to y. 


All the conventions as to scope explained in *14 are to be transferred to 
R‘x, i.e, in the absence of any contrary indication, the scope of R‘x is to be 
the smallest proposition, enclosed in dots or other brackets, in which the ‘x 
in question occurs. 

We put 
*3002. R‘Sty= R“S‘y) Df 
This definition serves merely for the avoidance of brackets. It is to be in- 
terpreted as meaning 

[R‘Sty] .f(RS%Y). = .[R(SY)] .f{[RSY)} Df 
In future, we shall often define a new expression as having a descriptive phrase 
for its ineaning ; in such a case, the definition is always to be interpreted as 
above. That is, any proposition in which the new expression occurs is to be - 
the proposition which is obtained by substituting the old expression for the 
new one wherever the latter occurs. 


R‘(S‘y), in the above, is to be interpreted by first treating S‘y as if it 
were not a descriptive symbol, and applying *30°01 and *14-01 or *14°02 to 
R(S‘y), and by then applying *30-01 and #1401 or *14-02 to S‘y. 

The majority of the propesitions of the present number are immediate 
consequences of the corresponding propositions in *14. Thus *14°31—°34 and 
*14°113 lead immediately to *380°12—16, which show that, either always or 
when &‘y exists, the “scope” of R‘y or of Rty and Sty makes no difference 
to the truth-values of such propositions as we are concerned with. We have 


*3018, b:. E!R%y:(z). 62:3. 6(Ry) 
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so that what holds of everything holds of R‘y, provided R‘y exists.’ This 
results immediately from *14°18, and shows that, provided R‘y exists, the fact 
that “ R‘y” is an incomplete symbol does not prevent its being substituted 
as a value of z whenever we have (z) . $z, or an assertion of the propositional 
function dz. 


One of the most used propositions of this number is: 
*803. Fi.c=Ry.=:2Ry.=,.2=2 
which results immediately from *14'202. The following analogous proposition 
results from the above by means of *14°122: 


#3031. Fi.2=Ry.=:aRy:2Ry.3,.2=0 


Le. “a= Ry” involves, in addition to “#Ry,” the statement that what- 
ever has the relation R to y is identical with z. 


A proposition constantly referred to is: 
*3037. F: EI Ry.y=2z.9.Ry= Re. 

In the hypothesis, E! R‘y might be replaced by E! R‘z, but one or other 
of them is essential. For, by #1421, “ R‘y = R‘z” implies E! Ry and E! R‘& 
(these are equivalent when y =z), and therefore cannot be true when R‘y and 
hz do not exist. 


The use of *30°37 is chiefly in cases where y or z or both are replaced by 
descriptive functions. Suppose, for example, that z is replaced by S‘w. By 
*30°18, we may substitute S‘w for z if S‘w exists. By *1421, both sides of 
the implication in *30°37 will become false if S‘w does not exist, and there- 
fore the implication will still hold. Hence whether S‘w exists or not, we may 
substitute it for z and obtain 

bF: EI! Ry.y=Sw.d. Ry = RS. 
In like manner, if we replace y by 7*v, we obtain 
KF: EI RST. Tv=Sw.d. RTv= RS. 
A very important proposition is: 
«304. Fi EIRy.d:a=Rty. =. ahy 

This proposition states that, none R‘y exists, to say that a is the term | 
which has the relation R to y is equivalent to saying that a has the relation 
Rtoy. Thus for example “a is the occupier of the house y” is equivalent 
to “a occupies the house y,” “a is the writer of Waverley” is equivalent to 
“a wrote Waverley,” “a is the father of y” is equivalent to “a begot y.” But 
we cannot argue from “John Smith inhabits London” to “John Smith is the 
inhabitant of London.” . 

We shall introduce in this and subsequent sections many constant relations 
for which E! R‘y is always true. When F is such that E! Ry is always true, 


we have, in virtue of *30°4, 
a=R‘y.=.aRy 
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for every possible value of y. The following proposition is useful in cases where 
both R and S are such that R‘y and Sty always exist: 
#3041. F:.(y).Ry=Sy.=:(y) EI Ry: R=S8 

. Thus if we know that R‘y and S‘y are always identical, we know not only 
that R and S are identical, but also that R‘y (and therefore S‘y) always exists. 


*3001. R‘y=(1x)(aRy) Df 
#3002. R‘S‘y= R(S‘y) Df 

In interpreting R“(S*y), S‘y is to be bneated as an ordinary symbol until 
R(S‘y) has been eliminated by *80°01 and *14°01 or *14-02, and then the 
above definitions are to be applied to S‘y. 
x301. br [Ry]. f(R'y)-=.[(0x)(wRy)].f (oe) (wy) [42 - (#3001) 
#3011. /:.[Riy].f(Ry).=:(qb)iaRy.=,.2=b:fb [*301. #141). 

The following propositions are immediate applications of «14°31 ff, made 
in accordance with *30°1. 
#3012. F::E!Ry.3:. [Ry]. pvy (Ry). =ip.v.[RYy].x (Rey) 

[*14°31] 
*3013. Fi: EI RYy.3:.[Ry].~y(RYy).=.~ [Ry] -x (RYy)} -[14°32] 
#3014. b:: EI Ry.d:.[Ry].pdy (Ry). =:p.3.[R%y]-x (RY) 


[*14°33] | 
*30141. F:: E! R'y.3:. [Ry]. x (Ry) Ip. =:[Ry]-y(RY).9-p 
[¥14°331] 
*30°142. b::E!Ry.3:.[Ry].p=y (Ry). =:p-.=.[(Ry]-y (RY) 
[*14°332] 


#8015. F:.p:[Ry].y (Ry): =:(RYy].p-y (Ry), [41434] 
The following two propositions are immediate consequences of *14°113'112. 
*3016. b:[R‘y].f(R‘y, Sz). = . [Sz]. f( Rey, Séz) [#14113] 
- «30°17. F:.[ Ry]. f(Rty, S&z).=: 
(qb, c):vRy.=,.2=b:a82.5,."=c: f(b, ¢) [14112] 
#3018. Ff: E!R%y:(z).¢z:9.6(Ry) [*14°18] 
#3019. F:.Ry=b.d:y(Riy).=. wb [*14°15] 
#302. +: E!RYy.=:(qb):aRy.s,.2=b [442 .41411. («3001)] 
In proving *30° - we have to use the definition *30°01, not *30°1, because 
E! (1x) (dx) is not of the form f(x) (gx). This appears if we attempt to apply 
the definition *14°01 to E! (2x) (gx), which leads to an expression containing 
the meaningless constituent E!b. But by the definition *30-01, every typo- 
graphical occurrence of the symbol “R‘y” means what results when this 
symbol is replaced by “ (2) (aRy),” hence “E! RYy” means “E! (72) (a@Ry).” 


ill 
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«30°21. Fi: Et RYy.=:.(qv).cRyiaRy.zRy. oe 
[*14°203. (#30: 01)] 
#3022. F:E!Ry.=. Riy=(1x)(@Ry) (#1428. (*30°01)] 
Note that we do not necessarily have 


Rfy = (ax) (ey), 
which is ne true when HE! R‘y. 


*30'3. bi.2=Ry.=:2Ry.=,.2=0 [*14°202] 

*8031. bi.c=Ry.s:aRy:zRy.D,.2=2 [#14122 .%303] 

#3032. Fi: EI Rty.=.(R‘y) Ry [#1422] 

«30°33. Fi: E! Ry.d:.p(Ry):=:(qe).oRy.paore:cRy.d,. ye 
[14-26] 

*30°34, F:.cRy.=,.08y: 3D: HI RYy.=. EB USty [*14271] 

*30°341. bs. 2Ry.=,.0Sy: 3: BI Ry.=. Ry =Sy 

Dem. 

bi #1421. Dh: Ry=Sy.d.ELRY (1) 
F.#*1427.Comm.3+:Hp.d:E! Ry... Ry=Sty (2) 
PCy. (2). Dt. Prop 


«30°35. |:.R=S.3:E! Ry.=. Et Sty [*30°34.*21-43] © 
*8036. TF: E!Ry.R=S.5.Ry=Sty (#1427. Imp .*21'43] 
#8037. b:E!Rty.y=z.>.Ry=R% | 
Dem. 
F. «14-28. DR: Et Ry.d.ky=RYy (1) 
t.*1312. Driny=z. I: ky=Ry.=. Ry=Rz (2) 
F.(1).(2). Ass. DF. Prop 
This proposition is very frequently used. 
#804. Fi EI Ry.d:a=R%y.=.aRy [#14241] 
This is a'very important proposition, of which the use is constant. 


#8041 fs. (y). By=SYy =1(y)- E!Ry:R=S 


Dem. 
b. #1421. #101127. Db :(y). Ry =Sty.d.(y). EI RY (1) 
b.#1413:142. Dt:(y). Ry=Sy.3:(@, yicv=RYy.=.c=8y: 
[(1).*80°4] D:(4, y):ahy.=.aSy: 
[*21:43] D:R=8 (2) 
+. «30°36. DE: EL RYy.R=S.9.Ry=S‘y: 
[*10°11:27°35] Di: (y). BE! Ry: R=S:5d.(y) Ry =S8y (3) 


F.(1).(2).(3)- DF. Prop 
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#3042. F:.(y). ELRy.3:(y).Ry=Sy.=.R=S [*3041] 
The hypothesis (y). E! R‘y is fulfilled by a number of important special 


relations, of which examples will occur in the subsequent numbers of the 
present section. 


*805. FF: E!PSQ%.3.E1Q*z 


Dem. 
F.*3802.3DF:. BE! P°Q’.=:(qb): 2P (Q%).=,-v=b: 
[*10°1] D: (qb): bP (Q‘z).=.b=b: 
[*13°15] D>: (qb) .~bP (Q’z): 
[*14°21] D:E!Q%z:. D+. Prop 


*30°501. F=f (P‘Q‘z). =. (qb, c).c=Q'z.b=P*c. pb | 
_ On the meaning of “  (P*Q‘z),” see note to the definition *30-02. 
Dem. 
F #141122 .3 4b 6 (PSQ*). 
[14-205] 
[14122202] 


48051. b:b=P'Q'2.=.(qe).b=Pie.c=Q%z [#30501 . *13°195] 
48052. b:E!P*Q&.=.(qb, c).b=P'e.c= Qe [*30°51. #14204] 


il 


:.(qb) : bP (Q*z): @P (QZ). Dz. 0=b: dbs. 
2.(mb):.(qc):c=Q'2:bPc:aPc.5D,.a=b:gb:. 
:.(qb, c).c=Q'z.b= Pe. gbi: DF. Prop 


iil 


Hl 


tt 


*31. CONVERSES OF RELATIONS 


Summary of *31. 


If R is a relation, the relation which y has to # when #ZRy is called the 
converse of R. Thus greater is the converse of less, before of after, husband of 
wife. The converse of identity is identity, and the converse of diversity is 


diversity. The converse of R is written R (read “R-converse”). When 
R= R, Ris called a symmetrical relation, otherwise it is called not-symmetrical. 


When £& is incompatible with R, f is called asymmetrical. Thus “cousin” is 
symmetrical, “brother” is not-symmetrical (because when « is the brother of 
¥, y maay be either the brother or the sister of x), and “husband” is asym- 
metrical, — 


The relation of R to R is called “Cnv.” It will be shown that every 
relation has one, and only one, converse; hence, applying the notation of «80, 


that one is Cnv‘R. Thus R=Cnv‘R. We have thus two notations for the 
converse of #; the second is more convenient for the converse of a relation 
not denoted by a single letter. 


The more important propositions of the present number are the following: 
#3113. +. E!Cnv‘P 

Ie. any relation P has a converse. Hence the relation “Cav” verifies the 
hypothesis (y). E! Ry, ae. we have (P).E! Cnv‘P. 
#8132. t:P=Q.=.P=Q 

Ie. two relations are identical when, and only when, their converses are 
identical. 


43133. |. Cnv‘Cnv‘P =P 

I.e. any relation is the converse of its converse. 

Very many of the subsequent uses of the notion of the converse of a 
relation require only the propositions which embody the definitions of P and 
Cav, namely | 
*31:11. F: ePy .= ~yPx 
and 
*31:181. ts 2(Cnv‘P)y.=.yPx 
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#8101. Cnv=QP {eQy .=2,y-yPa}. Df 

48102. P=29(yPa) Df 

"311. F:.QCnvP.=:2Qy.=2,-yPx [*21'3.(*31-01)] 
#381101. §:QCnvP.RCnovP.3.Q=R 


Dem. | 
Fe«3L1.5+:. Hp. d:aQy.=ey-yParaRy.=e,y-yPa: 
{*11:371] D:aQy.=2,,-cRy: 
[*21°43] 2:Q=R:.D5. Prop 
*31:11. F: wPy ~=.yPa [#213 .(*31:02)] 
431-111. t. PCnv P [81-111] 
#3112. +. P=Cnv‘P 
Dem. : 
F.*31101.5+:QCnvP.PCnovP.3.Q=P: 
[x31-111] DF: QCnovP.D3.Q=P (1) 
F.(1).*10°11.%31111.5 
t:PCnvP:QCnvP.d9-Q=P: 
[*30°31] DF. P=Cnv'P 
#3113. -.E!Cnv‘P ? [¥14°21 . *31-12] 
#31131. b: 2(Cav’P)y.=.yPar [*31°11-°12 . *21-43] 


431132. +: Q@Cov P.=.Q=Cnv'P.=.Q=P [430-4.431-13-12] 
#3114. +. Cnv(P AQ) =Cnv‘P A Cnv‘Q 


Dem. | 
F.*31:1381.3+:2{Cnv(PAQ)} y-=.y(PAQ)a. 

- [%21°33] =.yPx.yQr. 
{*31°131] = .a(Cnv‘P)y.«(Cnv‘Q)y. 
[*21:33] =.a{Cnv‘P A Cnv‘Q} y (1) 


F.(1). 41111. *21-43.35+. Prop 
#3115. |. Cnv(PuQ)=Cnv‘PuCnvQ [Similar proof] 
#*3116. +. Cnv‘+P=+(Cnv‘P) 


Dem. 
F. #311381. 5h: a(Cnv'+P)y.=.y+Pe. 
[*23°35] =.~(yPo). 
[*31°131] =.~{x(Cnv‘P) y}. 
[*23°35] =.a{+(Cnv'P)y (1) 


~F. (1). #1111 . *21:43.. D+. Prop 
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*3117. F:. y= Pe ~£:¢P2.2,.2=y [*30°3.. *31°11] 
43118. +: E!P\e.=:(qy):a2Pz.=,.2=y [*302.%31-11] 


"31:21. +.CnvA=A 
Dem. = 
b.*31181.Db:2(Cuv‘A)y.=.yAg: 
[x25°105] Dh.~x(Cnv‘A)y (1) 
b.(1). #1111 .*25°15.5+. Prop 
*31:22. +.Cnv‘V=V_ [Similar proof] 


43123. b:P-V.=.P=V 
Dem. 


(a, y).x2Py » 
(2, ya yPu. 


b.42514.Db:P=V. 
[431-11 11/33] 


mow al 


[11-2] -(y, 2).yPa. 
[*25°14] ~.P=V:3b. Prop 
#3124 +:P=A.=.P=A_ (Similar proof] 
43132. b:P=Q.=.P=Q 
Dem. 
+.¥2143.Db:.P=Q.=:0Py.=z,-0Qy: 
[¥486-21.431-11] = 1 yPx. Hq yy Qn: 
[*11-2] =3 yPa -=y2° yQa : 
[421-43] =:P=Q:.D+.Prop 
#3133. +. Cnav‘Cov‘P =P 
Dem. 
ft. #31131 .>+:2(Cnv‘Cnv‘P)y.=.y(Cnv‘P)z. 
[*31°131] =.0Py (1) 


F.¢1). «11-11. «21-43. 31. Prop 
43134, t:P=Q.=.Q=P 


Dem. 
.*3132.Db:P=Q.= .P=Cav'Q 
[31-1232] = Cnv‘Cnv‘Q 
[*31°33] : =Q:D+. Prop 


Ill 


-PGQ [#3l11. #1133] 
_PGQ [*31-43312] 


4314. +:PEQ. 
43141. ':PGQ. 
4815, Fiq!P.s.q!P  [431-24. Transp. #2554] 


Ill 
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48151. +:(P).fP.=.(P). ye 


Dem. oF 
Feel01. Db:(P).fP.3.fP: 


[10-11-21] DF: (P).fP.>.(P).fP (1) 
F.#*10°1.#31°12.5 

t:(P).fP.>.f(Cav'P). 
[¥31-33-12] >.fP: 
[¥10°11-21] DF :(P).fP.>.(P).fP 2) 
F.(1).(2). +. Prop | 


#8152. +:(qP).fP.=.(qP).fP [43151.Transp] 


R&Wi 16 


432. REFERENTS AND RELATA OF A GIVEN TERM WITH 
RESPECT TO A GIVEN RELATION 


Summary of *82. 


Given any relation R, the class of terms which have the relation R to a 
given term y are called the referents of y, and the class of terms to which a 
given term « has the relation R are called the relata of oa We shall denote by 


R the relation of the class of referents of y to y, and by R the relation of the 
class of relata of 2 to x. It is convenient also to have a notation for the rela- 


. > & . 4 
tions of R and & to R. We shall denote the relation of R to BR by “sg,” where 


—_— 
“sg” stands for “sagitta.” Similarly we shall denote by “gs” the relation of R 
to R, to suggest an arrow running from right to left instead of from left to right. 


R and R are chiefly useful for the sake of the descriptive functions to which 
they give rise; thus Rey = 2(a@Ry) and Rn= 4 (xRy). Thus eg. if & is the 
relation of parent to son, Ry = the parents of y, Ra= the sons of w. If R is 
the relation of less to greater among numbers of any kind, Ry = numbers less 


— — 
than y, and R‘x = fiumbers greater than z When R‘y exists, R‘y is the class 
whose only member is R‘y. But when there are many terms having the 


> 
relation R to y, R‘y, which is the class of those terms, supplies a notation 
which cannot be supplied by R‘y. And similarly if there are many terms to 


which 2 has the relation R, R‘x supplies the notation for, these terms. Thus 
for example let R be the relation “sin,” é.e. the relation which x has to y when 


el 
x=siny. Then “sin‘z” represents all values of y such that =sin y, we. all 
values of sin-'# or arcsinaz. Unlike the usual symbol, it is not ambiguous, 
since instead of representing some one of these values, it represents the class 
of them. 


The definitions of BR, R, sg, gs are as follows: 
43201. R=89 {a =2(aRy)} De 
#3202. R=/2{8=9(eRy)} Df 
43208. sg-AR(A=R) DE 
43204. gs=4R(A=R) ODF . : 
In virtue of the above definitions, we shall have a = R, g‘R=R. This 


gives an alternative notation which is convenient in dealing with a peuon 
not represented by a single letter. 


t 
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It should be observed that if R is a homogeneous relation (2.e. one in 


> <— 
which referents and relata are of the same type), then R and # are not 
homogeneous, but relate a class to objects of the type of its members. 


> & 
In virtue of the definitions of # and R, we shall have 
—_> 
*32:13. +. R’y=2(aRy) 
<_ 
#*32°131. +. Rix =9 (xRy) 5 _ 
Thus by *1421, we always have E! R‘y and E! R‘x. Thus whatever 
> - < . 
relation R may be, we have (y).E! R‘y and (a). E! R‘r. We do not in 
— 
general have (y).q Ry or (x).q! Rx. Thus taking BR to be the relation 
> — 
of parent and child, R‘y=the parents of y and R‘«=the children of a. 
<— <— 4 > 
Thus R‘e= A, ie ~q! Rx, when z is childless, and R’y=A, te. ~q! Ry, 
~ — 
when y is Adam-or’Eve. The two sorts of existence, E! R‘y and q! Ry, 
~ — 
can‘ both be significantly predicated of R‘y, because “R‘y” is a descriptive 
_— 
‘function whose value is a class; and the same applies to R‘x. It will be seen 
| > —: 
that (by *14°21) q! R‘y.2.E!R‘y, but the converse implication does not 
hold in general.. 
‘We have 
Aso by *32°18'181, . 
— < 
Five RYy.=.0Ry.=.ye Rx. 
> < 
Thus by the use of R‘y or R‘x, every statement of the form “a#Ry” can 
be reduced to a statement asserting membership of a class. Since, however, 
the class in question is given by a descriptive function, and descriptive 


.functions are defined by means of.relations, we do not thus obtain a method 
of reducing the theory of.relations to the theory of classes. 


43201. R= @p (a=2(eRy)} Dé 
43202. R=62|@=9(aRy); Df 
#8203, sg=AR(A=R) Df 
48204. gs= AR (A=R) ‘DE 


#3821. Fraky.=.a=2(aRy) [*21:3 .(*32-01)] 
: < 
#32101. : BRa.=.B=G(aRy) [#213 . (*3202)] 


—_- 
#3211. 1.2 (aRy)=RYy [32-1 . #30°3] 
16—2 
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| 7 | 
482-111. +. 9(aRy)= Rie [*82-101 . *80°3] 


>} 
#3212. b. E! Ry [*32°11 . #14°21] 
_ = 
#82121. bE! Re [¥32-111 . #1421] 


“KE Ry ” must not be confounded with “q Ry.” The former means 
that there is such a class as Re: , which, as we have just seen, is always true; 
the latter means that Ry is not null, which is only true if y is a term to 
which some other term has the relation R. Note that, by *1421, both q Ry 
and mal Ry imply E I Rey. The contradictory of | Ry is not ~q t Ry, 
but ~{[R‘y].q! Rty}. This last would not imply E! R‘y, but for the fact 
that E Ry is always true. | . 


—> 
#3213. +. R‘y=2(aRy) [*82°11 . *20°59] 
 -& 
#32131. +. R’x = 9 (xRy) [#32°111 .*20°59] _ 
> > . 
#82182, b:aRy.=.a=Ry.=.a=28(2Ry) [#32118 . *2057] 


_— _— 
432193. : BR. =.B=Re.=-B=9(eRy) [432101131 . *20°57] 


The use of *20°57 will in general be tacit. It happens constantly that we 
have propositions such as *32°13, in which a descriptive expression is shown 
to be identical with a class. In such cases, whenever the properties of the 
class are asserted of the descriptive expression, *20°57 is relevant. ° 


> -— 
#8214. §:R=S.=.R=S 


iM 


Ul 
iM 


Dem. 
> — —> ~> 
+. #2143. Db: R=S.=:.aRy.=a,y-aSy:. 
[*32°1] =1.0=2(cRy).=a,y-a=2 (aSy):. 
[*11°2] =1.(y)a=2(eRy).=..a=2 (eSy)i 
[*20°25 | =:.(y):2(aRy) = (aSy):. 
[*20°15] - =:.(y):.(z):¢Ry.=.aS8yi- 
[112] =:.(a,y):7Ry.=.aSy:. 
[*21-43] =:.R=S8::3+. Prop 
ae & oe 
«8215. |: R=S.=.R=8 (Similar proof] 
, > -— e- & 
«8216. -:R=S.=.R=S8.= ~-R=S [3271415] 
43218. tive RYy.=.aRy [48218 . 20°33] 
432181. tryeRic.=.aRy [432-181 . 420°33] 


<_— 
#32182. t:veRy.=.ye Ra [*32°18°181] 
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_ The transformation from “aRy” to “« eR ” is one commOon!y effected in 


language. Eg. suppose “aRy” is “x loves y then “pe Ry” is “a is a lover 


of y.” 
43219. 1: RGS.D. Ry CS'y. RaC Sex 
Dem. 
+.*38218. Dt: Hp.o: ne Ry. De Lae Sus 
[*22-1] 3: Ry Cc Sy wo (1) 
#32181. 55: - Hp. 2: ye ‘Rc .> y Yea: 
[e221] >: Re CSe (2) 
F.(1).(2).D. Prop 7 
4822. +: AsgR.=.A=B [#213 .(432-08)] 
482-201. : A gsR.s.A=R [4213 .(43204)] 
432-21, +. R=sg'R [32-2 *30°3] 
432-211. +. R= gs‘R [432-201 . #30°3] 
432-22, +. Elsg'R [432-21 . #1421] 
432-221. bE! ge‘ [432-211 . #1421]. 
432-23. | .so'R=R [32°21 . #21-2:57] 
432-231. F. ps'R=R [432-211 . 21-257] 
482-24. b.sg'R=go'R | 
Dem. 
+. "32-23. (32-01). Dk.sgR=89 (a=2(aRy)} . 
[21-33] Dh:a(sg‘R)y.=.a=8(aRy). 
[*31-11.*20°15] =.a=2(yR2). 
[¥32°101] ght 
[*32°211] | =.a(gs‘R) x (1) 
b. (1). «11°11 . *21-43. 5+. Prop 
432-241, +. ps'R=seR [Similar proof] 
432-25. fk: AsgR.s.A=agtR [4304.43222] 
#382251. F: AgsR.=.A=gs'R [*30°4.%32°221] 
#323. |. {se(RAS)}Sy = Ry n Sty 


Note that we do not have 


sg(R AS) = ao'R Asg‘s. 
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Dem. 
b .#32'23:13. 55. [sg(R AS)}‘y=2 [x(RAS)y} 
[*23-33] =&(a@Ry.xSy) 
[*22°39] = &(aRy) 2 (a8y) 
> ~ 
[*32°13] = Ryn Sy. d+. Prop 
—- €& 
43231. £.{gs( RAS) "a= Roan Sa 
> lc 
*32'32. +. {so(Rw S8)}‘y= Ry v Sty 
e- €& 
*32'33. +. {gs(Ru 8)}e@= Rau Sa 
—> 
#3234. |. {se(+ R)}‘y =— Ry 


<— 
*32'35. +. {gs(+R)}‘a=—R& 
The proofs of the above propositions are similar to that of *82°3. 
> => 
«324. Fri ElR%z.=:q! Rer:a,yeR2.5,,."2=y [38021 *3218] 
> = 
¥32'41. Fs ELSy.3:Ry=Sy.=.Ry=Sy 
Dem. 
b.*4°86 . Dhi:aS8y.=,.¢=b:9: 
eRy .=,-¢Sy:=iaeRy.=,.2=b (1) 
b.(1).*5°32.9b:.¢8y.=,.c=b:aRy.=y.08y:=: 
eSy.=,-2=b:aRy.=z,.2=b. (2) 
F . (2) .*10°11'281 . *32:18-:181 .D 
> 2 , 
F:.(qb):aSy.=,.0=b: Riy=Sy:=:(qb):aS8y.=,.¢=b:aRy.=,.9=b2 
[*30°3.%1 4°13] :(qb): aSy.=,.2=b:RYy=b: 
[14101] > Bry = Sty (3) 
> 2 
F.(3). #802. 3b: EI Sy. Ry=Sy.=.Ry=Sy:. D+. Prop 
=p 
*32°42, | 1 RYy = Sy.dI: Et Ry. =. EVSy. [*8034.*32:18] 


Wi om 


«33. DOMAINS, CONVERSE DOMAINS, AND ee 
OF RELATIONS 


Summary of *83. 

If R is any relation, the domain of R, which we denote by D‘R, is the 
class of terms which have the relation R to something or other; the converse 
domain, A‘R, is the class of terms to which something or other has the | 
relation R; and the field, C‘R, is the sum of the domain and the converse 
domain. (Note that the field is only significant when R is a homogeneous 
relation.) 

The above notations D‘R, A‘R, C*R are derivative from the notations 
D, G, C for the relations, to a relation, of its domain, converse domain, and 
field respectively. We are to have 

DIR =2 (ay). oRy} 
GR = 9 (qa). Ry} 
CR=2 {(qy):aRy.v~yRe}; 
hence we define D, C, C as follows: . 


43301. D=a@R [a=2 {(qy).cRy}] Df 
*3802. G=—R[S=9 (qa). #Ry}] Df 
#3303. C=$R[y=2((qy):aRy.v.yRa}] Df 


The letter C is chosen as the initial of the word “campus.” We require 
one other definition, namely of the relation of 2 to R when « is a member of 
the field of R. This relation, which we will call F, is defined as follows: 


*83-04. F=2R ((qy):aRy.v.yRx}. Df. 
: ay | 
We shall find that C= F. D will be the relation of a relation to its domain, 


<— 

Da will be the class of relations having a for their domain. Similar remarks. 
apply to 7 and C. The field of a relation is specially important in connection 
with series. 


The propositions of this number are constantly used throughout the 
remainder of the work. The ideas of the domain, converse domain, and field 
are very general, and have somewhat different uses for relations of different 
kinds. Consider first the sort of relation that gives rise to a descriptive 
function R‘y. For this we require that R‘y should exist whenever there is 
anything having the relation R to y, ze. that there should never be more 
than one term having the relation & to a given term y. In this case, the 
values of ¥ for which R‘y exists will constitute the “converse domain” of R, 
ae. ASR, and the values which R‘y assumes for various values of y will 
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constitute the “domain” of R, i.e. DER. Thus the converse domain is the 
class of possible arguments for the descriptive function R‘y, and the domain 
is the class of all values of the. function. Thus, for example, if R is the relation 
of the square of an integer y to y, then R‘y =the square of y, provided y is an 
integer. In this case, A‘R is the class of integers, and D‘R is the class of 
perfect squares, Or again, suppose FR is the relation of wife to husband; then 
R‘y=the wife of y, d‘R=married men, D‘R=married women. In such 
cases, the field usually has little importance; and if the values of the function 
R‘y are not of the same type as its arguments, i.e. if the relation R is not 
komogeneous, the field is meaningless. Thus, for example, if*R is a homo- 


—_ _ —_> _— 
geneous relation, R and & are not homogeneous, and therefore “O'R” and “O‘R” 
are meaningless, 


Let us next suppose that R is the sort of relation that generates a series, 
say the relation of less to greater among integers. Then D‘R =all integers 
that are less than some other integer =all integers, (‘R =all integers that 
are greater than some other integer =all integers except 0. In this case, 
C‘R=all integers that are either greater or less than some other integer 
=all integers. Generally, if R generates a series, D‘R =all members of the 
series except the last (if any), U“R =all members of the series except the first 
(if any), and C‘R =all members of the series. In this case, “ xFR” expresses 
the fact that « isa member of the series. Thus when R generates a series, 
C‘R becomes important, and the relation F is likely to be useful. 


We shall have occasion to deal with many relations having some of the 
properties of series, and with many propositions which, though only important 
in connection with serial relations, hold much more generally. In such cases, 
the field of a relation is likely to be important. Thus in the section on 
Induction (Part IT, Section E), where we are preparing the way for the con- 
struction of serial relations by means of a certain kind of non-serial relation, 
and throughout relation-arithmetic (Part IV), the fields of relations will occur 
constantly. But in the earlier parts of the work, it is chiefly domains and 
converse domains that occur. | 


Among the more important, properties of domains, converse domains and 
fields, which are proved in the present number, are the following. 

We-have always E! D‘R, E!(‘R, E! C8R (*33:'12'121-122). (The last of 
these, however, is only significant when R is homogeneous.) 


433-13, b:ceD°R.=.(qy).cRy. 
*33131. b:yeA‘R.=.(qa).cRy 
*33:132. :.2eC'R.=:(qy): cRy.v.yRz 
*33'14. FiaRky.d.ceD‘R.yeAR 


+ 
«33:16. +.CCR=D‘RvuCG‘R 
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%33°2:21°22. The converse domain of a relation is the domain of its converse, 
the domain of a relation is the converse domain of its converse, and the field 
of a relation is the field of its converse. 


43324. F:q!ID‘R.=.q!@‘R.=.qiCR.=.qiR 
4334, b.D‘R=a2iqt Ro} 
with corresponding propositions (*33°41°42) for U‘°R and OR. 
#8343, L:E!IRYy.D.yeQR. R'yeD‘R 
*33°431. | :(y). E! R’y.3.(8)- BCR 
4335. +.0=F 
#3351. b:ceO'R.=.0FR 


The proofs of propositions concerning d and C are usually similar to those 
for D, and are therefore often omitted. 


#3301. D= aR [a=2 {(qy).«Ry}] Of 
#3302. G=6R[B=9{((qz).cRy}] © Df 
*33-03. C=$R[y=2{(qy):2Ry.v.yRa}) Dé 
43304. F=2R ((qy):¢Ry.v.yR2} Df 


#331. b:aDR.=.a=2{(qy).aRy} [*213.(«33-01)] 
*33°101. + :8GR.=.8=9 {(qv).a2Ry} | 
#33102. fs yCR.=.y=2 ((qy): Ry .v.yRa} 

#33103. | :.2PR.=:(qy):¢Ry.v.yRa 


a it 


433-11. ..D‘R=2{(qy).cRy} —_[#33-1. #30°3 . #20°59] 
433-111. +.0‘R=9 {((qz).aRy} — 

#33112. |. CR=2 {(qy):aRy.v.yRa} 

43312. +. E!1D‘R [88°11 . 14-21) 
#33121. | .E!G‘R 

#33122. | .E!C‘R 

#33123. | :aDR.=.a=D‘R [*30°4 .*33°12] 
*33:124. | :8CR.=.8=CR [*30°4 . *33°121] 
*33°125. biyCR.=.y=CR [*30°4 . *32°123] 
#3313. b:ceD‘R.=.(qy).cRy [83-11 .*203°57] 
¥33'131. F:yeC°R.=.(qv).aRy 

*33°132. F:.2eCR.=:(qy):aRy.v.yhe 

#3314. F:aRy.d.ceD‘R.ye AR 


Dem. . 
Fb. #1024. 5b: Hp. 3: (qy).eRy:(qu).cRy: 
_[*33°13°131] D:ae DSR. ye AR: DF. Prop 
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oy 
433.15. +. R‘yCD‘R 


Dem. 
> ; 
by*x3218. 3 :ceRy.2,.cRy. 
fx10°24] D,-(qy).oRy. 
[*33°13]} Dz 2eD‘R: 3+. Prop 


— 
*33°151. F. Ria C ASR 

> €_— 
#33152. Ft. Rieu Re COR 
*33°16. +.CR=D‘RvVGR 


Dem. 
+ . 433-132 . #1042. 


brave C*R.= :(qy). Ry .v.(qy)-yRe: 
[x3313-1381J=:c2eD‘R.vexced‘R: 
[#2234] Zs:c2eD‘RvGR (1) 
F. (1). #10711 . #2043. 55. Prop 

#33161. |. DSRCOCR.ARCCR = [*33-16 . *22°58] 

"8317. b:cRy.DdD.ayeCR = [#3314161] 

*3318. +: DSR=QR.3.DSR=OR 

Dem. 


+ .*2256. 3+: DSR=GR.D.DR=D‘RVGSR 
[*33-16] =CR:D+. Prop | 
#33181. +: @RCDR.=.D‘R=OR 

Dem. | ; 

, #2262. 3+: 0°RCDR.=.D*R=D‘R VAR 
[33°16] =CR:D+. Prop 
#33182. : DRCO‘R.=.Q‘R=CR [Similar proof] 

If R is the sort of relation which generates a series, so that “aRy” may 
be read “« precedes y,” then U‘R C D‘# is the condition that the series may 
have no last term; since it states that every term which follows some term 
precedes some other term, and is therefore not the last of-the series. 


438-2. +.0‘R=D‘R 


Dem. 
bh aSL11. #1011. Db :aRy.=,.yRa: 
[*10°281]. Dt :(qz).oRy -=.(qx). yRa : 
{*83-13131] DHryeG@R.=.yeD'R (2) 


b..(1)-*10°11 . *20°43 . 3 F. Prop 
*¥3321. |+.D‘R= aR {Similar proef} 
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433-22. +. OR=OR 


Dem. os 
b.48916-2:21 . Db. OR=4Rv DR 
[33-16] = CR. DF. Prop 

«83°24, E:q!iID*R.=.q!GR.=.qiCR.=.qth 

Dem. 
F.x8313.. Db: gr DR. =2(qe) = (ay) _aRy: H 
[*25°5 «(4¢11-°03)} aingtR (1). 
b.<33°181. Fr. Gg YOt'R.=: (ay): (qx). eRy: 
[a11:2] =i(qa, y).oRy: 
[¥25'5] arth (2) 
E.433'182. Db irq! C'R.=:(qe) a (qy)seRy.v.yRer 
[11-7] =. (qe, y) -oRy: 
[*25°5] =angrk. (3) 


Fil). (2). 3). Dt. Prop: 
#33241. b: D‘'R= A= -GR=A.=.0R=A.=.R =A. 
[*33°'24. Transp...*#24°51..%25°51] 
#3325. F.D(RAS)CDRaDS 
Dem. 


b.48313. Db: ce D(RAS).=:(qy).2(RAS)y: 


[*21°33,.*%10°281] r(aqy).oRy.a2Sy: 

[¥10°5] D>: (ay). oRy (ay). By 
[*33°13] D:¢e DIR. ce DS. 

[*21°33] DreeDRaDS. (1) 


P.(1)- #1011. 3+. Prop | 
#83251. bk. (RAS) COURBn GS [Similar proof} _ 
#*33'252. +. CCR AS)CCR.vCS [Similar proof]. 
*33-26. |+.D(RvS)=D‘R v- DSS 


Dem. 
by, *33°12..9:F 2. ce D (Bw 8).=: (ay): (Ria 8) y: 
[*23°34.4%10°281] =2(qy):oRy wv. eBy 2 
[*10-42] =:(qy)-eRyiv:(qy).aSy: 
[*33:13] * =:c26DSRw. weD‘8:. 
[22°34]: =:ceD Ru DSS (E)- 


F. (1). *10°12...#20:43 1b . Prop’ 
*33261. F.d“( Rw Sj=C‘Riw US [Similar proof]. 
¥33-°262. F. C(RuaoS\=GRvOS [33°26-261-16] 
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¥33:'263. F: RES.3.DSRCD‘S 


Dem. 
b.*23'1.D+:.Hp.D:¢Ry.D,,-¢Sy: 
[*10°28°27] — Ds(a@):(qy).eRy.d. (ay). nSy : 
[*33°13] . D:(a):weD‘'R.D.xeD‘S: 
[*23°1] 2: DRCDS:.5F. Prop 


#33264. b: RES.D.A‘RCGS [Similar proof] 
#33-265. f: RES.D.CCRCO'S [#33°263-264-16 . ¥22°72] 
48327. +.C‘R=D(RwuR) 


Dem. 
f.483162.3+.CR=D‘Ru DR 
[*33-26] =D (Rw R).>+. Prop 
*33271 +. CR=C(Rv R) [Similar proof] 


433-272, +. D( Ry R)=A(Ry R)=C0(Ro R)=OR [*33-27-271-16] 
43328. |. DVaaV=0V=V 


Dem. 
F.10°25 . #25104. Db s(x): (qy).aVy:. (x): (qy).yVar 
[*33°13'131] Dk: (a). ceDV:i(x).2eAV:. 
[*24°14] DF: DV=V.aV=V (1) 
[*33-16] DE.OV=VeEV 
[*22°56] =V (2) 
F.(1).(2). DF. Prop 


#83-29. b.D‘A=G‘A=CA=A [433-241 . #212] 


#333. braCD‘R.s:zea. D2. ql ke 
Dem. - | 
F.*32181.>h:.aea. >, 4! Rer= :264.9,.(qy) vhy: 
[*33°13] =:vea.d,.2eD*‘R:. D+. Prop 
43331, b:.8COR.s:yeh.d,-q! Ry [Proof as in #38°3] 

The three following propositions are used in the theory of selections (*80, 
*83 and *85). The second of them is also used in the theory of greater and 
less (*117) and in the theory of transitive relations (*201). 
¥33:32. +: D‘RaD‘S=A.3.RAS=A 

The converse of this proposition is not true. 


Dem. 
F , *23°38 . Dt:a(RAS)y.3.2Ry. aSy. 
[*33°14.%22°33] D>.c2eD'RaDSS. 
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[*10°24] D.qiDRaDS — (1) 
F.(1).Transp. DE: DSRAD‘S=A.D-~{a(RAS)y}  —s_ (2) 
b.(2).#11113.3+:D‘Ra DS=A.5D.(a,y).~ {a a(RAS)y}. 

, [25°15] >.RAS=A:5F. Prop 


«83:33. §:Q*RadS=A.3.RAS=A_ [Proof as in *33°32] 
*83:34. :O‘RaCS=A.3.RAS=A 


Dem. 
t.#33°161 . «2249. D+. DSRaDSSCORACS. 
[*24°13] —. DEORACS=A.3.DRaDS=A. 
[*83:32] a >.RAS=A:5+. Prop 
*33'35. +:.DSRCa.=:eRy.9,,.r€a 
Dem. — 


+.*383'138. 3b: DSRCa.=:(qy). cRy.d,-2ear | 
[%10°23] =:@Ry.3z,,.c¢ea:.)+. Prop 
*83'351. :.C‘RCa.=:eRy.5,,.yea [Proof as in *33'35] 
#33352. b:.CCRCa.=:02Ry. 24-2, yea 


Dem. 
bt. *33'°16 .*22°59.9 


k:.OCRCa.=:D‘RCa.d*RCa: 
(*83°35°351] =:aRy.Dey. cea eRy.Dzy- Yea: 
f*11°391] =:cRy.D,y-%, yeateIt.Prop | 


The two following propositions (*33°4'41) are very frequently used. 


<_— . 
4834. +. D‘'R=2 (qt Ra} 


Dem. 
b.*33'13.3Dh:v2eD‘Rh.=. (ay) ss hs 
[*32°181] =. (ay). ~Y eR 
[*24°5] =.q! Rix (1) 


F.(1). #1011 . *20°33.3+F. nOE 
*33°41. |. d‘R=9 {q! ey [Similar proof] 
498-42. b.CR=A iq! (Rev R2)} 


Dem. 

. => _— 
b.*83-441-16. 3+. OR=2{(q! Ria] va {q! Ra} 
[22391] =2{q! Rf veg! Ris} 

—) 


[*24°56.%*20°15] = B{yl (Rav Soy. D+. Prop 
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#3343. $ PEI Ry... wae: dye DIR 


Dem. 

80°32 D+3E! Ry .D.(hfy) Ry. 
[88-14] D.ye‘R. Rye D‘R: 3+. Prop 
#33431. | :(y). EDRYy.>.(8).8 CAR 

Dem. 
b.¥33'43. Dkr Hp. DsyeC‘R. : 
[Simp] DiyeB.d.yeAR (1) 
b.(1).#101121.5+: Hp.>. BCaR | (2) 


.(2).*10°11-21 .D+. Prop 
*33°432.+ = (y). EI RYy.3.d0‘R= Vv 
Dem. 
F . #3343 24101127. +: Hp.d.(y).ye Ah. 
[#2414] 2.0R=V:Dt. Prop 


433-44. |: BIR. Dd. ce D‘R: Rae GR 
Dem. 


Vw 


F.48843 5.3 F: Hp.d.ceQ‘R. BireDR. 


| [*33°2°21] D.ceDR.RreAR: Dt. Prop 
*33-45. Fi. ye RvAS.9,. Ry=Sy:3.R=S8 
Note that by our conventions as to denoting expressions, the scope of 
both R‘y and S‘y in the above is “R*y=S‘y,” and Ry isto be first 
eliminated. 
Dem. 
F.x8011. Dt 3: Ry =S%y.=1.(qb): eRhy.=,.02=b:b=S8%:. 


(*30°11] =r Gs 1. ohy.s,.8=63. (qe): cSy.=,.0=c:b=cr 
[*13:195] — =1.(qb):cRy.=,.c=b:aSy.3,.0=b1 

[*10'322] D:. chy. =,.0Sy (1) 
F.(1).OF::Hp. Oye RudS.o:aRy. =. aSy:. 

[*5'32]} a: yeCRv GS. akhy. =. ye CR AS. w8y:. 
[*33°14.%4-71] 3:.¢Ry.=.x8y (2) 
F.(2).#*11113.5b:.Hp.3:(a, y):cRy.=.aS8y: 

[*21-43] 3: h=S:.D+. Prop . 


483-46. b:.ceD‘RUD‘S.D,.Rae=Sa:D.R=S [Proof as in #3345] 
=> wd 
433-47. bi. yeC‘Ru GS. Dy. Ry=Sy:d.R=S 
Dem. 
F.*33'41.Transp. DF: yre SRV OS .D. RyH=A.SY=A “(k), 
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F. (1). #13172 . #4'83.5+: Hp.2.(y)- Re y= By. 
| >= 
[*30-41] >.R=S. 
[*32°14] >.R=S:5+t. Prop 


e 
#8848. b:.ceD\Ru D‘S.>,. R'e=S'e:>.R=S [Proof as in 93°47] 
4335. +.0=F 


Dem. 
<> 
F.4321.5b:.0FR.=.a=2(e2FR) 
[*33°103] = 2 {(qy):cRy.v.yRz}. 
[*33-102] =.aCR (1) 


.(1) #1111. #2143. +. Prop 
#3351. FiveC{R.=.aFR [%33'132'103} 


¥F is useful in ordinal arithmetic, where we are concerned with a series 
generated by a relation P, and “#FP” expresses the fact that 2 is a member 
of this series. The above two propositions (#33°5°51) will be much used in 
Part IV, where we deal with the ‘foundations of ordinal arithmetic, but will 
not often be referred to-elsewhere. 


ce 
*33°6. &:ReD'a.=.a=DR 
Dem. 


e_ 
F.*32°181.5)+:ReD<a. 
[¥33°123] 


_ 
#*33'61. §:Red'a.=.a=Q‘R 
i 
*33'62. Fk: ReCa.=.a=CR 


~aDh.. 
-a=D*R: D+. Prop 


Wait 


#34, THE RELATIVE PRODUCT OF TWO RELATIONS 


Summary of *34. 

The relative product of two relations R and S is the relation which holds 
between # and z when there is an intermediate term y such that 2 has the | 
relation R to y and y has the relation S to z. Thus eg. the relative product 
of brother and father is paternal uncle; the relative product of father and 
father is paternal grandfather; and so on. The relative product of R and S 
is denoted by “R|S”; the definition is: 

#3401. R|S=22 {(qy).aRy.ySz} Df 

This definition is only significant when C‘R and D‘S belong to the same 
type. 

The relative product of R and BR is called the ae of R; we put 
*3402. sei Df 
*34:03. =R\|R Df 

The most useful propositions in the present number are the following: 
4342, +. Cnv(R/S)=S|R 

Ie. the converse of a relative product is obtained by turning each factor 
into its converse and reversing the order of the factors. 


43421. + .(P|Q)|R=P|(Q|2) 
Ie. the relative product obeys the associative law. 
#8425. +.P|(Qu R)=(P|Q)u(P|#) 
#3426. +.(PvQ)|R= (P| B)v (Q| B) 
Ie. the relative product obeys the distributive law with respect to the 


logical addition of relations. (For logical multiplication instead of logical 
addition, we only get inclusion instead of identity; cf. *34°23:24.) 


48434. -:REP.SEQ.D.R|SEP|Q 
#3436. +.D(P|Q)CD‘P.d(P/Q)Ca‘*Q 
«3441, b:E!P°Q'z.3.P*Q'z=(P | Q)*z 


43401. R|S=22 ((qy).aRy.yS2} Df 
43402. R= R|R Df 
43403., R= R?|R Df 
#341. F:a(R|S)z.=.(qy).aRy.ySz [*21:3.(*3401)] 
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- - 
*3411, b:2(R|S)z.=.q! (Ron Sz) 
Dem. 
F.*34°1 . *32°18-181.D 


a — 
bra(R|S8)z.=.(qy)-ye Rox.ye Se. 
- — 


[*22°33] =.(qy).ye Rian Sz. 
- > 
[*24°5] =. a! (Ra a S‘z): D+. Prop 


43412. +. R|S=22 (gq! (Rian S'x)} [42133 484-11] 
#842. +.Cnv(R[S)=S|R 


Dem. 
F.*31131.3b:a{Cnv(R|S)}2.=.2(R|S8)a. 
[*34°1] =.(qy)- ohy -ySz. 
[*31-11] =. (ay): yRe ~ SY 
[*34°1] . =.2 (S | R) z 
F. (1). «1111. «21-43... Prop 

434-202. |. R| S=(Cav‘R)| £ 

Dem. 
F.#31131.3b:a(Cnv‘R)y.ySz.=.yRe. YSZ » 
[*31-11] =. aly. ySz 


b. (1). #10°11-281 4841.34: x {(Cav‘R)| S} 2. 
F.(2).#11-11.421-43.3+. Prop 


#34203. +. R|S=R|(Cav‘8) [Similar proof] 
43421. +.(P|Q)|R=P|(Q|R) 


.«(&|S8)z 
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(1) 


(1) 
(2) 


Dem. 
b.*84°1.#10°281.3b::(qz). APIQ)e. zRw. 2. (2): (qy). «Py. yQz:zRw:. 
[%11-6] 2. (qy):. vPy :(qz).yQz.2zRw:. 


ik tl il 


[*34°1.*10°281] 
F. (1). 411-1. 2 34-1. #2143. 56. Prop 


*3422, P{Q|R=(P|Q)|R Df 
This definition serves merely for the avoidance of brackets. 


#3423. +. P|(QAR)G(P|Q)A(P|R) 


Dem. 

F.*841.5 

F:.a{P|(QAR)} y. =i(qz)-2Pz.z(QAR)y: 

[*23°33] =i(qz).2Pz.2Qy.zRy: 

[*10°5] 2: (qz).aPz.2Qy:(qz).«Pz.2Ry: 
R&W I 


(qy)-2Py.y(Q|R)w (1). 


17 
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[*34°1] D:a(P|Q)y-a(P| Ry: 
[423'33] Dia((P|Q)a(P|\ Rhy  ) 
F.(1).*11-11.55. Prop 
The converse of the above is not true. 
*3424. +.(PAQ)| RE(P|R)A(Q|R) [Similar proof] 
#3425. +.P|(Qu R)=(P|Q)u(P| R) 


Dem. 

b .*23°34.*10°281.9 | 

b :.(qz).2Pz.2(Qu R)y.=:(qz):aPz2: 2Qy.v.2Ry: 
[*4°4.%10°281] =:(qz):0Pz.zQy.v.02Pz.zRy: 

[*10°42 ] =:(qz).a2Pz.zQy:v:(qz).2Pz.zRy: 
[*34°1] =:a(PjQ)y.v.a2(P|R)y: 

[*23°34] =:a(P|\QuP|R)y (1) 


F.(1). #1111. #341. 5+. Prop 
*3426. +.(PwQ)|R=(P|R&)v(Q| 2) [Similar proof] 
The above two forms of the distributive law, and the associative law 


(*34°21), are the only ones of the usual formal Jaws that hold for the relative 
product. The commutative law, in particular, does not hold in general. 


«8427. b-:R=R'.D.R|P=R' |P 


Dem. 

+.*2143.3+:.Hp.d:(a,y):eRy.=.aRy: | 
[*11°401] D:(2,y):cRy.yPz.=,.0R'y.yPz: 
[*10°281] D:(«):(qy) wRy.yP2.=,.(qy)-aR’y.yPz: 
[*21°15] 2:R|P=R' | P:.3+. Prop 


*3428, +:R=R’.3.P|R=P|R' [Similar proof] 
48429. b:R=R'.D.P|R|Q=P|R|\Q | 
Dem. 
b.x8427.Db:Hp.d.R(|Q=Rf'|Q. 
[¥34-28] >.P|R|Q=P|R'|Q:3+. Prop 
In proving the equality of two relations, say R and S, we usually establish 
first an asserted proposition of the form 
aRy.=.aSy 
or Hp.3:¢Ry.=.aSy. 
We then proceed by *11:11 (together with *11:3 in the second case) to 
(2, y):aRy.=.aSy or Hp.d:(a,y):cRy.=.a8y, 
whence the result follows by *21:43. We shall in future omit these steps, 
and write “>. Prop” after we have established 
oRy.=.x8y or Hp.d:aRy.=. «Sy. . 
A similar ellipsis will be made in proving the equality of classes. 


I ttl 
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4843. biG (P/Q). =.q!(U'PaDQ) 


Dem. 
b.*25°5.2 
Fi: q'(P|Q).=:-(qa,y).2(P|\Q)y:. 
[*34°1] =:. (qa, y):(qz).2Pz.zQy:. 
[11:27] =1. (qa, y, 2).@Pz.2Qy:. 
[11-24] =:.(qz2, a, y).2Pz.2zQy:. 
[*11-27] =:.(qz):. (qa, y).e2Pz.2Qy:. 
[*11:54] = 1.(qz):. (qa). ePz:(qy).zQy:. 
[¥33:13-1381] =:.(qz):.2eU°P.zeDQ:. 
[22°33] | =1.(qz):.zeGSPaD@:. 
[*24°5] =:.q!(U'P a D‘Q):: 3+. Prop 


#34301. b: USP aDQ=A.=.P|/Q=A_ [*343. Transp] 
#34302. f: CSPaCQ=A.>.P|Q=A.Q/P=A 
Dem. 


F.*83'16.3+:Hp.d.dPaDQ=A.dQaDP=A. 


[*34°301] >.P|Q=A.Q|P=A:5F. Prop 
"3431. Fiq!(P|Q).3.q!P.q!Q 
Dem. . 
b.4343.3h:Hp.d.q!(A'P a DQ). 
[#24561] D.q!GéP.qiDQ. | 
[*33-24] D.q!P.q!Q:Ot. Prop 
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#3432, bi. P=A.v.Q=A:3.P(/Q=A_ [*3431. Transp . 25°51] 


43433. biaeD‘R.=.0(Rj Rye 


Dem. 
b.*33'13.3F:e2eD°R.=.(qy).2Ry. 
[4°24] =.(qy).vRy.xRy. 
[*31-11] =.(qy).cRy. yRa : 
[*34°1] =.0(R|R)e:D+. Prop 
«3434. F:REP.SEQ.3.R\|SEP|Q 
Dem 


F.*231.5b:.Hp.d:¢Ry.3,,.2Py: ySz. Dy. yQz: 
[*11°2.%10°1-41] I:a@Ry.d.aPy:yS8z.3.yQz: 
[*3°47] D:aRy.ySz.d.2Py.yQz 

F . (1). «1011-21-28. D 


(1) 


bt: Hp.>:(qy).oRy.ySz.d.(qy).a2Py.yQz: 


[4841] D:a(R|8)z.d.2(P\Q)z 
F.(2).*11113.5+. Prop 


(2) 


17-—2 
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43435. Hiqg!R.G‘RCD‘P.>.q!R\P 


Dem. . 
+ .*33'24. Dk: Hp.d.qi dk (1) 
t.*22621.3-:Hp.3.d‘R=ARaD‘P (2) 
F.(1).(2).DF:Hp.d.q!GRaD*‘P. . 
[*34°3 ] 2.q!R|P:ot. Prop 


#34351. F:q!R.DSRCU‘P.D.q!P|R [Proof as in *38435] 
*3436. |.D(P|/Q)CD‘P.d(P|Qcd@ 


Dem. 
+.*3313.>Dh:.¢e€D(P|Q).3:(qz).a(P | Q)2: 
[*34-1] D:(q2, y).c2Py.yQz: 
[*11:23] D>: (qy, z).e2Py.yQz: 
(#11:55.*10°5] >: (qy).xPy: 
[*33'13] D:x2eD‘P (1) 
Similarly F:i.zeQA{P)Q).3:26€U°P (2) 


F.(1).(2). #10711. 5+. Prop 
The following proposition is a lemma for *95:31. 
#34361. Fig! R.DSRCOSP.AUSRCDQ.3.q!P|R\Q 
Dem. 
F.*8435.D+:Hp.d.q!R|Q (1) 
t.*3436.5b:Hp.3.D(R| Q) CaP (2) 
F .(1).(2).*384°351. 5+. Prop 
#3437. &.C(P|Q)C D‘P vu GQ [*34°36 .*33°161 . *22°72] 
43438. §.0(P|Q)CO*PUCQ [#8437 . 433161 . #22-72] 
#344, F:b=Pc.c=Qz.3.b=(P| Q) 


Dem 
F.*3031.5+:Hp.3.bPc.cQz.. 
[*34°1] D.b(P | Q)z (1) 
+. *3031.5t:.Hp.d:yQz.D,.y=c: 
[Fact] D:aPy.yQz.Dzy7.0Py.y =e. 
[*13:13] Dz,y» Pe (2): 
F.*3031.3+:.Hp.2taPc.3,.2=b (3) 
F.(2).(8). D2. Hp. d:aPy .yQz.dy,.0=b: 
[*10°23] — o Di(qy).2Py.yQz.dz.c=b: 
{[*34°1 ] D:a(P|Q)z.3,.2=b (4) 


F.(1).(4). «3031.31. Prop 
#8441. Fb: BE! P6Q&z.3. PQ =(P | QQ) 
Dem. 
+. *3052.D+:Hp.d.(qb,c).b=P%c.c=Q%. 
[*30°51.%384°4] >. (qb). b= P6QO%z .b=(P | Q)%. 
[*14°145] D>. PQs =(P { Q)z:5b. Prop: 
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The above proposition is no longer true if we change the hypothesis into 
E!(P | Q)‘z, since (P| Q)‘z may exist when P‘Q‘% does not. Suppose, eg., 
that Q is the relation of child to father, and P the relation of daughter to 
father. Then (P| Q)‘z =the granddaughter of z, but P‘Q)‘z = the daughter of 
the child of z. The first exists whenever z has only one granddaughter, 
while the second requires further that z should have only one child. 


For the same reason we do not have 


b=(P| Q)z.d.(qc).b= P%c.c= Qe. 


This will hold if P,Q are one-many relations (cf. *71), but not in general 
otherwise. 


#3442. 
Dem. 


F:(2).Re=PQz.3.R=P\Q 


ba *1421, Dt: Hp.3:(z). EB! R&:(z). E! PQ% 
F.(1).*8441.3b:. Hp.3:(z). Riz=(P| Q)%: 
[*30°42.(1)] 2:R=P|Q:.d+. Prop 


*345. biaRy.=.(qz).c2Rz.2zRy [*34°1. (*3402)] 
#8451. biaky.=.(qz,w).cRz.zRw.wky 
Dem. 
F . #341 . (#3403). 5 
FiaRy.=:(quw).cRw.wky: 
[4845] =: (qw):(qz).eRz.zRwiwRky: 
[x11‘55] =:(qu,z).2Rz.zRw.wRy: 
[*kl1-2] =:(qz,w).¢Rz.zRw.wky:.3t. Prop 
*8452. +. R?=R| RP 7 [#8421] 
#3453. FiqiR.=.qiDSRaG‘R — [*343] 
#84531. +: D‘SRaG‘R=A.=.R?=A_ [*3453. Transp] 
#3454. b:aRv.d.cRx 
Dem. 
b.#424. 9b: ¢Re.dD.cRe. che. 
[10°24] >.(qy).aRy.yRe. 
[#345] >.2R%: D+. Prop 
#3455. F:R°CS.=:eRy.yRz.9,52.08z [*34°5 . *10°23] 
#3456. -.DSR?eCDIR.GReCAR. OR CCR  [*3436°38] 
#4346. +. (RASYC RAS? 

Dem. 
F.#845.9DF3.¢(RAS)Py.=:(qz).c2(RAS)z.z(RAS)y: 
[*23'33.*10°281] =:(qz).¢@Rz.aSz.zRy.z8y: 
[*4°3.%10°281] =:(qz).c2Rhz.zRy. «Sz. 2z8y: 


(1) 
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[*10°5] D:(qz).eRz.zRy: (q2) 082. 28y: 
[*34°5] D:aRy.aSy: | 
[*23°33] D:2(R*A 8?) y (1) 
b.(1).#1111. 5+. Prop 

#3462. -.(RuSY=Ru R!SuS8'| Ru S? 

Dem. 

b. «3426.3. (Ru SyY=R|(RuS)v8|(RwS) 
[*34°25 ] =Ru R|Su8S|RuvS?.3¢. Prop 


The above proposition is a lemma for *160°51, as is also *34°73, which 
employs the above proposition. 


#3463. +. Cnv‘(R?)=(Cnv‘R) 


Dem. 
+, *31:131.) 
F:i.a{Cnov(R)} ys: yh: 
[*34°5 ] =:(qz).yRz.zRa: 
[*31°131.410°281] =:(qz). Re. 2Ry : 
[«31-131.4345] =: a(Cnv‘R)'y: D+. Prop 


4847. +. Cnv(S]8)=S19 
Dem. 
b. #342. +. Cave(S]| 8) =(Cavé8) | 8 
[34-202] | =8|S.>+. Prop 


Ww 
Thus S|S is always a symmetrical relation, t.e. one which is equal to its 
converse. 


#34701, F.Cav(S|S)=S|S [342-203] 
*34702. +. C"(S|S)=D‘S 


Dem. 
b 48437. DF. OSS) CDS uass 
[33°21] CDSs (1) 
b.*3313. Db: ¢6e€DS.9.(qy).a8y. 
[e311] > .(qy)- aSy. Se. 
[484-1] >.a(S|S)a. 
[*33-17] >. we 0(S|8) (2) 


t.(1).(2).*10°11.5+. Prop 
434-708. t. 0(S|8)=C*9 [Similar proof] 
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438473. £:CSPnCQ=A.9.(PuQF=PuG 


Dem. 
+ .*34°302.>+:Hp.>.P)Q=A.Q|P=A. 
[*25°24] >.Pu@=PuPiQuQiPug 
[*34-62] =(PuQy:DF. Prop 

4348, +:R=R.BGR.D.R=R=RIR 

Dem. 
+. #3428. DE: R=R.D.R=R|R | (1) 
b.*84°33 43314. Dk:aRy.Dd.c(R| Rc (2) 
t.(1).(2). Dt. R=R.O:eRky.3.cRx (3) 
F.(3).*23°1. IF: R=kh.WCR.I:cRy.d.chz: 
[*4°7] . D:eRy.Dd.cRe.vRy. 
[*10°24.434°5] | D.aRy (4) 
.(4).¥11L113. Dt: Hp.d. RGR (8) 
+ .*3'27. DF:Hp.>.2ECR (6) 
+ .(5).(6).*2341.5D+:Hp.d>.R=P (7) 
b.(1).(7). D+. Prop 


The hypothesis of the above proposition is the hypothesis that RA is 


symmetrical (R= R) and transitive (R?G R). These are the formal properties 
of those relations which can suitably be regarded as expressing equality in 
some respect. 


48481. b:R=R.RGR.=.R=R.R=R [4348 . 4471] 
The following propositions are lemmas for *34°85, which is used in *72°64, 


43482. ti R=R.BCR.D:acD‘R.=.aRe 


Dem. 
+. «38433. DE:veDSR.=.e(R| Rx 1) 
b.x848. Dk: Hp.d:2(R| R)x.=.xRe (2) 
F.(1).(2). 3. Prop 

v - & 
«8483. -:R=R. BCR. cRy.Dd.Rx=Ry | 

Dem. 
b.x8L11. Dt:.Hp.d:yRe: 
[*3°2 | I:2Rz.d.yRxe.xRz. 
[*34°55.Hp] >. yRz (1) 
F.x3'2. Dt: Hp.d:yRz.d.aRy.yRz. 
[*3455.Hp] >.a2Rz (2) 
F.(1).(2).D+:.Hp.3:cRhz.=.yRz: 


‘ <— < ; 
(10°11:21 .420°15.*382'111] 3: Rae = Ry:. D+. Prop 
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cy -—- €& 
*34'84. P:R=R. BCR. ye DR. Rae=Ry.d.aRy 
Dem. 


b . #3482. Dt: Hp.d.yRy 
_ b. 482181 .*2031.3+:.Hp.D:0Rz.=,.yRe: 
[*10°1]. - . D:avRky.=.yRy 
F.(1).(2). D+. Prop 


v | ~- € 
*34841, Fi: R=R.RWCR.ceDIR. Ra=Ry.d.aRy 
Dem. : 
b . #3484 ns -Dt:Hp.d.yRe. 
[¥31-11.Hp] “D.aRy:D+. Prop 
v —& & 
"3485. -: R= R.RCR.D:cRy.=.ceD‘R. Ra= Ry 
[*34°83'841 . *33°14] 


(1) 
(2) 


#35. RELATIONS WITH LIMITED DOMAINS AND 
CONVERSE DOMAINS : 


Summary of *35. 

In this section, we have to consider the relation derived from a given 
relation R by limiting either its domain or its converse domain to members 
of some assigned class, A relation R with its domain limited to members of 
a is written “a1R”; with its converse domain limited to members of 8, it 
is written “RB”; with both limitations,\it is written “a] Rf.” Thus 
e.g. “brother” and “sister” express the same relation (that of a common 
parentage), with the domain limited in the first case to males, in the second 
to females. “The relation of white employers to coloured employees” is a 
relation limited both as to its domain and as to its converse domain. We put 
*35°01. a1 R=29(cea.aRy) Df 
with similar definitions for Rf a and af Rf 8B. 

A particularly important case is the case in which the same limitation is 
imposed on the domain and on the converse domain, t.e. where we have a 
relation of the form “a}Rfa.” In this case, the limitation to members of a 
may be more briefly stated as being imposed on the field. For this case, it is 
convenient to adopt “R[a” as an alternative notation. This case will be 
considered in *36. 

It is convenient to consider in the present connection the relation between 
a and y which is constituted by # being a member of a and y being a member 
of 8. This relation will be denoted by “af 8.” Thus we put 
#3504. aT B=29(rea.ye8) Df 

The chief importance of relations with limited fields arises in the theory of 
series. Given a series generated by a relation R, let a be a class consisting 
of part of this series. Then a is the field of the relation a] Rfa or Rf a, and 
it is this relation which is the generating relation of the series of members of 
a in the same order which they have as parts of the original series. Thus parts 
of a series, considered not merely as classes but as series, are dealt with by 
means of serial relations with limited fields. 


Relations with limited domains are not nearly so much used as relations 
with limited converse domains. Relations with limited converse domains play 
a great part in arithmetic, especially in establishing the formal laws. What 
is wanted in such cases is a one-one relation correlating two classes or two 
series. That is, we want a relation such that not only does R‘y exist whenever 


ye C‘R, but also R‘x exists whenever xe D*R. The kind of relation which is 
most frequently tound to effect such a correlation is some such relation as D 
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or C or C, or some other constant relation for which we always have E! R‘y, 
with its converse domain so limited that, subject to the limitation, only one 
value of y gives any given value of R‘y. Thus for example, let A be a class of 
relations no two of which have the same domain; then Df” will give a one- 
one correlation of these relations with their domains: if R, Se, we shall have 
DR=DS.9.R=SN. 
We shall also have D‘R=(D[A)‘R and D‘S=(Dfr)‘S. Moreover the con- 
verse domain of D[A” is A, and the domain of Df» is the class of domains of 
members of X. Thus Df” gives a one-one correlation of \ with the domains 
of members of A. It is chiefly in such ways that relations with limited converse 
domains are useful. 

For purposes of reference, a great many propositions are given in the 
present number, but the propositions that will be used frequently are com- 
paratively few. Among these are the following: 

*35°21. -.a] RP R=(a1R)PP=a1(RP 8B) 
*35'31. +.(Rfa) fR=Rf (an B) 
*35°354. +. (Rfa)|S=Rlaqs . 

Ie. in a relative product it makes no difference whether we limit. the 
converse domain of the first factor, or the domain of the second. 
*35°412. FL. RE (By B)=RP BYR’ 

*35°452. F:(RCR.D.RPB=R 
#3548. £:0°PCa.d.Pl|(a|R=P|R 


- 
+ 
43552, '.Cnv(RP)=818 
#3561. +. D{a1R)=an DSR 
*35°64. +.A(REPB)=Bn dR 
«35°65. §:@8CAR.D.d(RFB)=B 
The hypothesis 8 C ‘RB is fulfilled in the great majority of cases in which 
we have occasion to use Rf B. 
*35°66. -:(‘RCS.=.RfPB=R 
4357. Erg (RE BVy}-=- ye g (By) | 
This proposition is used very frequently, owing to the fact that limitation 
of the converse domain is chiefly applied to such relations as give rise to 
descriptive functions (e.g. D, C, C). 
#385°71. Fi.yeB.d,. Ry =Sy:d.RP B=SPRB 
This proposition is useful for a reason similar to that which makes *35°7 
useful. 


*35°82. b.at@B=alVPB 
Owing to this proposition, the properties of a T 8 can be deduced from the 
already proved properties of a] Rf 8, by putting R=V. 
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The relation “af 8” is what may be called an “analysable” relation, ze. it 
holds between x and y when wea and ye, we. when « has a peopeny inde- 
pendent of y, and y has a property independent of z. 
*35°85. F:q!8.3.D(af B)=a 
*35°86. F:iqila.>d.d(af 8)=8 

If either a@ or 8 is null, so is af B (*35°88). 


«35:01. a] R=29(cea.xRy) Df 
#3502. RE B=29(aRy.yeB) Df 
*35°03. a] RP B=2)(cea.xRy.ye RB) Df 
*35°04. af B=27 (rea. yeB) Df 
435-05, Ria? 8B =(R‘a) TB Df 


The last definition serves merely for the avoidance of brackets. 
#351. -ia(a{R)y.=.vea.cRy [#213.(*35-01)] 
#35101. t:2(RP8)y.=.eRy.yeR 
#*35°102. F:a(a{ RP B)y.=.x2ea.rRy .yeB 
*35°103. F:a(aT B)y.=.vea.yeB 
#3511. F.a]T RP B=(a] R)A(R BA) 


Dem. 
~ F. #35102. 5F: :o(a| RP B)y- =.cvea rRy.yeB. 
[4°24] ‘=.vea.chy.cRy.yef. 
[*35°1:101] =.a2(a|R)y.x(RPB)y. 
[*23-33] =.0{(a]R)A(RPB)}y: Db. Prop 
#3512. F.(a]R)A(SfR)=at(RAS)fB 
Dem. 
£42333. Dba {(a} RA A(ST AY .=.2(a]R)y.a(SPB)y- 
[*35°1:101] =.xvea cRhy.cSy.yeS. 
[*23°33] =.xvea.x(RAS)y.yeP. 
[*35°102] =.a{a|(RAS)f Rly: IF. Prop 
#3513. +.(a]R)A(B1S8)=(anB)](RAS) | 
Dem: 
F.*23'33.3b:e{(a]R)A(B1 SS) y.=.a(a]R)y.2(BI1S8)y. 
[*35°1] =.vea.xcRy.xreB.xSy. 
[*22°33.%23°33] =.xve(anB).a(RAS)y. - 
[*35°1] =.a2{(anB)|(RAS)}y: D+. Prop 


#3514. +.(Rfa)A(STB)=(RAS)f(an8) [Similar proof to *3513] 
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*35:15. + .(a41 RP B)A(e TSP) = (and) (RASA a B’) 
Dem. 


F. «3511.3 

F(a] BEB) AC STB) = (a4 B) A(REB)ACe1S)A(STS) 
[*35:13'14] | ={(an a’)1(RAS)} A {((RAS)f (Ba B)} 
[*85°11] . ={(and){(RAS)T (Ba B)}.D+. Prop 


#3516. .£.(a] R)AS=a](RAS)=RAa{S [Similar proof to *35:13] 
*3517. F.(REB)AS=(RAS)PR=RASPB [Similar proof to *35°13] 
*35:18. F.(a{ RP B)AS=a](RAS)PB=RAaTESB 


. [Similar proof to *35:15] 
"3521. F.aT RP B=(a1 RP B=af(RfB) 


Dem. 
+.*35°102.D+:2(a1 RP B)y.=.vea.aRy.yep. 
[35-1] =.a(a|R)y.yeB. 
[85101] =.xf{(a] RP Rhy (1) 
F.*85°102. DF: a(a{ RP B)y.=.vea.aRy.yeR. . 
[35-101] =.vea.a(R[P B)y. 
[#351] =.a{a|(RPB)y (2) 
F.(1).(2). D+. Prop 
*35°22. + .(a}R)|S=a1(R|8) 
Dem. 
bi x841. Db: 0 {(a] R)| Sp y.=:(qz).2(a]R)z. zy: 
[*35°1] =:(qz).vea.chz.zSy: 
[*10°35] =:eea:(qz).ahz.28y. 
[#341] e:vea.x(R|S)y: 
[*35‘1] esrae{a](h/|S)}y:. 3+. Prop 


¥35°23. §.S|(RPR¥=(S|RYB [Similar proof to *35-22] 
*¥35:2& afR|S=(a7R)|S Df 
‘#3525. S|RPB=(8|:2)P RB Df 
43526. “+. (a R)|(SPB)=a4(R|S)PA= lat (RSPB =a (RIS) B} 
= {(@1B)| S}PR=a7{R | (STB)} 
= (TR | S\P 8 =a (RSPB) 


Dem. 
b.#841 DE. 0 (a B)|(SP Ay -=2 (qe). w (ay B)2.2(SP B)y: 
[*35:1:10%] si(qz).vea.cRz.zSy.yeR: 
“(#10°35] =irea.ye Bs (qz).ahzezSy: 
[*34°1] ‘srawea.c(Rh|S)y.yeR: 
[#35102] Stax la|(R[S)Payy (1) 


F (1) 2 %35°21'22°23. .(635:2425).. DE. Prop 
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43527. alR|SPtB=(a1R|S)P8 Df 
#3531. +.(Rfa)PfR=Rf (an 8B) 


Dem. | 
F.*35101.DF: 2 {((Rha)fBly.=.xc(Rfa)y.yes. 
[*35°101] =.aRy.yea.yeR. 
[*22°33] =.@Ry.yeanB. 
[*35°101] =.a{Rf(anB)}y: D+. Prop 
*35°32. F.a](B1R)=(anB)1 Rh. [Proof similar to that of *35°31] 
*35°33 (a, RPS) y={a] RE (Bay)} [Proof similar to that of *35°31] 


- 
*35'34. -.a4(81 Rf y)={(an8)1Rfy} [Proof:similar to that of *35°31] 
F.atR=fan DIR)1R 


F.x851. 3h: a(a]R)y.=.cea.rRy. 
[*33°14] =.vea.veD‘R.aRy. 
[#22°33.%35°1} =.a{(an D‘R)1R}y: D+. Prop 


*35°351. +. RP B= RP (Ba GR) [Proof as in *35°35] 
#35352. a] RE B=(an D‘R)1RN(8oC‘R) [Proof as in *85°35] 
#35354. +.(Rfa)|\S=Rija1s | 


Dem. 
F . #341 . #35101. 5 
bea {(Rfa)|S}2.=.(qy).cRy.yea.ySz.. 
[*35°1] =.(qy).oRy.y(a18)z. 
[*34-1] -=.@{R|(a18)}z: 3+. Prop 
485°41, +.(ava’){R=a]Rua41R [435-1 . 22-34] 
435-412. +. RE(8v6)=RE Bw RB’ [#35°101 . 422°34] 


*35°413. b (ava) T RE(BYB)=(a, RPA) (at RE) | ; 
| w(aT RP B)v(e RPA) [*35-102 . 22°34] 

«85:42. +.a4 (Ru S)=(a] R)v(at8) [*35‘1 . #2334] 

#35421. + .(RuS)PB=(RPB)v(Sts) [*35°101 . #23°34] 

435422, b .a](RuS)PR=(a1 RP) (a1 SPS) [#35102 . *23°34] 

*35°43. +:aC@8.3.a]1REB{R 


Dem. 
F.*351.3b:.aC8.3:2(a] R)y.=.cvea.cRy. 
[*22°1]  D.cveB.xcRy. 
[*35°1] D.2(81R)y:.d+. Prop 


*35°431.+:8Cy.3.RfBCR hy {Proof similar to that of *35-43] 
*35°432. Fi aCy. eee D.af RP RGy1TRSS 
[Proof similar to that of *35 43] 
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435-44. b.afRGR 


Dem. 
F.xd51.Db:a(ajR)y.d.cea.cRy. 


[327] | >.x2Ry: Dt. Prop 
#35441. . RE RBCR [Proof similar to that of *35°44] 
*35°442. Fa, REP RBER [Proof similar to that of *35°44] 


#35:-451.+: D‘RCa.3.a1R=R 
Dem. 


-ceD*R.axea: 


Fie471.3¢:.Hp.d:veDR. 
-ceDSR.aky.xea (1) 


[*4°36] D:26eDSR.acRy. 
F. #3314. 4471, Dh:eRy.=.veD‘R.aRy (2) 
t.(1).(2).D+:. Hp. Di: avRky.=.cRy.vea. 
[*35°1] BUN g .2£(a]R)y:. dF. Prop 
*35°452.F:(RCB.D.RPR=R [Similar proof] 
*35°453. +: DSR Ca.Dd.a1 RP S=RfEB [Similar proof] 
#35454, :U*RCB.D.a, Rf B=a1Fh [Similar proof] 
«35°46. +: RGS.D.a1REaS 
Dem. 
F.4231.3b:.Hp.d:e2Ry.D.aSy: 
[Fact] D:cea.rRhy.d.xea.aS8y: 
[*35°1] D:a(a|R)y.Dd.2(a]S)y:.d+. Prop 
#35:461.+: RES.D.REBESTB [Similar proof] 
#35°462.F: RES.D.a{ RP BEa{ SPs [Similar proof] 
*35°471.b:d‘Paa=A.3.P\(a{Ry=A 


Ho ot otto 


Dem. 
b.xB4). Db ra{P|(a1R)}z.D.(qy)-2Py.y (a1 R)z. 
[*35°1] >.(qy).2Py.yea.yRz. 
[433-14.%105] >.(qy)-yeU'P.yea. | 
[*22°33 . 24:5] D.qid'Paa - . (1) 
F.(1). Transp. *24°51.9 


k:0’Paa=A.).~2{P|(afR)z: 
[¥11-11:3] DE: G‘Paa=A.)9.(4, 2z).~2{P\(a] Bz. 
[*25°15] >.P\(a1R)=A:D+. Prop 


435-472, t:D‘Pana=A.D.(Rha)|P=A 
#85473. b:C'Paa=A.>.P\(a{RPS)=A | 
#36474, :D‘PaB=A.D.(a1RPS)|PH=A 
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#3548. +:0’PCa.>.P|(a{R)=P|R 


Dem. 
F.#221. Dt: Hp.DdDiyeUA'P.d,.yea: 
[*4-71] —  Diryed*P.yea.=,.ye‘P: 
[*10°311] D:aPy.yeAP.yea.=,.aPy.yeU‘P (1) 
F.*3314.e471. Db: ePy.yeASP.=.aPy (2) 
—-.(1).(2)- 3s. Hp. 3: 2Py.yea.=,.2Py: 
[*10°311] D:aPy.yea.yRhz.=,.0Py.yRz: 
— [«35°1] D:2Py.y(a| R)z.=,.¢Py.yRz: 
[*10°281] D2 (ay).ePy-y (1 R)z.=.(qy)-2Py. yRe: 
[*34°1] D:2(P\|a|R)z.=.x(P|R)z:.D+. Prop 


#35481. +: D‘RCB.D.(P[8)|R=P|R [Similar proof] 
43551. |. Cnv(a]R)= Rha 


Dem. 
F.*31131.3+:2{Cnov(a}R)}y.=.y(a1 Ra. 
[*35°1] Syed. yx : 
[*31-11] =. ay. Yea. 
[*35°101] =. a(R fa)y: D+. Prop 
#3552. |. Cnv(REB) =" R {Proof similar to that of *35°51] 


*35°53, +. Cav“(a4 Rt B)=R1 R fa [Proof similar to that of *35°51] 
*35°61. |. D(a] R)=anD‘R 


Dem. 
F. 433-13. DE: .ve D(a] R). =H (qy).-a(a}R)y: 
[*35°1] =:(qy)-vea.aRy: 
[*10°35] =:area:(qy). chy: 
[*33°13] =:vea.xceD‘R: 
[*22°33] =:ae(an D‘R):. +. Prop 


#3562, b:aCD‘R.D.D(a1R)=a [*35°61 . *22°621] 
*35°63. &:D*‘RCa. =.a]R=R 


Dem. 
F.*35°61.Db:a7R=R.D.anD‘R=DR.. 
" [22-621] >.D‘RCa (1) 
F. (1). #35451. 354+. Prop 
*35°64. |.d(RfB)=Band‘R [Proof as in *35°61] 
*35°641. b:an DOR=A.D.a1R=A _ [35°61 . #33°241] 
*35°642. F:and‘R=A.3.Rfa=A [*35°64 . %33-241] 


#35643. bran DSR=A.D.a](RoS)=a18 [*35°641-42] 
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*35°644, Fran d‘R=A.>.(RwS)Pa=SfPa [*35°642-421] 


*35°65. §:8CA‘R.3.d(RIB)=B [*35°64 . *22°621] 
*35°66. |:(*RCS.=.RfB=R [Proof as in *35°63] 
*35°671. F. D(R| S)=D( REDS) 7 
Dem. 
 &. «88:13. Db see D(R|S).=:(qy).a(R|S)y: 
[*34°1] =:(qy, 2).cRz.2Sy: 
[¥*11-23] =:(qz, y).2Rz.z8y: 
[10°35] =:(qz):aRz:(qy).zSy: 
[*33°13] =:(qz).aRhz.zeD‘S: 
[*35°101] -=1(qz).a(RPD‘S)z: 
[*33-13] =:aeD“(RED‘S):. +. Prop 


*35°672. +. R|S)=A(d‘R418) [Similar proof] 
*35°68. Fran B=A.D.(a,RPBY=A 
Dem. 
+ .*35°61'64-21. D+. D(a] RE B)Ca.d(a] REB)CB. 
[*22-49.42413] Dk:anB=A.D.D(a] REB)and(a] RPB)=A. 
[*34°531] >.(a2{ RE SY =A:D+. Prop 
*35°7. +: {(REB)‘y}.=.yeB.6(RYy) 


This proposition is very often used in the later parts of the work. 


Dem. 
Fixl421. DE: db {(REB)y}.d.EV(RPB)y. 
[433-43] D.yeA(REB). 
[35-64] d.yeR (1) 
b.(1) #471. Erp ((REB)Y} «= -yeB-o (REB)Y} (2) 
b.#4°73.%35°101. Db:.yeB. Dre(RPB)y.=_.aRy: 


U 


[414-272] :$ (REB)Yy}.=-o(RY) (8) 
b.(3)-#532. Db rye Bop (REB)Y}-=-y eB. o (By) (4) 
.(2).(4). Db: Prop | 

#35°71. bi.yeB. Dy. Ry =Sy:>d.REB=StB 


Dem. 
Fia47. Obie Hp.d:yeB.d,.yeR.Ry=Sy: | 
[435-7] DiyeR.dy.(BEA)Yy=(STB)Y: 
[435°64] DiyeA(REB)v A(Sp4).>,.(REB)y = (Shayy: 
[*33°45] >: REB=SfB:. d+. Prop 
#35°75. |. A]R=REA=A1RPB=a 1 RPA=A 
Dem. 


b.e85°61.  =Dt.D(ATR)=A. 
[¥33-241] Dt.ATR=A (1) 
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f.*35°64. DE.A(RPA)=A. 
[*33-241 ] DF. RPA=A 
F.*35°441-21.D +. AT RPRBEATR. 
[(1).*25:13] DE.ATREB=A 

b. 435-4421. DE.a{RPAGRPA. 
((2).425°13] Dt.a| RPA=A 
F.(1).(2).(3).(4). DF. Prop 

*35°76. |.V1R=REPV=ViRIV=R 


Dem. 
: F.e351. Dkia(V{R)y. =.xexeV.axRy. 
[*24°104.%4°73] =.axRy 
b.*35101 DF: a(REV)y. °=.cRy.yeV. 
[*24°104.%4°73] =.aRy 
F.*35:102. DF: a(VI REV) y.=.ceV.aRy.yeV. 
[*24°104.%4°73 ] =.aRy 


F. (1).(2).(3).D5. Prop 
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(2) 
(3) 


(4) 


(1) 
(2) 


(3) 


The rest of this number, down to *35°93 exclusive, is soutenitd with af ZB, 


except *35°81°812. 
#3581. b:a(a]V)y.=.cea [x35°1. #25104] 

*35°812. b:a(VEB)y.=-yeR [35101 . #25104] 
*35'82. t.afB=a}VPB a 


Hi 


Dem. 

F.*385103. Ib ia(zPB)y.=.cea.yeR. 

[*25°104] =.vea.aVy.yeR. 

[*35°102] =.2(a21V[R)y:D+. Prop 
*35°822. t.a] RE B= RaA(atB) 

Dem. — 

f.*35°'102.Db:a(a{ Rf B)y.=.vea.aRy.yeR. 

[*4°3] =.aRy.xcvea.yeR. 

[*35°103] =.aRy.x(aft B)y. 

[*23°33] =.2{|RA(aT B)} yi D+. Prop 
*35°83. LH: DRCa.RCB.=.RGat B 

Dem. 

b.*8314. Dk: aRy.D:aeD‘R.yeQR: 

[*22°46] 2:D‘RCa.ARCB.D.cea.yeB 

F.(1).Comm. DF: .D‘RCa. edie a D.vea.ye. 

[*35°103] D.x(atB)y 

F.*35'103. Dki.RGafS.d:cRy.d,,.cea.yeB: 

[*33°35'35 1] 2:D‘RCa.aGRCB. 


F.(2).(3). Dt.Prop 


R&W I 


(1) 
(2) 
(3) 


18 
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¥35831. bit (at B)=(—afB)u(at—B)vu(—at— 8) 


Dem. . 

F.*23-35. Db: a{t(atB)y.sn~ {a(af By} 
[*35°103] - =i.~(cea.ye): 
[*4°51] =Ena~vea.viyres:. 
["442] =s.arearyeB.vi.yreBi.Vi.tea.Viarvearyrepi. 
. [44] = Owed yeR Vi Ved YVEBV. LEA Y VERN TVEAY VERE 
[*4°25°31:37] ; . > 

HEnorvea.yeh.v.vea.yvefh.V.trvea.yreB:. 
[22°35]. =:.7e—a.yeB.v.rvea.ye—B.vV.ve—a.ye—Bi. 
[*35°103] =1.a(—afB)y.v.c(aft—B)y.v.ci-af—f)y: 
[*23:34] =: a{(-af B)u(aft—B)vu(-—af—A)} yt: IDF. Prop 


#35832. |= (a RE B)=(—aT A)u(at—A)u(-at—A)v+B 
[*35°822'831 . Transp . *23°84] 
#35834. (af B)A(y F8)=(any) FT (B98) 


Dem. 
+t. *35°1038.) 
Fia{(afP)A(y Td jby.=. cea. yeB.xvey.yed. 
[*22°33.%35°103] =.a{(any) T (Bad) y: I+. Prop 


#3584, +.Cnv(at8)=A ta [*35°103 .*31131] 
*35°85. b:q!8.>.D(ats)=a 


Dem. 
F.*35°103.*10°281.9 | 
bs. (qy) c(aft B)y-=:(qy).xvea.yeB: 
[*10°35] =iweas(qy).yeB: 
[*24°5] =i:xvea.qtB : (1) 


F. (1). #3313. #1035. 3+. Prop 
#3586. b:qia.>.d“(af8)=8 [Similar proof] 
- #38587. Fiqi(at®@).=.qia.qiB 


Dem. 
F.x35°103. Db: (af B).=:(qa,y).rea.yeB: 
[*11:54] =:(qav).vea:(qy).yeR: 
[*24°5 | =:qia.q!§8:.IF. Prop 


*35°88. F:i.afB=A.=:a=A.v.B=A 
[*35°87 . Transp . *24°51 . *25°51] 
*35°881. §:C‘RCa.d. Rl (af B)=DSRTFB 
Dem. 
F341 2 *35°108 . 
bia{R|aTB)}y- 


ii VU 


.(q2z).ahz.zea.yeB (1) 
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b.*38314. DF: d*RCa.D:2Rz.3.zea: 


[*4°73] | D:0Rz.=.aRz. zea (2) 
F.(1).(2). DF: Hp.d:.2{R| (af 8) y.=:(qz).2Rz.yeB: 
[*10°35] =:(qz).aRz:yeB: 
[*33°13] =:reD‘R.yeB: 


[*35°103] :2(DS{RT B)y:: DF. Prop 


*35°882. F: DSRCB.D.(af B)|R=afd‘R [Similar proof] 
43589. Erg! 8.3. (aT A)(BTy=@Tyi~T!B-d-ATA\(ATy=A 


Dem. 


b.*341. 5b: 2 {(at-B)| (BT y)} 2 
=i(qy)- cP B)y-y(Bty)z: 


[*35°103] = (qyyieedueR aes bey: 
[*4°24)] =:(qy)-vea.yeR.zey: 
[*10°35 ] HEiq!iB:wvea.zey: 
[*35°103] =aiq!iB:a(aty)z (1) 
Fel). Dk qi B.diaf{(af B)|(Bfy}z-=-r(atyen | 
~(q!8).I:~[2 (aT B)| (BT y)} 2]: DF. Prop 
*35°891. Fig! B.vergqia:d.(afB)i(Bfa)=(afa) 
Dem. 
a b.*B5'88.Db:nqla.d.afa=A.afB=A. 
[34°32] D.afa=A.(atA)(Pta=A. 
[*21-24] D.(afa)=(af A) (Bt a) (1): 
F.(1).*35°89.5+. Prop 
#35892. Fs (af a)? =(af a) | «35891 5 


*35°895. bianB=A.Dd.(af BY=A_ [*35°68:82] 
*35°9. |. Dafa)=AU(afa=C(afal=a 


Dem. 
b.*85'85'86. Dkiqtha.Dd.D(afta)=a.dafa)=a (1) 
F . *35°88 . Dhkingtla.d.~q!i(afa). 
[*33°29] >.Dafay=A.A(afay=A. 
[*24'51] >. Daf a)=a. (af a)=a (2) 


F.(1).(2).4#483.3+. D(a fa)=C(afa)=a. 3b. Prop 
*35°91. F:RGafa.=.C’RCa 

t.*35103.3F:.RGafa.=:0Ry.3,,.%, yea: 

[*33°352] =:C°RCa:. D+. Prop 


*3592. +:.(qa).P=afta.D:RGP.=.CRCOP [x35991] 
18-2 
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*35°93. 
Dem. 


#35931. 
#35932. 
*35°94. 

*35°941. 
*35°942. 
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+:(R).¢(DSR).=.(a). ha 


b.*33°12.%1418.D5:(a).¢a.5.¢6(D‘R): . 
{*10°11:21} DE:(a).g2.9.(R). d(D‘R) (1) - 
t.*1l01. D':(R).¢(D‘R).3. 46 {Dafa}. 
[*35°9] D.da: - 
(*10-11-21] DE:(R). (DSR). D.(a). ga _ (2) 
F.(1).(2). DF.Prop | 

1(R).6(HSR).=. (a). ga [Proof as in *35°93] 


+ = 

k:(R).6(C{R).=.(a). ga [Proof as in *35°93] 
t:(qR).o(D‘R).=.(qa).¢a [*35-93. Transp] 
t:(qh).6(A‘R).=.(qa). da [*35°931. Transp] 
b:(qR).6(C‘R).=.(qa). ga [*35-932. Transp] 


ih om oil 


#36. RELATIONS WITH LIMITED FIELDS — 


Summary of *36. 

In this number we are concerned with the special case in which the same 
limitation is imposed upon the domain and the converse domain of a relation. 
In this case, the same result is achieved by imposing the limitation on the 
field. It is convenient to be able to regard a1 Pf a as a descriptive function 
of a or of P, which we secure by the notation P[a, whence, as will be ex- 
plained in *38, P[‘a and [a‘P will both mean P[a. If Pisa serial relation, 
and aC O‘P, “Pa” will stand for “the terms of a arranged in the order 
determined by P,” or, as we may call it briefly, “a in the P-order.” P[a is 
defined as follows: 

*3601. PLa=a1Pfa Df 

We thus have 
#8613. b:a(P[a)y.=.a, yea.aPy 

Most of the propositions concerning P[a demand that P should have 
some at least of the characteristics of a serial relation. Hence the propositions 
concerning Pt a which can be given in the present number are, for the most 
part, not the most useful propositions concerning P{ a. The most useful 

propositions in the present number are the following: 
#8625. b:0‘PCa.=.Pta=P | 
#3629. +.Pfa=PaAafa 
*863. +.PDLa=P[(anC*P) 
*36°33. +.PEC‘P=P 


#3601. Poha=a|Pfa Df 
«38611. +.PDLa=a {Pha [(*36°01)] 
«8613. F:a(PDa)y.=.2,yea.vPy [8611 .*35°102] 
The following propositions are obtained from those of *385 by means of 
*36°11, which, as it is used in each case, is not referred to again. 


#362. +.PLaaAQt@=(PaQ@ (anf) [#3515] 


«36201. +.PLaAPLR=PL (ang)  — [x36-2] 
#36202. +. PhaAQla=(PAQ) fa [x36-2] 
#36203. t. PLaaAQ=(PAQ)fa [*35°18] 
*38621. +.(PLa)[B=P[E(an8) [*35°33-34] 
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*36'22. 


Dem. 
F. 86°13 4841. 53:2 {Po a)!(QD a)} z 


[105] 


k 
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(PE ai@Lae(Pi@ la 


=.(qy)-.%, y, zea.vPy.yQz. 
>.(qy)-a, zea.vPy.yQz (1) - 


+. (1). #1035 . #841. D+. Prop 


*36°23. 
«36°24. 
«36241, 
*36°25. 


Dem. 


«36°26. 
*36°27. 
*36'28. 
«36°29. 
*36'3. 


Dem. 


«36°31, 
43632. 
#3633. 
«36°34. 
*36'35. 
436-4. 


Dem. 


+ 


(PuQ)Fa=PLauvQfa [*35-422] 


FiaCB.Dd>.PLaGPEB  [*35-432] 
F:PE€Q.3.PfaGQfa [*35°462] 
F:OPCa.=.Pha=P 

F. «36°13. “47. Dh: PDa=P =: @Py. Day, Yea! 
[*33°352] =:C'PCa:.3¢. Prop 
Fk:C*Paa=A.). P\(Qta)= A. (Qta)| P= A [*35°473°474) 
F:PEA=A [*35°75] 

FaP > VEEP [*35°76] 

t.PLa=PaAata [%35°822] 

t.PfLa=PL(anCP) 

b.x8317 44-71. D4: ePy.=.2, yeC’P.aPy: 

[Fact] Dk:a, yea.vPy.=.a, yea.v, yeC'P.xPy. 
[*22°33] =.a,yeanCP.aPy. 
[*36°13] =.a{PT(anCP)}y (1) 
F.(1).*8613.55. Prop — 

k:anC*P=A.>.Pha=A [*36°3'27 ] 
kranOSP=BaCP.3.Pha=PE RB [363] 

F. PECOP=P [*36°25] 
b.Cnv‘PLa=(P) ba [435°53] 
b.(PayryG(P*) fa. [*36°22] 
binanDR=A.v.an@R=A:>.(RwS)Pa=Sba 
b.*35°643.Db:anDSR=A.D.a4(RvS8)=a48. 

[*35°21] >.(RvS)fa=Sfa (1) 
Similarly FiranGd‘R=A.).(RuS)fa=Sfa (2) 
.(1).(2). DF. Prop 


#37. PLURAL DESCRIPTIVE FUNCTIONS 


Summary of *37. 


In this number, we introduce what may be regarded as the slutal of Ry. 
«R‘y” was defined to mean “the term which has the relation Rf to y.” We 
now introduce the notation “R“8” to mean “the terms which have the 
relation R to members of 8.” Thus if 8 is the class of great men, and Ff is 
the relation of wife to husband, R‘@ will mean “wives of great men.” If 
8 is the class of fractions of the form 1 — 1/2” for integral values of n, and R 
is the relation “less than,” R“8 will be the class of fractions each of which is 
less than some member of this class of fractions, 2.e. R‘‘@ will be the class of 
proper fractions. Generally, RB is the class of those referents which have 
relata that are members of £. 

We require also a notation for the relation of R“8 to B. This relation 
we will call R,. Thus R, is the relation which holds between two classes 
a and 8 when a consists of all terms which have the relation R to some 
member of 8. 


A specially important case arises when R‘y always exists if ye 8. In this 
case, R“8 is the class of all terms of the form R‘y when ye 8. We will 
denote the hypothesis that R‘y always exists if ye @ by the notation E!! R“8, 
meaning “the R’s of f’s exist.” 

The definitions are as follows: 

*3701. Ne =2{(qy)-yeR. oRy} Df 
*3T-02. = a8 (a= RB) Df 


#3703. R, = Cav(R,) Df 
This definition serves merely for the. avoidance of -brackets. Without it, 


“R,” would be ambiguous as between (R). and Cnv‘(R,), which are not equal. 
In all cases in which a suffix occurs, we shall adopt the same convention, ze. 
we shall always put 
Rev six = Cnv“(Reutix)- 

#8704. R“K=R« De 

Thus Rx consists of all classes which have the relation R, to some 
member of «. R*« is only significant when « is a class of classes relatively 
to members of the converse domain of R; in this case, R““‘« is a class of classes 
relatively to members of the domain of R. 
#3705. EWR“B.=:yeB.o,.E! Ry Df 

Here the symbol “E!! R“Q” must be treated as a whole, 7.e. we must not 
regard it as making an assertion about R“f. If R“8 =a, we must not suppose 
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that we shall be able to put “E!!a,” which would be nonsense, just as “E! x” 
is nonsense even when «= R‘y and E! Ry. 


The notation Ra, introduced in the present number, is extremely useful, 
and embodies a very important idea. Its use is somewhat different according 
to the kind of relation concerned. Consider first the kind of relation which 
leads to a descriptive function, say D. If 2 is a class of relations, D**A is the 
class of the domains of these relations. In this case, D*A is a class each of 
whose members is of the form D‘R, where Red. Again, let us denote by 
“xn” the relation of m to mxn; then if we denote by “NC” the class ot 
cardinal numbers, xn“ NC will denote all numbers that result from multi- 
plying a cardinal number by », «e. all multiples of n. Thus eg. x2“NC will 
be the class of even numbers. If R is a correlation between two classes a and 
8, ue. a relation such that, if ye@, R‘y exists and is a member of a, while 


conversely, if xea, Rx exists and is a member of £, then a= R**, and we 
may regard # as a transformation applied to each member of 8 and giving 
rise to a member of a. It is by means of such transformations that two classes 
are shown to be similar, 7.e. to have the same (cardinal) number of terms. 


In the case of serial relations, the utility of the notation R* is somewhat 
different. Suppose, for example, that ZR is the relation of less to greater among 
real numbers. Then if 8 is any class of real numbers, R“ will be the segment 
of real numbers determined by 8, 7.e. the class of real numbers which are less 
than the limit or maximum of @. In any series, if @ is a class contained in 
the series and # is the generating relation of the series, R“ is the segment 
determined by 8. If @ has either a limit or a maximum, say x, RB will be 


Rx, But if 8 has neither a limit nor a maximum, R“8 will be what we may 
call an “irrational” segment of the series. We shall see at a later stage that 
the real numbers may be identified with the segments of the series of rationals, 
we. if AR is the relation of less to greater among rationals, the real numbers 
will be all classes such as R‘‘8, for different values of 8. The real numbers 
which correspond to rationals will be those resulting from a 8 which has a 
limit or maximum; the irrationals will be those resulting from a 8 which has 
no limit or maximum. 


The present, number may be divided into various sections, as follows: 
(1) First, we have various elementary properties of the terms defined at the 
beginning of the number; this section ends with *37-29. (2) We have next 
a set of propositions dealing with relative products, and with such symbols as 
PMQy, PHO«, and so on. The central proposition here is 


43733, +. (P| Q) ry = PH QM y 


By the definition, Q‘“‘« = Q.{«. Thus P“Q "= (P| Q.)«. This connects 
propositions concerning such symbols as P“Q*‘« with propositions concerning 


SECTION D] PLURAL DESCRIPTIVE FUNCTIONS 281 


relative products. This second section consists of the propositions from *37°3 
to *37°39. (3) We have next a set of propositions on relations with limited 
domains and converse domains. The chief of these are 


*37401. §.D“( RE B)=R“B 
«37 412. | .(Rfa)“B = R“(an B) 
«38741. +. D(REa)=an Ra.d(Rfa)=an Ra 

These propositions on relations with limited domains and converse domains, 
together with certain others naturally connected with them, extend from *37°4 
to *37°52. (4) We next have a number of very important propositions on the 
consequences of the hypothesis E!! R“8, 1.e. the hypothesis that, for any 


argument which is a member of 8, R gives rise to 'a descriptive function Ry. 
The chief proposition in this section is 


«376. F:rENR“B.D.R“B=2 {(qy).yeR.c= Ry} 
Fropositions with the hypothesis E!!.R“8 are applied to the cases of R 


and R. in which the hypothesis is verified. This section extends from *37°6 
to *37°791. (5) Finally, we have three propositions on the relative product 
of af 8 with other relations. These propositions are useful in relation- 
arithmetic (Part IV). 


The propositions of the present number which are most used in the sequel, 
apart from those already mentioned, are the following (omitting such as merely 
embody definitions): 


#3715. +. R“aCD‘R 
48716. +. R“aCGR 
#372. F:aCB.d.P“aC P“B 
487-22, +. P(au B)= Pau PHB 
48725. +. D‘R= ROR. OR = R“DSR 
487-26. +. R“B= RB aR) 
437-265. +. Ra = R“(an OR). Ra = Ran CR) 
48729. b.R“A=A.R“A=A 
43732. +.D(P|Q)=P“D'Q.d(P|Q)=Q“a‘P 
*3745. F:.(y).EVRYy.3: anne. =.q!8. 
*3746. Fiae Ra. =.qlan Re 
«3761. b:: EN R“8.5D RB Cae He:yeB.d,.Ryeca 
For example, let R be the relation of father to son, 8 the class of Etonians, 


a the class of rich men; then “R“@ Ca” states “all fathers of Etonians are 
rich,” while “ye8.,.R‘yea” states “if a boy is an Etonian, his father 
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must be rich.” In virtue of the above proposition, these two statements are 
equivalent. 

«3762. F:E!Ry.yea.d. Rye Ra 

«3763. bi: EW Ra. Dive Ra. dy. pursryed. dy. v(RYy) 


«38701. R“B=2 {(qy).yeR.aRy} Df 


#3702. R,=@8 (a= RP) Df 
43703. R.=Cnv‘(R;) Df 
#8704. RM“ = RM Df 


48705. E'NR“@.=:ye8.d,.E! Ry Df 

4371. biaeR“B.=.(qy).yeB-aRy [#203 .(#87-01)] 
#37101. F:aR.B.=.a=R“B [*21°3 . (*37-02)] 
437-102. t:a(R),B.=.a=R“B [437101] 


#87108. Fiae RM“K.=.(q8)- BSex.a=R“B.=.aeh“« 
[*37°1:101 . («37°04)] 


487104, k:. EM R“B.s:ye8.d,-E! Ry [*42.(#37-05)] 
487105. tizeR“B.=.(qy)-yeB.yRe — [*37-1. 481-11] 
487106. b:. E! Rx. d:ceR“B.=. Ree B 


Dem. 
+ .#37-105. #304. Db: Hp. dive R“B.=.(qy)-yeB-y=Ra. 
[*14°205] =.R%reB:. Dt. Prop 
48711. +.RB = RB [37-101 . 303] 
487111. b.ELR SB [437-11 . 14-21] 


#3712. Fs (8) . RB = OB —a) R, = Q [*30°42 . *37°111:11] 
*87138. +:P=Q.3.P“B=Q°8 


Dem. 
F.*21-43.3Dh:.Hp.d:0Py.=z,y-aQy: 
[Fact] D:yeR.aPy.=zy-¥eR~xQy: 
[*10°281] . D:(qy)-yeR.aPy.=z.(qy)-yeB.xQy: 
[*37°1] D:aeP“B.=,.c6eQ“B:. d+. Prop 
#87131. : P=Q.9.P.= 
Dem. 


.*8718.Db:.Hp.DdDra=P“B.=.p-a=Q“B: 
[*37-101] D:aP.f.=.,6-aQ.8:. I+. Prop 
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#8714. ':P=Q.=.P.=Q. 

. Dem. 
b .#87°101 .*21:15.) 
b:.P.=Q.. BZra=P“B.=.,.a=QB: 
[*13°183] =:(8).P“B=Q“B: . 
[*37-1.*20°15] =:(8, z):(qy).yeB.vPy.=.(qy)-yeR-xQy: 
[*10°1] D>: (a): (qy)-ye2(e=w).cPy.=.(qy)-ye2(z=w)- aQy: 
[*20°3] D(a): (qy)-y=w-aPy.=.(qy)- y= w-aQy: 
[*13°195] D:(2):ePw.=.aQw (1) 
F.(1).#1011°21 .*11-2.5 
tk: P.=Q.. D:(2,w):¢7Pw.=.aQw: 
[#2143] >:P=Q | (2) 
t .(2).#37:131.35+. Prop 

#3715. |. R“aCDSR 


Il 


Dem. 
bx871. DK ia2e Ra. d.(qy)-yea-cRy. 
[*10°5 ] D>. (qy).. Ry . 
[*33°13 ] D.a2¢D‘R: D+. Prop 
43716, be RaCU‘R [437-15 # #332] 
*8717, Fs. R“BCa.sryeR.aRy.rzy-vea 


Dem. . 
b.a871. 3b: R“BCa.=:(qy)- yeS-cRy.dz.xea: | 
=:yeB.aRy.Dz,y-cea:. D+. Prop 


[*10°23] 
#37°171. bi. Ra CB.=:aea.wRy.Dny-yeR 
Dem. 
b. #387105. 3h: R“aCB.=:(qu).xea.cRy.dy.yeR: 
.[4#10°23] =:aea.xcRy.D,,-yeRi- I. Prop 
—_—> ‘ 
«8718. Fiye8.d.Ry¥CR“B 
-Dem. 
~> 
F.*38218.3+:.Hp.d:veRy.d.chy.yep: 
[a371] >.2e R“B:. D+. Prop 


qe v 
«37181. k:vea.>.RieC Ra [Proof as in *87:18] 
43872. F:aCB.d.P“aCP*8 


Dem. . 
F.*x221.>DF:.Hp.d:yea.d,.yeR: 
[*10°31] D:yea.vPy.D,-yeR.aPy: 
[*10°28] D:(qy)-yea.cPy.D.(qy)-yeR.aPy: 


[*37°1] D:26P“a.d.veP“B:.5+. Prop 
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The above proposition (*37:2) is one of the forins of asyllogistic inference 
due to Leibniz’s teacher Jungius. The instance given by Jungius is: “ Circulus 
est figura; ergo qui circulum describit, is figuram describit*.” Here the class 
of circles is our a, the class of figures is our 8, and the relation of describing 
is our P. 

#37201. tk: PEQ.D. Pad Qa [Similar proof] - 
*37°202. F:aCB.PEQ.9.P“aCQ“S [*37-2-201] 
*3T21. +. P(an B)C Pan P&B 


Dem. 
be #371. Db: ee Pan B).=:(qy)-yeanB.xPy: 
[*22°33] =:(qy).yea.yeR.xPy: 
[*10°5] D:(qy)-yea.vPy:(qy)-yeB.aPy: 
[*37°1] D:vePa.ce PR: 
[*22°33] D:x26¢P“an P“B:.d>+. Prop 
#37211. §.(P AQ) “aC Phan Qa {Similar proof] 


*37 212. b .(P AQ) (an B)C Pan P“B an Qan QB [*37-21:211] 
*3722. £.P (au B)= PauPB 

This. proposition is very frequently used. The fact that here we have 
identity, while in 43721 we only have inclusion, is due to the fact that 
*10°42 states an equivalence, while *10°5 only states an implication. 

Dem. 


—b.a871. Db we P“(avus). i(qy).yeauP.aPy: 


[*22°34] =ai(qy):yea.viyeB:aPy: 
[44] =i(qy):yea.aPy.v.yeB.aPy: 
[*10°42] =:(qy)-yea.vPy:vi(qy).-yeR.xPy: 
[*37°1] =:02eP“a.v.ceP“B: 
[*22°34] =:2eP“au P“B:. D+. Prop 
#37221. + .(P vu Q) “a= Phau Qa [Similar proof] 
#37222. + .(Pw Q) (au 8) = Pau P*Bu QauQ*B  [*37-22-221] 
#3723, +. D‘R,=4{(q8).a= RB} [*37°101 . *33°11] 


«37-231. +. d‘R,=Cls 


The type of “Cls” here is that type whose members are of the same type 
as C‘R. In the proof, use is made of the convention that a Greek letter 
always stands for an expression of the form 2(¢! 2). 


Dem. 

F.*37-101. Db:aR.2(o!z).=.a= R32 (ptz): 

[*10°11-281] Dh: (qa).ak.2(6!z).=.(qa).a= R“3(b!z): 
[x83181] © . Dk:3(b!z)eM‘R,.=.(qa).a=R2(p!z) (1) 


* We quote from Couturat, La Logique de Leibniz, Chapter m1, § 15 (p. 75 n.). 
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+. *20°2 . (437-01). DE: 2 {(qy). ye? (plz). aRy} = RB (pt 2):, 


[%10°11-24] Dk: (dp): (qa) a= RZ (p12) (2) 
F.(1).(2).*202. DE:2(p!z)eCls.d.2(p1z)eCA‘R, (8) 
b . 20°41 .*202. DE:2(plz)eA‘R,.D.2 (Piz) eCls (4) 
F.(3).(4). DF. Prop 


As appears in the above proof, it is necessary, when a proposition con- 
taining “Cls” is to be proved, to abandon the notation with Greek letters, and 
revert to the explicit functional notation. 


#3724. F:raeD‘R,.d.aCD‘R 


Dem. 

— F.#33:13 .*37101. Db sae DSR,.=:.(G8).a= RB: 
[*20°33.*37°1] =:.(qB8)ivea.=,.(qy).yeR.aRy:. 
[*11°61] D:.7€a4.92:(GB8, y)-yeR.aRy: 
[*11-23] 22:(qy, B).yeB.acRhy: — 
[¥11-55] 2, (ay): 2Ry :(qA)-yeR: 
[*10°5] D2: (qy).aky: 

[*83-13] D,:2¢€D‘R:: D+. Prop 
48725. +. D‘R=R“OR.OR=R“D‘R 
Dem. 
F.*3313. Dk:veD‘R.=.(qy).cRy. 
[4383-14.44°71] =.(qy)-ye OR. Ry. 
[*37°1] =.rce RAR (1) 
F,*383:1381. 3h: yeC‘R.=. (qv). aRy. 
[#33°14.44°71] =. (qe).ceD‘'R.aRy. 
[#37°105] =.yeR“DR (2) 
F.(1).(2). D+. Prop 
#3726. |.R“B=R (Bn UR) 
Dem. 
F.x871. Dive R“B.=:(qy).yeR.aRy: 
[%*33°14.%4°7 1] =:(qy)-yeR.yeAR.aRy: 
[*22°33] =:(qy)-yeBoU‘R.aRy: 
[*37°1] =:re R(BaU‘R):. D+. Prop 
437261. |. R“B = RB a D‘R) [437-26 . *33-21] 


#37262. F:and‘R=BanQ‘R.D. R“a= RB [*37-26] 
437263, bran DSR=RBnD‘R.D.R a= RB [437-261] 
#37264. Fi:qian R“B.=. (qa, y).vea.yeB.cRy.=.E! Ba R“a 


Dem. — 
F.*22°33.4371. 36 :.q lan R“B.=:(qr)iveas(qy).yeB.aRy: (1) 
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[11°55] =:(qe, y) .zea.yeB.aRy 
b.(1). ell 6.3 F in. qlanR“B.=:(qy)iye RB: (qz).ccea.aRy: 
[*37°105] =:(qy).yeB.ye Ra: 
[*22°33] =a:qiBn Ra 
F.(2).(3). +. Prop 

*37-265. |. R“a= R“(an OR). Ra=R “(an OCR) 

Dem. 
+. *33°161 .*22°621.>+.d‘R=CRaAGR. 
[*22°481] DkiandR=anGRadRe. 
[*37°262] Db. R“a= Ran CR) 
F (1) .*33°22. 2+. Prop 

«3727. F:C‘RCB.D.D‘R=R“B  [%22°621 . #87:25-26] 

487271. k:D!RCa.d.0‘R= Ra — [22-621.. 48725261] 

43728. b.R«V=DR.R«V SCR [487-297-271 42411] 

43729. b.R“A=A.R“A=A 

Dem. 
. F.*105. Db s(qy)-yeA.aRy.d.(qy).yeA 
F.(1). Transp . *2453. 3+ .~(qy).yeA.aRy. 
[*37°1] Dhing RA. 
[24°51] DF. RAHA 
(2) 5p DELR“A=A 
F .(2).(3).9F. Prop 
—)p 
#3873. +. {se“( P| Q)} 62 = PX Q% 
Dem. 
F .*32°23'13.9 
I. {sgt(P| Q)\‘2=8 (2(P|Q) 4] 
[#841] = @ {(qy).@Py « yQz! 
| > 
[*32°18 | =@{(qy).aPy.ye Qéz} 
—p 
[(*37-01)] = P“Q‘z. D+. Prop 
437°301. |. (gs(P|Q)e=Q"P*e [Similar proof] 
=> > &— ve 
487302. Ff: R=P|Q.9.Riae= PQs. Ria =Q“P*x 
| [8373-301 . #32-23-231-16] 
—_—, 
#3731. F.se(P)Q)=P.jQ 
Dem. 


—> 
F.x37113. Db. (2). {se(P| Qe = PQs 
F.(1).*84°42.55. Prop 


[PART I 


(2) 


(3) 


(1) 


(1) 


(2) 
(3) 


(1) 
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437311. +. gs(P|Q)=(Q).|P [Similar proof] 
43732, +. D(P|Q)=P“DQ.d(P|Q)=Q"a'P 


Dem. 
F.*33°13 .*341 23 
F:.2eD(P|Q).=:(qz):(qy)- ePy.yQz: 
[*11:23] =:(qy):(qz).7Py.yQe: 
[11°55] =:(qy):aPy:(qz).yQz: 
[*33°13] =:(qy).2Py.yeDQ: 
[*37°1] =:veP*DQ (1) 
(1). #1011 . *2043.5 
| +. D( P| Q)=P“DQ (2) 
b.*33-2. Dt.d(P|Q)=D‘Cav(P|Q) 
[a34-2] =D(Q|P) 
©) = ODP 
[*33°2] = O“USP (3) 
. t.(2).(3). DF. Prop 
#37321. +: d*‘PCD‘Q.3.D“P)Q)=D‘P [*37°32°27 ] 
*37°322. : DSQCGSP.3.a(P|Q)=a‘Q [*37°32°271] 


#37323. +: C‘P=DQ.3.D(P|Q)=D‘P.d(P|Q)=A°Q = [*37:321:322] 
#3733. |. (P| Q) y= PKQy 
Dem. 
oh .xd71.Db:.ve(P|Q)y. 
[#3471 .4#11°55] 


2(qz).Zey-2(P/Q)z: 
2(qz, y)-zey.xPy.yQe: 


[*11-23] =:(qy, 2).ePy.yQz.zey: 
[*11°55] =:(qy):2Py:(qz).yQz.zey: 
[*37°1] =:(qy).@Py.ye Q“y: 
[*37°1] =:v6e P“Q“y:. DF. Prop 
#3734. |+.(P|Q).=P./Q. 
Dem. 
F.a8711.56.(P! Q).Sy =(P| Q) fy | 
[*37°33] = PO y 
[#3711] = PQ (1) 


Fe (1). #1011 . *34-42 . 35 . Prop 


#37341. +. {Cnv“(P|Q)}.=(Q).|(P). [#342 . #87°34] 
«3735. 1 :(2). Riz= PSQ'z.3.(y). Roy = PQ“ y 
Dem. 
+.*8442.3D+:Hp.d.R=P/Q. 
[437-13] >. Rey = (P| Q)y 
[*37°33] = PQy: D+. Prop 
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#37351. : (a). Roa= P°Q“a. Dd. (x). Roe = PHO K 

| x8785 * x87 11. (¥37-04) | 
#37352. +: (a). Ra= PQ a. Dd. (x). RK = PHO K 


| #37951 es 8711. (487-04) | 
*37:353. b:(z). R‘S’z = PQ. D.(y). RES y = PHO 
Dem. . 
t.*1421.3+:Hp.3.(z). E! RS. 
[*34°41] >. (2). RS'z =(R| 8). 
[14181144] > .(z).(RB|S)'2= PQs. 
[*37°35] D.(y)-(B| 8) y = PHQOy.- 
. [*37°33] Dd. (7). RES y = PHQ“y: DE. Prop 
437354. bs (a). RSSa= PQ a. Dd. (4) RS = PHY | «37353 A 
*37°355. b:(z). R&Ste = PM Q'2. Dd. (y) RES ry = PHQM [437353 =| 


43736. +. D‘R=R“D‘R.U'R= ROR [*37-32] 

«37°37. |.(R*),=(R.% -[*37'34] 

*37:371. R2E=(R.Y Df . 
This definition serves merely for the avoidance of brackets. Like *37-03, 

this definition will be extended to all suffixes. 

48738. +. R%a=R“R'e [437-3] 

#3739. +. R*a=R“R a [*37'33] 


4874. +.0(a4R) = Ria ; 
Dem. 
+. #331381 243851. 3Db: yeU(a1Rh).=.(qz).vea.rRy. 
[*37°105 ] =.yeR“a:D+. Prop 


437401. +. D( RE B)=R“<B [Similar proof] 
*37402. +. D(a] RP B)=an RB .A(a RP B)=Boa Ra 
Dem. 


+ .*33°13 .¥35°102 . 9 
b:.2eD(a{REB).=:(qy)-cea.cRy.yeB: 

[*10°35] =r:vea:(qy).cRy.yeB: 

[*37°1] =:xvea.re RB: 

[*22°33] =s:veanR*B (1) 
Similarly 

biyed(a] Rf f).=.yeRn Ra (2) 


F.(1).(2). DF. Prop 
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48741. :D(REa)=an R“a.d(REa)=an Ra [487-402 436-11] 
x87 411. F. (a4 B)“B=D(a RE B)=an R“B 
ne F .487-401. D+. (a1 R)“8=D(a] RP 
[*35-21] =D(a1 RPS) (1) 
F.(1).*37°402. I+. Prop 
#37412. + .(REa)“B = Ran 8) 


Dem. 
F.*37-401. 3b .(Rfa)B=D(Rfaf Bs 
[*35-31]  =D‘RE(anB) 
[*37-401] = Ran B). Db. Prop 
#37413. | .( RE a)“B=an R“(an B) 
Dem. — | 
b.437°411 .*35°21.5+.(RD a)*B=an(Rfa)“B 
[*37°412] - =an R“(anB).d+. Prop 


#3742, b: R“BCa.d.(a1R)“B=RQ [*37-411 . #22°621] 
#87421. }:8Ca.3.(Rfa)“B=R“B [37-412 . 22-621] 
*3743. Fi 8COR.O: qi R“B.=.q!8 

Dem. 


+ .x37-401 .*35°65.9:.Hp.d: RYB= D(RP A). B= Saver) (1) 
F.(1).*33°24. ors i 


*37431. F:.aC DSR. O:q tRa.=, ala [Proof as In. *37°43] 
#8744. i UR=V.O:g 1R“B.=.qtB - [#B7°43 . 424-11) 
487441 +s. DSR=V.D:g! RR “a.s.qta [Proof as in *37-44] 
48745. 1 :.(y) Et Ry. iq! R“B.=.q!8 [¥33-431.437-43] 
437451. b:.(0). El Re. Dig! Ra.s.qta . [Proof as in ¥37-45] _ 
48746. biceR“a.s.qlanRio [437-1 . 482-181] 


< <— 
_ #87461, Fiave Ras .an Re=A.=.Ra&C—a [#8746 . 424311] 
: v — ad 
#37462. Fia~ve R“a.=.an Re=A.=.ReC—a [*37-461 . #32241] 
*37-47. Figla.s.qik“a.s.q! Ra 


Dem. 
F.€87°45°111  Dbiqia.=.q!R“a. 
[(*37°04)] =.q! Ra (1) 
t.()S. Dhigha.s.q! Rea (2) 


F.(1).(2). DF. Prop 
R&Wwr 19 
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*375.  §:(8).P“B=QB.D. (x). Phin = Qk 


Dem. 
+.48712.>+:Hp.>.P,=Q. 
[*37°13] OPM Qe. 
[(«37-04)] Dd. Phe = Qn: Dt. Prop 
437501. «Ra RC R&R“B 
Dem. 


b.*371 241024. D4: yeS.aRy.d.reR“B: 
[Exp.*101121] DJh:.yeB.d:aRy.d,-ce RB: 


[x47]. D:a#Rky.5,.cRky.ce RB: 

[*10°28] D:(qz).cRy.d.(qv).cRy.cve RB: 
[*33°131.*37°105] DiyeT‘R.D. ye RRB (1) 
+.(1). Imp. «2233.5 , 


bryeBa CR. Dd. ye R“R“B iD. Prop 
437-502. t.an DRC R«R“a [Similar proof] 
48751, b:B8CC‘R.=.8C R“R“B 


Dem. 
b .#37°501 .*22°621.Db: BCAU‘R.D.BCR«R“B (1) 
b . 437-16. Dt: BCR“R“B.D.BCHR (2) 
F.(1).(2). >. Prop : 


#3752. t:aCD‘R.=.aC RS Req {Similar proof ] 


The following propositions, down to *387°7 exclusive, are concerned with 
the special properties of R“@ which result from the hypothesis E!! R“, de- 
fined in *37:05.. The hypothesis E!! R“ is important, because it has many 
consequences and is satisfied in many cases with which we wish to deal. 


*376. F:ENR“B.D.R“B= ® (ay) - yeB.x= RY} 
This proposition is very important, and is used constantly. 


Dem. 
+. *37104.955: :Hp. 2:1. yeB. Dy LELRYy: 
[*30°4.] Dr2= RYy.=.cRy:. 
[*5-32] D:.yeR.c=Ry.=,.yeR.chy:. 
[*10°281 ] D:.(qy)-yeB.c=RYy.=.(qy) yeR- chy. 
[*37°1] a =.reR“B (1) 


F.(1).*10°11-21 . *20°33.. +. Prop 

#87601. b: (2) E! Rie. 3. RV =2 {(qy). c= Ry} 
Dem. 

b. 4202. #101127. +s. Hp. Dive V.2,-E! Re 
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[*37:104] DS EW RSV: 


[*376] DI: RV=2{((qy).yeV.c= Ry} (1) 

/ #24104. 4473 Db i yeV. c= Ry.=.02=RYy: | 
[#10°11-281] DE: (qy).yeV.2=RY.=.(qy)-2=RYy: 
[*20°15] Dh {(qy)-yeV.a=Ry} =2 ((qy).v=RYy} (2) 
F.(1).(2). Db. Prop 


#8761. bs: EM R“B.D:. R“BCa.s:yeB. dy. Ryea 
Dem. — 
F.«8717. DhuR“BCa.=:.yeB.cRy.dzy-vear 


[*11-2°62] =1.yeB8.d,:cRy.d,.ea (1) 
F. #37104. hi. Hp. dizyeB.d,:. BE! RY: 
[*30°33] Dy: Rycea.=:aRy.d,.xc€a (2) 


F.(1).(2).Db:: Hp. di. R“BCa.s:yeR.d,. R'yea:: Db. Prop 
#3762. FF: EI RYy.yea.d. Rye Ra 


Dem. 
— -b. 8033.5 
Fr Et R'y.3:. RyeR“a.=:cRy.d,.c6e Ra (1) 
ee oe Dkiyea. I: cRy.d.yea.chy. 
[#10°24.%37°1] Dive Ra (2) 
F,(2).*#10°11:21. 3b: yea.d:eRy.d,.ce Ra (3) 
F.(1).(8). 2+. Prop | 


The above is the type of inference concerning which Jevons says*: 
“IT remember the late Prof. De Morgan remarking that all Aristotle’s logic | 
could not prove that ‘Because a horse is: an animal, the head of a horse is 
the head of an animal.’” It must be confessed that this was a merit in 
Aristotle's logic, since the proposed ‘inference is fallacious without the added 
premiss “E!the head of the horse in question.” Hg. it does not hold for an 
_ oyster or a hydra. But with the addition E! R‘y, the above proposition gives 
an important and common type of asyllogistic inference. 


*3763. Fi EN R“a.d:ic2e R“a.d,.wersryea.d,.w(Ry) 
Dem. . 


F.x371. DhirweR“a.d,.ya: 2. (qy)- yea rRy.d,. Warr. 


[*10°23] =:.yea. chy. d2y.Wrr. 
[*11:2°62] . Buyea.d:eRy.d,. a (1) 
F.*37104.5¢::.Hp.Di:yea.d,:. BE! RYy:. 

[*30°33] Dyiep (Ry). =: e7Ry.d,. pu (2) 
F.(1).(2). D+. Prop | 


This proposition is very frequently used. 


* Principles of Science, chap. 1. (p. 18 of edition of 1887). 
19-2 
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#3764. FL EN Ra. d:(qy)- yea. (Ry).=. (qe). ve Ra. au 

Dem. 
F.*30°33.2DF::Hp.d:.yea.d:p(Ry).=. (qe). cRy. po: 
[5°32] D:.yea.(Ry).=:yea:(qur).cRhy.we - (1) 
(1). #1011-21-281 .>D 


F::Hp.d:.(qy). yea. (Ry). 7(qy): year (qx). cRy.wa: 


[*11°6] =:(qv):(qy)- yea.cRhy: wea: 
[*37°1] =:(qv). ve R“a.yurDt. Prop 
43765. b:EWR“@.aC R“B.D.a=R (Ran B) 
Dem. : 
F.*3021 .*3°27. bs: Hp.D:.yeR.d,:2Ry.cRy.d.2=0 (1) 
F.x871.5F:.Hp.d: 
xe RR “a n B).=.(qy)- ye Ra np.«cRy. 
[*37°105.%11°55] =.(qy,2).zea.zRhy.yeR.ahy. 
[(1) 4°71] =.(qy,2).zea.zRhy.yeB.cRy.z=x 
[*13°194] =.(qy,z).zea.yeB.cRhy.z=x. 
[*13°195] =.(qy).vea.yeB.aRy. 
[*10°35.%37°1] =.vea.ce Rf. 
[*4-71.Hp] =.eea:. D5. Prop 
*3766. F:ENR“B.D:aCR“B.=.(qy)-yOR.a=R“y 
Dem 


37-65. Exp. #13°195 . #2243 .D 
b:.Hp.D:aC R“8.D.(qy)-yCR.a=Ry (1) 
b.*387'2.#1313. DF: yCB.a=Ry.D.aC kB: 
[*10°11-23] DiEi(qy).-yCR. a= Rey. D.aC kB (2) 
F.(1).(2). D+. Prop ao 
«37°67. bi.zey.d,. BE! R22. RS y =! [(qz).zey. a= RS} 
Dem. 


b.x8441. Dh: Hp.zey.d,.RS2=(R|S)z ae) 
F.(1).#1421.3+:Hp.zey.>,.E!(R|S)*%z (2) 
F.(2).4876. Dk: Hp.d.(R|S)*y=2 ((qe).cey.%=(R|S)%] 

[()] . = {(qz).zey.a=RS%y} (3) 
b.kB738. DE. RS y= (RIS) y (4) 


F.(3).(4). DF. Prop . 
«3768. |:.zey.9,.P°Qc=RZid. PA Qéby = Ry 


Dem. . 
b.#*1421.3D+:Hp.zey.3. EB! PQ%z. EIR. 
[*34°41] >. P°Q'z=(P|Q)z. E! Ra. (1) 


[#14/21°131-144.Hp] >. El(P|Q)2.(P| Q)'z=Rz (2) 
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+. #3733. D+. ae | Q)“y 
b. (2). (8). #876. 
t:Hp.). pais Rl(qz).2ey.e2= (P| QV 


[(2)] = @ {(qz)-zey- a= Ro} 
[*37°6.(1)] = R“z: D+. Prop 
*3769. Fi.yeB.d,.Ry=Syid. RB =SB 


Dem. 


F.#1421.5h:: Hp. di.yeR.d.E! Ry. EY Sy:. 


[%30°4] D:.yeh.o:eRky.=.2= Ry. 
[*14°142] =.07=S‘y. 
[*30°4.(1)] =.aSy:. 
[5°32] D:.yeB.cRhy.=.yeR.aSy 


F. (2). *10°11:21-281 .5 
F:.Hp.d:(qy).yeB.cRy.=.(qy)-yeR.aSy: 
[e871] Dive R“B.=.reS*B:. D+. Prop 
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(3) 


(1) 


(2) 


A specially important case of R“B is R“B or R“B. This case will be 
further studied later (in *70); for the present, we shall only give a few 
preliminary propositions about it. It will be observed that the hypothesis 

_— 
EW RB or E!! R“B is always verified, in virtue of *32°12'121. -Hence the 
following applications of *37°6 ff: 


*37°7. 


*37°701. 
*37°702. 
*37°703. 
#37704. 
*37°7085. 
*37°706. 
«37-707. 
#37708. 
«37709. 


*37°71. 


*37°711. 
*37°712. 
*37°713. 


= ~ 
F.R“B=al(qy).yeR.a=Rhy}  . [*37°6 . #32712] 
— x — 
t. R“a= {(qr).cea. B= Ra} [*37°6 . #32°121] 
=> > 
Fi RO CK.s:yeR.od,. hye [*37°61] 
<— — 
bi RSBCwe.=: 268. dz. Ree [*37°61] 
> 2 
F:yea.d. Rye Ra < [*37°62 . *32°12] 
- & 
Fivea.d. Rave Ra [*37°62 . *32°121] 
F nacka. Dae Wars:yeB.dy hy) [*37°63] 
F:.8e ‘Ria. Dp-WRisiwea. dz. (Ra) [*37°63] 
=> —> 
Fs. (qa).aeR“B.pa.=.(qy).yeB-W(Ry) [*37°64] 
_— 
bs.(qa). ae RB. ya.=.(qz).2eB. (Re) [*3764] 
— — — 
Fix CR“B.D.K=R((Cnv'R) «a Bh [*37°65] 
<— -— <— 
bie OC R“B.D. c= R“(CnvR) “en B} [*37-65] 
> > 
bFrxCR8.=.(qy)-yCR.c= Ry [*37-66] 
— = 
FsxeCR“B.=.(qy)-yCB.c= Ry [*37°66] 
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> => 
*387°'72. F:R= P| Q.D. Roy = PQ y 


Dem. 
F .*37°11:'302.)+:Hp.3.(z). P.Qa=Rz ; 
[487-68] >. PaQiy = Bry 
[(*37°04)] D. PKEQOy = Ry: D+. Prop 
#87721. t:R=P|Q.>.R“y=Q Py [Proof as in #87°72] 


— <— 
«37°73. Figq!®B.=.qiR“B.=.q!R“B [#37°45 .*32°12°121] 
atte pie 
#87731. b: B=A.=.R“B=A.=.R“B=A_ [37-73 . Transp] 

Observe that the A’s which occur in this proposition will not be all of the 
same type. E.g.if R relates individuals to individuals, the first A will be 
the class of no individuals, while the second and third will be the class of 
no classes. Thus the ambiguity which attaches to the type of A must be 
differently determined for different occurrences of A in this proposition. In 
general, when this is the case with our ambiguous symbols, we shall adopt a 
notation which indicates the fact. But when the ambiguous symbol is A, it 
seems hardly worth while. 

= 
«38774. Fi. BCUR.s:acR“B.3,.q!a 

Dem. 

2 4 
b.*«37°'706. 3b :.a¢eR“B.3,.qla:s:yeB.d,.qi Ry: 
[*33°31] :B8CCU‘R:. D+. Prop - 

e_ 
#38775. F:.aCD‘R.=:8e Ra.d,.q!8 [Proof as in *37°74] 


_— 
«37°76. |. R“BCCls 


Dem. 

~~ — 

F.n377. Db. ace R“B.O:(qy).yeR.a=RYy: 
= 

[*10°5] D:(qy).a=Ry: 
[*32°13] D:(qy).a=2(«cRy): 
[*20°16] 2:(qo).a=2(p!az): 
[*20°4] D:aeCls:. D+. Prop 


437-761. |. Ria Cls [Proof as in 37°76] 
43777, biacR“OR.D..qta [437-74 . 22-42] 
—-xB7°TTL. Fi Be R“D‘R.D,-q18 — [Proof as in ¥87°77] 

487-772. b. Ne R“OR [487-77 24°63] 
437773, be Nw e R“D‘R [437-771 24°63] 
43778, +. DR= REV [437-28] 
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437-781. |. DOR= REV [#37-28] 

48779. b.R“Vaal(qy).a=Ry} [437-601 43212] 
437-791. |. R«V =B (qa). 8 = Rio} [37-601 . #82121] 
4378, b.(at B)|S=at SB 


Dem. . 
F.*35°103 .*841. 3:2 {af 8)|S}2-=.(qy)-vea-yeB.ySz. 
[10°35.%37°105] | - = wea.seS Af. 
[#35103] =. «(af S“B)2: D+. Prop 
«8781. +. Ri (af B)=(R“a) TB [Proof as in *37°8] 


43782. |. Ri(at 6)|S=(Ra) t (SB) [437881] 


*38. RELATIONS AND CLASSES DERIVED FROM A DOUBLE 
DESCRIPTIVE FUNCTION 


Summary of *38. 


A double descriptive function is a non-propositional function of two 
arguments, such as anf,avf, RAS, RvS, R\S, aR, Rha Roa The 
propositions of the present number apply to all such functions, assuming the 
notation to be (as in the above instances) a functional sign placed between the 
two arguments. In order to deal with all analogous cases at once, we shall in 
this number adopt the notation 

why, 
where “?” stands for any such sign as n, v, 4, uy, |, 1, [, [, or any functional 
sign to be hereafter defined and satisfying the condition 
(#, y)- Et (@dy). 
The derived relations and classes with which we shall be concerned may be 
illustrated by taking the case of an B. The relation of an ® to 8 will be 
written aa, and the relation of ana 8 to a will be written m8. Thus we 
shall have 
bFeanB=ansB=n PXa. 
The utility of this notation is chiefly due to the possibility of such notations 
as an“« and n#*‘«. For example, take such a phrase as “the foreign 
members of English Clubs.” Then if we put a = foreigners, « = English Clubs, 
we have 
an‘‘« = the classes of foreign members of the various English Clubs. 


_ Or again, let a be a conic, and « a pencil of lines; then 
an‘‘< =the various pairs of points in which members of « meet a. 

In this case, since an B= Boa, we havean=na. But when the function 
concerned is not commutative, this does not hold. Thus for example we do 
not have R| =| R. 

The notations of this number will be frequently applied hereafter to R| 8. 
In accordance with what was said above, we write R| for the relation of R|S 
to S, and |S for the relation of R|S to R. Hence we have 

R|‘S=|SR=R{S. 

Hence | S*‘r will be the class of relations obtained by taking members of A 
and relatively multiplying them by S. Thus if % were the class of relations 
first cousin, second cousin, etc., and S were the relation of parent to child, 
| S**X would be the class of relations first cousin once removed, second cousin 
once removed, etc., taken in the sense which goes from the older to the younger 


generation. 
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It is often convenient to be able to exhibit | S‘‘A and kindred expressions 
as descriptive functions of the first argument instead of the second. For this 
purpose we put 

r{S=| Sa 
33 
with similar notations for other descriptive double functions. We then have, 
just as in the case of R|S,° 
A[S= | SA=2] 8. 
This enables us to form the class r |p. This class is chiefly useful: because 
the members of its members (2.e. s\n, as we shall define it in *40) con- 


stitute the class of all products R|S that can be formed of a member of \ and 
a member of p. 
Thus we are led to three general definitions for descriptive double functions, 
namely (if «fy be any such function) 
x is the relation of Py to y for any y, 


a y Pr) ” PP) ” ”? x 9 a“, 
ay is the class of values of #2 y when « is an a. 
33 : 


Since af y is again a descriptive double function, the first two of the above 
a) 


definitions can be applied to it. The third definition, for typographical reasons, 
cannot be applied conveniently, though theoretically it is of course applicable. 
The relations x? and ?y represent the general idea contained in some of the 
uses in mathematics of the term “operation,” eg. +1 is the operation of 
adding 1. 

The uses of the notations introduced in the present number occur chiefly 
in arithmetic (Parts III and IV). Few propositions can be given at this stage, 
since most of the important uses of the notation here introduced depend upon 
the substitution of some special function for the general function “?” here 
used. In the present number, the propositions given are all immediate con- 
sequences of the definitions. 


«38-01. «2 =uj(u=acQy) Df 
#3802. Py=t2(u=xPy) Df 


#3803. afy=Py“a Df 

3) 
#381. Fru(@?)y.=.u=29y [(*38-01)] 
#38101. F:u(Py)o.=.u=2Py [(*38°02)} 
#3811. F.cP‘y=fSy'ex=afy [*38°1'101 . *30°3] 
#3812. FF. ElaQ*y. Eig ye [*38°11 .*14°21] 


#3813. biuer$“a.=.(qy).yea.u=xPy [x38] .*37-1] 
#38131. Fi uePy“a.=.(qv).cea.u=aPy [#38101 . 37-1] 
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af y=Fyia [(*38°03)] 
33 
-a9y=Af(qv).vea.u=xPy} [*38-2°131] 
33 
a3 y=Pya=aly [*38°11] 
33 33 33 
Ela?’y. E!fyfa [38-22 . «1 4°21] 
33 33 


: =.q! 
rqtafy.=.qta 


t . «38-2. «37-29. Transp. Fi qtafy.d.qta 
F.*38'21. DE:vea.Dd.(aPyjeaPy. 

[*10°24] D-qlafy . 
F.(1).(2). D5. Prop - 


[PART I 


(1) 


(2) 


F.af “B= ((qy)-yeR.y=aty} =9{(ay)-yeB-y=Py"al 
[*38°13°2 | | 
#3831, 1.2 ye=F{(qa)-aex.y=aPy}=F{(qa).aex.y=P yal = Fyn 
[#38°131-2 . *37-103] | 


NOTE TO SECTION D 


General Observations on Relations. The notion of “relation” is so general 
that it is important to realize the different sorts of relations to which the 
notations defined in the preceding section may be applied. It often happens _ 
that a proposition which holds for any relation is only important for relations 
of certain kinds; hence it is desirable that the reader should have in mind 
some of the principal kinds of relations. Of the various uses to which different 
sorts of relations may be put, there are three which are specially important, 
namely (1) to give rise to descriptive functions, (2) to establish correlations 
between different classes, (3) to generate series. Let. us consider these in 
succession. . 


. (1) In order that a relation R may give rise to a descriptive function, 
it must be such that the referent is unique when the relatum is given. 


Thus, for example, the relations Cov, RB. R, D, d, C, R., defined above, 
all give rise to descriptive functions. In general, if R gives rise to a 
descriptive function, there will be a certain class, namely C‘R, to which 
the argument of the function must belong in order that the function may 
have a value for that argument. For example, taking the sine as an illustra- 
tion, and writing “sin‘y” instead of “sin y,” y must be a number in order 


that sin‘y may exist. Then sin is the relation of y to # when = sin‘y. If 
we put a= numbers between — 7/2 and 7/2, both included, sinf a will be the 
relation of « to y when #=sin‘y and — 7/2 <y<7/2. The converse of this 


relation, which is a1sin,. will also give rise to a descriptive function; thus 


(a1 sin)‘ = that value of sina which lies between —7/2 and 7/2. This 
illustrates a case which arises very frequently, namely, that. a relation R 
does not, as it stands, give rise to a descriptive function, but does do so 
when its domain or converse domain is suitably limited. Thus for example 
the relation “parent” does not give rise to a descriptive function, but does 
do so when its domain is limited to males or limited to females. The relation 
“square root,” similarly, gives rise to a descriptive function when its domain 
is limited to positive numbers, or limited to negative numbers. The relation 
“wife” gives rise to a descriptive function when its converse domain is limited 
to Christian men, but not when Mohammedans are included. The domain 
of a relation which gives rise to a descriptive function without limiting its 
domain or converse domain consists of all possible values of the function; the 
converse domain consists of all possible arguments to the function. Again, if 


e . . e . <_— . 
R gives rise to a descriptive function, R‘x will be the class of those arguments 


for which the value of the function is x. Thus sin‘x consists of all numbers 
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whose sine is 2, ¢.¢. all values of sin. Again, sin“‘a will be the sines of the 
various members of a. If a is a class of numbers, then, by the notation of «38, 
2 x ‘fa will be the doubles of those numbers, 3 x “‘a the trebles of them, and 
so on. To take another illustration, let a be a pencil of lines, and let R‘x be 
the intersection of a line # with a given transversal. Then R‘‘a will be the 
intersections of lines belonging to the pencil with the transversal. 


_ (2) Relations which establish a correlation between two classes are really 
a particular case of relations giving rise to descriptive functions, namely the 
case in which the converse relation also gives rise to a descriptive function. 
In this case, the relation is “one-one,” i.e. given the referent, the relatum is 
determinate, and vice versa. A relation which is to be conceived as a correla- 
tion will generally be denoted by S or T. In such cases, we are as a rule less 
interested in the particular terms # and y for which #Ry, than in classes of 
such terms. We generally, in such cases, have some class 8 contained in the 
converse domain of our relation S, and we have a class a such that a= S*<. 
In this case, the relation S correlates the members of a and the members of 


B. We shall have also B= Sa, so that, for such a relation, the correlation is 
reciprocal. Such relations are fundamental in arithmetic, since they are used 
in defining what is meant by saying that two classes (or series) have the same 
cardinal (or ordinal) number of terms. 


(3) Relations which give rise to series will in general be denoted by P 
or Q, and in propositions whose chief importance lies in their application to 
series we shall also, as a rule, denote a variable relation by P or Q. When 


is is used, it may be read as “ Pees Then P may be read “ follows,” 


Pn may be read. “ predecessors of a, ' Pig may be read “followers of 2.” 
D‘P will be all members of the series generated by P except the last (if any), 
C‘P will be all members of the series except the first (if any), C‘P will be 
all the members of the series. P*‘a will consist of all terms preceding some 
member of a. Suppose, for example, that.our series is the series of real numbers, 
and that a is the class of members of an ascending SEYIES 11, Xq, Ly, ... Wy, oo 
Then Pa will be the segment of the real numbers defined by this series, ¢.e. 
it will be all the predecessors of the limit of the series. (In the event of the 
SerleS %, %, 3, ... #,,... growing without limit, ‘P“‘a will be the whole series 
of real numbers.) 


It very often. happens. that a relation has more or less of a serial character, 
without having all the characteristics necessary for generating series. Take, 
for example, the relation of son to father. It is obvious that by means of 
this. relation series can be generated which start from any man and end with 
Adam. But these series are not'the field of the relation in question; more- 
over this relation is not transitive, t:e. a son of a son of « is not a son of za. 
If, however, we substitute for “son” the relation “descendant in the direct 
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male line” (which can be defined in terms of “son” by the method explained 
in *90 and *91), and if we limit the converse domain of this relation to 
ancestors of « in the direct male line, we obtain a new relation which 1s 
serial, and has for its field 2 and all his ancestors in the direct male line. 
Again, one relation may generate a number of series, as for example the 
relation “« is east of y.” If # and y are points on the earth’s surface, and in 
the eastern hemisphere, this relation generates one series for every parallel 
of latitude. By confining the field of the relation further to one parallel of 
latitude, we obtain a relation which generates a series. (The reason for 
confining x and y to one hemisphere is to insure that the relation shall be 
transitive, since otherwise we might have a east of y and yeast of 2, but « 
west of z.) . 


A relation may have the characteristics of all the three kinds of relations, 
provided we include in the third kind all those which lead to series by some 
such limitations as those just described. For example, the relation +1, 
ae. (in virtue of the notation of *38) the relation of «+1 to 2, where x is 
supposed to be a finite cardinal integer, has the characteristics of all three 
kinds of relations. In the first place, it leads to the descriptive function 
(+ 1)'e, te. @+1.-In the second place, it correlates with any class a of. 
numbers the class obtained by adding 1 to each member of a, te. (+ 1)*a. 
This correlation may be used to prove that the number of finite integers ‘is 
infinite (in one of the two senses of the word “infinite”); for if we take as 
our class a all the natural numbers including 0, the class (+ 1)“a consists of 
all the natural numbers except 0, so that the natural numbers can be corre- 
lated with a proper part* of themselves. Again, the relation + 1-may be used, 
like that of father to son, to generate a series, namely the usual series of the — 
natural numbers in order of magnitude, in which each has to its immediate 
predecessor the relation +1. Thus this relation partakes of the characteristics 
of all three ‘kinds of relations. 


* I.e. a part not the whole. On this definition of infinity, see «124. 


SECTION E_ 


PRODUCTS AND SUMS OF CLASSES 


Summary of Section E. 

In the present section, we make an eziousion ofan ) avB,RAS, RBRVS. 
Given a class of classes, say «, the product of « (which is denoted by p‘) is 
the common part of all the members of x, 2.e. the class consisting of those 
terms which belong to every member of «. The definition is 

pie=B(aex.I,.z6ea) Df. 
If « has only two members, a and f say, p*e=an. If x« has three members, 
a, 8, y, then p‘x=an 8 ny; and soon. But this process can only be continued 
to a finite number of terms, whereas the definition of p‘« does not require 
that « should be finite. This notion is chiefly important in connection with 
the lower limits of series. For example, let \ be the class of rational numbers 
whose square is greater than 2, | and let “xMy” mean “«<y, where x and y 


are rationals.” Then if wen, Ma will be the clues of rationals less than 2. 
_—> 
Thus M*X ot be the class of Buch classes as Me, where wer. Thus the 


product of Mn, which we call p Mr, will be the class of rationals which 
are less than every member of X, ze. the class of rationals whose squares are 


rd 
less than 2. Each member of M*‘A is a segment of the series of rationals, and 


~ 
p'Mn is the lower limit of these segments. It is thus that we prove the 
existence of lower limits of series of segments. . 


Similarly the sum of a class of classes « is defined as the class. consisting 

of all terms belonging to some member of x; te. 
sxe=2{(qa).aex.xrea} Df, 

i.e. x belongs to the sum of « if # belongs to some x. This notion plays the 
same part for upper limits of series of segments as p‘« plays for lower limits. — 
It has, however, many more other uses than p‘«, and is altogether a more im- 
portant conception. Thus in cardinal arithmetic, if no two members of « have 
any term in common, the arithmetical sum of the numbers of members possessed 
by the various members of « is the number of members possessed by s‘«. 


The product of a class of relations (A say) is the relation which holds. 
between 2 and y when x and y have every relation of the class A. The 


definition is 
pr=29(Rer.dp-eRy) Df. 


The properties of ‘A are analogous to those of p‘«, but its uses are fewer. 
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The sum of a class of relations (A say) is the relation which holds between 
a and y whenever there is a relation of the class X which holds between 2 
and y. The definition is . | 

SX = 29 ((qR). Rer.zRy} Df. 
This conception, though less important than s‘«, is more important than p‘r. 
The summation of series and ordinal numbers depends upon it, though the 
connection is less immediate than that of the summation of cardinal numbers 
with s‘x. 

Instead of defining p‘«, s‘«, p‘r, 8*A, it would be formally more correct to 
define p, s, p and s, which are the relations giving r rise to the above a a 
functions. Thus we should have 

p= Br {B=Z(aex.D,.xea)} Def, 
whence we should proceed to 
t:Spx.=.B=2(aex.D,.xvea), 
b.pie=B(aex.d,.£ Ea), 
and bE! pfx. 

But in cases where the relation, as opposed to the descriptive function, is 
very seldom required, it is simpler and easier to give the definition of the 
descriptive function in the first instance. In such cases, the relation is always . 
tacitly assumed to be also defined ; 2.e. when we give a definition of the form 

R‘a= Sa Df, 
where S is some previously defined relation, we always assume that this 
definition is to be peas as derived from 
=A2(u=S‘a) Df. 

In addition to es and sums, we deal, in the present section, with 

certain properties of the relations R| and |S, the meanings of which result 

‘from the notation introduced in *38. Such relations are very useful in 
arithmetic. The reason for dealing with them in the present section is that 
a large proportion of the propositions to be proved involve sums of classes of 
classes or relations. 


*40. PRODUCTS AND SUMS OF CLASSES OF CLASSES 


Summary of *40. 


In this number, we introduce the two notations (explained above) 
pe=B(aex.D,.cea) Df 
sie=B{(qa).aex.vea} Df 
Both these notations will be found increasingly useful as we proceed, but s‘« — 
remains more useful than p‘« throughout. It is required for the significance 
of p‘x and s‘« that « should be a class of classes. 
In the present number, the most useful propositions are the following : 


#4012. Fiaex.Dd.pieCa 
Ie. the product of « is contained in every member of «. 


¥4013. Fiaex.d.aCs*x 

I.e. every member of « is contained in the sum of «. 
44015. bi. 8 Cpie.=tyex.2,.BCy | 

Le. B is contained in the product of « if B is contained in every member 
of x, and vice versa, 


#40151. Fi.s'eC B.eiyen.d,.yCR 

Ie. the sum of « is contained’in 8 if every member of « is contained in 1 B, 
and vice versa. 
*40°2. kix=A.2. pe=V 

Ie. the product of the null-class of classes is the universal class. This may 
seem paradoxical at first sight, but it is really not so. The fewer members « 
has, the larger, speaking generally, px becomes. If « has no members, then 
« has no members to which a given term « does not belong, and therefore x 
belongs to p‘x. 


#4023. Fiqt«.d.p'«Cs‘« 


Te. unless « is null, its product is contained in its sum. 


*40°38. F. Ris‘ c= RK 

This proposition is very often used in arithmetic. What it states is as 
follows: Given a class of classes «, take its.sum, s‘«, and then consider all the 
terms that have the relation R to some member of s‘x; this gives the class 
Rs‘; next, take each separate member of «, say a, and form the class Ra, 
consisting of all terms having the relation & to some member of a. The class 
of all such classes as R‘‘a, for various a’s which are members of x, is R“*‘« ; 
the sum of this class, by the above proposition, is the same as RM‘s*«. 
404 +i EWR“B.D.s'R“B=2 [(qy).yeB.re Ry} 

‘This proposition requires, for significance, that R‘y should always be a 
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class. The proposition states that, if R‘y always exists when ye, then the 
sum of all classes which have the relation R to some member of § consists of 


all members of such classes as R‘y, where y« £. 
405. +. s R“B = R“B 
This proposition results from *40°4 by substituting R for R in that 
proposition. 
¥4051. | pR“B =@{yeB.o,.xRy} 
In virtue of *40°5, pR“B is correlative to RS. Thus if R is a serial 


—_> 
relation, p‘R“B consists of terms preceding the whole of 8, and R‘‘8 consists 
of terms preceding part of 8. If 8 has a lower limit, it will be the upper limit or 


> 
maximum of p‘ RB; if es has an upper ae it will be the upper limit of Rf. 
#4061. F:q!@.d. pR“B CR«e. pR“B CR«B 


In this proposition the hypothesis is essential, since, if 8 = A, pRep = Vv 
and R‘‘B= A, . 


#4001. p*e=2(aex.D,.46ea) Df 

¥*40°02. s‘e=2{(qa).aex.xea} Df 

*401. Fi.vepie.=:aex.D,.c6ea  [%20°3.(*40-01)] 
4011. bi vesie. =. (qa).aek.vea [*203.(*4002)] 
#4012. Firaex.Dd.p'eCa 


Dem. 
F.#40°1. #101. Db i. cepie.Diaex.d.v€a% 


[Comm] Dki.aex.Divepe.Dd.rea (1) 
F.(1).%10°11-21 .*2271. 5+. Prop 
#4013. Fraex.Dd.aCs*x 


Dem. “8 
+ .*4011.%10°24.Db:acxn.vea.D.vesk: 


[Exp] Dhi.aex.divea.Dd.rese (1) 
F.(1).#10°11-21 .*22:1 JD +. Prop 


"4014. biaex.vepixe.d.c6ea [*4012.Imp] 
*40°141. Fiaex.vea.Dd.xese [%40°11.*10-24] 
#4015. F:.8Cp'e.=:yex.2,.BCy 


Dem. 
F.*401 Dba BCpersrcveB.deiyex.Ddy.vEeyt. 
[*11°62] =Ei.(@,y):veB.yex.d.vey:. 
[#4°3°84.%11-°33] Hi. (@,y)iyen.veB.d.vey: 
[*11-2°62]} Eiyex.d,:ceB.dz.ceyr 
[*22°1] Srnyex.d,-8Cy:: 4. Prop 


R&Wi , 20 
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*40°151. F:.s8eCB.=:yen.d,.yCR 


Dem. 
b.x4011. Dkirse CRB. ss. (Gy). yew. vey-2,-2E Bs 
[*10°23] =. (y,z)t.yex.cey.d.veBt 
[*11°62] =Ein(y)sryex.Ii(a)icey.D.veP:. 
[*22°1] =Ehyek.DyeyOR:: a F. ne 


This proposition is frequently used. 
#4016. Fix Cr.d.prC pe 


Dem. 
b.¥101. DF: Hp. Diyeu. Deyedts 
[Syll] Dryer. D.LEeyi diver. >. rey (1) 
b.(1).*10°711°21.5 
F:: Hp. Di(y)myereD Ley: dIsyex.D- Ley? 
[*10°27] Di(y)ryer.D rey: Ii(y)iyek.D.LEy:. 
[*40°1] D:.cepr.d. vce pse . (2) 


F.(2).*10°11°'21. 34+. Prop 
*¥40161. Fe Crn.9.8%%e Csr 


Dem. 
F.*101. Db: Hp. diyex.d.qyer: 
[Fact] Diyex.vey. Iyer. LEY! 
[*10°11-28] Di(Gy)- yee. Deyo Dd. (Hy)-yer.rey: 
[*40°11] D:vese.D.2E8r — () 


F.(1).#10°11:21. 5+. Prop 
44017. F.pievpArCp(« ar) 


Dem. 
b #2234. Dh s:vepieupr.=:.cepe.V.cepr:. 
[*40°1] = teyeKs dy. LeysVviyer< Dy. veyi 
[*10°41] Di. (ye yeKk. ID. LEyiviyerd- >.veyr 
[*4°79] Di(y)igexoyed.r vey. 
[*22°33] Di(y)iyexar.D. vey. 
[40-1] Ds. ae p(«nr) | | (1) 
F.(1).*10'11.5+. Prop 
#40171. F .skeusr=s(K« vA) 
Dem. 


+ .%22°34, Db e:res%x Usd. =r ese. Ve res ht. 


[*40°11] =:.(qy)-yer-vey:vi(qy) yer-reys. 
[*10°42] . =i. (Ay) yen. vey.Vayer.Leyin 
[4-4] =i. (Wy) tsyexsVeyerr rey:. 
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[*22°34] =. (My) -yexunr.reyt. 
[*40°11] . =1.r2es(«e var): DF. Prop 
#4018. F.p (ce var)=plien pr 
Dem. 
bi. #40'L. Dbki:zep(eur) Srnyexvur.d,.0Ey% 
[%*22°34] =Hi(y)iyee-V.yerto.veyi. 
[4°77] En(y)myexe.D.LEeyiyenr.D. LEY 
[#10°22-221]  au(y)iyex.Dd. vey: (y)iyerd.Dd.veyt. 
[x40°1] § =snwep'e.rep'r: | 
[*22'33] Enacepfenp'r:: D+. Prop 
#40181. b. sear) Cskeasr 
Dem. 
F.e40°11L DE sswes(enr). =. (Ay) eyernr.reys. 
[*22-33] =i.(qy) yexoyen.tey:. 
{[*10°5] Ds. (qy)seyex. vey: (Ty). yer.veyin 


[*40°11.%22°33] D:.vestens'r:: DE. Prop 
"40°19. bi:vesie. Sryex.d,.yCRidg.xceB 
This proposition is the. extension of *22°6. 


Dem. 
“b.*40°151.5 — 5 
Feryen.DysyCRids.reBr=rsKCB.Ddg.xe8 (1) 
FeelOL. Disk CB.dg.veBi:IisKCsKe.D.xLEsK: 
[*22°42] D:xvesk (2) 


“bh .#22°46 . Ds. vese.sk CB.d.xreBR:. 
[Exp] Driewese IDisKCB.d.ceB:. 


‘[K1O0°11-21] Db. cese. Dis%KeCB.dp.r%€R (8) 
F.(2).(8). Dk nse CR. Ddg.ceBi=.vese - (4) 
F.(1).(4).36. Prop 
#402, bFix=A.D.pie=V 
Dem. 
F.*24°5°51 DE: Hp. din (qa).aen: 
[*10°53] | Di(a)iaex.D.vea: 
[*40°1]} D: rep x | (1) 
F.(1).*10°11:21. DF: Hp. Dd. (@).vepx. 
[*24°14] - | D.p'e=V:DFt. Prop 
*4021. bFix=A.d.s8e=A 
Dem. ; 
F. #2451. DF: Hp.d.~(qa).aex. 
[*10-5.Transp] D.~ (qa). aex. Lea. 


20-2 
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[*40°11.Transp] D.2resk (1) 
F.(1).#10°11:21. 5+: Hp.3.(2).ares. 
[*24°15] D.sfe=A:DF. Prop 


In the above proposition, the two A’s are of different types, since « is of 
the type next above that of s‘«. Thus it would be more correct to write 
bkix=AnCls.3.se=AnV. 
But in the case of A it is not very important to keep the types distinct. 
#4022. F:Aex.Dd.pe=A . 
Dem. . 
F.*4012.D+:Hp.d.p%eCA. | 
[*24°13] D.pfe=A: DF. Prop 
In this proposition, the two A’s are of the same type. 
¥40°221. F: Ven. Dd.s'e=V 


Dem. 
F.*40°713.DF:Hp.3.VCs«. 
[*24°141 ] D.sfe=V:idt. Prop 
44023, biqi«. Dd. pie Cate | 
Dem. 


b.*40°12:13.Dh:aexn.Dd.p%KCa.aCsx. 
[*22°44)] >. pie Cs*x: 
[*10°11°23] Dk :(qa).aex.Dd. pe Cs*e: It. Prop 
Observe that the hypothesis q!« is essential to this proposition, since 
when « = A, p‘x = V and s‘e = A. Thus 
bigi«.=.pieCs‘e. 
44024. bFiagtesyex.d,.BCy:2d.BCs8« 


Dem. 
F.x40°715. Dn yex.d,.BCy:d.BCpse (1) 
t.*40°23. DEsqi«.d. pie Cs« (2) 
F.(1).(2). Dt: Hp.d.BCp«.pseC sx. 
[22°44] >.BCs'e: DF. Prop 


The above proposition is used in the proof of #215:25. 
44025. bires'e.=.qixna(vea) 


Dem. 
b.x22-38. Db: ql«nad(rea).=.(qy)-yene.yea(wea). 
[*20°3] =.(Wy)-yex.vey. 
[*40°11] =.x2es8°«: D+. Prop 


| *40°26. Fiqiste.=.(qa).aex.qta 
em. 
bex4011. Db i. iste. 


[*11:23°55] 
[#245] 


:(qxv):(qa).aex.reas 
:(qa)ia@exs(qr).vea: 
:(qa)-aex.qla:.OF. Prop 
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The following proposition is used in the proof of *216°51. 
#4027. bFransk=A.Siyek.d,.any=A 


Dem. 
F.*24-311.5 
bFrranse=A.=i.sKC-—ai. 
[*22°1°35] Hines. Dg. LEAs 
[*40°1] =Hi.(qy)- yer. Ley Dee VEA 
[*10°23] Sryex.LeyeIny -VEA 
[*11°2°62] Srnyek. dy: Vey. dz Lv Eas 
[*24°39] =Hnyex.d,-any=A::D+. Prop 


The following propositions are only significant when R is a relation whose 
domain consists of classes, for they concern p‘R‘‘a or s‘R‘‘a, and therefore 
require that Ra should be a class of classes. 


#403. F.pfR“(avB)=piR“anpR“B  [*37°22 . *40°18] 
¥40°31. +.sSR (au B)=sSRausR“B  [*37'22.*40°171] 
440°32. |. pSR“av pRB C pS R(an B) 


Dem. 
+ .*37°21.D-.R“(an B)C Ran RB. 
[*40°16] DE.p (Ran R“B)CpiR “(an B) (1) 
+ .*40°17. D+. pSR au BRB C p( Ran R“B) (2) 


b.(1). (2). #2244. Db. Prop 
44033. +. s°R“(an B)Cs‘R“ans'R“B  [*37-21.*40°161 . 40181] 


The following propositions no longer require that the domain of R should 
be composed of classes. 
#4035. +. p RK =2% ([Bex.p.xr6 RB} 

Dem. | ' 
bi. #401. Db swe pi R Ke. sryeR“«.5,.c6y: 
[*37°103] :(qB).Bex.y=RB.D,. rey: 
[*10°23] >Bex.y=R“B.Dg ,.xrey: 
[*13°191] =:Ben.Ddg.re RB (1) 
F.(1). «10°11 .*203.354. Prop 
#40°36. +. s'R “ne =2 {(qB).-Bex.xe RB} [Similar proof] 
#40°37. |. R“pte C pS Re 

Dem. 


ee 


b.x871. 0h: ve Ripe. =. (qy). yepie.aRy:. 


[*40°1] =i.(qy):Ben.dg.yeR:aky:. 

[*10°33] =i. (qy)?- (8): Bex. d.ye Ri aRy:. 
[*11-26] D:.(8):.(qy): Bex. DdD.ye BR: aRy:. 
[*5°31] >:.(8):.(qy): Bex.d.yeB.ahy:. 
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[*10°37] . -(B):.Bex.>.(qy)- ere are 
[*37-1] 1.(8):Bex.d.06€R‘B:. 
[40°35] woe pt Re 2: +. Prop 
#4038. +. RMs'« = s!‘R“K 
Dem. 


F.x871. Db trae R“s'e.=3. (qy).yeste. a2Ry:. 


[*40°11] =:.(qy):.(qa)-aex.yea:vRy:. 
[*11°6] =:.(qa)i.aex:(qy).-yea.rhy:. 
[*37-1] =:.(qa).aex.ce Raz. 

[*40°36] =10es'R «2: D+. Prop 


This proposition is frequently used in the proofs of arithmetical pro- 
positions. 
4404. FEN R“B.D.SR“B=Z {(qy).yeR.re Ry} 
This proposition is only significant when D‘R C Cls. 
Dem. 
F.*3876.3+:Hp.d.R“B=a{(qy).yeB.a= Ry} (1) 
.(1).#40°11.3 
F::Hp.d:.cesR“B.=: (qa): (qy)-yeB.a=Ry:vea: 
[*11°6] (ay): yeB:(qa).a=Rhy.xrea: 
[*14°205] :(qy)-yeR.ve Roy:: DF.Prop — 
#4041. F: EW R“B.D.pSR“B=BlyeR.d,.ce Ry} [Similar proof] 
*40°42. | :(v). Rie=P au Qa.d.sRa=s( Pav Qa) = s§ Pav s§Qa 
Dem. 


Te 


t.*1421. DF: Hp.d.(«). HE! Rw. BE! P&. Bb! Qe (1) 
F.(1).*#404.5DF:Hp.3.s'R“a=2 {(qy) .yea.ve RYy} 
[Hp] =2 (ay) -yea.ve Py v QYy} 
[*22°34] =&{(qy):yearve Ply. vive Q*y} 
[4°4.%10°42] 2 ((qy) yea. ve Ply.v.(qy)- yer. reQy} 
[(1).#40°4] =O {wes'P\a.v.vesQ*a} 

[*20°42.%22°34] =s' Pfau s6QMa 

[*40°171] = s(P“avu Qa): DF. Prop 


This proposition is used in *40°57, where we take R=C, P=D, Q=d. 
#40°43. Fr EW R“B.3:.58ROBCa.=: ye B.d,.-RyCa 

Dem. 

yee teen tc Die eave aaa ee =a:vyeR“B.D,.y Cas. 


[*40°151] RB Ca:: D+. Prop 
#4044, Fi EN R“B.D1aC pR“B.=:ye BR. D, aC Ry 
Dem. 


+ .*37'63.Db::Hp.d:.yeB.d,.aC ky: =:yeR°B.d,.aC yr 
[*40°15] =:aCp‘R“B:: D+. Prop 
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The following proposition is used in the proof of *84°44. 
#4045. bi.yeR.d,. Ry CSy:3.sR“BC SSB 


Dem. 
t.*1421.3Dh:.Hp.d: ENS“. EN R“p: - (1) 
[*37-62.%40°13] DiyeR. dy. Sy CsS“B: 

[Hp] D:iyeB.Dy Ry CsS“B: 
[*40°43.(1)] Dis RBC SSB: +. Prop 


The following proposition is used in the proof of *94°402. 
#40°451. t:. ye RB. Dy. Ry CS'y: >. p'R“B Cp‘S“B 


Dem. . 
b «14-21. *87°62 #40712. Db :. Hp. diye B.D. pi RBC Ry. 
[Hp] D>. pRB CS. 
. [*40°44] D: pRB C p'S“B:. D+. Prop 
#405. F.sR“B=R“B 
Dem. 
— > 
b .%32:12.%404. 2b. s!RSB=2 (qy)-yeR.ve Ry} 
[43218] = ((ay)-yeR.oRy} 
Loa 01)] = R“B.D+. Prop 


051 F. pR“p= BlyeB.Dy.cRy} [#3212 .*40°41 . *32°18] 

pR“B is the class of terms each of which has the relation R to. every 
member of 8, just as R‘‘8 is the class of terms each of which has the relation 
R.-to some member of 8. In the theory of series, pR“B plays an important 
part, correlative to that played by R‘‘8 (which is R“B, by *40°5). If 6 is 


a class contained in a series whose generating relation is R, p‘R“‘B will be 
the predecessors of all members of 8, while R“@ will be the ‘predecessors of 
some £. 


#4052. |. RB = R“B [Proof as in *40°5] 
44053. b.p'R“B=9 |weB.D,-eRy} [Proof as in #4051] 
+4054. +. php= 2(8 CR) [%40°51 . 82181] 
40°55. bp Ra=9 (aC Ry) [%40°53 . *32°18] 


From this point, onwards to *40°69, the propositions are inserted on 
account of their use in the theory of series. 
*40°56. F.sSCOXA= FOR [#335 . #40°5] 

In the above proposition, the conditions of significance require that » 
should be a class of relations. 


44057. b.sSOAX=8(DSrA VU UA) =s DAV SAD = [ 40°42. #33 16] 
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— <— 

#406. bp ROA=V ip ROA=V_ [*37-29 . 40-2] 
~ co 4 

44061. big! @.>.p'R“BCR“B. pR“BC R&B 


Dem. 
=_> 
F.*38773. Dt: Hp.d.qi RB. 
=> > 
[*40°23] a. piR“BCSRB. 
—_> 
[*40°5] D>. pR“BC RB (1) 
<_ v 
Similarly F:Hp.3.pSR“BC RB (2) 
F.(1).(2). DF. Prop 


>  & 
#4062. Fiq!B.d.pSR“BCOR. pi R“BCOR 
[*40°61 . *37°15°16 . #383161] 


The two following propositions (*40°63'64) are used in proving *40°65, 
which is used in *204°63. 


<p 
#4063. Fiqi@-GR.3.pR“B=aA 


Dem. 
—_>, 
+ .*33°41.Transp. Dk:aveU‘R. D.Rae=A (1) 
> = 
t .*37°704. Dr:veB. >. Rae R“B (2) 
> > 
F.(1).(2).*2232.Db:reB8-A‘R.D. Rae RB. Ra=HA. 
—_ 
[*20°57 ] a-AcRB. 
ip 
[*40°22 ] >. pR“B=A (3) 
F.(3).*1011:23. D+. Prop | 
*40°64. F:q!@—D‘R.D pR“B =A [Proof as in *40°63] 


~ <— 
*4065. Figi8B—-CR.D.pR“B=A.p‘R“B=A [#406364 . #3316] 
woe 
*4066. F:.aCp‘R“B.=:vea.yeB.d,,-xRy 


Dem. 
—_, 
Fi #4051. Db ra C pRB. =:.aCa(yeR.D,.aRy):. 
[*20°3] =1@ea.d,:ye8.d,.cRy:. 
(*11-62] =i.(@,y):.cea.yeB.d.c2Ryi: D+. Prop 


<— => 
*4067. bi. 8 Cp'Ra.=:cea.yeR. ny. 0Ry:=.aC pRB 
[Proof as in *40°66] 
= vo & 
#4068. bean pt P al PM pi Pa 
Dem. 


<— 
b. #4053. 5b i. wean p Pa. d:mearyea.d,.yPa: 
[*10°26] I:aPriyea.dy.yPa: 
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[*10°24] D:(qz): one 2Yea. Dy. YP2: 
[#40°53.%37°105] D: ce P“pSP“a:. D+. Prop 

This proposition is used in the theory of series (*206:2). 
~ = 

*40°681. F an p’P “aC Pp'P“a [Proof as in *40°68] 

The following proposition is used in *211°56. 
<_ 
*40°682. Fi: qtan p'P“B.D.BC Pa 


Dem. 
F. #4053. 5D: Hp.d:(qz):vearyeB.d,.yPa: 
[*5°31] Di(qz):yeB.dy.cea.yPa: 
[*11°61] I:yeB.Ddy.(qur).vea.yPa. 
[*37°1] Dy ye Pa:. DF. Prop 
. — < 
*40°69. Fi qiC*’Pap'P“a.=.q!P.qip’P“a 
Dem 
<— < 
.¥33°24. #24561. 2b gi C*Pap'Pa.d.q!P.q! piP “a (1) 
— — 
F.*40°62 . ore tana pane COP ape (2) 
t.*40°6. DJhina=A.d:C Pap Pa=CP: 
_ 
[*33°24] Iq! P.D.q!CPap'P“a (8) 
4— 
F.(2).(8) #483. DiGi P.q!p’'P\a.d.qiCPa p'P a (4) 
F.(1).(4). D+. Prop 


/ ap Gomme ; 
The above propositions concerning p‘R“8 and p‘R“8 of course have 
=> 
analogues for s‘R“@ and s‘R“8. But owing to *40-5, these analogues are 
more simply stated as properties of R“8 and R“@. Thus, for example, 
*37°264 is the analogue of *40°67. The above propositions concerning 


> — 
p‘R“B and p‘R“@ will be used in the theory of series, but until we reach 
that stage they will seldom be referred to. 


*407. +. sal “B=2 {(qu,y).vea.yeB.z=a2fPy} 
33 
Dem. 
F .*40°11.*38°3. 5 . 
F »8a2 “B= (ay y)-yeRey=Pya.zey} 
[*38°131] =2 {(qy, 2, y).yeR-y=Pya.vea.z=x Py} 
[13°19] =2{(qau,y).vea.yeB.2=a23y}. D+. Prop 
This proposition is of considerable importance, since it gives a compact 
form for the class of all values of the function «?y obtained by taking x in 
the class a and y in the class 8. Thus, for example, suppose a is the class 
of numbers which are multiples of 3, and @ is the class of numbers which 
are multiples of 5, and # x y represents the arithmetical product of # and Y, 
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then s‘a xB will be the-class of products of multiples of 3 and multiples 


of 5, t.e. the class of multiples of 15. Again suppose a and # are both classes 
of relations; then s ‘a)“B will be all relative products R|S obtained by 


| choosing # in the ings a and S in the class 8. 
*40°71. +. s Pua = (86 e)Zy= 9 y"s"« 


Dem. , 
+. #40°38 .*38°31. Db. 6 Pye =P y"‘s%« 
J 


[*38°2| = (s*k) $ y» Dt. Prop 


The hypothesis R“aCa, which appears in *40°8°81, is one which ies 
an important part at a later stage. In the theory of induction (Part IT, . 
Section E) it characterizes a heréditary class, and in the theory of series it 
characterizes an upper section (when combined with a C C‘R). 


*40'8. bs.a@€ Kegs Ra Ca:D. Re sh C s*« 


F. #87171. D¢::HpsD:.aex.d,:vea.chy.d,y- yea: 
[*11-62] D:.aex. rea. tRy. Dany YEU 
[*40°13] ‘ — Dayay YESS 
[*40°11.%10°23] eae we 8K» tRy « De,y + y € 8K 2 
[*37°171] Ds. RseCsten Dk. Prop 
44081. bieaex-De- Raa: >. R“p'eC px 
Dem. a 
F.487171.Db2:.Hp.Ds:aex. Dd: cea. chy.d.yeas: 
[Exp.Comm] Di aRy.Diaex.Di Lea. DdD.yea:. . . 
[*2°77 ] Di.aex.D.Leaz:DIiaex.D.yea (1) 
FE. (1). *10°11-21:27.D | 


bi. Hp. DiraRy. Diack. D.-TearIiaek- Da. Yeas. 
D:i.c2epe.Dd.yepn: 
[Imp] Di: wep. see D.yepre (2) 
F.(2).*37°171. 35. Prop 


441! THE PRODUCT AND SUM OF A CLASS OF RELATIONS 


Summary. of *41. 

The propositions to be given in this number, down to *41°3 exclusive, are 
the analogues of those of *40, excluding those from *40:°3 onwards, which 
have no analogues. Proofs will not be given, in this number, when they are 
exactly analogous to those of propositions with the same decimal part in #40. 
The smaller importance of pA and 8*A,.as compared with p‘A and sr, is 
illustrated by the smaller number of propositions in #41 as compared with 
+40. ‘ 

_ Our definitions.are 
#4101. pr=29(Rer.Dp-aRy) Df 
#4102, 8X =29{(qR).Rer.cRy} Df | 

Of the propositions preceding *41°3, which are analogues of propositions 
in *40, the only two that are frequently used are 
#4113. +: Rer.D. RESXr 
#41151. b:.6X ES.=:Rer.Dp. RCS 

Of the remaining propositions of this number, which have no analogues 
in *40, the most important are *#41°43°44°45, namely 

DEA=sSDOA, ASr=sAa, ChsHrA=s8'COr, 
These propositions are constantly required in the theory of selections (Part IT, 
Section D) and in relation-arithmetic. Most of the other propositions of this 
number are used only once or not at all. 


#4101. pX=29(Red.Dp.aRy) Df 


#4102. SX =29 {(qR).Rer.xc2Rhy} Df 
#4L1, bi c(prA)y.=:Rer.dR-aRy 


#4111. Fr a(8Ar)y.=.(qR).Rer. chy 
#4112. Fi: Rer.d.prcrR 

#41:13. F:Rer..9.RES8X 

*¥4114. F:Rer.2(pr)y.d.aRy 


44115. bs. SCPX.=:Rer. dp. SCR 
#41151. Fs. 8AEGS.=:Rer.D2.RES 
*41°16. AC pw. Dd. pUEpna - 
#41161. F:ACw. Dd. 8X G Su 


fF 

F 

k 

F 

#41141. F: Rer.aRy. Dd. (sr)y 
L 

F 

F 

F 

#4117. b.prupwep(rA0 p) 
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#41171. 
#41-18. 
¥41-181. 
¥41°19. 
441-2. 
¥41-21. 
41-22. 
4#41-221. 
#4123. 
441-24. 
41-25. 
441-26. 
441-27. 
#413. 


Dem. 


¥41:31. 
*41:32. 
¥*41:33. 
*41°34. 


Dem. 
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80 se = H(A Up) 
pOvn)=prapy 
»8(N Ap) CENA Sp 

sa(Sr)y.=:.Rer.I2. RES: Og. eSy 
rN= A.D. pr=V 
rA=A.>d.8AX=A 
:Aer.D.pra=A 

:VerA.D.sA=V 

rq in. Dd. praGsnr 
WIA: Rer. Dp SCRII.SESEXA 
20 (sd) y.=.q!rn R(eRy) 

i isrA.=.(qR).Rer.qih 

2» PASX=A.=:Rer. 
» Cav“pfr = p*Cnv"r 


F. #31131. 

Fs. y(Cnv*p'r) x. 
[41-1] 

[*31:131] 
[*37°63.*31°13] 
[*41°1] 


th WW WW WW 


b . Cnv‘s' = Cava 

F. Cnv“‘p« = p“Cnv“‘« 
me 

Fe sa} rA=at sr 


Cnv ‘3x = §Cnv““x 


D,-PAR=A 


ta (pn) yt 
i>Rer.rp-xehy: 
:Rer.Dde.y(Cnv'R) a: 
>:PeCnv“r.dp.yPa: 

7y (pfCnv*A) a :. DF. Prop 


[Proof as in *41°3] 
[*41°3 . #37°354] 
[41°31 . *87-354] 


b e411. 488-13. #13195. Db: 2 (sad SrA)y.=:(qGP) ~Per.a(atP)y: 


[*35°1] 
[*10°35] 


[*41-11.%35°1] 
*41°341. F.8*PaSA= (8A) fa [Proof as in *41:34] 
#41342. Fs Par=(S ar) Da 


Dem. 


:(qP).Per.xcea.xPy: 
:wea:(qP).Per.xPy: 
sa2(a}sr)y:. D4. Prop 


oo ill 


b. #3611. xB5-21.DF. 8D aMr= say “Pater 


[41°34] 
[*41°341 ] 
[*36°11] 


=a] (sffPatr) 
=a (sr) Pa 
=($X)Fa.DF. Prop 
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The following proposition is used in *85°22. 
#41:35. |. SMP c= Mf s%x 


_ Dem. 
b. #4111 .488-13. Dba (SU pa) y.=.(qa)-acx.a(Mfa)y. 
[*35°101] =.(qa).acx.yea.aMy. 
[40°11 .*35°101] =.a(Mf s‘x)y:D+. Prop 


4¥41°351. +. 34 M0 = (se). [Proof as in *41:35] 
#414, +. DAC p'DDr 


Dem. 
+. #3313.) 
RiweDPA. =: (qy).2(pry: 
[*41°1] =:.(qy):Rer. dp. cRy:. 
[*11°61] D:.Rer.I2-(qy). cRy:. 
[*33°13] D:.Rer.dz.c€DSR:. 


[*40°41.*33°12] D:. ve p*D“A2: DE. Prop 
*41'41. +. UX Cpa = [Proof as in *41°4] 
*41°42, F.C AC DCA 
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Dem. 
b. #33132 Db. ce CPrX.E3:(qy)ra(prAyy-V-y(pAr) wx: . 
[*41°1] ei(qy): Rer.dp-cRy:vi:Rer.dp.yRa:: 
[*10°41°221] D::(qy) (BR): Rer.D.cRy:v: Rer.d.yRa:: 
[*4°78] Di(qy)2(R): Rer.d:aRy.v.yRarn 
(*11°61] D::(R)i: Rer.d:(qy):aRy.v.yRea: 


[*33°132] ; D:aeCOR:: 
[*40°4:1.%33°122] ve pfOSX::. +. Prop 
#4143. F.DSAX=sDOA 

Dem. 


U 


+. 48318. Dh: ce DSA. =: (gy). v(sr)y: 


[*41-11] =:(qy):(qR).Rer.cRy: 
[*11°23'55] =:(qR): Rer: (qy).aRy: 
[*33°13] =:(qR).Rer.r%eD‘R: 
[*40°4.%33°12] =:x2es°D*X:. D+. Prop 


*41°44, +.d°sA=s'A = [Proof as in *41°43] © 
*41°45. F.CSA=s6COr 
Dem. 
+. #33°16.9b. OA = D&S vv ASX 
[*41°43°44)] =sDOr vu sr 
[40°57] =sC'X. D5. Prop 
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#415. FPA pr peor ty 


Dem. 
F. 4341.9 
F ssan(prl pin) zezse(qy). 2(pr) yy (pie) zt 
[41-1] i =:.(qy):. Per. Dp. aPyi Qeu.Dq-yQzi. 
[¥11°56] =.(qy)s (P,Q): PérA.D.2Py: Qe. d.yQz:. 
[*11°37°39] = (ay) (P,Q): Per. Qew.d.ePy, YyQz 3. 
[#1161] :.(P, Q)1 Per. Qeu-D.(qy). Py: Qe». 
[*34:1] 
[*13°191] 2:.¢P,;Q, B&B): Per. Qe € fe R=P} Q ‘ 5 ~tRz:. 
(*11°21°35] ‘D:.(R): (GP, Q).Per-Qep-R=P/Q.9.a2Rz: 
[%40°7 ] 3:.(R): Rk a 26 eRe. 
[#401] wd te (pisr] 64) 223. +. Prop. 

#4151. 1.8 |su= Ss" | ‘uu 
+ #841 


hana (| sp)z. =r. (qy) ae (SA) y-y (Se) 22 


[*42-11] =2.(qy)1-(qP)..P er. aPy :(qQ).Qen-yQz: 
[11°54] =:.(qy):-(GP, Q): Per.aPy.Qem.yQz:- 
(1 1:24°27] =:.(qP, Q):.(qy).Per.2Py.Qew.yQz:. 


[#10°35] =:.(qP, Q):. Per. Qem: (ay). 2Py.yQz:. 


 [KB841] =:.(qP, Q): Pera. Qep-a(P|Q)z:. 

. [#13195] =:(qP,Q,R).Per.Qeu.R=P|Q. eRe. 
[*11:24.%40°7] =:.(qh). Be sry hz: 

-[a4011] =r. x (8 sth |My) 2s D+. Prop 


The above proposition, hich is used in *92°31, states that, if’ and yw are 
-classes of relations, the relative product of the relational sum of) and the 
relational:sum of y is the relational sum of all the relative products formed 
_ of a member of X and a member of p. 


The following proposition is used in *96°111. 
¥4152. b:.a18XCQ.=:Per.Dp.a]TPEQ 


Dem. 
b..#3D'L e4h-11 2.9 
beraéAGQ.=2c0a:(qP).Per.ePy: zy wy 
[*10°35°23] =t.mea.Per.2Py.Dpry  tQYy? 
[*35°1] =2Per.2 (a P)y «Dewy FQYt 


f* 4-62] =:PerX.Dp.a{PEQ2z ot. Prop 
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The following proposition is used in #162°32 and in #166°461. 
#416. bs. yeR8.d,.Py=Qyu Ry:3.#P“B=KQO“Bu seR“B 
Dem. 
b.¥37°6..%1421 . #4111. ¥13°195.5 
t:: Hp.D:.u(&P*8)v.=:(qy) ye B.u(Py)v: 


{Hp} =:(qy)-yeR-u(Qyu Ry)uz 
[*23-34.%10°42] =:(qy).yeR-u(Qy)v.v.(qy)-yeB.u(Ry)o: 
| [*37°6.%41°11] = 


:u (8° Q“B)v.v.u(s RS) v2: D+. Prop 


#42. MISCELLANEOUS PROPOSITIONS 


Summary of *42. 


The present number contains various propositions concerning products and 
sums of classes. They are concerned chiefly with classes of classes of classes, 
or with relations of relations of relations. These are required respectively in 
cardinal and in ordinal arithmetic. Thus *42°1 is used in *112 and *113, 
which are concerned with cardinal addition and multiplication, while *42°12°2 
are used in *160 and *162, which are concerned with ordinal addition. *42°22, 
though not explicitly referred to, is useful in facilitating the comprehension of | 
propositions on series of series of series, or rather on relations between relations 
between relations, which are required in connection with the associative law 
of multiplication in relation-arithmetic. 


#421. |. 8's =s*s‘k 

Here « must, for significance, be a class of classes of classes. The proposi- 
tion states that if we take each member, a, of «, and form s‘a, and then form 
the sum of all the classes so obtained, the result is the same as if we form the 
sum of the sum of «. This is the associative law for s, and is (as will appear 
later) the source of the associative law of addition in cardinal arithmetic. The 
way in which this proposition comes to be the associative law for s may be 
seen as follows: Suppose « consists of two classes, a and 8; suppose a in turn 
consists of the two classes & and n, and f of the two classes &’ and 7’. Then 
sa=Fun.sB=FE un’. (This will be proved later.) Thus s‘‘« has two 
members, one of which is uv 7, while the other is & v7’. Thus 

s‘sn=(Eun)u(E v7). 
But s‘< has four members, namely &, 7, &, 7’. Thus s‘se=Eunu Eun. 
Thus our proposition leads to 
(Funny (Eun )=Evqu fun, 

which is obviously a case of the associative law. 

Our proposition states the associative law generally, including the case 
where the number of brackets, or of summands in any bracket, is infinite. 
The proof is as follows. 


Dem. 
t.#40°4. Db sr resis. =i. (Ga).aex.resa:. 
[*40°11] =:.(qa):aen: (qb). Eca.vek:. 
[*11°6]} =:.(q&):.(qa).aex.Eearxe€:. 
[*40°11] 1. (q&).Eeste.vek:. 


ii ill 


[*40°11] 3. ve ss‘ 2: DE. Prop 
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#4211. |. p*p «= p‘s*« 
Dem. . 
b.*40°'41 Db. cep sp «.=i: Bex. dg cep'B: 


[40°11 1-62] =:Pex.yeB-dg,y-vey? 
[*11°2.*10°23]} =:(qBh).Bex.yeB.O,.xLey: 
[*40°11] =Hryese.D,. rey? 

[*40°1] =:xep‘s‘x:.+. Prop 


This is the associative law for products. Supposing again, for illustration, 
that « consists of the two classes a, 8, while a consists of the two classes &, 
and 8 of the two classes £’, 7’, then px consists of the two classes £ a y and 
E’ nn’, so that p*p«=(Enn) a (i n7), while p’se=Engn& an’. Thus 
our Proposition becomes 

(Enn)a(Ean)=Eangn’ ar. 

A descriptive function R‘« whose arguments are classes or classes of classes 

may be said to obey the associative law provided 
RR“ «= R6s‘x. 

This equation may be interpreted as follows: Given a class a, divide it 
into any number of subordinate classes, so that no member is left out, though . 
one member may belong to two or more classes. Let the classes into which 
a is divided make up the class «, so that « is a class of classes, and s‘« =a. 
Then the above equation asserts that if we first form the &’s of the various 
sub-classes of a, and then the R of the resulting class, the result is the same 
as if we formed the R of a directly. 


In some cases—for example, that of arithmetical addition of cardinals— 
the above equation holds only when no two members of « have a common 
term, z.e. when the parts into which a is divided are mutually exclusive. 

For a descriptive function whose arguments are relations of relations, we 
shall find another form for the associative law; this form plays in ordinal 
arithmetic a part analogous to that played by the above form in cardinal 
arithmetic. _ 


#42712, |. 888A = 85D 


Dem. 
Fiae4l Il. DE sa (ssr)y.=.(qp)- mer. x(sp)y. 
[e41-11] =.(qu,P).mer.Pep.aPy. 
[*40°11] =.(qP).Pesr.aPy. 
[41°11] =.x(8s‘r) ys DF. Prop 
¥42:13. |. pp rA=pfsr 
Dem. 


bel Dh rea (PP rA)y. Sted. Dew (Pu)y! 
[%41°1] ser.Rep. ye chy: 
R&WI . 21 


Hl 


322 MATHEMATICAL LOGIC [PART I 
[1 1:2.410°23] 7(qu)- mer. Rew.dp.rhy: 
[*40°11] . >:Resr.dp-xcRy: 

[*41-1] =:a(pfsr)y:. IF. Prop 


a 
#422, +. C8HCSP=s'C8COSP = FMOSP = FSP 


This proposition assumes that P is a relation between relations. For 
example, suppose we have a series of series, whose generating relations are 
ordered by the relation P. Then C*P is the class of these generating relations; 
§C*P is the relation “one or other of the generating relations which compose 
CP,” and C‘s‘C“P is the class of all the terms occurring in any of the series. 
C“C*P is the fields of the various series, and s‘C*‘C*P is again all the terms 
occurring in any of the series. ane is all the terms belonging to fields of 


series which are members of (*P, and FP ‘P is all members of fields of members 
of the field of P; each of these again is all the terms occurring in any of the 
series. The proof is as follows: 


Dem. 
| bead 45. DE. OGOP = 8'OOP (1) 
b 40°56. Db. sO“ OP = FHOKP (2) 
b.x335. DELFEOP = PeRep 
[437-38] = FP (3) 


+. (1).(2).(3). d+. Prop 


The following propositions apply to a relation of relations of relations. 
These propositions are useful for proving associative laws in ordinal arith- 
metic, since these laws deal with series of series of series, and series of series 
of series are most simply constituted by supposing the generating relations of 
the constituent series to be ordered by relations which are themselves ordered 
by a relation P. 


#4221. k, sO OOP = CSCO OOP = OOS OP = O88 FOP = cise ‘P 


Dem. 
Fk. *40°38. Dk. sf C8! ON OP = 08 36O OP (1) 


F.(1). 4422.56. Prop 
44222. +. 8§s6OOCCOP = 860% 86COOP = 86 CK OSS OP 
= O%s6C*SSO8P = s§C*ePpeceP 
| — — 
= POC PEC P — FC P26P — FeeP 
[*42°21 . 41°45 . 40°56 . 442'2 . *37°3] 
If P, in the above proposition, is a relation which generates a series of 


series of series, the above gives various forms for the class of ultimate terms 
of these series. Thus suppose Qe C*P; then Q is a relation between generating 
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relations of series. If now ReC*Q, R is the generating relation of a series 
which we may regard as composed of individuals. The class of individuals so 
obtainable may be expressed in any of the above forms, as well as in others 
which are not given above. 


—> 
#423. b. ss Ra=s'R“a 
Dem. 
— > 
F.#421.9+ 28's Re a= 3's! Ra 
[*40°5 ] =s‘Ra.d. Prop 


<— vo 
#42°31, + .s's*R“a=sR“a [Proof as in *42°3] 


21-2 


*43. THE RELATIONS OF A RELATIVE PRODUCT 
TO ITS FACTORS 

Summary of *43. 
The purpose of the present number is to give certain propositions on the 
relation which holds between P and Q whenever P=Q|R, or whenever 
P=R|Q, or whenever P= R|Q|S, where FR and S are fixed. In virtue of 
the general definitions of *38, these relations are respectively | R, R|, and 
(R|)|(|.8). Such relations are of great utility both in cardinal and in ordinal 
arithmetic; they are also much used in the theory of induction (Part H, 
Section E). In place of the notation (R|)|(|S8), which is cambrous, we adopt 
the more compact notation R||S. If isa class of relations, R |**X will be the 
class of relations R| P where Pex, | RA will be the class of relations P| R 
where Pea, and (R||.S)X will be the class of relations R|P|S where Pen. 
These classes of relations are often required in subsequent work. 

In virtue of our definitions, we have 
#43°112. F .(#|| S)\Q=R|Q|S 

The propositions most used in the present number (except such as merely 
embody definitions) are the following: 


#43302. F.(P).Ped(R||S) 
x43-411. +. ROOD =O] ROO 
#43421. F.8*| RSA =(8A)|R 
The remaining propositions are used seldom, but their uses, when they are 
used, are important. 


*43°01. R||S=(R\)\(|S) Df 
At a later stage (in *150) we shall introduce a simpler notation for the 
special case of R||R. The following propositions are for the most part. 


immediate consequences of the definitions, and proofs are therefore usually 
omitted. | | 
4431. F:P(R)Q.=.P=R/Q 
*43°101. F: P(|R)Q.=-P=Q|f . 
#43102. : P(R|S)Q.=-.-P=R|Q|S 
#4311. |. R|Q=R|Q 

#43111. F.| RQ=Q|R 

#43112. + .(R||S)\Q=R|Q|S 

#4312, +. E!R|‘Q 
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443-121. F.E!| BQ 
443-122. b. E1(B|| SQ 


443°2. 


Dem. 
bt. #431. Db: LD ((R|)|(8|)} 2. 
[*13°195.%34°21] 


F. 


(Bl)|(S!)=(R]S)| 
(qM).L=R\|M.M=8|N. 
.L=R|S|N. 


Wo Wl 


[*43°1] .L{(R|8)|} VN: D+. Prop 
¥43:201. F .(| R)| (|S) =| (S| &) [Proof as in *43°2] 
¥43°202. + «(| R)| (S|) =(S})|(| 2) =SR [Proof as in #43°2] 
#4321. + .(P\|Q)|(B|)=(P| BI 
x43-211. +. (R)|(PI|Q) =(BIP)|Q 
#43°212. + .(P||Q)|(|B)=P||(21 @). 

443:213. | . (| R)|(P||Q)=P|1(@| #) 

44322, +.(P||Q)\(Rl|S)=(P| BGS 

#433. +.(P).Pe(‘R| [#4312 .*33°43] 

#43301. | .(P). Ped Rk 

443302. t .(P). Pe (RI §) 

#4331. +.PPASR|= PP CR|=P 

Dem. 

F . 44312 .*33-431. DF. U*PCA‘R| (1) 
[*33°161] DF. asPCOR| (2) 
t.(1).(2). *35°452.F . Prop 

*43°311. +. PP d'|R=PfC'|R=P 

#*43°312. F. PPA(R||S)=PPC(R||S)=P 

44334. /.R|‘R=|R‘R= FR [4311-111] 

4434. +. R“D‘P=D‘R|‘P — [*37-32.443'1] 

443-401. b. ROU'P=C*| RP [487-32. 443-101] 

43°41. +. R“DSX=D“R| RX [43-4 #387355] 

#43411. F. ROX = | ROX [43-401 . #37355] 

43°42, +. 8R| X= RI] Sr 

Dem. 

F.x4)11. x87]. ¥43°1 29 
Fi. a(SR|A)z.2:(q7).Ter.2(R\T)z: 
[*341] =:(q7):Ter:(qy).cRy.yTz: 
[*11-6] =:(qy):¢Ry:(q7T).Ter.yTz: 


[*41-11 . #341] :0(R| sr) z:.F. Prop 
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#43°421, +. 8°) RA =(8A)!R [Proof as in *43°42] 
*43°43.  F .8( RII S)A=(RI S)r 


Dem 
b .*37°33.5+.8( RI] S)"r = sR | | Sér 
[*43°42] = h| (8) S&X) 
[*43°421] = Rj sr| 8 
[*43°112] = (R||S)87. D4. Prop 


#4348, F:D*PCa.3.Q|‘P=(Qfa)|*P [35-481] 
443481. + :(°PC8.5.| R'P=|(81 RP [*35°48] 
*43°49. Fs sDOXCa.d.(Q|)PrA=((Qfa)|}pa 


b.*4043.3b:.Hp.d:Per..3.D‘PCa. 
[#43'48] >. Q/fP= {QP a) |}P (1) 
F.(1).*35°71.5+. Prop 
*43°'491. F:sACB.D.(|R)PA={\(B1 RPA [Proof as in #43°49] 
435. F:DSPCa.d*PCB.5.(Q|| RP = {(Qfa)||(81 RP 
[*35-48-481 . *43-112] 7 
¥43°51. £:s‘DSXCa.sSUAC B.D (QI R)PA={(QPa||(A1R)} fa 
Dem. 
t.*40°43.5+:.Hp.d:Per..>d.D‘PCa.d*PCB. 
[#43°5] | 2-(Q| By P={(Qfa)||\(81R)}P (1) 
F.(1).*35°71. +. Prop 
The above proposition is used in the proof of *74°773. 


PART II 


PROLEGOMENA TO CARDINAL ARITHMETIC 


SUMMARY OF PART. II 


THE objects to be studied in this Part are not sharply distinguished from 
those studied in Part I. The difference is one of degree, the objects in this 
Part being of somewhat less general importance than those of Part I, and 
being studied more on account of their bearing on cardinal arithmetic than 
on their own account. Although cardinal arithmetic is the goal which 
determines our course in Part IT, all the objects studied will be found to be 
also required in ordinal arithmetic and the theory of series. As this Part 
advances, the approach to cardinal arithmetic becomes gradually more marked, 
until at last nothing is lacking sae the definition of cardinal numbers, with 
which Part IIT opens. 


Section A of this Part deals with unit classes and couples. A wnit class 
is the class of terms identical with a given term, we. the class whose only 
member is the given term. (As explained i in the Introduction, Chapter ITI, 
pp. 76 to 79, the class whose only member is x is not identical with «.) We 
define 1 as the class of all unit classes, leaving it to Part III to show that 1, 
so defined, is a cardinal number. In like manner, we define a (cardinal or 
ordinal) couple, and then define 2 as the class of all couples. The propositions 
on couples will not be much referred to in the remainder of the present Part, 
since their use belongs chiefly to arithmetic (Parts III and IV). On the other 
hand, the properties of unit classes are constantly required in Sections C, D, E 
of this Part. 


Section B deals, first, with the class of sub-classes of a given class, 1.e. of 
classes contained in a given class. The sub-classes of a given class are often 
important in arithmetic. Next we consider the class of sub-relations of a 
given relation, i.e. relations contained in a given relation.. The propositions 
on this subject are analogous to those on sub-classes, but less important. 
Next we consider the question of “relative types,” 7.¢. taking any object x, and - 
calling its type ¢‘x, we give a notation for expressing in terms of ¢‘x the type 
of classes of which z is a member, or of relations in which « may be either 
referent or relatum, and so on. The notations introduced in this connection 
are very useful in arithmetic, especially in connection with existence-theorems. 
But the propositions of Section B are very seldom required in the later sections 
of the present Part. 


Section C, which deals with one-many, many-one and one-one relations, 
is very important, and is constantly relevant in the sequel. A relation is 
one-many when no term has more than one referent, many-one if no term has 
more than one relatum, and one-one if it is both one-many and many-one. 
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In this section, we define the notion of similarity, upon which all cardinal 
arithmetic is based: two classes are said to be similar when there is a one-one 
relation whose domain is the one and whose converse domain is the other. 
We prove the elementary properties of similarity, including the Schroder- 
Bernstein theorem, namely: If a is similar to part of 8, and @ is similar to 
part of a, then a is similar to 8. 


Section D deals with the notion of selections, upon which both cardinal 
and ordinal multiplication are. based. A selection from a set of classes is 
a class consisting of one member from each class of the set. Thus a selective 
relation R may be defined as one which, for a given class of classes «, makes 
R‘a a member of a whenever a is a member of «. More exactly, a selective 
relation for a class of classes « is one which is one-many, which has « for its 
converse domain, and is such that, if «Ra, then wea. Such a relation may 
be called an e-selector from x. More generally, we may define a P-selector 
from « as a relation which is one-many, which has « for its converse domain, 
and which is contained in P. The theory of selectors is very important in 
arithmetic. But until we come to cardinal multiplication in Part III, Section B, 
the propositions of this fourth section will seldom be relevant. 


Section E deals with mathematical induction, not in the special form in 
which it applies to finite integers (this is considered in Part ITI, Section ©), 
but in a general form in which it applies to alk relations. The propositions 
of this section are of very great importance, primarily in the theory of finite 
and infinite (Part ITI, Section C, and Part V, Section E), but also in many 
other subjects, and especially in the derivation of series from one-many, 
many-one or one-one relations—for example, in ordering the “rational” points 
of a projective space by means of successive constructions of harmonic points, 
The ideas involved in this section are somewhat complicated, and we must 
refer the reader to the section itself for an account of them. 


SECTION A 
UNIT CLASSES AND COUPLES 


Summary of Section A. 


In this section we begin (*50) by introducing a notation for the relation 
of identity, as opposed to the function “x=y”; that is, calling the relation of 
identity J, we put 

| TGs) Df. 
The purpose of this cchnition 4 is chiefly convenience of notation. The 


definition enables us to speak of ‘A Dé I, [| R,a1Z, Ia, etc., which we could 
not otherwise do. 


At the same time we introduce diversity, which is defined as the negation 
of identity, and denoted by the letter J. The properties of J and J result 
immediately from +13, since 

vly.=.a2=y. 

We next introduce a very important notation, due to Peano, for the class 
whose only member is x. If we took a strictly and purely extensional view of 
classes, we should naturally suppose this class to be identical with z. But in 
view of the theory of classes explained in *20, it is plain that 2 can never be 
identical with a class of which it is a member, even when it is the only member 
of that class. Peano uses the notation “tx” for the class whose only member 
is 2; we shall alter this to “t‘x,” following our general notation for descriptive 
fanchond Thus we are to have 


_> 
ax=%(y=2)= 9 (y[a2) = Ix, 
Hence we take as our definition 
—> 
t=I Def, 
since this definition gives the desired value of 1‘. The properties of ¢ are 
many and important. 


ww : 
It is important to observe that “t‘a” means “the only member of a.” Thus 
it exists when, and only when, a has one member and no more, in which case 


ais of the form t‘a, if xis its only member. Thus “t‘a” means the same as 
“(1z) (wea),” and “12 (pz)” means the same as “(2x”) (da).” What we call 
“tfa” is denoted, in Peano’s notation, by “1a.” 

Classes of the form t‘x are called unit classes, and the class of all such 
classes is called 1. This is the cardinal number 1, according to the definition 
of cardinal numbers which will be given in *100. The properties of 1, so far 


as they do not depend upon other cardinals, or upon the fact that 1 is a 
cardinal, will be studied in *52. 
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After a number (#53) containing various propositions involving 1 or t, we 
pass to the consideration of cardinal couples (#54) and ordinal couples (#55). 
A cardinal couple is a class u‘x uv u‘y, where a+y. The class of such couples 
is defined as 2, and will be shown at a later stage (#101) to be a cardinal 
number. An ordinal couple, which, unlike a cardinal couple, involves an order 
_as between its members, is defined as a relation ux f ly (cf. *35°04), where 
we may either add «+ y or not. The properties of ordinal couples are in part 
analogous to those of unit classes, in part to those of cardinal couples. In *56, 
we define the ordinal number 2 (which we denote by 2,, to distinguish it from 
the cardinal 2) as the class of all ordinal couples u‘x f t‘y, where «+ y. It will 
be shown at a later stage that this is an ordinal number according to our 
definition of ordinal numbers (#153 and *251). 


«50°61. 


*50. IDENTITY AND DIVERSITY AS RELATIONS — 


Summary of *50. 
The purpose of the present number is primarily notational. For notational 
reasons, we must be able to express identity and diversity as relations, and not 


merely as propositional functions, t.e. we require a notation for 29 («= y) and 


£9 (x+y). We therefore put 
9 (a+ y) P 1=09(e=4) Df. 
J=+I Df. 

In spite of the fact that diversity is merely the negation of identity, the 
kinds of propositions that employ diversity are quite different from the kinds 
that employ identity. Identity as a relation is required, to begin with, in the 
theory of unit classes, which is our reason for treating of it at this stage. It 
is next required, constantly, in the theory of mathematical induction (Part IT, 
Section E). It is required also in showing that cardinal and ordinal similarity 
are reflexive. These are its principal uses. 


Diversity, on the other hand, is required almost exclusively in the theory 
of series (Part V), and the first number in that theory will be devoted to 
diversity. Until that stage, diversity will seldom be referred to, with one 


important exception, namely in proving the associative law of multiplication 
in relation-arithmetic (#174). 


The most important propositions on identity in the present number are the 
following: 


*5016. +. I“a=a 

#504. +-+.R|\I=I|R=R 

#505. | .a],l=Ifa=a4,lfa 

t. Cnv(a4I)=a4l 

*50'52. |. D (a4 l)=U(a I) =C(a{ D=a 
«5062. :C‘RCa.Dd.R|(Ifa)=R 
*5063. £:D‘RCa.d.Ifal|R=R 


The most important propositions: on diversity in the present number are 
the following: 


460238. bi: RGJ.s.RGS 
*50°24. -:RCJ.=.(@).~ («Rz) 
45043. Kk: R?°GJ.=.RAR=A 
f 
F 


#5045. $:R°GJ.3.RET 
#6047, +:.R?EGCR.D:REJ.=.R9CJ.=.RAR=A 
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It will be observed that all these propositions are concerned with R GJ or 
R? GJ, both of which are satisfied if R is a serial relation. The hypothesis 


R?¢ Jor RAR=A characterizes an asymmetrical relation, 1.e. one which, if 
it holds between « and y, cannot hold between y and z. 


*5002. J=+T1 Df 
Most of the propositions of this number are obvious, and call ‘for no 
comment. 


aly.=.c=y [#213 .(*5001)] 


*50'1. + 
“5011. FsaJy.=.a+y [23°35 .*50'1 . (*50°02)] 
*5012. +. S=29(a@4+y) [50°11 . 21°33] 
#5013. bi. tl [#13°19 . 10°24-281 . *50°1] 
*5014. F.I%y=y (*30°3 .%50°1 . *10°11] 
*50°15. |. (y).Ellty [50°14 . 14°21 . *10°11] 
*50°16. |+.[“a=a 
Dem. 
b.e871. 3b: celI“a.=.(qy).yea.aly. 
[*50°1 |  =.(qy)-yea.r=y. 
[*13-195] =.2ea:D+. Prop 
*5017. F:.2¢a.9,.R@=a:3.R“a=a 
Dem. 
b.*1421.3+:Hp.>. EN R“a (1) 
F.*5014.5+:.Hp.d:vea.d,.Ra=Ia: 
[*37°69.(1)] 2: Ra=Iar 
[%*50°16] >: R“a=a:. d+. Prop 
4502. F.T=I 
Dem. 
b.*501. Db:aly.=.2=y. 
[*13°16] =.y=2. 
[*50°1] =.yle. 
[*31-11] =. aly : D+. Prop 
45021. b.J=J 
Dem oe 
b .*21-2.(*50°02). +. J=27 (1) 
[*50°2.%23'83] ys 
[*31°16] = Cnv‘+ J 


[(1).431°32] J. Db, Prop 
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#5022. t:RGI.=.RGI [431-4.%*502] 
#6023. k:RGJ.=.RGJ [#31-4. 45021] 
#5024. +: RGJ.=.(«#).~(eRz) 

Dem. 


H 


lit 


F.x501L. Db: RGJ.=:aRy.dzy-04y: 
[Transp] =Hiev=y.Iey-~(eRy): 
[*13-191] =:(x).~(eRe):. D+. Prop 


*50°3. -+.(#).alx ([*50°1. 13°15] 
#5031. -.DJ=V.da‘T=V 
Dem. 
F. #503 #1024. Db. (x): (qy).aly:. (2): (qy).yla:. 
[*33°13°131] Dk:(@).c2e DT: (2). xed: 
[*24-14] IF.D'J=V.d7=V.5+t. Prop 
_ *6032. F.C =V_ [5031 . *33°16 . *24-27] 


#5033. F:qiJ.3.DJ=V.daJ=V.CJ=V 


Dem. 
. F.*13-171. Transp. Jti.y+z.diaty.viate:. 

[*50°11] Dh:.yJz.Ddiady.v.ade: 
[33:14] D:aeDVT (1) 
F.(1). #111135. DkiqiJ.d.c2eDU: 
[*10°11:21] IrigqiJ.d.(z).c®eDVU. 
[*24°14] >.DJ=V (2) 
F.(2).*50°21. 5+. Prop a 


In the above proposition (#50°33), the hypothesis 4!J is equivalent to 
the hypothesis that more than one object exists of the type in question. This 
can be proved for all except the lowest type. For the lowest type, we can 
only prove the existence of at least one object: this is proved in *24°52. For 
the next type, we can prove the existence of at least two objects, namely A 
and V; these are distinct, by #241. For the next type, we can prove the 
existence of 2? objects; for the next, 2‘, etc. But for the class of individuals 
we cannot prove, from our primitive propositions, that there is more than 
one object in the universe, and therefore we cannot prove q!J. We might, 
of course, have included among our primitive propositions the assumption 
that more than one individual exists, or some assumption from which this 
would follow, such as . 

(AG, % y)-Pla.rgly. 
But very few of the propositions which we might wish to prove depend upon 
this assumption, and we have therefore excluded it. It should be observed 
that many philosophers, being monists, deny this assumption. 
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*5034. big! JE Cls 


Dem. 
+. 20°41 . *22°38 . (*24°01:02). DE. A, VeCls. 
[*24°1] | DF. A+V.A, VeCls. 
[#36°13.%50°11] DF. A{JE Cls} V. 
[*10°24] D+. Prop 


*50°35. +.q!J[ Rel [Proof as in #5034] 
*504. +-.R|I=I|R=R 


' Dem. 
b.n841.Db:¢(R|D)2.=.(qy)-cRy.ylz. 
[*50°1] =.(qy).cRy.y=z. 
[*13°195] =.«Rz (1) 
b.341.Db:a(1|R)z.=.(qy)-aly.yRz. 
[*50°1] =.(qy).v2=y.yRz. 
[*13°195] =.2£Rz (2) 
F.(1).(2). DF. Prop 
45041. t:R|PGJ.=2.R|PCJ.=.RAP=A 
Dem. . 
b.*341.45011.3b:.R|PGCJ.=:(qy)-cRy.yP2.92,2.0F2% 
[*13°196] =:(a):~(qy).cRy.yPa: 
[*10°252] =:~(qa,y). cRy.yPa: 
[*31°11] =i~(qa,y).cRy.cPy: 
[*23°33.%*25°51] =:RAP=A: (1) 
[4311424] =:RAP=A: 
BP =:RiCav'P GJ: 
|| =:R|Cov'P CJ: 
[*34°203] =:R|PCJ ! (2) 
F.(1).(2). +. Prop 
46042... [2=I 
Dem. 
b.x845. Db :al2z.=.(qy).aly.ylz. 
[{*50°1] =.(qy)-aly.y=2z. 
[*13°195] =.aIz:D3+. Prop 


*50°43. Ft: R?GCJ.=. Ra R =A | w50-41 >| 


This proposition is useful in the theory of series. “RAR= A” is the 
characteristic of an asymmetrical relation. 


SECTION A] IDENTITY AND DIVERSITY AS RELATIONS 337 


*5044. big !(RAI).>.ql(RAL) 


Dem. 
F,#*23°33. 4501. >big i(RaAl).=.(qa,y).cRhy.a=y. 
[*13°195] =.(qz). eRe. 
[*3454] D.(qz).cRx. 
[*13°195] D.(qa,y).chy.c=y. 
[*2333.450°1] >.q!(R2A1):Dk. Prop 


*50°45. +: RGJ.O.RGCS [*50°44. Transp . *25°311] 
45046. +: RAR=A.D.RGJ [50-43-45] 
45047. bi. RG@R.D:REJ.2.RCJ.2.RAR=A 
Dem. . 
b. #2344. 5F:.Hp.O:RECJ.D.RES (1) 
F. (1). *50°45°43. 55. Prop ; 
This proposition is used in the theory of series. If R is a serial relation, 
we shall have R?¢ # and RGJ. 


*505. +.all=Ifa=a]lfa 


Dem. 


F.*85'1. DE:a(atl)y.=.vea.aly. 


[*50°1] =.LEa.L=Y. 

[*13°193] =.YEa.U=y. 

[*50°1] =.aly.yea. 

[*35-101] =.x2(Ifa)y (1) 
F.(1).*235.5DF.a4l =alfaAlfa 

[*35-11] =a|Ifa (2) 
F.(1).(2). D+. Prop 


4501. F.Cnv(aZ)=a4l [435-51 . 450-25] 
45052. +. D(a4I)=C(a4)=Ca4l) =a 


Dem. 
F.#*35°61.3+. Dat l)=an DT 
[%50°31] =anV 
[*24-26] =a (1) 
Similarly +.d(a]l)=a (2) 


F.(1). (2). «33°18. 5+. Prop 
*50°53. F.adI [> RB=(an8)]I[=If (an) 


Dem. : 
F.*35°21.%50°5. Db. at lf B=a4(81Z) 
[*35°32] =(an B)1I (1) 
F.(1).*50°5. D+. Prop 


R&W I 22 
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*50'54. F.(a]l=atl 
Dem. 


[*35°12] 


[%50-42] 
[%50°5] 


b.x50°5. DE. (a4 T= (a4 D)| (pa) 


=a l’fa 
=allfa 
=a]. . Prop 


*5055. bran B=A.=.aT BCS 


F.*24°37 .*50°711. 9 
reea.yeB.Ddgy Ly: 
raf BES:z OF. Prop 


*5056. Eiqi(an#).=.ql{af Bal} 


FranB=A. 
[*35°103] 


+ .*50°55 . Transp . *24°54.9 


Fiqi(an®B). 
[*25°55] 


[*23'831.(450°02)] 


~rf{af BC}. 
iat Aad. 
-Al{aaT BAL}: a+. Prop 


«5057. b.lAa|R=1ARfa=lAalRfa 


Dem. 


b.435516. DF. LAa|R=a1laR 


[*50°5] 
[*35°17] 
[*50°5] 
[*35°16°17°21] 


=IfaaAR 
=IARfa 
=a|lftaAkR 
=IAa|Rfa 


F.(1).(2). 35. Prop 
«5058. Fia{RGJ.=.RfaCJ.=.a]Rfacl 


Dem. 


[PART II 


(1) 
(2) 


+.x5057.Db:lJAa{R=A.s.1ARfa=A.=.l[Aa{Rfa=A (1) 


F.(1).*50°41. 55. Prop 
*50°59. +. fa)“B=anB 
Dem. 


+. 437-412. DF. (pf a)“B=I(an 8) 


[*50°16] 
*506. +-.Ri\Ufa=Rfa 
Dem. 


=anB. DF. Prop 


. 43523. Db. R|(Ipa)=(R|Dfa 


[*50°4] 
«5061. -.[fajR=a1h 
Dem. 


=Rfa. Ot. Prop 


435354. DF. Jf a; R=I\ (a1 R) 


[*%50°4] 


=a|h.O+.Prop 


SECTION A] 


*50°62. 
*50°63. 
*50°64. 
*50°65. 
*50°7. 

*50°71. 
*50°72. 
*50°73. 
*50°74. 


Dem. 


*50°75. 
«50°76. 


Dem. 


*50°761. F: 


2? SB OR PI Se Rr I i 


- 
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:U‘RCa.d.R[(Ifa)=R  —=— [#506 . #35452] 
:D‘RCa.Dd.l[ fal R=R [*50°61 . *35°451] 
~R\(IP GR) =R| (IP OR) =R [#5062 . 22-42 . *33-161] 
IP (D‘R)| R=IP(C!R)|R=R [#5063 . 422-42 . *33°161] 
:>U‘RCa.Dd.R|‘Ifa=R [450°62 . 43°11] 
:D‘RCa.d.|RIfa=R [*50°63 . 43-111] 
WRi(IP CR) =| RIP CR) = RK [50-771] 
.R|‘I=|RI=R [*50°4. 443°11-°111] 
~R\I=R| 

b.*43-112. D4. (RI TQ=Ri QU 

[*50°4] =R|Q 

[443-11] =R|‘Q (1) 


F.(1).*30°41.D5. Prop 


.I||R=|R_ [Proof as in *50°74] 
:Pj=h|.=.P=R 


b.484-27.438041.3F:P=R.9.P\=R| (1) 

+ .#50°73 .430°36. Dt: Pj)=R\.>.P=R (2) 

F.(1).(2). DF. Prop . . 
jP=|R.=.P=R [Proof as in *50°76] 


22-—2 


#51. UNIT CLASSES 
Summary of *51. 


In this number we introduce a new descriptive function U‘e, meaning 
“the class of terms which are identical with x,” which is the same thing as 
“the class whose only member is «.” We are thus to have 


a= 9 (y= 2). 
But 9(y=a2)= T “x, Hence we secure what we require by the following 
definition: 


— 
*5101. c=J Df 


As a matter of notation, it might be thought that J would do as well as t, and 
that this definition is superfluous. But we need also the converse of this 


—_—>, 
relation, and “Cnv‘/” is not a sufficiently convenient symbol. 


The propositions of this number are constantly used in what follows. It 
should be observed that the class whose members are x and y is ta v U‘y, the | 
class whose members are 2, y, z is “a vu Uy v Lz, the class formed by adding 
x to ais av ts, and the class formed by taking # away from aisa—w*, (If 
# ig not a member of a, this is equal to a.) 

The distinction between z and ‘a is one of the merits of Peano’s symbolic 
logic, as well as of Frege’s. On the basis of our theory of classes, the necessity 
for the distinction is of course obvious. But apart from this, the following 
consideration makes the necessity apparent. Let a be a class; then the class 
whose only member is a has only one member, namely a, while a may have 
many members. Hence the class whose only member is a cannot be identical 
with a*. 

The propositions of the present number which are most used are the 
following: 


"5115. Fiyet'e.=.y=2 
*5116. F.vetx 
#512. Fixvea.=.ucCa 
This proposition is useful because it enables us to replace membership of 
a class (7% ea) by inclusion in the class (t‘a C a). 


*51:211. Fi:anrea.=.lana=A 
*51:221. F:vea.=.(a—Ua)ulc=a 


* This argument is due to Frege. See his article “ Kritische Beleuchtung einiger Punkte in 
E. Schréder’s Vorlesungen iiber die Algebra der Logik,” Archiv fiir Syst: Phil., vol. 1. p. 444 
(1895). 
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#51°222. ki:a~nmea.=.a—tw=a 
#5123. bitieatty.=.yela.=.rely.=.£=yY 
#514. -F:qta.aCue.=.a=Ue 
Le. an existent class contained in a unit class must be identical with the 


unit class. From this proposition it will follow that 0 is the only cardinal 
which is less than 1. 
*51:51. bra=e.=.0=Ua.=.0b0 


” 


For classes, ta has the same uses that (77) (@x) has for functions; “t‘a 
means “the only member of a.” We have 


45159. bs [e9 (bz)} . =» (a2) (2) 


——p 
*5101. v=I Df 
wD. bale. =.a=9(y=2) 


Dem. 
F422. (#5101). Db saz... alin. 
[*32°1] =.a=9(ylz). 
[*50°1] =.a=9(y=x): I+. Prop 
#5111. F.te=9(y=2) [*30°3 . *51°1]} 
#5112. F. Ele [¥5 1°11 .*14-21] 
*5113. F:a=Ur%.=.a=9(y=2) [*20°57-2 .*51-11] 
#51131" F:aiz.=.a=Ua [¥51°1:13] 
#5114. bFrea=t'e.=:yea.s,.y=a [#5113 . *2033] 
#51141. br.a=te.erqlaryea. Dy. YH=Ur=ivear yea. dy yee 
[*51°14 . *14-122] 
#5115. Fiyet'a.=.y=2 [*51°11 . *20°33] 
#5116. F.veea [*51°15 .*13°15] 
*51:161. fF. qlufe [*51°16 . *10°24] 
*5117. |.da=V. 
Dem. 
F. #511. *202.5F .{F(y=x) ta. 
[*10°24] Dk .(qa). ale. 
[*33°131] Dt.we Ae. 
{*10°11] Dt .(x). ce Te. 
[*24°14] 2F.dw=V 


The above proposition is used in the theory of selections (*83°71). 
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*51°2. bivea.=.l'aCa 
Dem. 


il 


F.#13 191.3 bi. cea. =1y=2. dy. yea: 
[*51:15] Sryele.Dy»yea: 
[*221] :U'e Cat. Prop 
The above proposition shows how to replace membership of a class by 
inclusion in a class; thus for example it gives: 


Socrates is a man .=. the class of terms identical with Socrates is included 
in the class of men. 


Before Peano and Frege, the relation of membership (e) was regarded as 
merely a particular case of the relation of inclusion (C). For this reason, the 
traditional formal logic treated such propositions as “Socrates is a man” as 
instances of the universal affirmative A, “All S is P,” which is what we 
express by “aC.” This involved a confusion of fundamentally different 
kinds of propositions, which greatly hindered the development and usefulness 
of symbolic logic. But by means of the above proposition (*51°2), we can 
always obtain a proposition stating an inclusion (namely “t‘a Ca”) which is 
equivalent to a given proposition stating membership of a class (namely 
“rea”). 

#5121. F.area—tta 
Dem. 
b. #223335. Db: vea-—Ua.=. Lea. urea. 
[*3°27 ] D.a@rele (1) 
F.(1). Transp. *51:16. 35. Prop 


#51211. Fi: cvnrea.=.lana=A 


Dem. 
F. #2439. Db: Uaena=A.sryel.d,.yrea: 
[#5115] S1y=22.d,.yrea: 
[*13-191] =:a2~ea:.D+. Prop 
#5122. Franti @w=A.avic=B.=.x26B.a=B-Ua 
Dem. 
b 4 *2447.5 
Firant@=A.avle=B8.=.UrCB.a=B-Uaz. 
[*51°2] =.a2¢B.a=B-—t'a: D+. Prop 
#51221. F:veqa.=.(a-—Uae)vuifv=a 
Dem. 
F.x512. Dh: vea.=.lueCa. 
[*22°62 | =.leva=a. 
[*22°91] =.(a—U%)vlae=a:D+. Prop 
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#51:222. bi:a~mea.=.a-—la=a cage cea #24313] 

#51°23. es yeu. =.Dely.S.L=yY 

Dem. 

b.*2031 .#5115.9 
bitealy.Si2=@.=,.-2=Y: 
["l3-183] =Bix=y: (1) 
[#5115] =Sivel*y: (2) 
[(1).*13:16] =:yeu‘« (3) 


P's oa (2).(3).>+. Prop 
#51231. Fs Ufanuy=A.=.0+Y 


Dem. 
F.x24311 Db uaniiy=A.= ile C— ty 
[*51-15] =i2=2.D,.25Y5- 
[*13°191] =:a-+y:.D+. Prop 


#612382. bi.ze(wulty).=iz=a.v.zsy [*2234.%5115] 
This proposition states that a member of t‘x v tty must be either 2 or Y; 
and vice versa, 2.¢. that i‘z uv ’y is the class whose only members are w and ‘y. 
#51233. bi:a=U@vul’'y. Di. (2) Zea. Si z=H.V.z=y 
[*51-232 .*10°11 . *20°18] 
#51234. brrasieu ly. D1.26a.9,.62: 2.60. by 


Dem. 
b.*51-233.Dh::. Hp. Di:zea.D,.g2:S2.2=€.Vi2=YiD,. $22 
[*4°77] =1.(z).2=2.0.62:2=y.). 62%. 
[*10°22] =1.2=0.9,.62:2=y.I,-G25. 
[*13:191] =:.g62.oy1:. +. Prop 
451:°235. Fizaseawvul'y. D3. (qz)-2ea.g2.=1Gr.v. gy 

Dem. 


t.*51°'233.5 


br: Hp. 32. (qz). Zea. fP2.=2(GzZ)12Z=2.V.z=Yyi Ghz: 


[4-4] = 1(qz)iz@=x#.G2.V.2=y. $2: 
[*10°42] =:(qz).2=2.02.V.(qz2).2=y. G2: 
[¥13°195] =:on. v. gy IF. Prop 


#51236. ti. zeteuB.=rz=a.V.zeB [*2234.%51'15] 


#512387. Fi:a=USeu B.D:.(z)i-2ea-=12=2.V.z2€8 
[*51'236 . *10°11 . *20°18] 
#51288. krra=U'auB.di.zea.d,. 62:3: 9@:2€B. Dz. h2 


Dem. 
+ .*51:237.Db::. Hp. Di: zea.d,.62:=2.2=4.vV.26€Bid,.g2% . 
[x47] =:1.(z)1.2=2.9.62:2¢6€8.9.¢2:. 
[*10°22] =12=2.9,.$62:26€8.9,-62:. 


~ [#137191] 7. g@:z2€B.9,.62::. DF. Prop 
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*51-239. F::a=i'wu B.D:.(qz).zea -$2.=: 6 .V.(qz).2€8. bz 


Dem. 
~ -&.*51'237.5 
bi: Hp.3:.(qz).zea.Ge.=:(qz)iz=a2.v.zeBige: 
[44] =:(qz):2=a2.p2.v.2e8.oz: 
[10°42] =i(qz)-2=2.2.vV.{qz).2eB. dz: 
[*13°195] =i gpv.v.(qz).z2e8.g6z2:: +. Prop 
#5124. biutyCueuB.z:y=a.v.yeR 
Dem. 
F .*51'236.5 
birefyCia@uB.=nzely.d.:2=2.V.2eBi 
[*51°15] HnZ=Y.I,:2=2.V.z2€B:. 
[*13°191] Sny=ax.v.yeB:: D+. Prop 


U 


#0125. FiaCuwuB.rrvea.d.aCB [51-211 . *2449] 
"513. Fiyea.y+u.=.yea—la [a51-15. *22°33'35] 


#5131. Fi qlanie.=.UaCa.s.ante=lae.=.rea 


Dem. 
22°33 .k5115. Db iqlanie.=.(qy).yea.y=o. 
[*13°195] =.vea. (1) 
[*51-2] =.uaCa. (2) 
[*22°621] = .Ua=lana (3) 


F.(1).(2).(3).-. Prop 
#5134. Fivea.=.-—aC— le [512.2281] 
45135. biawea.s.teC—a [¥51-2. #2235] 
#5136. bFia~rea.=.aC—Ue [51°35 .*22'811] 
*51°36 is frequently used. 


*51:37. F.a=2(t%a% Ca) [*51°2 . *20°33] 
*514. Fiqla.aCla@.=.a=U@ 
Dem. 


F.#24°5..45115. Db. qla.aCuw.=:(qy).yearyea.Dy.y=a: 
[#14122] DYEA. Sy. Y=X! 
[*51°11.*20°33] :a= le:. +. Prop 

*51401. FreaCiw.=:a=A.v.a=Uu 
Dem. 


F. #514. *5°6. IhiaCiw.dia=A.v.a=t@ (1) 


F.*2412 .%*2242. Db a=A.vi.a=lerd.aCie (2) 
F.(1).(2). 4. Prop 


This proposition shows that unit classes are the smallest existent classes. 
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*5141. bitfeulfy=Urulz.=.y=2 © 


Dem. . 
b.*202.413 138. Db ry=2z.).Uaevly=Ua vu ve ne) 
b.*2258. Db wu ly=Ueuls. Diy Cuacuie.uzcCiavly: 
[*51:16°232 ] DiyHH.VAYH2iZH=HVLZHYy!? 
[#13°16.%4°41 ] DiY=L.Z=H2.V.Y=2: 
[*13°172.%2°621] DIiy=zZ (2) 


F.(1).(2). DF. Prop 
The two following propositions are lemmas for *51°43. 
#5142. Fite ly=Ueulwodie=ZeYHWeViLHW.LY HZ 
Den. 
F .*51°232.9 


Frsovuify=U2ulweS rn G=LiVid= Yt =gid=2.V.a=W 
[*10-1] Di GHLViA HY HL =H=2.V.L=W 

[*13°15] I22=2.V.0=W (1) 
b.*20°2.%*13°13.DF : ev lly =e vow Divevuliy=lavu iw. 
[*51°41] D.y=w (2) 
Similarly Frtaevuiy=leulw.c=Ww.d.y=Z (3) 


F.(1).(2).(8). DF. Prop 
#51421. bi. c= 2. y=w.V.c=wiy=2id.Uaeviy= fe vitw [*51°41] 
#5143. Fifevuitystzulw.Site=Z2.y=WiVi.L HWY =2 
[*51°42°421] 
The following propositions are concerned with 4, te. with the relation of 
the only member of a unit class to that class. If a is a unit class, ia is 1ts 


only member. (2) (px) and ‘2 (pz) are equal whenever either exists, and 
any proposition about the one is equivalent to the same proposition about the 


other. 


wv 


*51°51. bogeqin = yer aecnie 


Dem. 

F.*51131.x3111. oF: ra=Ue.=.0ba (1) 
Ey, Die a.p ko mein esi 

[*51°23.%20°57-2] D.u=y (2) 
b.(2). Exp. #1011. #471. Db :.ta.s:@laryla.Ddya=y: 
[*30°31] =:0=0a (3) 


F.(1).(8). DF. Prop 
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v € 
#51511. Fo ttSc= ox | #5151 a : 202 
v Vv a : 
*51:52. F:E!lia.=.a= Uta | «51°51 ~< ‘ #142118 | 
45153, b:Elia.s.uaca [#515216 . #142118] 


45154. br Elca.s.(qe).asete [#5151. *14204] 
#5155. bi Elea.=.E! (17) (wea) 


Dem. 
bixd5414. 3b Elva. s:(qu)tyea.sy.yaa: 
[x14-11] | =:E!(27)(@ea):. D+. Prop 

45156. b:b=09 (dy). =.9 (by) =U. =.b =(10) (pa) 

Dem. 
b.k51:51. Db 1b = 09 (by). S29 (by) =U: (1) 
[*20°15.%51°11] =:oy.=,.y=b: 
[¥14-202] = 1b = (12) ($2) (2) 
F.(1).(2). DF. Prop 


#5157. -:E! uh (Py).=.- “9 (by) = (1) (px). =. BE! (1x) (pz) 
Dem. 


b. #14204. #5156. DES Ele (py). =. E! (10) (par) (1) 


b #14205 . DF: (12) (x) = 19 (by) = (qb) b= (12) (pa) .b =U (Hy) « 
[*51-56.44°71] - (qb) .b= (10) (par) . 
[¥14-20413] LE! (22) (62) (2) 
F.(1).(2). Dk. Prop 

45158. b:E!ea.=.ca=(1z) (wea) [#5157 . #203. #14272] 


#5159. sap (U2 (h2)} «=. (a2) (pe) [451-56 . 414-205] 


Wot i 


*52. THE CARDINAL NUMBER 1 


Summary of *52. 


In this number, we introduce the cardinal number 1, defined as the class 
of all unit classes. The fact that 1 so defined is a cardinal number is not 
relevant at present, and cannot of course be proved until “cardinal number” 
has been defined. For the present, therefore, 1 is to be regarded simply as 
the class of all unit classes, unit classes being such classes as are of the form 
i“ for some a. 


Like A and_V, 1 is ambiguous as to type: it means “all unit classes of 
the type in question.” The symbol “1 (a),” where a is a type, will mean “all 
unit classes whose sole members belong to the type a” (cf. #65). Thus eg. 
“£1 (Indiv)” will mean “€ is a class consisting of one individual,” if “Indiv” 
stands for the class of individuals. 

The properties of 1 to be proved in the present number are what we may 
call logical as opposed to arithmetical properties, ze. they are not concerned 
with the arithmetical operations (addition, etc.) which can be performed with 
1, but with the relations of 1 to unit classes. The arithmetical properties of 
1 will be considered later, in Part IIT. 

The propositions of the present number which are most used are the 
following: 

#5216. Fir.acel.=iqlaia,yea.dgy-c=yY 

Ie. ais a unit class if, and only if, it is not null, and all its members are 

identical. 
#5222. b.tfvel 
#524 FraclulA.=:4, yea. dgy-k=Y 

We shall define 0 as ‘A. Thus the above proposition states that a class 
has one member or none when, and only when, all its members are identical. 
45241. biqla.avel.=.(qa,y)-@, yea. u+zy 

This proposition is obtainable from *52°4 by transposition, 1.e. by negating 
each side. of the equivalence. 

#5246. bs.a,Bel.DiaCB.=.a=8.=.q!(anB) 

J.e. two unit classes are identical when, and only when, one is contained 

in the other, and when and only when they have a common part. 


*52:01. 1=a{(qr).a=t'x} Df 
#521. Fracl.=.(qr).a=t% [*203.(*52:01)] 
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*52:11. 
*5212. | :2 (oz) e1.=.E! (1x) (px) 


bs.ael.=:(qu):yea.=y.y=a [*52°1.%5114) 


Dem. 
F.x5211. 363.2 (p2)el.=:(qu)i ye? (hz2).=,.y=a! 
— [*20°3] =1(qa): PY -=ys Y=2? 
[14°11] =:E!(1x)($x):. +. Prop 
#56213. -.1=D% - 
Dem. 


— F.#51181. Db a=. =. ale: 
[¥10°11-281] DF: (qav).a=t'e.=.(qr).ate: 


[*52°1] Dk:ael.=.(qu).alzx 

[*33°13] =.aeD%:OF. Prop 
#5214. F.1L=iV [*52°13 . *37°'28] 
#5215. tracl.=.E! t‘a [*51°54. 521] 
#5216. Fi.ael.=a:qia:xv,yea.dp,.e=Yy [%*52°715. #5155 . *14-203] 
#5217. Frael.= a= (2x) (x € a) [*51°58 . *52°15] 
*52171. F:ae1l.=.E!(1x) (rea) [*51°55 . #52715] 
#52172. biael.=.tia=a [#5 152. #5215] 
#52173. tiael.=.taea [451-53 452-15] 
¥5218. Fi.ael.=i(qa)ivearyea. dy. y=" 

Dem. 


F.x51141. 36 :.(qr).a=Ue.=i(qu)ivearyea.dyey=u (1) 


F.(1).*521.D+. Prop 
#52181. bir.anvel.=i:xvea.d,.(qy) yea-y+au [*52°18. #1051] 
*52°2, §-.1CCls 


Dem. 
b.*x521.Db:ae1.3.(quv).a=Ue. 


[*51-11] D.(qz).a=2(z=2). 
[*20°54] >. (qu, o).2(o!2)=2(z=2).a=2(p!2). 
[*10°5] >.(qo)-a=2(gp!z). 
[*20°4] D.aeCls: DF. Prop 
#5221. b. Arnel 
Dem. 


b.*5216.DF:ae1.3..q!1a: 
[*24-63] Dk: Arnel 


#5222. b.tkeel [#5112 1428. «10°24. 52-1] 
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#5223. F.qil.q!i-l 


Dem. 
b.*52°22.%1024. Dt. (qr). Uwel. 
[*20°54] Di .(qz,a)-a=Ue.ael. 
[*10°5] DF .(qa).ael (1) 
b . *#52°21. #2235, 3F.Ae—1. 
[*10°24] DF .(qa).ae—1 (2) 
F.(1).(2). DI. Prop 


#5224. b.14+AnCls.14V aCls [#5223 . 2454. #2417 . Transp] 


#523. -.t“aCl 


Dem. 
F #5222 . «2°02. Dkiyea.Dd.tyel: 


[*51°12.*10°11.*%37°61] DF. ua C1 
#5231. Fix Cl.=.(qa).«= Ua 


Dem. 
b.*5214.3DFreCl.=.e Civ. 
[*37°66.*51:12] - =.(qa).aCVi.nc=t“a. 
[*24°11] =.(qa).«=t“a: D+. Prop 
¥524. Fi.aelvuisA.=:4, yea. dpyst=yY 
Dem. 
F. #5216 . #2454.) . 
Frael. HratAie, yea. dey. L=YR 
[4437] Dhtracl.vi.a=Arera=ArvinatA: x, yeas Igy HY 
[*5°63] Sra=Aiviaz, yea. dny f=Y (1) 
b. #2451. *1053.*1162. DF s.a=A. Dia, yea. Igyet=Y (2) 
F.(1).(2).%472. Desael.viea=Ar=i.4, yea. dy y.t=Yy (3) 
F. (8) . #51236. Dt. Prop | ~ 


This proposition is frequently useful. We shall-define the number 0 as 
u‘A ; thus the above proposition states that a class has one member or none 
when, and only when, all its members are identical. It will be seen that 
L,Y EAs Dey» L=y does not imply q !a, and therefore allows the possibility of 
a having no members. 


*5241. b:qla.avel.=.(qa,y).a,yea.c+y 


Dem. 
F.#k2454.3Dbi.qla.avel.=i:atA.avel: 
[*4'56] | eivfael.v.a=A}: 
[*51°236] =in(aelvultA): 
[*52°4.Transp] Eiw la, yea Deny t=y} 
[*11:52] =:(q@,y)-@,yea.x2+y2. +. Prop 
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#5242. Fiael.I:qlanB.=.anBel 


Dem. 
F.e5131L. Dh gqlifanB.=.UanB=ter. 
[*20538] Dhkra=lae.I:qlanB.=.anB=Ua:. 
[*10°11'28] ODh:.(qz). a=Uae.Di(qz)iqlanB.=.anB=0a: 
[*10°37] I:iqlaatgs.d. Ga: anB=t% (1) 
bi (1). *521.DbFiael.Ddi:qlanB.d.anBel | (2) 
F.*d52°16. DhkianBel.Dd.qlanB (3) 


t.(2).(8). DE. Prop 
#5243. Fracl.qlan®@.=.ael.anBel [%5242.%5:32] 
#5244. Fiael.O:qlanB.=.aCB.=.anB=a 


Dem. 
b.*51'31. DIkiqiltanB.=.ueCB: 


[¥13-13.Exp] Dkia=Ue.diqlanB.=.aCB:. 
[*10°11-23] Di:.(qxv).a=Ue.dIi:qlanB.=.aCPB:. 
[*52°1] Dkiael.DiqlanB.=.aCB (1) 
F .(1).*22°621. 5+. Prop 

#52'45. Fi:a,Bel.Di.aCBuy.=:a=Ph.v.aCy 

Dem. 
451-236 27 > 
,@, 8 
Prawelyuy.=ia=y.V.teyr 


[451223] DkiueClyvy.=rw=ly.v.laCy:. 
[*13°21] Dkia=tae.B=ly.dDraCBuy.-=:a=8.v.aCy:: 
[#111135] Dh si(qa, y)a=le.B=l'y.d:i.aCBuy.=:a=Bh.v.aCy (1) 
F.(1).*521.55F. Prop 
*52°46. F:.a,8e1.D:aCB.=.a=f.=.q! ene) 

Dem. 


F . #51°2°23 . DhitveCiy.=. a= tty (1) 
F,(1).*13-21. aon ee a ala B.=.a=8 (2) 
F, (2). #1171135 . #521. 3b:.a,8e1.3:aCB.=.a=8 (3) 
F. (3). *52°44. D+. Prop 
*52°6. brael.Divea.s.Ue=a.=.0=Ua 
Dem. 
F.*51°23. Dkivet'y.=.e=ty: 
[*13°13. Exp] Dkia=ly.divea.=.Ur=ai, 
[*10°11°23.%521] Dti.ael. Divea.=.lw=a. (1) 
[¥51-51] = .821a (2) 


F.(1).(2). DF. Prop 
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#52601. Fi: ael DG (Ua).10ea. Dyers 3 (Wx) «LEA. pL 
Dem. 


b.45215. Db: Hp. d: Elia: (1) 
[*30°4] Divla.=.v=a 

[*52°6] =.rea (2) 
b. (1). *30°33.D 

Fr: Hp.Dig(ta).=re7la. dp. gur=3 (qu). clade (3) 
F.(2).(3). D+. Prop 


#52602. 3.2 (dz)el. Dd: W212) (pv). =. Ge Iz pu. =. (qx). bu. wr 
[52:12 . #1426] 
*52°61. b-:.ae1 Ditech. =.aCZ. =.q!(anB) | 52-601 | 


#5262, |:.0,8el.D:a=h.=-la=UB 


Dem. 
b.*52601., bs: Hp. D:.taaiB.=:vea.d,.2=UB: 
[*52°6] =irea.d,.xveP: 
[*52°46 ] S:a=Bi: Df. Prop 


#5263. F:a,Bel.atB.DdD.anB=A_ [*52°46. Transp] 
*52'64. Frael.D.anBelvuisA 


Dem. , 
.*5243. Dk: Hp.qlanB.d.anBel: 
[*5'6.42454] DF:. Hp. Dian B=A.veanBel: 
[*51:236] DianBelvisSA:. dF. Prop 

#527. Fr. B-—acel.aC&.ECB.D:E=a.v.E=8 


Dem. 

F.*22°41. Dt: Hp.€&Ca.d.F=a (1) 
b.k24°55 . Dhin(ECa).d.ql&—a | (2) 
F. #2248 . >t:Hp. ».F&-aCB—a (3) 
F.(2).(3). DF: Hp..(ECa).d.qlE&—a.F-aCB—a (4) 
bi x521. DF: Hp.d.(qz).B-a=ta (5) 
F.(4).(5). 514.5 F: Hp. ~(ECa).d.&-a=B-a. 

[*24°411] ».&=8 (6) 


#.(1).(6). DF. Prop 


*53. MISCELLANEOUS PROPOSITIONS 
INVOLVING UNIT CLASSES 


Summary of *53. . 

The propositions to be given in this number are mostly such as would 
have come more naturally at an earlier stage, but could not be given sooner 
because they involved unit classes. It is to be observed that t‘z vu t‘y is the 
class consisting of the members a and y, while t‘x f e‘y is the relation which 
holds only between x and y. If a and # are classes, ‘au t’8 is a class of 
classes, its members being a and @. If R and S are relations, ‘Rf U‘S is a 
relation of relations; and so on. 

The present number begins by connecting products and sums p‘x, 8*x, 
pn, &A, in cases where the members of « or \ are specified, with the products 
or sumsanf,avB. RAS, RuS. We have 
#5301. |. pft‘a=a 
#531. |.p(tavitB)=anB 
#5314. F. p(k vtia)=pieana 
with similar propositions for s, p and 8. 

We have next a set of propositions on sums and products of classes of unit 
classes. The most important of these is 
#5322. |. s‘ta=a ; 

We have next a proposition showing that the sum of « is null when, and 
only when, « is either null or has the null-class for its only member, 1. 
#0324. bi.sse=A.=rxe=AnCls.v.c=UA 

(Here we write “A a Cls,” to show that the “A” in question is of the next 
type above that of the other two A’s.) 

=—_ 

We have next various propositions on the relations of R‘w and R‘« and 
Ra in various cases, first for a general relation R, and then for the particular 
relation s defined in *40. Three of these propositions are very frequently 
used, namely: 

—_> 
*53°3. F:E!Rir.=. Ravel 
—> 
*53°301. |. Rt‘a = Ra 
_—> 
#5331. Fr: EI Rae.d. Re = Ra = Kx 

The remaining propositions of this number are of less importance, and are 

seldom referred to. 
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#5301. |. pfifz=a 


Dem. 
F.e401. Db. veptta.=:Beta.dg-xe8 
[51:15] =:B=a.D,-xeR: 
[*13-191] =:z2ea:.D+. Prop 

*53-02. +. s‘tSa=a 

Dem. 
F.*40°11. 34+: restia.=.(q8)-Beta.xveB. 
[451-15] =.(q8).B=a.xvef. 
[*13°195] =.xvea:Dt. Prop 


#5303. +. p°‘R=R [Proof as in *53:01] 
#5304. =F. 8USR =R_ [Proof as in *53°02] 
*531. |. p(ifaulkB)=anB 

Dem. 

#4018. Db. pi(tfa u 0B) = pan pus 
[*53°01] =anfP. DF. Prop 

This proposition can be extended tu tau t‘Bu ty, ete. It shows the 
connection (for finite classes of classes) between the product p‘« and the 
product of the membersanBayn.... 


#5311, +. s(uavue'B)=auB 
Dem. 
F.*40°171 D4. s(t'au 88) = sau stB 
[453-02] | =av8.+. Prop 
Similar remarks apply to this proposition as to *53°1. 
#5312. +b. p(cRueS)=RAS [441-18 . 53-03] 
This proposition shows the connection between the product p*x for a class 
« consisting of two relations R and S, and the product RAS. The proposition 
can be extended to the product of any given finite class of relations. 


*¥53'13. | .8(SRuuS)=RuS [*41:171 .*53-04] 
Similar remarks apply to this proposition as to *53°12. 
*53'14. Fp ({evlal=piena 
Dem. 
F.#40°18. Db. p(x v ta) = pier pita 
[*53:01] =pena 
*53'15. | .s(kutal=sikua [Proof as in *53'14] 
*53°16. F.p(AUUR)=prxAR [Proof as in *53'14] 
#5317, +.s(AXUtR)=srXUR [Proof as in. *5314] 
The above proposition and the next are both used in connection with 
mathematical induction (*91°55 and *97°46 respectively), 
R&W I 23 
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*53'18. | .s\(a—iSA)=s‘a 


Dem. 
b.x51221.>DF: Aca. OD.(a—tA)vulsA=a. 
[*53°15] D.s(a—uA)uA=s‘a. 
[*24-24) D.s(a— USA) =s'a (1) 
b. #51222. Dt: Anrea.DdD. a-tfA=a. 
[*30°37] D.s(a—t*A) = sa (2) 
.(1).(2). DF. Prop | 


*53-181. +.8(x—efA)=8 [Proof as in #5318] 


*53'2. breel.Dile=pe=se 

This proposition requires, for significance, that « should be a class of 
classes. It is used in *88°47, in the number on the existence of selections 
and the multiplicative axiom. 

Dem. 
b.#52601.Db:: Hp. D:.cet ‘er Siaek.Dg-vear=:(qa).aex.xea (1) 
F.(1). #40111. Dt. Prop 
458-21. birel.d.0X=pr=sA [Similar proof] 

This proposition requires, for significance, that > should be a class of 
relations. 


*53-22.. -.s8ta=a 


Dem. 
bi x4011. DE srest“a.=.(qy).yela.vey. 
[*37°64.%51°12] =.(qy)-yea.rely. 
[*51°15] =.(qy)- Yea. u=y. 
[*13-195] =.xvea:Dt. Prop 
#53221. +. of (iSa vu efy) = Uefa V Uy 
Dem. 
b.xB71. Db sacl (ile uly). 2 (gz). ce (Uae ly).alz: 
[*51-131] =1(qz).ze(tevu ty).a=Ue: 
[*51-235] Stra=Uae.v.a=ly: 
[*5 1-232] =rae(tuauLity):. +. Prop 
#53222. F:rxe=ta.d.a=t“« 
Dem. 
F. #1312 .%202.3+:Hp.d.t*e=e “ua 
(*51°511.414°21.437-67 | =&{(qy). yea.r=e Uy} 
[*51-511] —=Bi(qy).yea.r=y} 


[#13195] =a:D. Prop 
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453-23. bin Cl.d.ste=in 
Dem. 


F.*5231.3F:Hp.=.(qa).«=ea (1) 
#5322. Db re =a. D.stk=a 
[*53°222] = ix (2) 


F.(1). (2). *10°11:23. D+. Prop 
*53°231. b:i.vea.D,.2S=yr=ra=A.via=lyy 


Dem. 
F.x5L 141. Di qla:vea. dy t@=yrsia=lyy (1) 
F.*1058. Dkiwqla,.Iivea. Dg. Lay 
[*4-71] Dhkiwqla:vea. Dd, e=yiz=.ryta 
[*24°51] =.a=A (2) 


F.(1).(2).*4°42:39. 954+. Prop 
*53'24. bi.sfe=A.SrKe=AnCls.v.k =A 


Dem. 
bt. #2415 .%40°711.5 


Fisie=A. =: (a)i~f{(qa).aex.xvea}: 

{*10°51] =Hi(@a)ivea.DdD.arvenx: 
[*11:2.*10°23] =: (qv). wea. D..arexk: 

[*24°54] =r:atA.Dd,.aren: 

{Transp ] =iaex.d,.a=A: 

[*53°231] HErx=AnCls.v.c=t'A:. d+. Prop 


In the enunciation and the last line of the proof of the above proposition, 
we write “« = A a Cls” rather than “« = A,” because this A must be of the type 
next above that of the A in “« =U‘A.” 


The following proposition is used in the theory of selections (*83°731). 
*53'25. Fiusteasr=A.Dix«nr=AnCls.vinnr=UA 
Dem. 
F.*40181.5Db:. Hp. Dis(Kenrdy=A 
[*53°24] Dixkanr=AnCls.v.knr=l'A:. Db. Prop 
—_, 
*533. F:E!Ra&.s.Ravel 


Dem. 
F.*302.>DF:E! R%&. 


[*32°18.%51°15] 

[*20°31] =:(qb).R=cwb: 
—_> 

[#5271] =:R‘cvel:. D+. Prop 


II! 


ad dea ae a 
(qb): ye Ria. =y,.yeud: 
—_ 


The above proposition is very frequently used. 
23—2 
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— 
*53-301. +. Rue = Rx 


Dem. 
F.x871.*5115. 3b: ye R“ix.=.(qz).z=a2.yRz. 
[*13°195] =.yhz. 
—_ 
[*32°18] =.yeR‘e: D+. Prop 


453302. b. Rue uty) = Rev Ry  [*37-22..#53°301] 

The above proposition is used in the cardinal theory of exponentiation 
(*116°71). 
45331. |b: EL Re. >. Reet Ra= Rev 

The above proposition is one of which the subsequent use is frequent. 


Dem. 
bt. #5111.4#1418.5+:Hp.3.uR'e=9 (y= Ra) 


[430-4 = 9(yRe) 
[*32°13] = Rr (1) 
F.(1).*53'301. OF. Prop 

#5332. -F:E! Raw. EY Ry.3. Rav ly) =U Rav Ry 


Dem. 
+ .43722. Db. R“(Saevu ity) = Rae uv Ry (1) 


F.(1) .*53°31. 55. Prop 
#5333. f . stS« = L6s‘K [#5531 Al 
#5334. +. sft VED) = U8s%x VUESD | 88:32 | 
#5335. + .sfs6(t8e uv UA) = se USA =S(K UA) 


Dem. 
b.*53°34. Db. shs8(tle vu ur) = 84(USs6« U Us) 
[*53'11] seus 
[*40°171] =s(«VUA).IF. Prop 


The above proposition may also be proved as follows: 
FL #421. Db. sis6(eSe vu Ur) = 86s Ufe UV UA) 
[*53°11} =s(«eur) 
[*40°171] =s*« usX.D+. Prop 
~ od — v= 
#534. Fi:v=Rioy.=.Rycl.veRy.=.e=Ry.=.a= Ry 


Dem. 
be x1421 4471. Db: 2= Ry. 


[*30°4.45°32] 
[*53-3.*32'18] =. Kyel.veRy. (1) 
[*52°6.%5°32] =.Royel.vc= Ry. 


-E!Ry.c#= Ry. 
-E’ Ry. «Ry. 
> => 


Wk 


SECTION A] MISCELLANEOUS PROPOSITIONS INVOLVING UNIT CLASSES 357 


—_> 

[%*52°22]} =.ta= Ry (2) 
v= 

[*51-51] =.a=U Ry (3) 


F.(1).(2).(3). IF. Prop 
#53'5. Fiqia.=.aeCls—UA 


Dem. 
+. 20°41. Db: q!2(bz).=.2(h2z)eCls.q!2 (gz). 
[*24°54] =.2(z)eCls.2 (oz) +A. 
[*51°3] =.2(62)eCls—ucsA: D+. Prop 


In the above proof, as usually where “Cls” or other type-symbols occur, 
it is necessary to abandon the notation by Greek letters and revert to the 
explicit notation. 


#5351. big! R.=.ReRel—cA [Proof as in *53°5] 
#5352. Fiaex.qia.=-aex—UA 
Dem. 
Se ae ~aex.ataA. 
[*51°3] .aex—t*A:DF+. Prop 
53°53. :Rer.q!R.=.Rerx—wA [Proof as in *53°52] 
The following cans oie inserted Decaiise of their connection with 


the definition of a— 8 in *70. Rear ve R“v are both important classes. 
4536. -:R=A.qta.d. RMa=UA. Raa 


Dem. | 
b.#33°15-241 2413.4: Hp. d. R= (1) 
b.(1).#87-7.Db:Hp.d. R“a=2 ((qa).c2ea.B=A} 
[*10°35] =Biqia.B=A} 

[¥4°73] = (B= A) 
[#51-11] =A (2) 

Similarly b:Hp.d.Ra=ua (3) 


F.(2).(3). DF. Prop 
—_ 
«53601. F:qla.anGR=A.9.R“a=U'A 


Dem. 
b.s8841. Db: Hp.wea.d. R@=A (1) 
b. (1) .487°7. Db: Hp.>.R“a=8 (qz).cea.B=M 
[#10°35] =Biqta.B=A} 
{*4°73.%51°11] =t‘A:D5. Prop 


_— 
#53602. E:qia.anD‘R=A.9.R“a=t'A [Proof as in *53°601] 
—_—> 
*53°603. EF: !-G‘°R.D.R(-—GSR) =e8A [24-21 . *53°601] 
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#53604. b:q!—D‘R.D. RM Dek) =A [24-21 . #53602] 
45361. 1: O'RCa.d‘Rta.d. RM a= RRA 


Dem. 
b .#22°92. IF: Hp.d.a=A‘Rv (a—d‘R) (1) 
#246... Dk:Hp.d.qla—-AR. 
—_>, 
[*24°21.%53°601 ] >. R“(a-A‘R) =A . (2) 
> = ~ 
F.(1).4*387:°22.5+:Hp.3. Ra=R“U‘Rv R“(a-— AR) 
—_> 
[(2)] . =RARv tA: DF. Prop 
<_ <— 
*53'611. F: DR Ca. D‘R4a.5.R a= RDSRvUA [Proof as in *53°61] 
— ~ 
*53'612. F: ‘R+V.D. ROVER ORCA [*53°G1 . #2411] 
< < 
*53'613. §: D‘R+V.9. RV =REDSR UA [*53°611 . #2411] 
— — 
*53'614. +. RUR = RV — A 
Dem. 


t .*53°612 . *22°68 .*24:21.5 
~ = 
F:SR+V.9.R°V—-—U A= ROOR-UA (1) 
> — 
F. #22481. 3F:G*R=V.). Bev “A= ROAR -t§A (2) 
F. 437° 772 .*51°36 . *22°621. 95+. ReGR —‘A= ReaUR (3) 
F.(1).(2).(8). D+. Prop 
<— <— 
*53'615. |. R“DSR = RV —UA [Proof as in *53°614] 
"The two following propositions are used in *70°12. 
> — 
*53'62, F: ROAR Cy.=. RVC yutA 
Dem. 
— _ 
F.*53'614.3F: ROR Cy. =. REV —-UACy. 
—_ 
[*24° #43] =.ROVCyvutfA: D+. Prop 
453-621. b :.R“D‘R Cy.= Bev CyultA [Proof as in *53°62] 
*53°63. £:d‘R+V.5. Di= ROR vltA [*37° 78 .*53°612] 
*53°631. f: DSR+V.3.D° Re RDR vtifA [*37°781 .*53°613] 
+ 
- 


45364. ':C‘R=V.>.DR= ROR [¥37°78] 
453-641. t: DSOR=V.D.D‘R=R“D‘R [37-781] 


*54. CARDINAL COUPLES 


Summary of *54. 


Couples are of two kinds, namely (1) u‘a v uty, in which there is no order 
as between # and y, and (2) ‘x f ey, in which there is an order. We may 
distinguish these two kinds of couples as cardinal and ordinal respectively, 
since (as will be shown hereafter) the class of all couples of the form U‘a v uy 
(where «+ y) is the cardinal number 2, while the class of all couples of the 
form ua f iy (where « +) is the ordinal number 2, to which, for the sake of 
distinction, we assign the symbol “2,,” where the ‘suffix “r” stands for 
“relational,” because the ordinal 2 is a class of relations. In the present and 
the following numbers, we shall define 2 and 2, as the classes of cardinal and 
ordinal couples respectively, leaving.it to a later stage to show that 2 and. 2: 
so defined, are respectively a cardinal and an ordinal number. An ordinal 
couple will also be called an ordered couple or a couple with sense. Thus a 
couple with sense is a couple of which one comes first and the other second. 

We introduce here the cardinal number 0, defined as ‘A. That 0 so 
defined is a cardinal number, will be proved at a later stage ; for the present, 
we postpone the proof that 0 so defined has the arithmetical properties of 
zero. 

Cardinal couples are much less important, even in cardinal arithmetic, 
than ordinal couples, which will be considered in the two following numbers 
(«55 and’ *56). It is necessary, however, to prove some of the properties of 
cardinal couples, and this will be done in the present number. Some properties 
of cardinal couples which have been already proved are here repeated for 
convenience of reference. The definitions of 0 and 2 are: 

#5401. O=U'A Df 
5402. 2=8((qa,y).v2ty.a=Uaeviy} Df 

Most of the propositions of the present number, except those that merely 
embody the definitions (*54°1°101'102), are used very seldom. The following 
are among the most important. 

#5426. brufevitye2.=.0Fy 

«543. +.2=4{(qr).vea.a—wel} | 

4544. bi 8 Cuieulty.=:B=A.v.B=Ua.v.B=ly.v. B=Uau ly 
F 
k 


*54:53. 
*54:°56. 


sae2. x, yea. cy. D.a=UEV ly 
rave0Uulu2.=.(Ga, Y,2)-£,Y, ZEA EY L$ZAY FZ 
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*5401. O=0°A | Df 
*5402. 2=4{(qa,y).ety.a=U@ v uy} Df 
*541. +.O=U°A [(*#54°01)] 
*54101. Fiae2.=.(qa,y).aty.asuevuly [(*5402)] 


#54102. brae0.5.a=A [54-1] 


The two following propositions have already occurred in *51, but are here 
repeated, because they belong to the subject of the present number. 


*5421, Fi imuly=tevuiiz.=.y=z [*51°41] 
#0422. bi teullysUeulw.=ite=z.y=w.v.c=wiy=z [#5143] 


*5425. Fiifcui'yel.=.a=y 


Dem. 
F .*52'46°1 .*22'58. De iuwuryel.Dd.vaviy=Ue.iavity= usy . 
[*20°23] Due =Uy (1) 
f. #2256. Dhiie=ity.d.twulyauu. 
[*52°22] D.teuiyel (2) 
F.(1).(2).Dbrtevueyel.s.teatty. 
[*51°23] =.a=y: Dt. Prop 
#5426. bitwuiye2.=.aty 

Dem. 


F.k54101 Db rr eeueye?. 
2.(q2,w). 2 wav ly=U2ulw:. 


[*54-22] H.(q2,w)iztwie=z.y=w.Vv.c=wiy=2t 
[#4°4.11 41] = 2. (qz,w).2tw.c=z.y=w.v.(q2,w).2tw.c=wiyazr | 
(*13°22] Shaty.viyta:. 
[*13°16] =1.a+yu Db. Prop 


"0427. F.tfeuityelu2 [54-25-26] 
*54271. b. 1 v2=@{(qa, y).a=ewv ety} 
Dem. 
F. 442.5 | 
Pia lauly.=1esy.a=Veuly.victy.aalavuly — (1) 
F. (1). #1111:341-41. 5b: (qa,y).a=Uavuty. 
(a, y)-o=y.a=Ueul'y.v.(qa,y).cty.a=Uav ly: 


[*13:195] =i(Gv).a=wula.v.(qa,y).c#+y.a=lavly: 
[*22°56] =:(q7).a=e.v.(qa,y).aty.a=lauly: 
[¥52-1.x54101JS:acl.v.iae2: 


[*22°34] zaelu2:. D+. Prop 
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*543. +.2=a{(qv).vea.a—lwel} 
Dem. 
t. #521. *10°35. 5 
k:(qav).vea.a—lxel. 


[aseeebeas et 
lag 22 A 


[%51'231.*54°101] =.ae2:D+. Prop 

#044 bi BCUeuiy.=:BHA.V.B=Ur.v.B=ly.y. Ba=tauly 
Dem. | 

b.#512. DkiayeB.d.uavui'yCB: 

[ Fact] DE :BCUwur'y.ayeB.d.BCUavuity.uxcvuiyCB. 


.(q@,y)-wea.a—Uae=ly. 


(Gz, y) Uaniy=A cu ly=a. 


[*22°41] >.B=taeuiy (1) 
b.#51'25. Db: AC ueuiy.yreB.I:BCUs: 

[*51:401] I:B=A.vV.B=Ua (2) 
Similarly F:.@Cuevui'y.areB.I:B=A.vV.B=Ly (3) 
+. (2). (3). «348.5 

F:.BCiaeuly.~(a,yeB).o: a= A.v.B=t@.v.B=ly (4) 
F.(1).(4).*34'8.5 

F:.BCiauly.d:B=A.v.B=Ua.vi B=ly.v.B=lavu ly (5) 
b .*24°12 . %22°58°42 .5 

Hi B=A.v.B=te.viB=ty.v.B=lavily:d. Beuroiy (6) 
F.(5).(6). D+. Prop 


This proposition shows that a class contained in a couple is either the 
null-class or a unit class or the couple itself, whence it will follow that 0 and 
1 are the only numbers which are less than 2. 


#0441. Fi:ae2.3:.8Ca.3:8=A.v.Bel.v.fe2 


Dem. 
F.x521. Dk: P=ua.v.B=ty:D.Bel ? (1) 
F.*5426. DF in aty.I:B=laevily.d.BeE2 (2) 


(1). (2). *544. 
Fravty.d:.BCievuiy.dI:B=A.v.Bel.v.fe2:: 

[kK13-12] Dbr:a=U@uly.cty.3:.8Ca.d:B=A.v.Bel.v.Be2:: 
[11:11:35] 5 

F:.(qv,y)-a=tavul'y.c+y.3:.8Ca:B=A.v. pone v.Be2 (3) 
F.(3).*54101. 56. Prop 


#54411. Fi.a€2.9:8Ca.3.Be0ULU2 [5441-102] 
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*5442, bi:ae2.9:.8Ca.q!8.B+a.=. Beta 


Dem. 
F.e544. Dhtrra=ueuly.d:. 
BCa.qif.=:B=A.v.f=ta.v.B=ly.v.B=a:qip: 
[*24°53'56.*51°161] =:B=Ua.v.B=ly.v.B=4 (1) 
t. #5425. Transp. *52'22.Dbki:aty.d.evuitytea.vaviytey: 
[41312] Dkiastwul'y.aty.d.atla. at Uy (2) 


F.(1).(2).Dbrra=teuiy.cty.ds 
BCa.q!i8.B+a.=:P=Ua.v.B=ly: 

[*51-235] ; =:(qz).zea.B=Us: 

[*37°6] er Beta (3) 

F. (8). #1171135. #54101. 3+. Prop . 

*5443. Fi.a,8el. Dian B=A.=.avuBe2 


Dem. 
F.#5426. 30h i.a=0@%. B=ty.diavPe2.=.a4+y. 
[*51-231] =.Uaniy=A. 
[*13-12] =.anB=A (1) 


F.(1). #111135 .5 
Fi.(q@,y).a=la.B=ty.dJiavBe2.=.anB=A (2) 
F.(2).#1154.%52'1. DF. Prop 
From this proposition it will follow, when arithmetical addition has been 
defined, that 1+ 1 = 2. 
*5444. Fi.z,wet'ev ly. D202 $(Z,W)t=-P(a, x). h(a, y)-b(y, 2) - Oy y) 
Dem. 
F .*51°234.%11°62. Db. z,welevul'y.d,y.O(2,w)i= 
zen tty. dz. (2,0). o(z,y)t 
[*51°234.%10°29]=: (a, 2). h(2,y)+> hy, 2) Oy, y)?. IF. Prop 
#54441, birz,wel uly. ztw. dw O(Z,wW) isi c=Yivih(s,y)- Py, 2) 
Dem. 
b.*x56 Dk ir z,welevuly.2FWrr,y-P(Z,wW)i= 
Z,Weleu LY .Dz, yi Z=W.-V-G(Z,W):. 


[*54r44)] HS12=2.V.h(a,2):4=y.V.O(4,y): 
Y=CuV GY, e)tY=YeV-h(yy)? 
[*13°15] HSre2=y.V.G(4, yi y=#.vV-Oly,z): 


[¥13-16.*441]=:27=y.v.g6(x,y)- by, 2) 
This proposition is used in *163-42, in the theory of eu of mutually 
exclusive relations. 


454442. biraty.D:.2,we lav ety. 24.22 +h (ZW) =+ (x,y) «Py, 2) 
[*54°441] 
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#54443, bi:aty:d(a7,y)-=-(y,£):I: 


il 


zwelwulty.2twe deus O(Z,w)r=-P(ay) [54442] 


#5445. b:.(qz,w).z,welevul'y.g (zw). 


=:$(0,0).V.h(a,y)-V-b(y,%)-V-b(yy) [#51235] 


*54451, bir (a,4).~b(y,y). D2. (qz, w)-2, wel ly. o(Z,w)- 


=:(a,y).vV.6(y,£) [54°45] 


#54452. bi: ~d(a,2).~ dy, y)2b(& y)-=-O(Y2)29: 


(qz,w).2,welavutty.(z,w).=.h(a,y) [54451] 


*5446. b:(qz,w).z,welauly.ztw.=.at¢y [#54452 .*13'15'16] 


*54'5. bFe.ae2.Di:aCiezuliw.=.aelsvuiw 


+ 
+ 


Tr or ie 


Dem. 
-*#544.9 
naCuzulwedrad=A.V.a=U2.V.a=lw.viaHleu lw (1) 
#543 . #2454. D+:Hp.Dd.atA (2) 
+ #5426 2 #1315 . Dh: Hp.d.atelz (3) 
(3)<. D+: Hp.d.atew (4) 
- (1). (2). (8). (4).#253.9F: Hp. draCizulw.d.a=esu vw (5) 
»*22°42 . Dk:a=Ueuiw.d.aCisvu tw (6) 
-(5).(6). 35. Prop 
#5451, Fi.ae2.Belu2.3d:aC8.=.a=8 
Dem. 
b.*545.Dbi.a€6€2.B=teulw.d:aCB.=.a=8 . (1) 
(1). #11-11-35°45. D 
Fi.ae2:(qz,w).B=teuliwidiaCB.=.a=8 (2) 


F.(2).*54271. 5+. Prop 


#5452. F:.a,8e2.D:aCB.=.a=B.=.8Ca [#5451] 
+ 


*5453. Fiae2.a,yea.vey.d.a=lavly 
- Dem. 
F.*51:2. Dt: Hp.d.ewCa.rtyCa. 
[*22°59] | D.vauityCa (1) 
F. #5426. DF: Hp.d.taeueye2 (2) 


F.(1).(2).%*5452. 5+. Prop 


#54531. bs.ae2.D3:u,yea.vty.=.a=Urv ly 


Dem. 
b. #5453. Exp.dDbi.ae2.d:a,yea.at+y.d.a=taultyy (1) 
F. #5426. Dkiac2®.Dia=tavuiy.d.r+y (2) 
F.*x5116. DIhira=Uxuly.d.x2,yea (3) 
F.(2). (3). Dhi.ae2.dDia=twuly.Dd.a,yea.ut+y (4) 
F.(1).(4). D+. Prop 
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#5454. brae2.=ra, yea. tty. dey A=UTULy: (Ga, y) 2 yea.uty 


Dem. 
b. #54531 6#11:11:3. Dhi.ae2®. diz, yea.uty.Dyy.a=lavuly (1) 
F.#5116.%54101. Dkrae2®.d.(qr,y)-e yea.rty (2) 
+. *5°3 43°27. Dia, yea.aty.Dd.a=Uevuiy:D: . 
yea. uty. d.e+y.a=laviy: 
[*11:11:32'34] Dia, yea.uty.In,.-a=Uavly:d: 


(qa, y).2, yea.rty.2.(qu,y).cty.a=Uavuity (3) 
F.(3).Imp.*54101. 3b: 2, yea.rty. dey -G=UUUly: 
(W2,y)-2, yea. vey: D.ae2 (4) 
t.(1).(2).(4). D+. Prop 
In the above proposition, “#,yea.c@+y.I,,.a=Uev ly” secures that 
a has not more than two members, while “(qa,y).2,yea.a+y” secures 
that a has not fewer than two members. 
*5455. F.0OULU2=@{[x,yea. vty. dgy A= Ua Ly} 
Dem. 
biK442. Dhira,yea.cty. dey AHUOvlyier 
LY EA LEY. De ye AH=UUYVLY EW (L,Y) 2, YEU LEY. 
View, YEA LEY. Igy A= UHV ly: (Wr,y)- 2 yea.r+y (1) 
F.#1163. Db. (qa, y) 2, yea ty. Die, yea. LEY. Dg y A =UVEVLY:, 
[e471] Dhs.a yea. vty. Dey AHUave'yr~ (Gay) L, yea vtyi=t 
~ (Ga, Yy) 2, Yea LEY? 


[*11:521] Era, yea. Dny-L=Y? 
[*52°4] =raeOul (2) 
F. (1). (2). #5454. 


Fi.a,yea.r+y.d,,- a=Ueuly:sr:acOul.v.ae2d: 

[*22°34] =:ae0ulv2:.5F. Prop 

#5456. bFianreQulvu2.=.(qa,y,2)-0,Y, ZOU OFEY HH Z.Y FZ 
Dem. 

F.*54°55 . *11°52. 


FranveQulu2.=:(qav,y).eyea.a+y.ativvuly: 


[*51-2.%22°59] :(qz,y) UcuiyCa.cty.atlauly: 
[*24°6] (qa, y).UevityCa.cty.qla—(laev ity): 
[*51:232.Transp] 1(qaz,y)ieulyCa.c#y:(qz).zea.z$u.ety: 


Ih fl om wh We wu 


[*51°2.%22°59] 2(W@,y,2).%,y,zea.a+y.c+z2.y+2:.D+. Prop 

In virtue of this proposition, a class which is neither null nor a unit class 
nor a couple contains at least three distinct members. Hence it will follow 
that any cardinal number other than 0 or 1 or 2 is equal to or greater than 3. 
The above proposition is used in *104-43, which is an existence-theorem of 
considerable importance in cardinal arithmetic. 
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#546. -i.anB=A.av,vea.y,yeB.o: 


av iy= eo vl .=.c=a .y=y 


Dem. 

bi #51-2. Db: Hp. dite Cave’ Ca.uyCB.uyCB.anB=A: 
[*24°48] Dieuly=ta vily =. Ue=Ua' y=ly. 
[*51'23] =.0=a.y=y':. IF. Prop 


The above proposition is useful in dealing with sets of couples formed of 
one member of a class a and one member of a class 8, where a and 8 have no 
members in common. It is used in the theory of cardinal multiplication 
(*113°148). 


#55. ORDINAL COUPLES 


Summary of *55. 

Ordinal couples, which are now to be considered, are much more important, 
even in cardinal arithmetic, than cardinal couples. Their properties are in 
part analogous to those of cardinal couples, but in part also to those of unit 
classes; for they are the smallest existent relations, just as unit classes are the 
smallest existent classes. The properties which are analogous to those of unit 
classes do not demand that the two terms of the couple should be distinct, 
awe. they hold for ux Tt‘ as well as for i‘ T u‘y (where x+y); on the other 
hand, the properties which are analogous to those of cardinal couples do in 
general demand that the two terms of the ordinal couple should be distinct. 


The notation fat t‘y is cumbrous, and does not readily enable us to 
exhibit the couple as a descriptive function of « for the argument y, or vice 
versa. We therefore introduce a new symbol, “Jy,” for the couple. In a 
couple « | y, we shall call « the referent of the couple, and y the relatum. In 
virtue of the definitions in *38, this gives rise to two relations x | and Jy; 
hence we obtain the notations x | “8, | y“a, a | y, @ 4 ‘8 and so on, which 
will be much used in the sequel. It should be observed that « | ‘“8 means 
the class of ordinal couples in which # is referent and a member of 8 is relatum, 
while | y“‘a ora 4 y denotes the class of couples having y as relatum and a 


member of a as referent; a | ‘“8 denotes all such classes of couples as | y“‘a, 
7 
where y is any member of 8; and in virtue of *40°7, s‘a | ‘8 denotes all 
3) 


ordinal couples of which the referent is a member of a, while the relatum is 
a member of 8. This is a very important class, which will be used to define - 
the product of two cardinal numbers; for it is evident that the number of 
members of s‘a J “8 is the product of the number of members of a and the 


number of members of £. 


The first few propositions of the present number are immediate consequences 
of the definition of x | y and the notations introduced in #38. We then pro- 
ceed to various elementary properties of the relation # | y, of which the most 
used are the following: 


#5513. Fic(a@ly)w.=.2=2.w=y 

#5515. +. D(aly=ua.d(alyaty.Caly=Uavily 
45516. t:D‘Rave.Q‘Rai'y.=.R=a0hy | 
*55:202. t:aly=zlw.s.c=z.y=w.=-yleo=wlz 
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This proposition should be contrasted with #5422, as giving one reason 
why ordinal couples are more useful in arithmetic than cardinal couples. In 
virtue of the above proposition, when two ordinal couples are identical, their 
referents are identical, and their relata are identical. 


. We proceed next to various properties of the relations | and |. These 

relations play a great part in-arithmetic. It will be observed that if two terms 
have the relation 2 |, the referent is a couple whose relatum is the relatum 
in the relation x |, 7.¢. when we have R(x |) y, we have R=a | y (cf. *#55°122). 
Similar remarks apply to the relation | #. The class | x‘‘a, consisting of all 
couples whose referent is a member of a, while the relatum is «, is important. 
We have 


#55°232. bi: qil aan ly B.=.c=y.qlang 

This proposition is frequently useful. 

We proceed next (*55°3—'51) to give various properties of # | y which 
are analogous to the properties of unit classes. Among the more important 
of these properties are the following: . 

*553. FiaeRy.=.c¢lyCR.=.ql(al yak 

This is the analogue of *51°31. 

*5534. FiqiR.RGaly.=.R=axly 

This is the analogue of *51-4. 

*555. oF: REarlyuzlw.s: | 
R=A.v.R=ely.v.R=zlw.v.R=alyuzlw 
This is the analogue of #544. 
We then proceed to such properties of ordinal couples as are not analogous 


to those of unit classes. For connecting the cardinal number 2 with the 
ordinal number 2,, we have the proposition 


#5554. broty. di. ORatevuiy.RAR=A.=:R=aly.v.R=yJa 

This proposition shows that the only asymmetrical relations which have a 
given cardinal couple t‘x v ey for their field are the two corresponding ordinal 
couples «| y and y| «x. We have next a set of propositions on the relative 
products of couples and other relations, ie. on R| (xl y), (xl y)|S, and 
R\(aJly)|S. These propositions are very useful in arithmetic. The chief of 
them is 


45561. bs Et Re. BE! Sw. d. (RS) (2 | w) =(R%) | (Sw) 


Finally we have four propositions which belong, by their subject, to *43, 
but could not be given there, because the proofs make use of ordinal couples. 
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*5501. «ly=ceaxf ety Df | 
*5502. Riealy=R (aly) Df 


This definition serves merely for the avoidance of brackets. 


#551, Fea lb y= (ex) F (ey) [(*55°01)] 
#5511. Fer) y=Jye=alyauately [*38°11.*551] 
#5512. F. Bla] ‘y - [*55°11 . #1421] 
¥55°121. F. BE!) y%e 
#55122. fk: R(a@l)y.=.R=aly [*55°11] 
#65123. t: R(Ly)c.=-R=aly [*55°11] 
#5513. Fiz(aly)w.=.z=ae2.w=y 
Dem. 
+. *35°103.*551. Di z(a@ly)w.=.zeve.wel’y. 
[*51°15] =.z=2.w=y: Dt. Prop 
#55°132. F.a(aly)y [*55°13] 
*55°134. F.gi(aly) [55-132] 


#5514. F.x2)by=Cnov'y)e  [*55°13.#31:131] 
*55°15. +. Doe ly=ea. Ca ly=iy.Caly=ievity 
[*35°85°86 . *51°161] 
*6516. +: D‘R=t'e.d‘Rat'y.=.R=a2ly 
Dem. 
F .*33°13°131 . #5115 .5 
bie: DSR=ee. UR=l'y.=:.(qu).zRw.=,.2=2:(qz).cRw.Sy.w=y? 
[*14°122] :.(qz, w).2hw:(qw).zRw.3,.z2=2£ 
(qu, 2). 2hw:(qz).zRw.dy.w=yt 
1.(q2Z,w).zRw:(quw).zRw.d,.2=0:(q2).zRw.dyw=yt. 


[#11-23.44°71] 


[*10°23] =:.(qz,w).zRw:zRw.d,5-2=0:zRw.d,y-W=Yi 
[*11°391] =:.(qz,w).2Rw:zRw.d,0+2=2.W=Yte 

[%*14°123] =:.2Rw. =z. Z=L.WHYts 

[*55°13] =:.2Rw.=,y-2(e@ly)w:. 

[*21°43] =:.R=a)y: DF. Prop 


The above proposition is important, and will be frequently used. 
x55161. t.c |y=uR(D' Rae. Oe R=cy) 


Dem. 
t.*55°16.%*20°715.5 


bt. R(D‘Rave.0R='y)=R(R=2ly) 


[*51-11] =t(a Ly) dd). 
F.(1).*51°51. D+. Prop 
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45517, bea by =l(Ditten Cty) [#55161 . 33-661] 
#552. Fialby=aclz.=.y=2 
Dem. 
+. *30°37.455'1112.Db:y=z.d.e2)y=a]z2 (1) 
+. *30°37 .*33°121 .3 | 
bsalby=e)z.9.d%@ly=Uw]z. 
[*55°15] D.tfy =U. 
[51°23] Dey=z (2) 
F.(1).(2). DF. Prop 
*55°201. F:alz=y)2.=.a%=y 
#55202. bie ly=zlw.s.vaz.y=u.s-.yla=w dz 
Dem. 
F. *55°2°201 . 3 
btia=z.y=w.d-ely=zby.zhy=zlw. 
[*13°17] — Dalby=2zlu (1) 
+. ¥30°37 . 4383-12121. > | | 
bialby=zlw.d.Dely=Delw.daly=de)w. 


[*55°15] Dd. ke=Hez lyst w. 

[51°23] D.v=z.y=W | (2) 
F.(1).(2).9 

bialby=zlw.e.v=2.y=u (3) 
Similarly 

Fiyla=wlhz.3.u=2.y=u0 (4) 


F.(38).(4). DF. Prop 
The above proposition is important. | 
"5521. +. del =V.d‘la=V [*33-432 . *55°12121] 
¥5522. +. DielL=R(qy) R=aly} [455-122] 
#55221. +. Do o=R ((qy).R=y a} [%55°123] 
#55222. +: ReDal.=.D‘R=te. ‘Rel 


Dem. 
b.*55°22'16. Db: Re Dae] .=:(qy).D'R=ue. TR=vy: 
[*10°35] © . =:D‘R=cte:(qy). R= cy: 
[*52°1] =:D‘R=ee.d‘Rel:s. d+. Prop 


#55223. tk: Re D6 la. =.d'R=te.D*Rel [Proof as in *55°222] 
#55224. §. Dia an Di Ly=t(w ly) 
Den. 
b .*55°222°223 .) 
F:ReDal aD y.=.DR=ue. hel. Gk=ty.D Rel. 
R&W I | 24 
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[*52°22.%4°71] =.DR=t'e. TR=ly. 
[*55°16] =.R=a ly. 
[*51°15] =.Ret(aly): 3+. Prop 


45523. tic) “a=R(qy).yea-R=aly} [#3813] 
#55231. +. | x“‘a= R {((qy)-yea-R=yJ]x} [*38131] 
#55232. big!) aan y“B.=.c=y.qlangp 


Dem. 
— -.*55°281 . *11°55.5 
big!) aan | yB.=:(qR): (qe, w).zea.R=z)a.weB.R=wly: 
{*13°195] =:(qz,w).zea.weB.zlo=wly: 
[*55°202] =:(qz,w).zea.weB.x=y.z=w: 
[*13°195] =:(qz).zeanB.£=y: 
[*10°35] =e:qianf.c#=y:.I-. Prop 


*55:233. ki:aty.Dd.J ean lyB=A [*55°232. Transp] 
The above two propositions are frequently useful in arithmetic. 
“#5524. +. sal “a=iata 


Dem. - 
F. #4111. 
b:.2(sa | “a)w.=.(qR). Rear] “a.zRw. 
[*55°23] =.(qRh,y).yea.R=aly.zRu. 
[*13°195] =.(qy)-yea.z(aly)w. 
[*55°13] =.(qy)- Yea.2=2.W=y. 
[*13°195] =.c=H7.Wwea. 


[#51-15.485°108] =.2 (ew fa) wi. Db. Prop 
*55241. +. 8 | aa=aftefe [Proof as in *55°24] 
#5525, F:iqla.d.D “al “a=w'x 


Dem. ; 
b.4«37°67 . *#33°12 . %55°12 . D> 
“h:BeD x] “a.=.(qy).yea-B=Dia]ly. 
[*55°15] =.(qy)-yea.B=tx. 
[*10°35]} =.qia.p=te (1) 
F.(1).Dt:.Hp.3:8e D2] “a.=.B=t%. 
[51°15] =.Bette:. +. Prop 


#55251. E:qia.Dd.d% | aa=cete [Proof as in *55°25] 
This proposition is used in the theory of cardinal multiplication (#113°142). 
#5526. +. | “a=ta [*55°15 . *37°35] 
#55261. |. DS | cSa=ca [*55°15 . *37°35] 
455-262. t: LaXa=ly“B.d.a=8 [55-261 . ¥53-22) 
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#5527. +. 0% | oa=Cn | “a=B (qy).yea.Batculty} [55°15] 
*55°28. §: (‘a ly=Ca)z.s.y=z.=.e y=a lz 
[*55°15 .*51°23 . #55°2] 
#55281. §: D'y | ew=Dele.=s.y=z.=.yle=z lc 
#55282. F: Ca ly=Caelz.=.y=2.5.aly=a]z 
[*55°15°2 #5421) 
#55283. : Cy la=Celae.=.y=z.z.ylu=2lu 
#5529. +. d\(~@l)y=e [55°15 . #3442] 
*55°291. |. D|()ax)=t [#55°15 . #3442] 
*55'292. |. Ci (a@ Jy=Cl() 2) =a9 (a=ee vety)  [*55°15 434-41] 
The following propositions, down to *55°51 inclusive, give properties of 
ordinal couples which are analogous to the properties of unit classes. 
«553. btiaRy.=.a)yGR.=.qi(a@ly)AR [*13-21-22 .*55°13] 
The first half of this proposition is the analogue of *51-2; like that 


proposition, it gives a means of reducing propositions to the form of inclusions. | 
For the second half, compare *51°31. 


#5531. bial y=zlw.s.z(ely)w.s.ac(¢lw)y.s.¢=2.y=u 
This proposition is the analogue of #51°23. 


Dem. ; 
b.e55°16. bia ly=z2)w.e.Daely=u2.dely=iw. 
[*55°15] =.Ueaie.uy=iw. 

[*51°23] =.0=z2.y=w. (1) 
[*55°13] =.a(elw)y. (2) 
[(1).%*13°16] =.2=2.wW=y. 

[*55°13] =.2(a@ly)w (3) 


F.(1).(2). (3). D+. Prop 
*5532. bialyaAz)w=A.s:242.v.ytw 


Dem. : 
"F.ed53. Db GlelyAzlw.s.a(zlw)y. 
[*55°13] =.@=Z.y=w (1) 
F.(1). Transp. +. Prop 


*5533. FioRy.=.c¢)yaAR=aly [#553 .*23-621] 
"0534. F:qIR.RGxly.=.R=rly 


Dem. 
F.e55 13.36 GIR.RGely.=:(qz,w).zRw:cRw.d,.2=0.w=y: 
[¥14°123] =:2Rhw.=,y.2=L.W=y: 
[*55°13] =:zRw.=,»-2(a@ly)w:. Dk. Prop 


242 
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#55341. |: -BGoly-= :R=A.v.R=2ly 


Dem. 
#442. Db RGaly =:RGaly.R=A.v.RGaly.R+A: 
[25-54] =:RGaly.R=A.v.RGaly.qiR: 
[*55°34] =: aera R=A.v.R= aly: 
[*25°12] =:R=A.v.R=al]y:.3+. Prop 
#6535. -:RaAacly=A.Rvux aves S.=.a8y.R=S+aly 
Dem. 
b.%25°47 2D 
bt:Raely=A.Ruacly=S.s.e,yES.R=S+aly. 
*[*55°3] =.¢Sy.R=S+aly: Ot. Prop 
#5536. -iaRy.=.(R-aelyyaly=R | 
Dem. — ; 
F.*553.Db:e¢Ry.=.x]yCR. 
[*23°62] =.c1lLyvR=R. 
[*23°91] =.(R+alyvuaely=R:3+t.Prop 
*5537. Fivea.yeB.=.alyCafB 
Dem. . 
t.*385:103. Db: vea.yeB.=.a(aT By. 
[*55°3] =.alyGafB:odt. Prop 


The following proposition is the analogue of *51:232. 
#554. -Frafelyuzlw)b.=:a=2.b=y.v.a=2.b=w 
[*55°13 . *23°34] | 
45541. bi: Rael yuz)w.d:aRb.D.2-46(a,d): 
Dem. 
b.#55°4.2DF::. Hp. 3::aRb. 9,5. ¢(a,b):=:. 
a=af.b=y.V.4=2.b=wida,.$(a,5):. 
[x4-77] =:.(a,b):.a=a2.b=y.3.¢(4,b):a=2.b=w.d.¢(a,b):. 
[¥1131]=:.(a,b):a=2.b=y.9.46(a,b):.(a,b):a=z2.b=w.93.¢(a,b):. 
[¥13-21]=:.o(2,y)-$(z,w) is. DF. Prop 
The above proposition is the analogue of *51:234. The following pro- 
position (#55°42) is the analogue of *51:235. 
#5542. b:: R= edie >:.(qa,b).aRb. (a, b).=: h(2,y).V. p(Z,w) 
Dem. 
+. #554. Db ::. Hp. d::(qa,b).akb.¢d(a, b). = 
(qa,b):.a=x2.b=y.v.a=z.b=w:¢(a,b):. 


Ht 


p(y). $ (2, w) 


[44] =:.(qa,b):a=x2.b=y.¢(a,b):via=z.b=w.d(a,b):. 
{xl l-41]=:.(qa,6).a=a2.b=y.¢(a,b).v.(qa,b).a=z.b=w.¢(a,b): 


f*13°22]=:. $(4,y) VV. (2,w)i::. DF. Prop 
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#6543. biel yuz|w=alyucild.=.z=c.wa=d.s.zlw=cld 
This proposition is the analogue of *51°41. 


_ Dem. . 
+ .*55'202.Dbk:z=c.w=d.3.zlw=cld. 
[*23°551] D.elyuzlwerlyucld (1) 


F.#23'58. Dkialyuzl~w=rlyucld.o: 
zlwEarlyucild.cldCrlyuzlw: 


[*55°3'13.%23'34] 5 :z=2.w=y.v.z=c.w=dic=a.d=y.v.c=z.d=w: 
[13°16] Diz=a.w=y.v.z=c.w=dic=a.d=y.v.z=c.w=d: 
[4°41] Diz=2.w=y.c=a.d=y.V.z=c.w=d: 

[*13°172] § Di:z=c.w=d . (2) 
F.(1).(2)-Db:alyuz~w=alyueld.=.z=c.w=d, (3) 


F .(3).*55°202. D+. Prop 


#55431. F:.a@byuztw=albucid.o: 
w=a.y=b.z=c.w= rar d.z=a.w=b 


Dem. 
h.*554. Dkr: Hp.Si.u=2.v=y.V.U=zsZ.v=W 
=y,:U=a.v=b.v.u=c.v=d 

[11-1] DiC H LY H¥|YrV~-LHzZ.Y =U? 

: =:7=a.y=b.v.c=c.y=d:. 
[*13°15] D:.a=a.y=b.v.r2=c.y=d (1) 
b.*5543.Dbs.2=a.y=b.d:alyuzlw=albuzlwu: 
[13-171] . D:Hp.d.albuzlw=albucltd 
[*55°43] | D.z=c.w=d (2) 
F.(2).Comm.*4°7.)':. Hp.d:c2a.y=b.d.4=a.y=b.z=c.w=d (3) 
Similarly ti Hp.d:v=c.y=d.d.4=c.y=d.z=a.w=b (4) 


F.(1).(3).(4). DF. Prop 
#5544. +: ee ee albucld. 


:2=a.y=b.z=c.w=d.v.c=c.y=d.z=a.w=b: 
:alby=alb.zlw=cld.v.cly=cld.zjw=alb 
Dem. 


b.*5543. Dhkra=a.y=b.d.clyuz | w=albuzlwu: 
z=c.w=d.d.albuz{w=albuc ld: 
[*3-47.413-17] DF :a=a.y=b.z=c.w=d, 
D.a«lLyuzlw=albuctd (1) 
Similarly bk:a=c.y=d.z=a.w=b. 
D.tlLyuzlw=albucld (2) 


F. (1). (2) «#55°431-202.D+. Prop 
The above proposition is the analogue of *51°43 
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#555. FF: Rid cad Tae 
. :R=A.v.R=aly.v.R=zlw.v. R= elyvzlw 
Dem. 
b .*25°12 . *23°58°42 .3 
Fi R=A.v.R=ely.v.R=zlw.v.R=alyuzlu: 
D.REalyuzlw (1) 
F.e2549. DE RExlyuz|w.RAcly=A.d:REzlw: 


[*55°341] a:R=A.v. R=zlw (2) 

F.*25°43, DF: Renijodl ax I:R+aelyGzlw: 

[*55°341] D:kR+aly=A.v.R+aly=zlwu: 

[*25°24.%23°55 1] I:(Kk+aelyvaely=aly.v. . 
(Reaelyualy=alyuztw (3) 

F.*55'3'36 DR: gGi(RAgly).3.(R+aelyvuely=R (4) 


F.(3).(4). DE. REaxlyuzlw.qi(RaAxly).d: 
b.(2).(5). DE REaelyuzlw.d: pee Gee note gy ee 
R=A.v.R=aly.v.R=zlw.v.R=alyuzlw (6) 
F.(1).(6). DE. Prop -_ 
The above proposition is the analogue of #544. 
#6551. b:.RGalyuS.d:0Ry.v.RES 
Dem. | 
b.e553. DEi:qi(Raely).d.aRy (2) 
.4*2549. DE: Hp.~ql(RaAacly).d.RES (2) 
F.(1).(2). DF. Prop . 
In the remainder of the present number, we are concerned with properties 
of ordinal couples which have no analogues for unit classes. 
#5552. F.(ufeur'y)f(ievuiwjy=alzuelwuoylzuylw [*85°82°413] 
#55521. Fi:a+y.=.nbyCJ [*55°3. 5011] | 
"55°53. bi.aty.3:CR=teury. RCJ.=.qiR.REalyuyla 
— Dem. . 
F.x555. Db GIR. REarlyuyle.s 
R=aly.v. R= yja.veR=a2lyvylex (1) 


F.*55°15. Dt. Calyaiaurly. Cyl e=ievuiy . (2) 
F.(2).*33'262.3+. Cal yuylajaiaeuity (3) 
b.*55'521. a ss Aaa ea . (4) 
[*23°59] D.ahlyvy lad (5) 


F. (1). (2). (8). (4). (5). DF. | 
et+y.3:q!R.RGxlyvyla. 5. CR=teuiy.RGJ (6) 

b.*3591. DF: CRateury.d. RG (tau ty) F (te v uty). . 

[*55°52] D.RErlacvaelyvyl«uyly (7) 
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+. *5024.5F:REJ.3.~(¢Re).~(yRy). 


[*55°3.Transp | >.Racle=A.Rayly=A (8) 
F.(7).(8).*25°49 .DE:CR=tavui'y. RGJ.OD. Realyoyle (9) 
b. *33'24.*%51:161 . Db: CR=Uaevi'y.d.qik (10) 


F.(9).(10). DE: OC Retwury. REJ.I.qIR.RGarlyvuy lez (11) 
F.(6).(11). > +. Prop 


#6554. Fi:aty.3:.CRaaeucty. RaR=A. R=aly.v.R=yle 
Dem. 
b.*50°46 4471.04: RAR=A.=.RGJ.RAR=A (1) 


b.(1).#5553. Dbnety. Dn ORaveuy,.RAR=A. 

| :qIR.RGalyvuyle.RAR=A: 

[4555184] =:R=aly.v.R=yla.v.-R=alyvy le: RAR= A (2) 
b.#5532.Db:i.at+y. Iie yay aad: 


[*55°14] D:Rialy.3.RAR=A: 
— Rayle.d.RAR=A (3) 
b. #5514. *3115:33.5b:R= elyoy)a. >.R= R. 
[423-5] >.RAR= ‘R. 
[55°134] >.q!RaR (4) 


F .(3). (4). #471 .%5°71.5 
braty.d:Realy.v. R=yla.v.h= ~elyouts RaR=A: 


:R= R= 5 
t.(2).(5). DF. Prop a byeye ye ©) 


xBB57. FE. Ri(why)=Raetey — [487-81 #551 #53301] 

455571. |. (aL y)|S=utet Sy 

¥BB572. +. Ri(w | y)|\S=Raet Sy [#55571 . #3781] 

455573. b.Bi(a | y)\S= Rat Sy [x55 572 5] 

45558. F:E! Ra. >. Rie) y)=(R) by [#5557 53-31 4551] 
455581. bt: EtSy.d.(e] y)|S=a | (S*y) 

455582. b:E! Ra. E1Sy.>.B| (ah y)|S=(Rx) | (Sy) [45558581] 
455583. br E! Re. ElSy.d.R|(el y)|S=(R) | (Sy) | #55582 3| 


The above propositions are frequently useful in arithmetic. Their use 
arises as follows. Let a, 8, y, 6 be classes of which a is correlated with y by 
the relation R, and 8 with 6 by the relation S. Then if wey. ye, the 
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couple consisting of the correlate of x and the correlate of y is (R‘x) | (S*y), 


a. by the above, R\(w 1 y)|8, ae. (Rl S)(« | y). Thus the relation R|| S 
correlates the couples, in a and 8, composed of the correlates of terms in 
y and 6. The most useful form, in practice, of *55°583, is that given below 
in *55°61. 
v > —- 

"556. oF (RIS) (2 | w) = Ree eee [455°573 .43°112] 
#5561. FF: E! Rc. E!Sw.d. (Ri S)z 1 w) = (R‘z) | (Sw) 

[#55°583 . #43112] 
*5562, bizt+w.S=alzuylw.d.Sz=2.Sw=y 


Dem. 

t. 55°13. Dt: Hp.d:.u8z.s:uHe.2=2.v.u=y.z=w (1) 
F.(1).*1315.3+t: Hp.d:u8z.s.u=a (2) 
Similarly F:. Hp.Dd:uSw.=.u=y _ (8) 


F.(2).(3).*30°3. 5+. Prop 
*55°621. b:a+y.S=alzuvylw.3.Se=2.Sy=w 
[Proof as in *55°62] 


The four following propositions belong to *43, but are inserted here because 
the proof uses *55°13. 


#5563. +: G!QAS.PIQ=R|S.>.P=R 


Dem. 
b.#¥43°112.D6:: Hp. 3: Ply) 2z)|Q=Rl((y]}z)|8:. 
[#341] D>:. (qu, v).2Pu.u(y)z)v.vQw. =e». 
(qu, v).2Ru.u(y)z)v. ww: 
[*55°13.%13°22] D:.¢Py.2Qw .=2,y.cRy.2Sw: 
[*4°73] D:.2Qw .28w.dyiaPy.3,.0Ry (1) 
F.(1). #1011. *1135.5+:.Hp.d:ePy.=,.2Ry (2) 


F.(2).*10°11:21. 5+. Prop 
#55631. t:q!PAR.P||Q=R||S.3.Q=S [Proof as in #55°63] 
#55632. b: P||Q=RIS.q!tP.qiQ.>.qiPaR.qiQas 


Dem. 
b.*55-13. Dh: aPy.2Qw.d.e{Pi(y])z)\Q}w 
[#43:112] Dea (POY | 2} w (1) 
F.(1).DF:. Hp. d:aPy.zQw.d.2{(R||S)(y Lz} w 
[*43°112] D.2{Ri(y]z)jS}w 
[*34°1] >.(qu, v)-cRu.u(y) z)v.v8w. 
[*55°13.*13°22] >. 2Ry.z8w. 
[*4°7] D.a(PAR)y.2(QAS)w:. 3+. Prop 


40564, bi. G!P.q!Q.v.qik.qiS:d:P|Q=R|S.=.P=R.Q=8 
[#55°63:631°632] 


#56. THE ORDINAL NUMBER 2,. 


Summary of *56. 


In this‘number, we have to consider the class of those relations which are 
each constituted by a single couple. In case the two members of this couple 
are not identical, the class of such relations is (as will be shown later) the 
ordinal number 2, which, to distinguish it from the cardinal number 2, we 
denote by “2,.” (Here the suffix is intended to suggest “relational.”) The 
class of all relations consisting of a single couple, without the restriction that 
the two members of the couple are to be distinct, will be denoted by “2.” 
This is not an ordinal number. It will be observed that there is no ordinal 
number 1, because ordinal numbers apply to series, and series must have 
more than one member if they have any members. This will appear more 
' fully when we come to deal with series. 


The properties of 2 are largely analogous to those of 1, while the properties 
of 2, are more analogous to those of 2. 


Most of the propositions of the present number are seldom referred to 
in the sequel, but such references as occur are important. The most useful 
propositions in the present number are the following: 


#66111, +: Re2,.=.D‘R, ‘Rel. DSRaG‘R=A 
*66112. +: Re2,.=.D‘R, ‘Rel. C*Re2 
«56113. +.2,=30 02 
Observe that “Qeeg” means “relations whose fields have two terms,” 
#5613, +.2-2,=R{(qa).R=a] a} 
456637. /:Re2,.=.0'Re2.RAR=A 
le. 2, is the class of asymmetrical relations whose fields have two terms, 
*56381. F:C‘R=t%.=.R=a)2 
45639. +.9~2,=0°9 


Ie. the relations which are couples whose referent and relatum are 
identical are the relations whose fields consist of a single term. 


i 


#0601. 2=R (qu, y).R=ac}y} Df 
*5602. 2,=R{(qa, y).0+y.R=«ly} Df 
#5603. 0,=0A Df 


*x561. Fi: Re2.=.(qa,y).R=aly  [*20°3.(*56-01)] 
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*66101. +: Re2.=.D‘R, ‘Rel 
Dem. 
F.*55°16 . #1111341 .5 
F:.(qa, y).R=aly.=:(qa, y). Rate. d‘R=cy: 
[*11°54] =:(qa).D‘R=ctx:(qy). Racy: 
[*52°1] =:D‘R, (Rel (1) 
F.(1). #561. 5+. Prop 


#56102, §.2=D"1n G1 


Dem. 
Ft .*56°10] . *37°106.)5 


b:Red.=.ReD“1.ReI1, 
[*2233] =. ReD“1nd1:5+. Prop 
*561038. f:Re2.d.q1R 


Dem. ; 
b.*56101.3+:Re2.9.D‘Rel. 
[*52°16] >.q!iDR. 
[*33°24] >.q!R:DF. Prop 


*66:104. +: Re0,.=.R=A_ [(*5608)] 
x0G11. |+:Re2,.=.(qa,y).at+y.R=x ]y [*203.(*56-02)] 
*66111. +: Re2,.=.D‘R, Rel. DS RaGR=A 
Dem. 
F .*51°231 .*55°16.> 
bFraty. R=aely.=.vanty=A. DR. dR= ty. 
[*13°193] =.D‘RaGR=A.D‘ Rate. aRa=uty (1) 
b. (1). «56°11 . #11:11-341.5 


F:i.Re2,.=:(qa,y).DRa GR=A DR. TR= cy: 
[ell-45]) =:D‘RaG‘R=A:(qe,y).D'R=e. Racy: 
fal154] =:D‘RaMR=A: (qe). DS R= ea: (qy).dR=cy: . 
[52:1] =:D‘RaG@R=A.D‘R, GRel:. D+. Prop 
#56112. §: Re2,.=.D‘R, Rel. CRe2 
Dem. 


F. #56111 . #5443. 3 
t:Re2,.=.D9R,0Re1.DiRvdRe2. 
[#3316] =.D‘R, ‘Rel. C’Re2: I+. Prop 

#56113. |. 2,=3.0 02 | 

Dem. ; 

F.*56112-101 2+: Re2,.= -he2.CRe2. 
[*37-106.*33°122] =.Re2. Re C2. 
[*22°33] =.Re2anC2:D+. Prop 
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#56114. +b .2,=D1 a dla 02 [%56113-102] 
#5612. +: Re2,.=.Re2. REI 


Dem. 

+.*55°3.45011. Dkiaty.=.alyGd: 

[Fact] Dt: Realy.cty.=. Realy aly. 
[*13-193] . =. R=aly.RCJ (1) 


F .(1).#1911-341. 


bi.(qa,y)»R=aly.o#y. :(qv,y).R=aly.RGJ: 


[%*11-45] =:(qa,y)-R=aly:RGdJ: 

[*56°1]} =:Re2.RGCJ (2) 

F.(2).*#5611. 3+. Prop : 
#56121. + .2,G2 [#56113] 


#56122. b:Re2,.Dd.q1R [*56121:103] 
#5618. +.3-2,=R{(qa).R=ala} 


Dem. 
b. «56°11. #1152. Transp . > 
F:Rwve2,. =:Realy.dny-2=y QQ) 
+.(1).*561.5 
bt: Re%—2,.=:(qa,b).R=alb:R=aly-De,.c=y: 
[*11°45] =:(qa,b):R=alb:R=aly.d,y-e=y: 
~ [13-193] =:(qa,b):R=alb:alb=aly.o,,.0=y: 
_ [55-202] =:(qa,b):R=alb:a=x2.b=y.Dpy-2=y: 
[*13°21] =:(qa,b).R=alb.a=b: 
{*13°195] =:(qa).R=ala:.D+. Prop 


2 — 2, might be defined as the ordinal number I, since it is what we shall 
call a relation number (cf. *153). But we wish our ordinal numbers to be 
classes of sertal relations, and such relations have the property of being con- 
tained in diversity. Hence if we were to define 2 —2, as the ordinal number 
1, we should introduce a tiresome exception, from which trivial complications 
would be introduced into ordinal arithmetic. We have, therefore, not adopted 
this course. 


5614. +. D(a |)=3a Dito 


Dem. 
b.488°6.Dh:D'R=te.=.Re Dla | (1) 
.(1).#561.> 
b 1 Rein Dia.= 2(q2,y)-R=zby:DiR=te: 
[*55°16] =:(qz,y)-DR=e2.0R=ty: Di R=te: 


[¥11-45] :(q2z,y)- DSR. CR=ty. DR=ee: 
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[*13°193] =:(qz,y)- DS Rae. GR=ty. =a: 
[*51-23] =:(qz,y).DfR=e%2.QR=ty.z=2: 
[*13°195] =:(qy).D‘R=ue.GR=ey: 

[*55°16] =:(qy) R=aly: 

[*55°22] =:ReD(el):.o+. Prop 


,_ & 
#56141. |. DD‘) c=2anU%x [Proof as in *56-14] 
«5615. +. D(x ))—e(a} 2) =2,0n Dex 
Dem, 
F. #552216. 3b: Re{D\a@])}-—u(x] a). 
=:(qy)-D‘iR=e. R= t'y:~(D' Rate. R=ea): | 


[*10°35.%4°51.#5°61]=:(qy). DSR =t'e. VG R=t'y.~ (A R= tx): 
[*13'193] =:(qy)-D‘R=te. TR=ty.~ (ly =U): 
[#5123] =:(qy).DiR=te GR=ty.a+y: 
[*13°195.%51'23] =: (qz,y).zt¢y.DSR=te. GR=ty ve=ta: 
[*13°193] =:(qz,y)-2¢y.DR=te. GR=t'y. DOR= te: 
[#11°45] =:(4qz2,y).2¢y.-D Race. GR='y: DR=te: 
—_ 

[#55°16.%33°6] =:(qz,y) zty R=zly:ReDte: 

e 
[*56°11.*22°33] =:Re2,n D%r:. D+. Prop 


#56151. +. D(]2)—e(a42)=2,n Ge [Proof as in 36°15] 
#6616. Fa] ye2 


Dem. 
F.e2l2.Db.a@ly=aly. 


{*11:36] DE.(qz,w).c¢Ly=zlw. 
[*561] Dt.elye2.D+. Prop 
“5617, Ficlye2,.=.y)ve2,.=.0$y 


Dem. ° 
F.*56°11.5 
bial ye2.=:(qz,w).ztw.cly=zlu: 
[*55°202] = -=:(q2z,w).zew.e=2.y =: 
[*13°22] Siaty (1) 
Similarly 
bry) ved.=.uFy (2) 
+ .(1).(2). DF. Prop oe 

*5618. bi:arca.=.@7]aC2,.=.] caC2, 

Dem. . 
b.*13196, Db wrea. =r yeae Dy. YH? 
[*56°17] =ryea.d,.¢lye2,: 
[*37°61.*38°12°11] =:al “aC2, (1) 
Similarly bkrarnea.=.] eaC2, (2) 


F.(1).(2). 55. Prop 
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«6619. +: Re2..cveD‘R.=.(qy).ct+y Realy.=. Real “—-vsx 


Dem. 
b.¥5611. #1145. Db: Re2,.veD‘R.=:(qy,2)- ye. R=y)2.ceD‘R: 
([*55°15] =:(qy,z).y#¢z. R=y])z.cery: 
[*51:23 | =:(qy,2z).y$z2.R=y)z.a=y: 
[*13°195] =:(qz).¢+2.R=a]z: (1) 
([*51°15] =:(qz).ze—Ua.R=arlez: 
[*38°13] =:Real “-—w% (2) 
F.(1).(2). 5+. Prop 


#66191. tf: Re2,. veh. =.(qy).aty.Raeylac.=. Rela i—ve 
[Proof as in *56°19] 


*662. +: Red. =:(qu,y):zRw.=,y-2=0.W=y [*55°13 . *56°1] 
#566.21. +:.Re2.=:q! RiaRy.zRw.dey2 0+ C=Z- Y= Ww [*562.414124] 
«5622. b. Ane? [*56°108 . *25°53] 

#5624. b.qi2.q!-2 [*56°22°16 . #10°24] 


#5625. £.2+An Rel. 24+V a Rel (56:24. %245417] 
*56-26. £:.ReQuctA.= :aRy.2Rhw.dey20we FHSeyY=W 
This proposition is the analogue of *52°4. 


Dem. 
+ .*51:2386.Db::ReQuctA. 
=:Re2.v.R=A:. 
[*25°51] =:Re2.v.vq!R:. 
[*56°21] =HnqQ!RiaRy.zRw.o2y2y CH 2Z.YownvnrgGQi Rk: 
[*5°62] =: sAity, 2Rw .De,y.2,0 EF SSeY=WaV. Ee (1) 
F. #1136. Transp. Db: q!R.D:~(¢Ry).~ (zRw): 
[*2°21] D:eRy.D.c#=2:2Rw.d.y=u: 
[*3°47 ] D:aRy.zRw.d.c2#=z.y=w (2) 


F.(2).#11113. Drie GQlR.d:aRy.zRw.dzy,2,0-2=2-y=w (3) 
F.(1).(8). 44°72. aan 
*56°261. k:: Re2.3:.SCR. =A.v.S=R 


Dem. ; 
F.*55'341. 2b: Realyo:S8GCR.=:S=A.v.8=R (1) 
F,(1).*11°11°35 . 56-1. 34. Prop 


*56°262. F:.Re2.3:SGCR.q1S.=.S=R 


Dem. ; ; 
F.*56°22.Db:Re2.3:S=R.D.SHA (1) 
bt. (1). *5°75 .*56°261.5 ; 
br. Re2.9:SCR.StA.=.8=R (2) 
F.(2).*25'54. D4. Prop 
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45627. /:.Re2.3:q! RAS. =. RASS 
Dem. . 
b .455'34 23°43. D 


Fi R=aly.o:q!RAS. =.RAS=R. 
[*56°16] D.RASe2 () 
t.*56103. DE: RASed. D.GIRAS | (2) 


F.(1).(2). Dkz R=ealy.dIiqi RaAS.=. RAG C2 (3) 
b. (3). #111135 .*56°1. 3+. Prop | 
«5628. f:.Re2.I:q!RAS.=.RES.=.RAS=R 
Dem. 
b.*553.9b:.R=aly.d:q!RaS. 
[*23°621] | 
F.(1). (2). %1111°35 . *56:1.5+. Prop 


#56281. t:.Re2,. rq! RAS.=.RES.=.RAS=R.=.RAS C2, 


RGSS. (1) 
.RAS=R (2) 


Hout 


Dem. 

56121. 5b:. Hp.d:Re2: 7 a 
[*56:28] I:q!iRaAS.=.RECS.=.RAS=R (1). 
F.*1313. Db: Hp.d:RAS=R.D.RASE2,: 

{(1)] I=qtRaAS.Dd.RAS€2, (2) - 
+.#56122. D+: RAS€2,.9.qIt RAS (3) 
F.(2).(8). Db: Hp. d:qitRaS.=.RASe2, (4) 
F.(1).(4). 5. Prop . 

#6629. b::P,Qe2.3:.PEGQuR.=:P=Q.v.PER 

Dem. | | 

F.*55°51.5 

bah yEzlwuR.d:a(elw)y.v.clLyCR: 

{%55°31] D:aly=zlw.v.clyCR — ) 

F.(1).#*13°12.5 


kin P=aly.deQ=zlw.d:.PEQuR.3:P=Q.v.PECR (2) 
F. (2). #111135 . #561. 

bs:.Pe2. D2: Q=z]w.d:.PEQuR.3:P=Q.v.PER (3) 
F.(3).#11°113'35 . *561 29 . 
' 
F 
F 


i. PeS.D2Qe%.D:PEGQuUR.D:P=Q.v.PGR  — (4) 
.*23°5861.Dh:.P=Q.v.PER:>.PEQuR (5) 
.(4).Imp.(5). 3+. Prop 

#563. +: P,Qe%.D:PGQ.=.P=Q.=.q!PAQ 


Dem. 
‘F.*55'3°31.9 
bkralyEzlw. 


ttl 


walyszlw. 


{li 


Al@lyael) (1) 
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b.(1).#1312.> | | 
Fr P=aly.Q=zlw.d:PEQ.=.P=Q.=.q!PaAQ (2) 
F (2). #111135 .*56°1.3+. Prop 


The steps from (2) to the conclusion are analogous to those from (2) of 
*56°29 to the conclusion of *56°29. Analogous steps in succeeding proofs 
will be merely indicated as above. 


#5631. F:.P, Qe2.3:P4Q.=.PAQ=A_ [*563. Transp] 
*5632. +:Pe2.>. ae: 


Dem. 
t.45627.3b:.Hp.d:q!PaQ.>.PAQe?: 
[*2°54..%25°54] D:PAQ=A.v.PAQE?: 
[51-236] D:PAQe2uLA:. D+. Prop 


*56°33. ti: P,Qe2.D:. REPwQ.=:R=A.v.R=P.v.R=Q.v.R=PuQ 
Dem. 
b. #555. #1312.Db:: P=2ly.Q=z]w.d:. 
REPwQ.=:R=A.v.R=P.v.R=Q.v.R=PuQ (1) 
F. (1). #111135. #561. D+. Prop 


#6634. F::P,Qe2.P+Q.3:. RE PQ. qiR.R+P vQ.=:R=P.v.R=Q 
Dem. 

F .*56°33'108 . *#5°75 . *25°54. D . 

bi P,Qe2.3:REPuQ.q!R.=:R=P.v.R=Q.v.R= PwQ (1) 

b.#2862. Dh: P=PuQ.=.QEP: 

[4563] Dh: P, Qe3.D:P=PuQ.=.P=Q: 


[Transp] 3: P+Q.9.P+PuQ:. 
[eI3-'181] Dh: P,Qe2.P4+Q.9:R=P.5.R+4+PuQ (2) 
7" $5. Dh. P, Qed. P4Q.3:R=Q.>.R+PuQ (3) 


F.(2).(8). 2 Dh: P,Qe2.P+Q.9:R=P.v.R=Q:9.R4PvQ (4) 
F.(1).(4).*5°75. D5. Prop 


#5635. £:0'Re2.RAR=A.2D.Re2, 


Dem. 

b. #5554. 5 | 

braty CR=tcvi'y.RAR=A.3:R=aly.v.R=y |e: 
[*56°17 | >: Re2, (1) 


F. (1). #111135 «#54101... Prop 
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#56'36. b:Re2,.d.0Re2.RAR=A 


Dem. 
b.*55°54.9 
Fraty.R=acly.d.a+4y. ada RAR=A_ (1) 


F. (1). #111134 .%5611.) 
br. Re2,.3: (qu, y).ety.-CR=vcurly.RAR=A: 
[*54-101.*11-45]3:0'Re2.RAR=A:.D+. Prop 


The following proposition, in addition to being used in *56°38, is used in 
the elementary theory of series (#204-463). 


45637. /:Re2,.=.0'Re2.RAR=A [*5635'36] 
45638. +.2,=O0°2n R(RAR=A) 


Dem. . 
+. 437106.433122.Dh:C'Re® =. Re C2 | (1) 
+. 4203. Dt: RAR=A.s.ReR(RAR=A) (2) 
b.(1).(2).45637. Dk:Re®. =.Re02.ReR(RAR=A). 
[*22-33] =.ReO"2n R(RAR=A):D+.Prop 


This proposition is important as establishing the connection between the 
cardinal and ordinal 2. It shows that the ordinal 2 consists of those asym- 
metrical relations whose fields have (cardinal) 2 terms. It is used in the 
theory of well-ordered series (*250°44). . 


The following proposition, in addition to being used in *56:39, is used in 
relation-arithmetic (*165°38) and in the theory of series (*205°4). 


#56381. b: CR=ta.=.R=a2]ux 


m. 
ais F. #3324161 .*51161.3+:CiR=tw.d.q!1DSR.DSRC ie. 
[¥51°4] >.DR =t'x (1) 
Similarly b:CR=t'a. Dd. A R= ee (2) 
F.(1).(2).*55°16. It: CRete.>.R=alex (3) 
b.x55°15. DE :R=erlu.d.CR=Ux (4) 
F.(3).(4). DF. Prop 


#5639. +.9-2,=C*1 
Dem. 
b.#56°381.Db:0°Rel.=-(qa).R=a lu. 
[*56°13] | -Re2—2, (1) 
F.(1).*37°106. DF. Prop 


{lt 
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This proposition establishes the connection between 2 — 2, and 1, showing 
that 2 — 2, is the class of those relations whose fields consist of a single term. 
It is used in the discussion of 0, and 2, and 2—2, as relation-numbers 
(*153'301). 


0 (Ku)y 


"564. b:i.~C2.Ddialyep.= 
Dem. 
b.x4111. Db: Hp. d:2(su)y. =.(qR).Re2.Rep.aRy. 
[*56°1] og, (qz,w).2Lbwep.a(ezlw)y. 
[*55°13] =.(qz,w).2 )wew.z=a.w=y. 
{*13°22] =.2)yep:.+. Prop 


This proposition is the uate of *53°23. It is used in the number on 
exponentiation in relation-arithmetic (*176'19). 
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SECTION B 


SUB-CLASSES, SUB-RELATIONS, AND RELATIVE TYPES 


Summary of Section B. 


In this section, we consider first the classes contained in a given class and 
the relations contained in a given relation. Ifa is any class, the classes con- 
tained in a are the members of B (8 Ca); these are also called the sub-classes 
of a, or (sometimes) the “parts” of a. In this last usage, they are called 
“proper parts” when they are not coextensive with a, this phrase being formed 
on the analogy of “proper fractions.” The sub-classes of a are all the classes 
that can be formed from members of a; they are the same thing as the 
“combinations” of members of a taken any number at a time. If n is the 
number of members of a, 2” is the number of sub-classes of a, whether n be 
finite or infinite. The number of sub-classes of a is always greater than the 
number of members of a. On account of these and other propositions, the 
class of sub-classes of a given class is an important function of the class. If 
_the class is a, we denote the class of its sub-classes by “Cl‘«.” This is a 
descriptive function, derived from the relation “Cl,” defined as follows: 

Cla RA {e=A(BCa)} De 

The sub-relations of a given relation are all the relations contained in the 
given relation, 7.¢. all relations which imply the given relation for all possible 
arguments. That is, if P is the given relation, R is a sub-relation of P if 
REP. Thus denoting the class of sub-relations of P by “RI‘P,” we are to 
have 

RIP =R(REP); 

hence we take as the definition of “Rl” the following: 

Rl=XPA=R(REP)} De 
Sub-relations have properties analogous to those of sub-classes, but they are 
of somewhat less importance. It should, however, be observed that when one 
series is contained in another, 2.e. is obtained by selecting some of the terms 
of the other series without changing their order, then the generating relation 
of the one series is a sub-relation of the generating relation of the other series. 
(It is not the case that a sub-relation of the generating relation of a series 
must generate a contained series, for its field may fall apart inte detached 
portions, or otherwise fail of being serial.) 
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We shall also consider in this section (*62) the relation of membership of 
a class, 7.¢. the relation which « has to a when wee. This relation bears the 
same relation to “aea” as “I” bears to “x=y.” Strictly pees: we ought 
to introduce a new notation for it, putting (say) 
A=@(xzea) Df. 
But as ¢, unlike “=,” is. a letter, and capable of being conveniently used 
alone, it ‘seems more desirable, from the point of view of avoiding unnecessary 
duplication of symbols, to put 
e=28(%ea) Df. 
eee speaking, this definition is faulty, since it gives two different meanings 
to “e.” But practically this does not matter, since the above definition gives 


”? 


FKi:vea.=.%e4, 
where the first e has the meaning just defined, while the second has the old 
meaning. Thus all that is really required of the above definition, namely to 
give a meaning to formulae in which e occurs without referent or relatum, is 
effected without the danger of any confusion that could lead to errors. 


The chief importance of ¢ as a relation arises from the fact that relations 
contained in e play a very important part in arithmetic. Take, for example, 
the problem of selecting one term out of each member of a class of classes: 
in this case we require a selecting relation R which is such that whenever 
xRa, « is a member of a, t.e. such that RGe. (This condition is only part of 
the definition of a selecting relation; the complete definition is given in *80.) 


Three numbers in this section (#63, *64, *65) are devoted to the discussion 
of relative types. Given a variable x, we often want to define the relative 
types of other variables, or of ambiguous symbols, occurring in the same con- 
text; that 18, we wish to express the types of these other symbols in terms of 
that of « We use “t‘x” for the type of a, “t,.‘a” for the type in which a is con- 
tained. Then i,fa=avu—a, e=U'cu—Ua=t,{l%x, and tta=t,‘Cl‘a=Cl*t,‘a. 
Also we introduce a notation (*65) for giving typical definiteness, relatively 
to «, to typically ambiguous symbols. This notation is very useful in cardinal 
and ordinal arithmetic, since numbers are typically ambiguous, and the failure 
to take account of this fact has led to the contradictions concerning the greatest 
cardinal and the greatest ordinal. 
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*60. THE SUB-CLASSES OF A GIVEN CLASS _ 
Summary of *60. 


Our definitions in this number are as follows: 
*60°01. Cl= a {x =6(8Ca)| Df 

This defines the relation to a class a of the alias of all its sub-classes. 
*60°02. Clex = 2a {x =B(BCa.q!8)} Df 

This defines the relation to a class a of the class of all its existent sub- 
classes, 7.¢. of all its sub-classes except A. This is often required, as, for 
example, in, the statement of Zermelo’s axiom: “Given any class a, there is 
a relation R such that, if 8 is any existent sub-class of a, R‘8 is a member 
of 8,” 2. 

“(qR): Be Clex‘a. Dg. R’Be 8.” 

This axiom, or its equivalent the multiplicative axiom, plays (as will appear 
hereafter) an important part as the hypothesis to many propositions in © 
cardinal arithmetic. 
*60°03. Cls?=Cl‘Cls Df 

A Cls? is a class whose ie are classes. 


*60°04. Cls* = Cl‘Cls?- 

A Cls* is a class x members are classes whose’ members are classes; 
2.¢. a Cls® is a class of classes of classes. 

Apart from propositions which merely embody the definitions, the most 
useful propositions in this number are the following: 
*603. [-.AecClfa 


~ #6032. F.CIKA=U4A 


#6034. F.aeCl‘a 
#60°362. +. Clute = 6A v ue'a 
I.e, A and ‘a are the only sub-classes of a unit class ta, 
605. Fe sCla=a 
#6057, | .« CC's‘ 
x60. bixzea.D.UweClex‘a 
The propositions of this number are chiefly useful in cardinal and ordinal 


_ arithmetic, but uses also occur in the theory of series; hardly any uses occur 
before cardinal arithmetic. 
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*60°01. 
*60'02. 
*60°03. 
*60°04. 
*60'1. 

*60:11. 
*60:12. 
+*60°13. 
*60°14. 
*60°15. 
*60°2. 

*60°21. 
*60:22. 
*60°23. 
*60°24. 
*60'3. 

*60°31. 
«60°32. 


Dem. 


Cl = a {x =8 (8 Ca)} 
Clex=£4{e=8(8Ca.q!8)} Df 
Cls? = Cl‘Cls - 

Cls* = Cl‘Cls? 
:<Cla.=.«=/(8Ca) 
:«Clexa.=.«=8(BCa.q!8) 
. Cla= 6(8 Ca) 

. Clex‘a=A(8Ca.q!2) 
-E!Cl*a 

- E!Clex‘a 

:BeCla.=.8Ca 
:BeClex‘a.=.@Ca.q!B 
>BeClex‘a.=.BeCla.qi~ 
:BeClexfa.=.BeCla—tA 
Clexa=Cla—uA 
-AeClfa 

qi Cl*a 

CIA =A 


- 
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F.*60°2 #2413. Dh: aeClA. 
[*51°15] 


*60°321. kr:a=A.=.Cl‘a=w'a 


Dem. 


+. *60°32. DFk:a=A.D.Cla= 
F.*60°2.*51:15.) 
F 2. Clfa= ea. 


Df 


Df 
Df 


Mall 


[*21°3 . (*60°01)] 
[*21°3 . (*60°02)] 
[*30°3 . *60°1] 
[*30°3 . *60°11] 
[*60°12 . *14°21] 
[*60°13 . #1421] 
[60°12 . #20°33] 
[*60°13 . *20°33] 
[*60°2-21] 


- [60°22 . 53°52] 


[*60°23 . *20°43] 
[#2412 . *60°2] 
[*60°3 . #10°24] 


wk 


»aet'Ar DE. Prop 


Sa 


:BCa.=,.8=a: 


[*101] 2:ACa.=.A=a: 
[*24°12] D:A=a 
F.(1).(2). 55. Prop 


*60'33. +.Clex‘A=AnCls 


We write “An Cls” on the right, to indicate that the A concerned is of 
higher type than the A on the left. 


. Dem. 


© [51152454] 


 . #602232. DE: BeClex‘A. 


F. (1) .*3'24. DF. Be Clex‘A 
F.(2).*1011.*2415.5+. Prop 


BevA.q!—. 
-B=A.B4A 


389 


(1) 


(2) 


(1) 
(2) 
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6034. b.ae Cla [22°42 . 60-2] 
*60°35. bFiqia.D.aeClex‘a [60-2234] 
*60°36. Fiqi!a.>.q!Clex‘a [*60°35. 10°24] 
*60°361. Fiq!ta.=.q!Clex‘a [60:36:33] 
*60°362. +. Cliifa=iSA vette [51401 . *60°2] 
*60°37. |. ClextSe= Uta 


Dem. 
F. 60°21. D+: Be Clex@.=.8Cia.qiB. 
[%51-4] =.P=Ua. 
[*51°15] =.Peta: D+. Prop 
#60371. F:ae1.5.ClaCOvul 
Dem. 
F.*51401. Db r:a=Ue. 32 BCa.=:B=A.V.B=U2: 
[*54-102.%52°22] D:Be0.v.Rel:. 
[*60°2.%22°34] D:.BeCla.3.8e0vul “() 
F.(1).*10°11:23 . *52'1. 5+. Prop 
*60°38. F:ael.=.Clex‘a=v'a 
Dem. 
t.*60°37 . Dhk:a=Ue.d.Clex‘a=ta: 
[*10°11-23] Dh: (qa).a=ee.d.Clexa=ta: 
[*52°1] DF:ael.D3.Clex‘a= 1a (1) 
F.*60°361 .*51:161. DE:Clex‘a=ta.d.qta (2) 
F.*60°21.*101 . DF:.Clexfa=la.dDileCa.qiew.=.le=ai 
[*51°161] D:teCa.=.lw=a: 
[*51°2] Divea.=.Ua=a (3) 
F . (3). *10°11-21-281. DF :.Clex‘fa=l'a.Diqla.=.(qz).tw=a. 
[*52°1] . =.ael: 
[(2)] D:ael (4) 
F.(1).(4). DF. Prop : 
#6039. |. Cl(ifeulty) =U A Vv iisa ity VU ify) [e544 60°2] 
*60°391. F:ae2.3.ClaCOvlv2 [54411 . *60°2] 


This proposition is used in the theory of the continuity of functions 
(*234°202). 
#604. F:8eCla.yOB.Dd.yeClia [60-2 .*22°44] 
*60°41. F:BeCl’a.>. Bn yeCl*a [*60°4 . #22°43] 

The following proposition is used in the theory of well-ordered series 
(%250°14). 
#6042. F:8eCla.yCR.q!iy.-d.yeClex‘a [*60°422] 
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#6043. §:8, yeClfa.=.BuyeCl [*22°59 . *60°2] 
*60'44. +:BeCl'a.yeClexta.>.BuyeClex‘a [*60°43 . #2456. *60°22 | 
The following proposition is required in the theory of “first differences” 
(*170°65). 
#6045. t:peCl(avu B).=. (ay, 8)-yeCla.deCl'B.p=yyu 5 
Dem. 


F . *60°2 . *22°621°68. 5 
tspeCl(auB).d.p=(pnajy (pap) (1) 
b .*60°2 . #2243. Db. pnaeCla.pnBeClB (2) 
F.(1).(2).*10°24.5 
bspeCl(av 8). D+ (ay, 8)-yeCla.deClKB.p=yud (3) 
F .*60°2 .D 
bs (my, 8)«ye Cla. d8eClB.p=yv 5.2. (gy, 8).yCa.5CR.pHyvd. 
[*22°72] D>.pCav8. : 
{*60°2] D>. peCl(av 8) | (4) 
+ .(3).(4). D4. Prop . 
*60°5. +.s‘Clfa=a 
Dem. . 
+. 40°11. *60°2. Db: 2es'Cl'a.=.(qB).-8Ca.xceB. (1) 
[%*22°4.41 ] D.xvea (2) 
b. 22°42. Dt:vea.Dd.aCa.vea. 
[10°24] D>.(qR).-BCa.xveP. 
{(1)] >. ves Cl*a (3) 
+ .(2).(8). DF. Prop 
*60'501. +. s*Clex‘a=a. 

Dem. 
+. 40°11. «60°21. Db: aes'Clex‘a.=.(q8).RBCa.q!i8.re8. (1) 
[22-441 ] D.rea (2) 
F .*22°42. Dkixvea.D.aCa.xcea. 

[*10°24.%24°5.47 | D.aCa.qia.vea. 

[*10°24] D.(qB)-BCa.qiB.veB. 

((1)} D.xzesClex‘a (3) 
F.(2).(3). DF. Prop 


The above proposition is used in the theory of cardinal multiplication 
(*115:17). 
«60°51. +. p‘Cla=A (40°22. *60°3] 


The following proposition is used in the cardinal theory of finite and 
infinite (4124541). 


46052. bis CO B.=.e CCl [*40°151. 460-2] 
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#6053. f:8Cp«.=.RepCl“« 


Dem. 
+ .*40°15 . *60°2 Ds. BC psc. 


[440-41.#60°14) 
#6054. +.Clp'e=p Cle [x60°53'2] 
¥6055. +:Clfa=ClB.=.a=8 


yex.D,.BeCl*y: 
Be p'Cl“«:. D+. Prop 


Wool 


Dem. 
F . «30°37 . *6014. Drra=8B.9.Cla=Cl'B | (1) 
+. *30°37 . DF: Clfa=ClB.D.s'Cla=s Cle. | 
[*60°5] D.a=8 (2) 


F.(1).(2).9F. Prope 
*60°56. |: Clex‘a=Clex‘8@.=.a=8 [Proof as in *60: 55] 
The following proposition is used frequently. 
*60°57. +. « CCl*s*« 


Dem. - 
F.*40°13 .*60°2. Dki:aex.D.aeCl*s%x (1) 


F.(1). #10711 .*#221. 5+. Prop 
#606. Fsvea.d.t%eeClex’a [51:2°161. *60°21] 


The following proposition is used in connection with cardinal multiplication 
and with greater and less (#115°17 and *117°66). 


*60°61. | .eaCClex‘a | [*37°61 . #5112. *60°6] 
#6062. Fiz,yea.d.lcutyeCl ex‘a penne 
#607. . +. ClfaeCls® 


Dem. 
+ .*60°2.3b:BeCla.=.8Ca. 
[*22°1.%20°1°3] =.(Gd,¥)-a=2(b12).B=2(Plz). pied, dla 
[¥10°5] >. (qh)-B=2 (p12). 
[420°4] >. BeCls (1) 


F.(1).*60°2 . (#6008). 3+. Prop 
*60°71. -.Cls*=Cl‘Cls  [(*60°03)] 
«60°72. | .Cls®'=Cl‘Cls? [(*60°04)] 


*61. THE SUB-RELATIONS OF A GIVEN RELATION 


Summary of *61. 


The propositions of this number (except that *61:371:372'373 imperfectly 
correspond to *60°371) are the analogues of those with the same decimal part 
in *60. Proofs are omitted, as they are exactly analogous to those in *60. 
There are very few subsequent references to the propositions of this number. 


*6101. 
61°02. 
*61:03. 
*61:04. 
*61:1. 
#6111. 
461-12. 
*61:13. 
*61°14. 
#6115. 
*61°2. 
*61:21. 
"61-22. 


*61:23._ 


*61'24. 


«613. 


¥61:31. 
*61:32. 


.*61°321. 


#6133. 
*61'34. 
*61'35. 
*61°36. 


*61°361. 
*61:362. 


*61:37. 
*61:371 


Rl=°P A=R(REP) Df 
Rlex=XP(.=R(REP.G!R)} De 
Rel? = Rl‘(Rel f Rel) Df 
Rel’ = Ri‘(Rel? f Rel’) Df 


F:XRIP.=.r»1=R(REP) 
b:rRlexP.=.r+\=R(REP.G! RB) 
F.RIMP=R(RGP) - 
b. Rlex‘P=R(RGP.G!R) 


~F.EYRISP 

Ft. E!Rlex‘P 

Fk: ReRMP.=.REP 

Fk: ReRlex‘P.=.REP.q!IRk 


Fi: ReRlex‘P.=.ReRMP.Gth 


bt: Re Rlex‘P.=.ReRMP—UA 
t. Rlex‘P=RIP—UtA 
F.AeRISP 

F.qiRifP 

F. RMA =tA 

Fk: P=A.=.RiMP=U'P 
F.Rlex‘A =A n Rel 
F.PeRIMP . 
brg!P.>.PeRlex‘P 
bF:q@!P.>.q!Rlex‘P 
biqiP.=.q!Rlex‘P 

Fe. Ri(aly=tAvui(aely) 
b.Rlex(a) y)=t(aly) 
t:Re2.D.RMR=UcA viR 
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*61:372. 
*61°373. 
*61:38. 
*61:39. 
*61:391. 
*61°4. 
*61:41. 
*61°42. 
*61°43. 


. *61°44. 


¥*61'5. 
#61501. 
#61°51. 
*61°52. 
#61'53. 
#61°54. 
#61°55. 
*61°56. 
*61°6. . 


F 


:QCpnr. 
» Rr = pSRIA 

- RMP =RIQ.=.P=Q 

. Rlex‘P = Rl ex‘Q.=.P=Q 
:aPy.d.a)yeRlex‘P 
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t:Re2.>.RINRCO, v2 

t:Re2,.).RiNRCO,v 2, 

Ft: Re%.=.Rlex‘R=UR 

F.Ri(a@lyuz wy=tAvil(alyvi(zlwyui(e@lyuztw) 
b:P,Qe2.>.RI(Pu Q=cA viP viQui(PuQ) 
:QeRIP.REQ.D.Re RMP 

k:QeRINP.D.QARERIMP 
t:QeRMP.RGQ.q!R.D. Re Rlex‘P 

bs 
- 
F 
F 
F 
+ 
- 
- 
F 
k 


Q,ReRUP.=.Qu Re RVP 


:QeRIP. Re Rlex‘P.3.Qu Re Rlex’P 
. RIP =P 

. &Rl ex‘P = P 

.pRP=A 

2:8XEQ.=.rACRIQ 


=.Qep*RIMr 


The analogue of «60°61 is not given, because we have no suitable notation 
for expressing it. 


+*61°62. 
*61°7. 


F 


:aPy.zPw.d.aelyuz)we Ri ex‘P 
ar 


RIP ¢ Cl‘Rel 


62°42. 


#62, THE RELATION OF MEMBERSHIP OF A CLASS 


Summary of *62. 


When “x ea” was defined, in *20, it was defined as a propositional 
function; and this mode of definition was necessary, because we had to treat 
of this function before treating of relations. But for many purposes it is 
desirable to regard ¢ as a relation, so that “ae a” becomes an instance of the 
notation “uRv.’ This requires, strictly speaking, a change in the meaning of 
“x ea,” but it is a change which does not falsify any of the previous propositions 
in which “a ea” occurs; for if we call the new meaning “# ¢’ a,” we. if we put 

« =24(xea) Df, 
we have . hive a.=.vea. 


Hence it is unnecessary in practice to have a new notation for the new 

meaning, and we put simply | 
e=fa(xea) Df. 

This definition, though strictly incorrect, is recommended by its convenience, 

and by the fact that it cannot lead to any harmful confusions. The new 

meaning of e may be taken as replacing the old throughout the remainder of 

this work. 

The uses of the propositions of the present number occur almost ex- 
clusively in the theory of selections from a class of classes (*83, *84, *85 and 
*88). Such selections are effected by means of selective relations, part of 
whose definition is that they are contained in e. Hence the uses of the present 
number. If « is the class of classes from which a selection is to be made, a 
selective relation will in fact be contained in ef; hence the properties of ef « 
become important. Some of these properties are given in *62°4 ff. 


The most important propositions of the present number are the following: 
4622. b.e‘a=a 
#62:'231..-: «4 CU%e.=.Arek 
¥62-26. |.R=elR 
*62°3. b.ce= sx 
Fi: Anex.d.Cdefe=n 
Ft. DfePpu=sk 
k 


‘eC 1-D.ePesepec 


*62°43. 
*62°55. 
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#6201. c=OR(wea) Df 

*621. Fivea.=.xvea [21:3 .(*62°01)] . 
In the above proposition, the first ¢ has the newly-defined meaning, while 


the second has the old meaning. In virtue of the above proposition, the new 


meaning may be substituted for the old in all propositions hitherto proved 
concerning ¢, and may take the place of the old meaning in all that follows. 


—)> 
#622. F.icla=a 
Dem. 
—_ 
b.*x8218.D+.efa=2 (rea) 
[*20°42] =a... Prop 
js . 
4#62°21. b.efw=@(xea) [32131] 
— 
Thus ex consists of the classes of which x is a member. 


#6222. +.D‘e=V 
Dem. 
+. #24104. D+.(2).aeV. 
[*10°24] Dk:(w):(qa).vea: 
[*33°13] Dt .(#).x2e De: 
[*2414] DF. Dfe=V 


#62°23. +. (‘e=Cls— ‘A 

F. #535. Dbi:aeCls—- ev A.=.q la. 

[*33°131] =.aeM‘e: DF. Prop 
462-231. Fie CU’e.e. Aven [2463 433131] 


w 


*6224. t.cle=V 


Dem. 
b.*24104.41157. 5b. (x,y) veV.yeV. 
[431-11] Db. (a,y).veV. Vey. 
[*10°24] eB Ls (a, y)2(qa).wea.aey: 
[*34°1] Dhi(ay)iweley: 
[25°14] Dhelee¥ 
46225. b.cle=48 (q! (an B)} 
Dem. — 
b.a841 48111. DF: a(ele)8.5-(qu).vea.wef. 
[*22°33] =.ql(anP):O+. Prop 
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. a 
462-26. +. R=c|R 


Dem. . 
—p 
F. #38218 .Db:aky.=.ae Ry. 
. ed 
[*30°33.*32°12] =.(qa).vea.aRy. 
—> 7 
(*34°1] =.a(e|R)y: It. Prop 
#623. | .cK = sx 
Dem 


Fix871. Db ee =2 {(qa).aex.xea} 
[(*40°02)] = sx .>+. Prop 


*62°31. +. es *e= 8K 


Note that, since ¢ is not a homogeneous relation, 7.e. not one in which 
referent and relatum belgng to the same type, ¢* is strictly meaningless. 
For if we have wea.aex, the two e’s have different meanings, and do not 
therefore properly give we?: But it is convenient to allow e*, on the undér- 
standing that the ambiguity of ¢ is to be differently determined for the two 
factors in the product e|e¢, namely the second e must make both referent and 
relatum belong to the next type above that to which they respectively belong 
for the first e. 


Dem. . 
~ : 
F.x8213 DF. A= 8B (rex) 
[345 | = 2 {(qa)-vea.aex} 
[(#40°02)] = 3K 


eg , 
*62°32. F.s=ec=e? [30°41 . *#62°3'31 . #3711] 


a 
#6233. F.c=IfCls 


Dem. 
b. #622 .*3803. 5b: Bea.=p.8 =a. 
[*20°41] =p. 8=a.aeCls. 
[*50°1.*35°101] =s-S8(1fCls)a: D+. Prop 


The use of *20°41 in the above proof depends upon the fact that a is. 
merely an abbreviation for an expression of the form 2 (pz). 


0234. +. Pe=sg(Ple) 


Dem. 
F.«37101. (43701). Drs APB. =:a=2{(qy)-yeB.ePy} - 
[#341] = & {a(P |e) B}: 


[*32'1-23] 


a {sg“(P|e)} B:. +. Prop 
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#624. b.che=2d(wea.aex) [21:2 .(*35°02)] 

The relation ef « is very important in cardinal arithmetic, in connection 
with the problem of selection from the members of x, 2.e. of extracting one 
term out of each of the members of x. A relation which is to effect this 
selection must be contained in ef x. 

#6241. +. d‘ePpe=x—U'A 
* Dem. 
F.*385101. DE :a(ePx)a.=.vea.aen: 


[*10°11-281] DF :. (qa). a(ePu)a.=:(qx).vea.aek 


[*10°35] =:(qx).vearaen: 
[*24°5 ] =iqla.aex: 
[53°52]. =Sraex—UA (1) 


F.(1).*83°1381.5F. Prop 
#6242. Fk: Aren.d.Cefue=« 


Dem. 
+.#*5136.5+:Hp.d.«C—UsA. 
[*22°621] D.Ke=K—-UA. 
[*62°41 ] >.Uefxe=x:D. Prop 
#62°43, |. Dfefx=s‘x 
Dem. 
t.x8311.59+.D'efa=2 {(qa).x(ef x) a} 
[*35°101] =&{(qa).vea.aex} 
[(*40-02)] = sfc. D+. Prop 
#6244. LeRGece iw): wea 
Dem. 
b.*x231.3b:.RGe.=:r2ha.d,,. cea: 
[*32°18] sae Ra. Deas CEM? 
[*11°2.%22°1] =:(a). Ra Can Db. Prop 
*62°45. +:.RGe. EN R“UR.=:aceUC‘R.D,.Raca 
Dem. 
b.*1421 24471. 5b:. Roaca.=:E! hia. Riaea: 
[*30°33.%5°32 ] =:E! Roa:vRa.d,.vea (1) 


F.(1). #10413. DF ::aceUR.D,.Raca:= 
eS aie ae een 
([*10'29.411°62]=:.aceQU‘°R.D,. HE! RoaraeA*R.wRa. dag EG: 
[*33°14.44-71] =r.aeCU°R.D,.E! Ra:cha.d.4-vEat 
[*37°104.%11-2]=:. EN ROISR.RGe:: DE. Prop 
This proposition is useful in the theory of selections. It is used in the 
proof of *83°27, and thence of *83°28. 
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*62°5. +. 
Dem. 


*62°51. | 


Dem. 
*62°52. | 
Dem. 
*62°53. + 
*62°54. |: 
*62'55. +: 

Dem. 
*62'56. |. 

Dem. 
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LG € 
b. 488-21 .45213. D+. 0e=1. 
[452-173] DhiaceMt.D,.taea: 
[*62°45] Db. Ge 


ww ww 
:Elefa.D.ta=efa 


b .a5215172. D+: Hp. divva=a: 
[*51°15] Dieala.=,.0ea: 
[*30°3 ] D:t’a=efar. DF. Prop 


:Elea.s.qel.=.Elua 


b.*302.Db:. Ele‘a.=:(qb):vea.=,-2=b: 
[*52°11] =:ael: 
[*52°15 ] =:E!efa:. D+. Prop 


:Elefa.D.ca=ta [625152] 


ael.D.cfasifa [*62'51'52] 

KCl. Dieheaife 
b.x6254. Dh: Hp. d:aec.D.-ca=la: 
[*35°71] Diefeaiber Db. Prop 


ww ww 
efifa=tfPea=ate 


b.452°3.%6255. Dh efuaaipea 
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(1) 


(2) 


b.¥35°101 4376. Db ao(upea)B. =r at8s(qy). yea. B=wy: 
[*51°51] =:R=Ua:(qy)- yea. Barty: 
[*10°35] =Hi(qy).B=tw.yea.B= ly: 
[*13°193] =:(qy).B=la.yea.la=ly: 
[*51-23] =:(qy).B=te.yea.v=y: 
[#13195] =:B=Ua.vea: 
[*51°51] = 1218 .vea: 
[*35°1] =:2(a1t)B 
F.(1).(2). D+. Prop 

46257. b.tech] 
Dem. sa 6255. DEweP1 ep 


[52-13] =ipde 
[¥35°452] =t.>+. Prop 


' #63. RELATIVE TYPES OF CLASSES 
Summary of *63. 


The notations introduced in this artd the two following numbers serve to 
express the type of one variable in terms of the type of another. They are 
very useful in arithmetic, where it is ne¢essary to take account of types in 
order to avoid contradictions. The two chief notations are “t,‘a,” for the 
type in which a is contained, and “¢‘w,” for the type of which z is a member. 
We put . 

#6302. tfa=av—a Df 

This defines “the type of members of a,” or “the type which is of the 

same type as a.” The characteristic of a type is that if 7 is a type, we have 
(@).@eT, | | | 

and conversely, if (v).ae7, then 7 is a type. For in that case, “2e7r” is true 

whenever it is significant, 7.e. whenever w belongs to the type which is the 

range of significance of # in “wer.” Consequently 7 is this range of signifi- 

cance, te. 1s a type. 

Since we have (#).ve(av—a), it follows that au—a is a type. It is 
not “the type of a” but “the type of the members of a.” (In case a is null, 
“the type of the members of a” may be interpreted as meaning “the type to 
which x belongs when ‘zea’ is significant.”) “The type of «,” i.e. the type of 
which a is a member, is defined as follows: ‘ 
#6301. t'e=tau—wa« Df . 

By what was said above, “t,“‘x” is the type of the members of t‘a, 1.e. the 
type of « By combining the definitions of t‘« and t,‘a, we obtain 

bt = t)t'a. | 

Thus t.wet'e and b:y+a.d.yet a. 

In short, ¢‘x consists of everything either identical or not identical with a, 
that is, every y for which there is such a proposition, whether true or false, 
as “y=a.” We put “t‘x” here instead of “t*a,” because x need not be a class, 
and is in fact subject to no limitation whatever, whereas “t,‘x” is not signi- 
ficant unless « is a class, and therefore we write “f,‘a” rather than “t,‘a.” 

We put also 
#63011. f‘a=t‘a. Df 

This definition serves merely to bring ¢‘# notationally into line with ¢,‘x 
and the types ‘x, fa, ... tx, ta, ... defined below. 

In virtue of *20°8, we have 

Fi guver ga.2.2(gvv ~ $2) =ta, 
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i.e. if “da” is significant, then the range of significance of the function ¢2 is 
the type of a. It follows that two ranges of significance which overlap are 
identical, and two different ranges of significance have no member in common. 

It will be seen that t‘e is always of the next type above that of », and s‘« 
(if « is a class of classes) is of the next type below that of «. We put 


*63°03. t,S«=t,‘s‘« Df 
so that t,‘« is the type next below that in which « is contained. Thus if « is 
a class of classes of individuals, ¢,‘« is the class of individuals. We put also 
#6304. ta=tte Df 
*63:041. #a2=t%a2 Df and so on 
#6305. t6«=t,'t,'« Df 
*63°051. t,6« = t,°t.“« Df and so on 

Thus given any two objects which are members of any one of the follow- 
ing: the type of #, the type of the classes to which « belongs, the type of the 


classes to which these classes belong, and so on, we can express the type of 
either of our two objects by means of its relation to the other object. 


The propositions of this and the two following numbers will hardly ever 
be used until we come to cardinal arithmetic. They are used constantly in 
the first section on cardinal arithmetic, and they are constantly relevant in 
the first section on relation-arithmetic. Moreover they are usually required for 
cardinal and ordinal existence-theorems. 


Among the most useful propositions of the present number are the 
following: 
*63'103. +. ave t'x 
*63°105. F.aCt,“a : 
#6311. F:vet“a.d.te=av—a=ta 

Ie. if @ either is or is not a member of a, then the type of « is the type 
which contains a. This proposition uses *20°8. 
#6313. Fide. gy.d.yet'x 

Je. if there is any function satisfied by both « and y, then y is of the type 
of x. It is necessary to the use of this proposition that, if $2 is a typically 
ambiguous function, it should receive the same typical determination for w and 
for y. For example, we have always = and y=y; but we must not regard 
these as values of one function’2?=2, because such a function is typically 
ambiguous. On the other hand, «=a and y=a are values of one function 
2=a, because here the presence of a renders the function typically determinate. 
*63'15. + .4,%tae=t'e 
*63'19. +. ¢t,fa=t*a 

R&W I 26 
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*63-:16. /:vet'y.=.yete.=.q lifanty. =.tw=tly 
This proposition, which depends upon *63'11, and thence upon *20°8 and 
*13°3, and thence upon *9°14°15, is vital to the whole theory of types. 
*63°32. +.t%e=s tf 
¥63'371. F : B Ct,“a.=.Bet‘a 
#63°383. |. tt,‘ = ty | 
We shall have generally #™t"« =¢™+"x, where we may count suffixes as 
“negative indices, so that ¢™t,‘« =t™—™« or th_m‘k« according. as m or nis the 
greater. 
#635. k:vet“a.=.ac@w.=.aCtx.=.ta=t a 
This proposition is used constantly. 
63°51. biacthie.=.aCiK.=.KCta.=.ta=tix 
¥63°52.. Fiaet{X.=.aCtrA.=.rACMa.=.ta=tr.=.Pa=tr 
6353. bivet“a.=.Mae=ta.=.te= ta 
The above four propositions, together with four similar ones (*63°5455°56'57), 
give transformations which enable us to express any relation of type, as be- 
tween class and members or members of members or etc., that is likely to 
occur in practice. 
*63°64. | .tB=t‘t<B 
This proposition is often used in the first section on cardinal arithmetic. 


*63'66. |. Cla = ix 


*63°01. tx 7 ixvu—wta Df 


63011. Ba = tha Df 

*x63°02. tia=av—a Df 

#6308. tfce=t'sxe Df 

*63°04. fa =tta Df 

*63:041. 6a = tt Df 

*63°05.  £.5« = 1,'t,‘« Df 

*63°051. t6« = byt," Df . | 

#631. +.(x).vet{a [29:88] 

#63101. b. te =t6t'e =u'au— Ua [*20°2 . («63°01-02)] 
#63102. +. (y).y eta [*63'1-101] 
463-108. |. xetx [%63-101 . #5116] 
463.104. k:du.vdy.D.yetia — [¥63101 .*13°14| 
#63105. b.aCt,‘a [%22'58] 

*63°106. + .ta=t,'—a [*22:8] 
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#63107. bs. (2). barf (dy): >. by 
Dem. 

be #211. 41011. “Db. (y). f(y) V~f(4y) (1) 
F. (1). #1013221. 56 s.(2). 6x. D: oy. f(dy)v~f(oy): 
[#5°1] 9: dy-=-f (dy) V~f (by): 
[*2°2] 2: f(oy)-2.gy:. DF. Prop 

¥63'108. Fs f(y et'r). D.yet ax [*63:107°102] 

#63109. F: f(yet a). Dd. yet a [%63°107:1] | 

#6311. bisxet“a.Dd.te=avu —a=t,‘a 


Dem. 
b . #2234. (#6302). D+:.Hp.Divea.v.arvea: 
[*20°8] D:F(yea.V.yred)=F(iy=a.v.y+2): 
[*22°3°31.%51°15] Diav—a=U4uU—Ua (1) 


_F. (1). (63°01-:02). D+ . Prop 
#6312. bi.dav~rge.d: hyve dy.=,.yet*e 
Dem. 
F. 63:11. #208. 95: Hp.3:t%=2(b2z) v—2 (dz): 
[#2031 .*22'391-392] Diyeta.=y. pyv~ gy: Db. Prop 
#6313. |:¢r.gy.D.yet*x [#6312 . Imp. Add]. 
#6314. :(r).mea.D.t'a=a [%241417-24. (x63°02)] 


#6315. |. t,{t'a =tae [*63-14'102] 

¥63°151. +. t)'t‘a = t,“a — [*63°14-1] 

#63°152. |. aw t‘tSax [*63°103'15] 

#6316. b:vet'y.=.yete.=.qitanty.=.tw=ty 

Dem. | 

F. 63-101 25123. 3b:rety.s.yetx (QQ) 
F."6313. Dbs(qz).zetw.zet'y.DdD.yeta (2) 
F.*63'103 Dts yet. d.yete.yety. 
[*10°24] D.qltfen ty . (3) 
F.(2).(8). Dkiryet.s.qitanty (4) 
F.*63'108.36 ses tty.d.yet a . (5) 
F.*6313. Dhksyete.zeta.d.zetly (6) 
F. *63:13. Dhivet'y.zet'y.d.zet x: 
{(1)] Dkiyete.zet*'y.Dd.zetx — (7) 
F.(6).(7). Dh yete.dizete.=.zet y (8) 
F.(5).(8). Dhs.yeta.=.twe=ty (9) 


F.(1).(4).(9). DF. Prop 
26—2 
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*6317. b:yet'x.zet'y.d.zete [6316] 

#6318. F.qtt‘a [*10°25 . *63'1] 

#63181. F:aCt{B.=.BCtfa.=.qltfant~§B.=.tfa=t°8 
Dem. 


F. *63°105 . Di:t,fa=t68.D.aCt<B (1) 
b.*24°6. Dk:.aCt{B.DdD:a=t{B.v.qlt<B—a (2) 
F.x63°151. Dk:a=i,58.9.t,62=1,58 (3) 
F.*63'11. Di:vet{B.xe—a.d.ta=t,B.te=ths—a. 
{*63°106] D.ta=t,68 (4) 
F.(2).(8).(4). Db :aCtB.d.ta=t'8 . (5) 
F.(1).(5). Dk:aCt{B.=.t‘a=t,'B (6) 
One Dh AChfa.=.tfa=48 (7) 
+. *63711. DiEivetfant{B.d.ta=t{a.tc=t,B. 
[*13°171] D.t,%a=t,'8 (8) 
F.*63°18. Dist fa=t,{B.d-Ylhfant<‘B (9) 


F.(8).(9). Dhiqitfant~B-.=-h‘a=t<B (10) 
F.(6).(7).(10). 3. Prop 


*63-182. FiaCt<B.BChiy.D.aCt fy [*63°181] 
#6319. |. ¢t‘a=t*a 


Dem. 
+. *63°105 .*22'42 . DF. aCtfa.tfaC ta. 
[*63°13] Dt.actt ‘a. 
[*63°16] D+. Prop 


*63°191. te tfaetia [*63'103°19] 
4632. ivet {a.aet*x.d.Cix=ta= bn 
Dem. 
F.*63'11. Dt: Hp.d.ta=tfa.ta=ty*« (1) 
F. (1). *63°19 . (63:04). DF: Hp.d.?e=ta=t«: It. Prop 


#6321. FiaCtv.=.tfa=t'e 


Dem. 
bi. x63 18115. Db :aCta.=.tfa= tte 
[*63°15{ =t‘c: D+. Prop 
#6322. biaCtw.=.xct,“a.=.twe=tya 
Dem. 
+.*63108. DE:te=tfa.Dd. ret ‘a (1) 
b.(1).*6311. DF vet a.= emt a (2) 


F.(2).*63'21. 55. Prop 
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*63°23. FraCife.«cCia.d.0&@ aya ty‘« [*63'2°22] 


Propositions of the same kind as a above can obviously be extended to 
ta, ete. 


*63'3. F:(a).aex.D.(x).rEs'e 


Dem. 
F.*101.3+:Hp.d.Vex. 
[*40°221] 2 .s8e=V. 
[*24°14] D.(z).2es'*e: It. Prop 
#6331. b.s(ku—K=seu—sK 
Dem. 
+t. *40°171. — Dkswves(evu—x).=2vEesx.v.ves'—K (1) 
F. (1). #2288 .*63°3. Db: wes*e.v.ves'—K (2) 
+ .*22°88. Di:wesse.v.xcve— sk (3) 


F. (2). (3). #10°221°13 .D 
bres .V ces’ —KILESK WV LE—SKE 
[(1).*51] Dkiwes(ev—K).=:Heske.V.ce—sKi. +. Prop 


Note that the use of *10°221 in the above proof depends upon the fact 
that we s‘< occurs both in (2) and in (3), so that these are both of the form 


SI (a €8‘k). 
#63°32. + .t%e=s'tf« [*63°31 . (*63°02°03)] 
¥63°321. |. tS« = tSty6n = ty *t,Sx 


Dem. 
F .*20°2 . (*63°03) . DF. tto6e = ty's'ty“c 
[*63°32] = ty ‘tx (1) 
[*20°2.(*63°03)] = f‘ty‘s*k 
[*63°151] = ty)‘s*« 
[*20°2.(*63°03)] = t,'« (2) 
F.(1).(2). D5. Prop 


*63°33. Fit Se=hA.d.6%«=t,° [*30°37 .*63°32] 
*63'34. +.4,Stfa=tfa=s‘t'a 


Dem. 
t.*63'32. D4. t,t8a=s%,ta 
[*63°15] = sta (1) 
{*63°101 ] = s*(tfau — ta) 
[*63'31] = sftau— sa 
[*53°02] =au—a 
[(*63'02)] =t,‘a (2) 


t.(1).(2). 35. Prop 
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#6335. F:ta=t' B.D. tfa=t'8 [#30°87 .*63:34] 
#6336. bite =tr.D.4%e= tr [*63°35°33] 


*63'361. 
#6337. 
*63°371. 


Dem. 


*63'38. 


Dem. 


*63'381. 


Dem. 


+*63'382. 


*63°383. 
Dem. 


*63'384. 
*63°39. 
*63'391. 


Dem. 


*63°392. 


Dem. 


ks 
Fs 
F 


fa=t'B.d.ta=tB [#3037 .*63:19] 
tfa=tfB.=.ta=t8 [*63°35°361] 

2:8 Ct,“a.=.Bet a 
.*63'181.>b: 8Cit“a. 
[*63'37 ] ta=tB. 
[*63°16] ~Betfa: It. Prop 


saet ‘«.ceta.0.e=ta=t{« 


. t6a = 6B . 


Who M 


F.x63°11, DF: Hp.d.tw=t,fa.ta=t« 
+ .(1) .*63:34.5b: Hp. 2d. 46a =t't%x 
[*63°151:33] = £,°« 
F.(1).(2). DF. Prop 

:vet x. D.Ua=t sn 
F .*63'38'105. 


[*10°11'23.%40°11] DF: we s‘t‘«.D ac=t,“c 
F.(1).*63°32.55.. Prop | 


bem tt« [*63-18 ; (x63-03)] 


F 
fF 
F 


+ 


F .*63°38°18 . *10°11'23'35 . DF: act «. Dd. tt x = tte 


[*63°19] = 6a 
[*63°11] = t)‘« 
F.(1).#10°11°23 . *63°18. +. Prop 

tt"e=tr. Dd. the Ht rn. = tr [*63°383'37] 


68« =4r°.=.h {ek =hir. 


rifa= ty : = é a= pty 


» tyUSx = y'bfy « 


F.*63°39. Db sea Pty. 
. =.Uc=t'y: d+. Prop 


[*63°15] 


rhe =A. =. hea tr. = tte = tyr 


F.*63'39.. Db rte =tr. 
[*63°321] 
F.(1). *63°39. 34. Prop 


»tytfe = tt r. 
tfe= tin 


NAM 


DFiaet «.vea. Dd. tae=t*K: 


te =t% [*63°33°384'37] 


[PART II 


(1) 


(2). 


(1) 


(1) 


(1) 
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*x63°4. F-ract‘e.xet rA.2.ta=t%e =r 


Dem. ' 
.*63°38'18.)+:Hp.d.tfa=t«.e=tr. 
[*30°37.(%63°05)] D.ffa=te 4% e=tr. 
[*63°321] D.tfa=t«.t%« =r: DF. Prop 


#6341. |. tt‘X=t'r 


Dem. 
+. 63-418 . #10°11°23°35 . DE swe tin. Dd. ttyr = th" 
[63383] = to 
[*63°38°18.%10°11°23°35] =tr  — (1) 
F.(1).*63:18. >. Prop 


*63°42, +. 4,{X=t,°% [30°37 . *63°41°383] 
*63'438. | .t,a=te [*63°34'15] 
#6344, + .t,‘a=ta [*63°43°34] | 
It is obvious that the analogues of ‘the above propositions will hold for 
# and t, t4 and t,, etc. We shall not prove these analogues, but if occasion 


arises we shall assume them, referring to the corresponding propositions for 
# and ty. 


#635, +: wehfas=.acPw.=.aCtw.=.tw=t a 
Dem. 
F.x6315.Dh:aCt@. 
[63-371] 
F.(1).*63°22'. DF . Prop 


-aCit, ta. . 
~aet*x (1) 


Mal 


#6351. bidet ‘e.=.aCtK.=.cCta.= ta=h*K 
Dem. 


b 42. (63-03). DE ra Cin. S.aCtKsK. 


[%63°371:19] =.aett, ‘sx. 
[*4°2.(*63°03) | =.aett x. 

[*63°383 | =.aet,‘« (1) 
+ .(1).*63°5°22. 54. Prop 


*63°52. FiactA.=.aChr7.=.ACMa.=.faH=t2r.=.Pa=tr 
Dem. 
7 ¢ 
bh. #63°51 = - (#63°03) . > 


biaetDn. =.aCi sr. 
[*63°321] =.aCt,% ‘sr. 
[(*63'03'05)]  =.aCt,r , (1) 
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t . *63'321.3 


Fraet, Ar. «Wet tr. | 


[*63-22] tha=th tr 

[*63°321] =t'r. (2) 
[*63°391-41-42] =. a=f°r. (3) 
[6315181] =.rCz,“t%a. 

[%63°15] =.rC ta (4) 


t.(1).(2).(3).(4). DF. Prop 


*63°53. Fiavet~a.=.@ec=ta.=.ta=t,‘a 


Dem. 
+. «80°37 . Dk: @ae=ta.d.t Va=t ta. 
[*63°43°34] D.tx=t <a (1) 
.*6319 DE :te=t{a.3.e=t'a (2) 


F.(1).(2).*63°5. D5. Prop 
#63°54. bFiact“x.=.t{a=t'x.= ta=t%e.=.a=t« 


Dem. 
+. *30°37 . DE sta =t%«.D.t,ta=t,t,‘K » 


[%63°34321] Di tfa= tc (1) 
b. 80°37 Dkr hfa=t%«.d. tt a=ttin. 
[*63°19:383] >. ta=tK« (2) 


F.(1).(2). #635153. . Prop 
*63'55. Fixet N.S .b%e=t{r..=.h%e= t)°r oH Hh r. SO HEX 
[Proof as in *63°54] - 


*63'56. F:vet,%e.=. ta = tfe.=.P%a=t,‘« 


Dem. 
F.*63'321. Dk:arete.=. vet, ‘tx. 
[*63°53] =. a= ttn (1) 
[*63'383] = ty“ (2) 
b.(1).#6353. Db iwet{e.=. ta =tth« 
[%63:321] = tn (3) 


F.(2).(3). DF. Prop 
*63°57. FraetrX.=.4%a=t.0°.=.a=tir.=.a=t,r 
[Proof as in *63°56] 
463-61. +. t%2= ta [6319101] 
*63°62. F:avet ‘a. Dd. Uxcetfa.tuia=ta 


Dem. 
F.*63°53.3DF:Hp.d.a« =ta. 
[*63°61]. >. tiic=t*a. 
[*63°16] D.tfeetfas D+. Prop 
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*63-621. t:vea.D.tret'a.ttac=t'a [6362 . *63°105] 
*63'63. F-:vet~‘a.D.Uixet a. teen = ha 


Dem. 
F.*63'101 . D+. t8uSa =t,%CU'e. 
[*x63°62] ODF: Hp.d. taste. 
[*63°19] Dd. a= tute (1). 
F.(1).*63°103. 35. Prop . 
*63'64. +. B=1,6t%R 
Dem. 


F. 51:16 .*37°62 3 
biveB. D.wvelu.tretB. 
[x63°105°38] D. we ty‘t'a. tla = 8,08 « 
[*13°13] 2. cet UB (1) 
. t.(1).*63°51.34. Prop 
«63°65. +. Cl‘tfa=t'a [63371 . *60°2] 
*63°66. +. Citfa=te [*63°5 . #602] 
«63-661. + .¢°Cl‘a=ta [60°34 .. #63°105°53] 
*63'67. +. Cl, Se = tf [*63°51 . #602] 
63°68. |. Cl‘t.‘n=t,« [63°52 . *60°2] 


*64. RELATIVE TYPES OF RELATIONS 


Summary of *64. 

In the present number, we introduce notations defining the type of a 
relation relatively to the types of its domain and converse domain, when 
thesé types are given relatively to some fixed class a. If R is any relation, 
it is of the same type as t,“D‘R fF t,‘A‘°R. If D‘R and C‘R are both of the 
same type as a, R is of the same type as ta f ta, which is of the same type 
asafa. The type of t,“a f ta we call ta, and the type of ‘a f "a we call 
t™*<q, and the type of tm‘a fT tn‘a we call tmn‘a, and the type of tn‘a T ta we 
call t,,”*a, and the type of t™‘a T t,°a we call ™t,,‘a. We thus have a means of 
expressing the type of any relation R in terms of the type of a, provided the 
types of the domain and converse domain of K are given relatively to a. 

The most useful propositions of the present number are the following: 
*6416. +: RCt afi {B.=. Ret (th a f t‘B) 

*64201. F: RGS.D.RetS.tR=US | 
*64-231. F: Ret'Q.>.D‘Re t DQ. Ret AQ. CRe tCQ 

Here “O*R ¢ t*C*Q” will only be significant if R and Q are homogeneous 
relations, which is not required by the rest of the proposition. When F and 
Q are homogeneous relations we have 
*6424. +: RetQ.=.CRetCQ.=.t(CR=1CQ 

This proposition is useful in connecting ordinal and cardinal existence- 
theorems. 

464312. 1. a = Eto = ty ta 
#645. +. RI(éSa f to°B) = (toa T 5B) =t(a FB) 

This proposition is frequently used. It states that the class of relations 
whose referents are of the type of members of a while their relata are of the 
type of members of 8 (i.e. the class of all relations contained in t,‘a f t‘8) is 
the type of ta T t‘8 and is also the type of a T £. 

*64'55. §:CSPCtfa.=.P ety ‘a 
46457. £:C°PCtw.=. Pete 

The propositions of the present number are mostly obvious, though formal 
proofs are sometimes not very easily found. The use of the propositions of this 
number occurs chiefly in the first section on relation-arithmetic and in the 
proofs of existence-theorems in ordinal arithmetic and the theory of ratio. 
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46401. tnfa=t(t‘aft‘a) Df 
*64011. Ox =t(ta fife) Df 
464-012. (a =t(ta fc) Df 
#64013. ao =t(iaT tc) Df 
*64014, a=t(iaefix) Df 
ete. 
*6402. ty‘a=t(i,‘a ft{a) Df 
#64021. ta =t(t,'a FT t,Sa) Df 
#64022. t,‘a=t(t,‘aft‘a) Df 
etc. 
#6403. ta= (tat ta) Df 
*64°031. t'‘a=t(t,‘aft‘a) Df 
etc. 
*6404. YUfa=t(ta fia) Df 
#64041. 1t,‘a=t(taftsa) Df 
etc. 
#641. bFiafacty‘a 
Dem. 
Fix212. Dki:a=ta.d.afa=t‘af h‘a 
b.*35'9. Dhksafa=t‘afti‘a.d.a=t*a: 
[Transp] DJk:a+t‘a.d.afatt ia fiva 


41] 


(1) 
(2) 


F.(1).(2). DF s.a=t6a.vi.att{ard:afa=t ‘aft ta.Vea Tatt ‘a Tifa (3) 


F.(3).*51°15 . #63°101-:191 .Dbsafa=tafifa.viafatt‘a ft a 


F. (4). #5115 . 63-101 . (#6401). D+. Prop 
*6411 b.tyfa=t(ata) [x64] .*63°16] 
*6412. b.at Bet*(t§a tt‘) 

Dem. ° 


|. 435°85°86 .*63-18. Db rat B=tiatt‘B.=.a=ta.R=t5B 


+.(1). Transp . Dk:a=i,a.B=t'8B.dD.af B=t‘afit ‘Bs: 
a=tfa.B+t{B.d.aTB+th‘aft‘B: 


[¥63°101.451°15] Dhkia=tfa.D.ab Betta f t‘B) 


F.. (1). Transp. Dkrattfa.DdD.afT B+ (tia Tt *B)- 
[*63°101.*51°15.Transp] D.at Bet (ty ‘a FT t“B) 
F.(2).(3). 4. Prop 


#6413. F.t(tfat iB) =t(at B) [x6412.*63-16] 
*6414. | .(a,y).x(hfaftB)y [*63'1 . *35°103] 
#6415, +.(R).RGt fat tfB [x64°14. #25°14e11] 


(4) 


(1) 


(2) 


(3) 
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#6416. F: REt af t{B.=. Ret (ta Ff t‘8) 
Dem. 
bea21ll. DE: R=t aft ‘B.v. R+t‘ati‘B: 
[423-42] DE: R=t aft (B.REt aft ‘B.v.R+t‘aT ‘SB (1) 
F.(1).#64°15 . *10°221-13. D 
bs RGtMatt<B:R=tiatt(B.REtafiiB.v.R+tfaTnsB (2) 
F.(2).*5°1.5 
Fr RGtatt~(B.=:R=tfatt(B.REt afi B.v.R+t ‘aT i‘: 
[*23°42] :R=tfatt B.v.R+t ‘aft: I+. Prop 
By putting ¢,“a (where 7 and s are some index and suffix which have been 
defined) for a and t,y'‘a for 8, the above propositions give results applicable 
to any of the types defined at the beginning of this number, because of 
to‘t,'“a = t,'*a. 
*642. Fsq!RAS.D.SetR.UR=tS [63-13-16] 
*64201. F: RES.D.Ret'S.¢R=tS 


Mh Ul 


Dem. 
i F.*256.D+:.Hp.d:R=S.v.qiS+Rh: 
[*13°14] >:R=S.v.R+S8:. 9+. Prop 
"6421. t:aRy.d. Ret (taf ty) 

Dem. 
F.*63°108 .*385°1038. Db. a (ta F tty) y (1) 
F.(1). DE: Hp.d. ql RA (tae F ty) (2). 
b.(2).*64°2. DF. Prop 


*6422, +. Ret(t<D‘Rf t“A‘R) [*64°16 . *63°105 . *35°83] 
#6423. -.¢R=tSUR 
Dem. 
+. *63°108 . #41138. DF. REstR (1) 
F. (1). *64°201. DF. Prop 
464-231. §: Ret(Q.D.D‘Ret DQ. AR et AQ. OR ef CQ 
Dem. 
b.*63'12.Dh::.Hp.Di:eRy. Dzy 2 oQy.V.~ (aQy):: 
[410-28] D::(qy). Ry. De:- (ay) eQy-Vv- (ay) + ~ (#Qy) : 


"[*5°63] Da te (AY) « Qy te V te (TY) OY? (AY) «~~ @QY? 
[*3°26] Dnt (Gy) eQy Vv. ~ (ay) eQy (1) 
F.(1).*33°13.3h:.Hp.d:veD‘R.D,.ceD'QU—DQ: — 

[(*63-02) | >: DIR Ct D‘Q: 
[*63°371] >: D‘RetD‘Q (2) 
Similarly F:Hp. D.d‘Ret AQ. CRetCQ © (3) 


F.(2).(3). ODF. Prop 
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*6424. b:RetQ.=.CRetO°Q.=.t{CR=tCQ 


_ This proposition is only significant when R and Q are homogeneous 
relations. 


‘Dem. 
+. *64°22 .*63'181 .Db.Ret(t°CR fF tC*R). 
[*13°12] Dk :t {COR =t6°CQ.D. Re t(t6C%Q F 6C*Q) (1) 
t . #6422 .*63°181.. Db. Qet"(t°CQ F t6C*Q) (2) 
b.(1).(2).*63'16. DE :4 {OCR =t,°CQ.I. he t*Q (3) 


F . (3). *64°231 . *63°16°37 . 9 
bt: Ret'Q.=.h'CR=t(O°EQ.=.C'Ret’C'Q: D+ . Prop 
#643. Fr tyfa=toiB.=-a et*B =. fa=tB.=.t{a=t'8 
Dem. 


t .*30°37 . (64-01). Dis hfa=t6B.D~ toa = tw‘B (1) 
b. «641 .. Dk: tyfa=ty°8.D.aT acty‘B. 
[*64°16] D.ataGt ‘Bhi. 
[*35°9-91] >.aCi,‘B. 
[*63-181] >. tfa=t6B (2) 
+. (1). (2). *63°16'37 . DF. Prop 

¥64:31. |. tx =t,te [*63°15 . (*64-01°011)] 

#64311. |. t,5a = ty‘t ‘a [*63°321 . (*64°022°01)] 


464312. |. tae = tte =tylta [63°15 . (x63°04) . (K64-014-011-01)] 
464313. be tofa=th't\'a=tytéa [63°32] . (#63-05)] 


*64'32. F : L'a = to‘ B eT ta — 4B . . too = tuo . 
sPa=HtXs . 


Ee q= 6g . 
actB.=.ta=t'B 


i All 


Dem. 
+. *64°3138-'3. DF: toa = te RB. =. ttfa= tt. 
[*63°41°39] ta=tB 


Similarly the other equivalences are proved. 


*64:33. F 7aMeé to —e ty 'a = tes it =e tog = ty *p ® . ES q = too’ . 


Wool 


_ a=. =. ta=th“u 
en. ; 
b. 464311313. D4: ty'a = thofps 
[*64°3 ] . t*t,‘a = ttf . 
[«63°383°41°55] a= typ (1) 


Similarly the other equivalences are proved. 


° beta = too‘to§ » 


Wow Ml 


46434. bse tw. so tyia = toi. =e Mast. =. Pasty p 
[Proof as in *64°33] 


-Pa=t Sp 
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*645. +. Rita T 4B) =t(h‘a fT fe6B)=t(at B) [64-13-16 . 61-2] | | 
#6451. bia | yet(t'at ty) [%64°21 . 455-132] 

#6452. Fiwetfa.yet(B.d.alyet(t att *B) [#6311 .*6451] 

¥6453. iret (a.dCt(B.>. (ia) | Set(tat tp) 


Dem. 
F.x64°51. . Dh. (tx) | Se t(teca F tS) (1) 
F.*63°62 . Dt: Hp.d.ttae=ta (2) 
_ &.*63°181:37. Dt: Hp.d.28=t'8 (3) 


F.(1).(2).(3). DF. Prop 
This proposition is used in connection with cardinal addition (*110°18). 
46454, FRE fa f tye) = tla = ta Pa) =t,'R1(a F a) 
, [6645 . 61°34. #63°105°11 . (464-°01)] 
#6455. +: O'PCit“a.=. Peta a 


Dem _ 
F.«85°91. 56: CPCtfa.=.PCtfaf tia. 
[*64°54] =. Pety‘a: D+. Prop 
#6456. |. RI(t%a F t*x) = a 
Dem. 


b. 645 . 63°15. D+. RI (te fF t'x) =t"(t'@ F tx) 

[(*64°011)] ‘=e. Db. Prop 
#6457. FF: CSP Cie. =. Peta [64-56 .*35°91 .%61°2] 
*646. + .P=RI“(t<D‘P Tt,“d‘P) 


Dem. 
F.*35°83 . #63105. 3+. PEt D*P F 4,°a°P. 
- [64-201] Dh. PP =t(t,D*P tf O'P) 
[*64°5] - = RISD‘ P F4fA‘P). D+. Prop 
*6461. £:D‘Peta.d Pet 8.3.tP=t(af B) 
~ Dem. — 
F.*63°16°35. D+: Hp.3.¢,<D'P=i,{a..t, AP =1,'8. 
[*64°6] D.UP = (ta T 6B) 
[x64°5] =t(af 8): D+. Prop 
*6462. +: D*PetD*Q.d' Pet AQ. =. Pet'Q.=.tP=tQ 
Dem 
b.*6461.5+:Hp.3.#P=t(D‘Q fT AQ) 
[*64°5°22.%63°16] =i) (1) 
F. (1). #64231. 55. Prop 


#6463. |: D‘Pet'a.d Pet 8.=.tP=t(af B).=. Pet (af B) 
Dem. 
b.*64°5. Db KP =t(at B).Dd.¢P=t(t,“a f t'8). 
[*64-231.%*35°85°86] D>. D*Pett‘a. dP ct%,<8. 
[*63°19 | >. DPet'a.d*Petp (1) 
F.(1). #6461. *63'16. D+. Prop 


#65. ON THE TYPICAL DEFINITION OF AMBIGUOUS SYMBOLS 


Summary of *65. 


In this number we are concerned with definitions and propositions in 
which an ambiguous symbol is determined as belonging to some assigned 
type. If “a” is an ambiguous symbol representing a class (such as A or V 
for example), “a,” is to denote what a becomes when its members are deter- 
mined as belonging to the type of a, while “a(z)” denotes what a becomes 
when its members are determined as belonging to the type of é¢‘«. Thus 
e.g. “Vz” will be everything of the same type as 2, 1.¢. tf; V (x) will be tt. 
Similarly if “R” stands for a relation of ambiguous type, such as A or V, 
R, will denote what R becomes when its domain is confined within the type 


of z; Ry,y will denote what R becomes when its domain and converse domain — 


are confined respectively within the types of « and y; R(a,y) will have the 
domain and converse domain confined respectively to the types of t‘« and t*y; 
with analogous meanings for R(x) and R(a,). Throughout this number, 
R and a do not stand for proper variables, but for typically ambiguous symbols. 


The notations of the present number are used in the elementary parts of 
_ the theory of cardinals and ordinals, 2.e. in Part III, Section A, and in Part IV, 
Section A. The only proposition, however, which is much used, is — 


*65°13. F:a=8,.=.a=UanB.=.aCtaw.a=B8 


Here 8 is supposed to be a typically ambiguous symbol. The first 
equivalence, “a= 8,.=.a=t"en,” merely embodies the definition of 8, 
(*65°01). It is the second equivalence that is important. Let us, for the 
sake of illustration, put 1 in place of 8. Then we are to have 

; a=taal.=.aCtw.a=1. 
(Since 1 is a class of classes, we shall have to suppose that # is a class.) 
Consider yea. Ifa=t'enl1, yea.=.yet‘e.yel. But we have (y).yet‘a. 
Hence yea.=.yel, whence a=1. Also if a=t‘anl, of course aC ta. 
Thus a=ten1.3.aCt‘e.a=1. The converse implication follows from 
*22°621. The reason for the proposition is that a symbol such as “1,” if it 
occurs in such a proposition as a=¢‘e 1, must, for significance, be deter- 
mined as meaning that 1 which is of the same type as a, 1.e. the class of all 
unit classes which are of the same type as members of a. And similarly, 
when we put a=1, that does not mean that a is the class of all unit classes, 
but only that it is the class of all unit classes of the appropriate type, which. 
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if aCit‘x, will be teal. The proposition “t“*en1=1” is true wheneve it 
is significant, but t‘an1 is typically definite when 2 is given, whereas 1 is 
typically ambiguous. The use of the above proposition lies in its enabling us 
to substitute typically definite symbols for such as are typically ambiguous. 


Another useful proposition is 


—_> 
*65:2. F.so'{Rey}=R (xy) 


Here R is supposed to be a typically ambiguous symbol; the proposition — 
states that if R is typically defined as going from objects of type # to objects 
—_, 


of type y, then R must go from objects of type t‘x to objects of type y. This 
proposition is only used twice (*102°3 and *1542), but both uses are of great 
importance, the one in cardinal and the other in ordinal arithmetic. 


The only other proposition of this number which is subsequently used is 
*65°3. ob. Re w= (Rp) = Ren 6B 
This proposition is used in *102°84. 


*65°01. a,=ant*x Df 
*65°02. a(x)=anttx Df 
65:03. R,=(t'x)1R- Df 
46504. R(«) =(#2)1R Df 


#651. Rey = (tx) 1 RP (ty) Df 
#65:11. R(x,)= (x) 1 Rf (ty) Df 
#6512. R(2,y)= (Hx) 1 RE (ety) Dé 
*65°138. b:a=8,.=.a=tanf.=.aCtw.a=8 


Dem. 

b.#4:2.(465°01). Dki:a=Bz.=.a=tenB (1) 
F .*22°621. #1313. Db: aCiw.a= 5 D.a=tranp (2). 
b.*22°43. Dhkia=tanP.d.aCta.aCBP. (3) 
{*63°13] >.Bett a. 
[*63°371°15] D.BCtx 
[*22°621] ».8= me np (4) 
b. (8). (4). Dh:a=taenB.d.aCtw.a=B (5) 
F.(1).(2).(5). DF. Prop 

#6514. Fivet‘a.d.y(“)=%4. [*63°53 . (*65°01-02)] 


«6515. F:vetfa.>d.R(2)=R,.R(ay)=Roy [*63°53.(*65:03:041°11)] 
*65°16. +: xet,“a.yet~B.>.R(a,y)=R(ep)=Rua,p) [63°53 . (#65'11112)] 
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=> 
*65:2. Ff .se'{Rey}|=R (ay) 


Dem. 
F .#32°1°23 . (#65°1). D 
F:a[sg{Ry. yilw-=.a=2{zet'x.wet'y.zRw}. 
[%22'39.42042] =.a=t'an2?(wet'y.zRw). 
[*65°13] =.aCtc.a=2(wet'y.zRw) . (1) 


F.#20°33. 5b s:a=2(wet'y.zRw).=:.z2ea.=,.wet'y.zRw:. 


[*63°108] =iwel'y:zea.=,.wet'y,zRhwi. 
[*4°73] Siwet'y:czea.=,.2Rhwi. 
pe 
[*20°33.%32°1] =:.wet'y.aRw me (2) 
F.(1).(2).*63'5 Db: al[sg{Reyt]w.=.aete.wety.akw. 
a0 — 
[¥35°102.(*%65°11)] — =.a{R(a,)}w: D+. Prop 
#6521. |. Ray = {Rey} wy . 
Dem. = ee 
F #212. (#651). DF. {Rew} wy = tr {te1 RP ty} Pty 
[*85°33'34] =tae Rp iy 
[(#65°1)] . = Re, y)* Dt. Prop 


*65°22. +.R(a,y)={R(a,y)}(2,y) 
This and the following three propositions are proved as *65:21 is proved. 
#6523. +. R (ay) ={R (a,)} (ay) | 
*65:24. +. R,=(Rz)s 
*65:25. +. R(x) ={R(2)} (2) 
*653. +. Re“w=(R“p)p= RpatB 


Dem. . 
: F371. (*65°03). D1. Rew =2 {(qy). yew. cRy.xe tp} 
[*22-39.(437-01)] = RuntB (1) 
* [(*65-01)] = (R“u)p (2) 
F.(1).(2). D+. Prop 
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SECTION C 


ONE-MANY, MANY-ONE, AND ONE-ONE RELATIONS 
Summary of Section C. | 


In the present section we have to consider three very important classes of 
relations, of which the use in arithmetic is constant. A one-many relation is 
a relation R such that, if y is any member 0 of G‘R, there is one, and only one, 


term « which has the relation R to y, 2.¢. Ry el. Thus the relation of father 
to son is one-many, because every son has one father and no more. The 
relation of husband to wife is one-many except in countries which practise 
polyandry. (It is one-many in monogamous as well as in polygamous countries, 
because, according to the definition, nothing is fixed as to the number of relata 
for a given referent, and there may be only one relatum for each given referent 
without the relation ceasing to be one-many according to the definition.) The 
relation in algebra of 2? to x is one-many, but that of x to x is not, because 
there are two different values of # that give the same value of 2°. 


When a relation R is one-many, R‘y exists whenever ye (‘R, and vice 
versa; 2.¢. we have 
Reone-many.=:yeQ‘R.D,.E! Ry. 
Thus relations which give descriptive functions that are existent whenever 
their arguments belong to the converse one ve the relations in question 


are one-many relations. Hence Cny, D, C, C, R. R, sg, 28, Re, p, 8, p, 8, I, t, t, 
Cl, RI are all of them one-many relations. 


When B is a one-many relation, R‘y is a one-valued funetion; conversely, 
every one-valued function is Genvable from a one-many relation. A many- 


valued function of y is a member of Ry, where Ry is not a unit class, and 
- any one of its members is regarded as a value of the function for the argu- 
ment y; but a one-valued function of y is the single term R‘y which is 
_ obtained when R is one-many. Thus for example the sine would, in our 
notation, appear as a relation, 7.e. we should put 
sin = 29 fe=y—y'/3!+y/5!—...} Df, 
whence sinfy=y—y'/3!+y/5!—..., 
so that “sin‘y” has the usual meaning of siny. Then instead of sin-'a, we 


, 
should have sin‘z, which would be the class of values of sin~'z; and instead 
of “y=sin-'z,” which is a misleading notation because y=sin“'x and 


— 
z=sinz do not imply y=z, we should have yesin‘x. Similar remarks 
would apply to any of the other functions that occur in analysis. 
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A relation R is called many-one when, if 2 is any member of D‘R, there 


<— 
is one, and only one, term y to which 2 has the relation R, te. R‘ee1. Thus 
many-one relations are the converses of one-many relations. When a relation 
R is many-one, R‘a exists whenever xe D‘R. 

A relation is called one-one when it is both one-many and many-one, or, 
what comes to the same, when both it and its converse are one-many. Of the 
one-many relations above enumerated, Cav, sg, gs, I, ¢, ¢, Cl, Rl are one-one. 

Two classes a, 8 are said to be similar when there is a one-one relation R 
such that D‘R=a.d‘R=8, we. when their terms can be connected one to 
one, so that no term of either is omitted or repeated. We write “asm B” for 
“ais similar to 8.” When two classes are similar, the cardinal numbers of 


their terms are the same; it is this fact chiefly that makes one-one relations 
of fundamental importance in cardinal arithmetic. 


According to the above, a relation is one-many when 


—> 
ye OR .D,. Rel, 
—) 
ae. when RAR C1. 
Similarly a relation is many-one when 
kann 
R«DIR C1, 


and : relation is one-one when both conditions are fulfilled. The classes 


— <— 
RAR, R“D‘R, which appear here, are often important; some of their 
properties have already been given in *37°77°771°772-773 and in *53°61 to 
#53641. | 

It is convenient to regard one-many, many-one and one-one relations as 
particular cases of relations which, for some given a and £, have 


— — 

R“ARCa. REDIRCB. 

A > <_— 
We put a >»B=R{RARCa.RSDRCB} Df. 
Hence, without a new definition, “l1—»1” becomes the class of one-one 
relations; also, as will be shown, “1—»Cls” becomes the class of one-many 
relations, and “Cls—»1” becomes the class of many-one relations. Although 


it is chiefly these three special values of a-+8 that are important, we shall 
begin by a general study of classes of relations of the form a— £. 


27—2 


#70. RELATIONS WHOSE CLASSES OF REFERENTS AND OF 
RELATA BELONG TO GIVEN CLASSES 


Summary of *70. 
If a and 6 are ie given classes of classes, a nolan R is said to belong 


to the class a— £ if Ry ea whenever ye (‘R, and Rx e 8 whenever we D‘R. 
If only one of these conditions is to be imposed, this result is secured by re- 


——p 
placing the class involved in one other condition by “Cls,” since “ Rfy e Cls” 


always holds, and so does “ Re eCls,” and therefore neither imposes any 
limitation on R. In the most important cases, a and @ are either both cardinal 
numbers, or one is a cardinal number while the other is Cls. 


In virtue of *37°702'703, the conditions above mentioned as imposed upon 
R by membership of a—» 8 are equivalent to 
— <— 
RAR Ca. R“DSR CB. 
This form is used in the definition (*70°01). 


The propositions of the present number are hardly ever used except in *71, 
where a and # are both replaved by 1 a Cls. The most useful propositions are 


«701. -:Rea—-+8.= R“G'RCa. R“D‘RCB 
(This merely embodies the ae ) 

#7013. +:.Rea>B8.=:(y)- Ry eavith: (a). Rire Buen 

*7022. '.Ba= sa > B) 

«704. t.a—+Ch=& aR C a) 

#7041. +.Cls—> B= R (R“D‘R CB) 

*70°'42. +.a—» B=(a—>»Cls) a (Cls— 8) 

*7054. b:O0'RadS=A.R,Sea—>Cls.d.RuSea—Cls 
with similar propositions for Cls— 8 and a—> 8. 


*x7062. +:Rea—>Cls.>. Rf yea Cls 
with a similar proposition for Cls —» 8. 


as <_— - 
*1001. a>aRB=R(R“ARCa.R“DSRCB) Df 
— = 
#01, FrRearf.2-RORCa.RDRCA [4209 (#7001) 


*70°11. b:.ReaaR.=iyeCU‘Rk. OD, Ry ea: :2eD‘R.D, RieB 
[*37°702°703 . *70°1] 
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41012. b:Rea—>B.z.R“VCaue A R“VCBuUUA [70-1 . #5362621] 
= <_ 
*7018. b:.Rea+B.=:(y).Ryecavi'A:(a).RaeeBuurar 


Dem. a au 
+.*37°702. Db: RSV CaviA.sryeV.o, RyeaviA: 
— 
[*24'104.%5°5 ] =:(y) sty eau lA (1) 
< 
Similarly Fn. RIVCRBvUUA.=H3(2). RaeBu'A (2) 


F.(1).(2).*70°12. 5+. Prop 
> > = < 
*7014. bi: ReawfP.=2.(y): Ryca.v. Ry=A:.(a): Rae B.v. Rae=A 


[*70°18 . 51-236] 
—> > < <— 
*7015. k:.Reav8.=:q!Ry.d,.Ryca:q! Rw.d,.RxeB 
[¥24°51 . 4°6 . *70°14] 


— = 
*7016. -:Rea>PB.=.D‘'RCaviA.DSRCBvut'A [*37°78°781 . *70'12) 


> = _ 
*T017. Fi: ANea.d:.Reaa8.=:(y).Ryeca: qi! Rw.o,.RxeB 
Dem. . | 
b. #512 .*2262. +: Hp.d.a=avlA (1) 
F.(1).*70138.3 
— — 
br: Hp.3:.Rea—->f.=:(y). Ryea:(a). Rare Buta (2) 
<— <_— 
+ 51-236. Db: Rice Bueth.=:RweR.v.Ra=A: 
<— <— 
[24°51 46] :q!R@w.d.ReeB (3) 
F.(2).(8). +. Prop 
. ad nd <— 
#10171. Ft: Ae B.D:.ReavaB.=:qiRy.o,.Ryea: (2). Res 
[Proof as in *70°17] 
od <_ 
#7018. Fi: Aca.AeB.d:.ReavwB.=:(y). Ryeca: (x). Rae 
[Proof as in *70°17] 
#102, F.arB=(aulsA) wR =a—> (Bu UA)=(avu UA) (By UA) 
Dem. . : 
+ .*22°5862. DE.(aviA)ulA=aviiA .(BulsA)vUA=BvutA (1) 
< 
b.#7022.(1). DF: Rea» 8. =. R&V C(auitA) UA. RVC BULA. 


il 


hal 


[*70°12] »Re(avifA) 9B. (2) 
[#70°12.(1)] = ROVC(auitA)uitA. R“VC(BUA) UIA. 
[*70-12] =.Re(aviiA)9>(BvutsA). (3) 
[¥70°12.(1)] =. RV Cavill. RYVC (BULA) UL A. 
[*70°12] =.Rea-(BvitA) (4) 


+ .(2).(8).(4). DF. Prop 
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41021. b.a—>8=(a—UA) > B=a—>(B—0A)=(a— fA) (B—UA) 


Dem. 
F. #51222. Db: Anvea.DdD.a—UA=a:Ares.d.8-tA=8 (1) 
b. #51221. 3: Aca.Dd.(a—UA)vuiA=arAeB.d.(B—UA)YUB=B (2) 
F.(1).> 
Fb: Anvea.d.(a—U'A) 9B =a 98. (a—U'A)—9(B—UA) = a (B—UA) (3) 
t .(2).*70°2.D a | 
F:Acea.d.(a—l'A) 2B =a 8. (a—U'A)—(B— UA) =a—>(B—UA) (4) 
F. (8). (4). *4°83.3 
Fe (a—t'A) >» B=a 9B. (a—U'A) 9 (B—UA)=a>(B—UA) | (5) - 


Similarly f.a—(B—USA)=a8.(a— UA) —(B— tA) =(a— USA) 98 (6) 
+ .(5). (6). DF. Prop 
*7022. +.8—a=Cnv‘(a— 8) 

Dem. 


t. «376 .*3113.5 
ts. Qe Cnv“(a—+8).=:(qR).Reaw8.Q=Cnv‘R: 


[*70°12] =:(qf). R«V CavitA REV CRvifA.Q=CnviR: 
[*32°24°241 } =:(qR). (gs‘Cnv‘R)“V CavesaA. 
| (sg‘Cav‘R)“V CB vicA.Q=Cnv'R: 
[*13°193] =:(qR).(gsQ)“V CavitA. 
(sg Q)EV CB vA. Q=Cuv‘R: 

[432-23-231.410°35) =1Q"V CavitA. Q“V CB uta: (qR).Q=Cnv'R: 
[4313341024] = Q"VCaultA.Q“VCBulA: 

[*70°12] =:QeR—a:.3¢. Prop 

«703. F.aCy.8C8.3.a58BCy 75 
_ Dem. 

b.x70°1. 3b: Hp. Rea+8.>.R“UR Ca. R“DRCB.aCy. BCS. 
[22°44] >. R“U'R Cy. R“D'RCS. 


[*70°1] D.Rey—d (1) 
F. (1). Exp. *10°11:21. 5+. Prop 
«10°31. | .(a— 8) an (y—7 8) =(any)— (Bn 8) 
Dem. 
F.*x701.3D4:Re(a>P)n(y58).=.- 
— ~ <— -— 
RARCa. RAR Cy. RSDIR CB. RSDIR CS. 
> < 
RARCany.R“DIRC Bas. 
-Re(any)— (808): D5. Prop 


[*22°45] 
[*70°1] 


Ml Ul 
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*10°32. b.(a—> 8) ¥ (y+ 8) C(av 7) (8B v 8) 
Dem. 
F. *701. Dt: -Re(a-vB)v led 


RGR Ga. ‘RD'R C ae ‘ BOR Cis, “ReDR C5: 

| [#3-26:27-48] 9: ROR Cav. Hear Cy: RDRCR.VRDRCS: 
[2265]  RURCavy. R“D'RC Avs: 

[*70°1] >: Re(avy)—(Bv 8):. IF. Prop 

4104, +.a—>Cls=R (R“ORCa) 


Dem. 
4701. Dk Rea Cls.=.R“O'RCa. R“D‘RCCls. 
[*37°761] = ROR Ca: D+. Prop 

47041. +.Cls> 6 = 2(R“D‘RCB) [Proof as in *70°4] 
«10°42. +.a—8 =(a—»Cls) a (Cls—> B) [*70°4°41] 
47043, t:.Rea—»Cls.s:yeQ'R.Dy. yea [As in #7011] 
410431, ki. ReCls> B.s:eeD'R.D,. Ree [As in #7011] 
1044. b:Rea>Cls.=.R*VCauu'a [As in #7012] 
KIO4A1L, bs ReCls + B.=-R“V CBA [As in 70°12] 
#1045. [:Rea- Cls ~=.(Y)- Ry eavlfA [As in *70°13] 
470451. t: ReCls > 8. =. (2). RieeBuun [As in #7013] 
«70°46. b:. Rea—Cls.=:(y) Ry €a.V. RYy= A [As in *70°14] 
#70°461. + :. Re Cls 8 «=: (2) Rice ve Riae= [As in *7014] 
#1047. t:.Rea—-Cls.=:q UR y indy RY ea [As in *70°15] 
«T0471. +: Re Cle 8-2 2a! | Ria. Dz. Rive B [As in *70°15] 
«1048. +: Rea—Cls. DE CavilfA [As in *70°16] 
470-481, t: ReCls»8.=-DRCBUUA [As in *70°16] 
*x70°5.  +.Cls—>a=Cnv“(a— Cls).a— Cls = Cnv“(Cls—> a) [*70°22] 
WOE kieE.nea-DeneEnneaueA:2:R,SeasCls.2.RAS cals 

Dem. 
bk. *32°3.9 t:.Hp.2: Ry ea. By ea. Pr sgh AS)iyeavesA (1) 


bt. *32°3.*5115. sl 34.) 
Fs RYyea Sty eth a (sg(R aA S)\ky =A ; 
[#51236] >. {sg'(RaS)fyeavetr (2) 
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ones > -— 
-F.(1).(2) 44.9 F :. Hp. 3: Rryea.Styeau ‘A.D. {se(RAS)}‘yeave'A (3) 

b .#32°3 #5015 . #2434 . 451-236. D 
bi Riyet'A.SyeavtA.D. {sg(RAS)}yeauitA. (4) - 

>= 

F.(3).(4).#44.9b:.Hp.d: : Ry, S'yeaulA.d. {sg(RAS)}yeaultA: 
[*10°11-21:27.%70°45] 5: R, Reese Oe >.(y). {se(R AS) yeavuta. 
[*#70°45.432°23] | >.RASea—»Cls:. +. Prop 


*7052. bi. neB.d:,.EnneBultArd: Recon Pe: 2.RASeCls +8 
[Proof as in *70°51] 


*10°63. Fi. nea.D¢,-EnneavlArEneB.d:,-EnneBulAr:D: 
R,Sea>B.d.RASea +B 
Dem. 
+ .*70°5°51.3+:.Hp.3:R, Sea—Cls. R,SeCls>8.>D. 
RaASea>Cls.RASeCls+B (1) 


t.(1).*70°42.3+. Prop 
*7054. F:0°RadGS=A.R, Sea aCls.>.RuS ea >Cls 
Dem. 
F.#24°15 . *22'33.5 
Fi. ORadS=Ardi (yin fyeTR.ye AS}: 
: = 
[*33°41] Ii@i~ ig! Ry. ai Sy}: 
[4°51 24°51] I:(_y): Ry=A.v.Sy=A: 
> > =~ > > 
[*24°36] I:(y): Ry vSy=Sy.v.RyvSy=RYy (1) 
b.*70°45..3 
> —~ 
b:.R,Sea—Cls. i (y). Riyeau VAs (y). Styeawitr (2) 
—_—> 
F.(1).(2). Ds. Hp.3:(y). Ryu SiyeaultA: 
[*32°32] 2: (y). {sg(R wu S)}yeauitA: 
[*70°45 ] 2:RuSea—+Cls:. 5+. Prop 


#7055. /:D‘RaDS=A.R,SeCls+8.>.RvSeClhs 38 
[Proof as in *70°54] 


«7056. +: D‘RaDS=A.0‘RaAGS=A.R,Sea+P8.>.RvSea+ZB 
[*70°54°55°42] | 
#7057. bsORaACS=A.R,Sca>B.>.RvScea +B 
Dem 
F.#83:161.D+.DSRaDSCORACS.URAGSCORACS. 
[x24138] DE:O'RACS=A.D. DRaDS= A.d*‘RadGS=A (1) 
F.(1).*70°56. D+. Prop 
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#706. +:Sea—Cls. R“aCaviA.d.R|Sea—Cls 
Dem. ae 
b.*37°31. Dt. {sg(Rj S) CV = (Be | SV 
[*37°33 ] = RSV (1) 
F.(1).*70°'44.5b:Sea—Cls. >. {sg(R| SVC RM(aveisA) (2) 
+. «37°22. DE. Rau A)= Rau RUA 


[*53°31] = Ravi RA 
[(%37°04:).4*37°11°29] = R“avisA (3) 
F. (3). #2266. 5+: RaCaviA.d.Rf(aviiA)CaviiAviiA. 
[*22°56] D>. Ref(av fA) CavifA (4) 
F.(2).(4). Dk: Hp.d. {sg(R|S)}KV CavisA. 

[*70°44] D>.R|Sea—>Cls: D+. Prop» 


x7061, :ReCls—>8.SBCRvUA.D.R\SeCls—»8 [As in #706] 
#7062. +:Rea—»>Cls.>. RP yea Cls 


Dem. 

+. *35°64. Transp. DEsyrey. Dd. yreA(Rfy)- 

[*33°41.424°51] >. (sg(RPy)fy=A- 

[51-236] >. {se(RP y)}yeau utd (1) 
F.*85°101 64°73. Db i. yey. D:a(Rfy)y-=2-aRy: 
[*20°15.%3213-23] D: fsg( Rf y)}ty = Ry (2) 

_—> 

bi7045.0 | IF: Hp.d.RyeavuisA (3) 
F.(2).(8). Dt: Hp.d:yey. 2. {sg(Rf y)}yeavesA (4) 
F. (1). (4). #483.Db: Hp. >. {se(Rf y)}yeauitd (5) 


F.(5).*10°11:21 . *70°45 . D+. Prop 
*70°63. +: ReCls>8.3.61ReCls—»8 [As in *7062] 


*71. ONE-MANY, MANY-ONE, AND ONE-ONE RELATIONS 


Summary of *71. 


In this number we shall be concerned with the more elementary properties 
of one-many, many-one, and one-one relations. These properties are very 
numerous and very important. The properties of many-one relations (ze. of 
relations belonging to the class Cls—» 1) result from those of one-many rela- 
tions by means of *70°5, whence it follows that many-one relations are the 
converses of one-many relations. It is thus only necessary to interchange 


R and R, D and , R and R in order to obtain a property of a many-one 
relation from a property of a one-many relation. Or we may repeat the 
various steps of any proof, making the above interchanges at every step, and 
the analogous proposition will result. For this reason, in what follows, we 
shall omit all proofs of properties of many-one relations, confining ourselves to 
proving the analogous properties of one-many relations. 


In virtue of *70°42, one-one relations (ze. relations belonging to the class 
1-»1) are the relations which are both one-many and many-one; hence their 
properties result from combining the properties of one-many and many-one 
relations. We shall omit the proofs when they consist merely in such 
combinations. . 


A one-many relation gives rise to a descriptive fanction which is existent | 
whenever its argument belongs to the converse domain of the relation. That 
is, if Re 1—»Cls, we have E! R‘y whenever yeQ‘R. Conversely, if a descrip- 
tive function R‘y exists for the argument y, then R-is one-many so far’as that 


—> 
argument is concerned, 7.e. R‘ye 1. Thus we find 
Re1—>Cls.=. EW ROR. 


The descriptive function R‘y derived from a one-many relation 2 has thus 
a definite value whenever yeC‘R, and not otherwise. Thus the class of 
arguments for which such a function exists is the converse domain of the 
relation which gives rise to the function, 2.¢. 


Rel—-Cls.3.9{E! Ry} = AR, 
and the converse implication also holds. 


It often happens that a relation which is not in general one-many becomes 
so when its domain, converse domain, or field is subjected to some limitation. 
For example, let R be the relation of parent to child, a the class of males, and 
B the class of females. Then RF is not one-many, but a1 and 81 are one- 
many, and in fact (a1 R)‘y =the father of y, (81 R)‘y =the mother of y. We 
shall often have occasion to deal with relations obtained by limitations imposed 
on D or C; thus a(D[A) R.=.R belongs to the class 4, and has a for its 
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domain. The class ) may be so constituted that only one relation R fulfils 
this condition; in that case, D[reCls—1. Since Del — Cls, we find 
DfrcCls41.=-Dfrel->l. This type of condition, DfXel—>1 or 
Gf rvrel—s1 or Chre1-1, is one which frequently occurs in subsequent 
work. Another condition which often occurs is Ff{XeCls—>1. When this 
condition is realized, a term # which belongs to the field of one relation of the 
class 2 does not belong to the field of any other relation of this class, 2.e. the 
fields of relations of this class are mutually exclusive. 

For purposes of realizing imaginatively the properties of one-many 
relations, it is often convenient to picture their structure as in the accom- 
panying figure. Here 2,y,z,... form the domain of R, and all the points 


= 


R @ 


fe ; 
in the oval marked R‘a are such that « has the relation R to each of them, 
with similar conditions for y and z. What characterizes R as a 1— Cls 
. . . << — . 

is the absence of overlapping in the ovals. For if R‘ and R‘y had a point 
in common, this would be a relatum both to # and y, and both w and y 
would be referents to it; whereas in a 1—»Cls, no term has more than one 
referent. 

The above figure illustrates a very important property of one-many rela- 
tions, namely 


Rel Cls.=.R|R=IP DR. 
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In the above figure, [[ D‘R is the relation of identity confined to 2, y, z, 
ra R were not a 1-»Cls, we could sometimes go from x to some term Siok 


Ran Ry by the relation R, and thence back to y by the relation R. But 


when Ré1 — Cls, RR must bring us back to the point from which we 
started, 


e- &—-& & 
When Rel — 1, each of the ee R‘x, Ry, R&, ... in the above figure 


shrinks to a single point, so that Ra = Rfe, Thus when & is given asa 
1—Cls, it will be a 11 if R'y=R%.D,,.y=z2. This proposition is 
constantly used, and so is the consequence that R[/® is a ll if 
yzeR. Ry=Rz. Dy,z-y=2. (These propositions are *71:54°55 below.) 


The hypothesis Re1—»Cls is equivalent to the hypothesis 
GR2.yRz.Dey,208=Y 
(cf. «71° 17, below), and the hypothesis Re Cls—»1 is equivalent to 
ohy .#2Rz.Dey,2+Y = 2. 
These are for many purposes the most convenient hypotheses ‘to use. 
The most useful propositions in the present number are the following. 


(We omit here propositions concerning Cls—»+1 or 1—»1 which are mere 
analogues of propositions concerning 1 —> Cls.) 


*7116. F:Rel—+Cls.=. EN R“AR 


This gives the connection of one-many relations with descriptive functions. 
We have also 


#71163. F:. Rel—~Cls.=:yeQ‘R.=,. EB! Ry 


For many of the constant relations defined from time to time, such as Cnv 
or D, the following proposition is useful: 


#71166. F:(y). EI Ry.3.Rel—Cls 
#TVI7. 1. Rel—Cls.=:0Rz.yRz.Dgy200=Y 


This might have been taken as the definition of one- many relations, if we 
had not wished to derive them from the more general notion of a— 8. In 
proving that a relation is one- -many, *71°17 is more often employed than any 
other proposition. 


47122. +:Rel—>Cls.8@R.>.Se1—>Cls 
#7125. +. R,Sel1—+Cls.>.B|Se1—Cls 
#7136. -:. Rel +Cls.o:¢@=Ry.=.aRy 
#71381. |: ReCls-+1.>. R“(a—8) = R“a— RB 


(This proposition is more useful than the corresponding property of 
1 — Cls.) 
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#7155. Fi: Rel—Cls.3:. Rf Bel—1l.=:y,2e8.Ry=RZ.d,,2.y=2 
This proposition is constantly used. For example, putting C for R, it 
gives 


k:.dfBel—l = :P,QeR.U'P=AQ.>po.P=Q. 
Most of the relations used to establish correlations in arithmetic are 
obtained from a one-many relation, such as C, by imposing some limitation 
on the converse domain which makes the relation one-one. 


#71671. t:.yeR.d,-ElRy:=. RP Bel+Cls.8CAR 

Here “yeB.D, Et Ry” is EN RZ, which has already pa a large 
part as a he poihenia, e.g. in "9ST 6 ff. ; 
#TL7. Fs. Qel—»Cls.diacP|Qz.=.2P(Qz) 
Thus for example we shall have #(P|Cnv) R.=.aP (Cnv‘R). 


47101. '.1—>Cls= R(R“A‘RC1) [*70°4] 
x71:02. +.Cls—>1=R(R“DIRC1) [*70-41] 
#7103. b.1>1=R(BOGRC1.R“D‘RC1) —_—[#20-2. (#70°01)] 
471-04. .1->1=(1-+Cls) a (Cls—> 1) [*70°42] 
711, ':Rel—Cls.=.R“O'RC1 [4#20'38 . #71-01] 
471101. t: ReCls—>1.= = RDR cl | [20°38 . #7102] 
471102. #: Rel 31.5. R“GRC1L. R“D'RC1 [*2033. #7108] 
#71108. +}: Rel—o1.=.Rel+Ols.ReCls>1[42233. #7104] 
#7111. +b: Rel >Cls.= Bev CluiaA — [#70°44] 
#71111. F: Re Clsy1.=. RV ClvuisA [*70°441] 
xTL112. bs Relol.= R“VCLUVALRSVCLUA [#7012] 
«71-12. bt: Rel—Cls.=.(y)- Rey elvirA [x70-45] 
#71121. t: ReCls1.=. (a). Riel vun [*70°451] 
#71122. b :. Re 1—91.=:(y) Ry elvulfA:(z) Ra eluefA [*7013] 
*7118. 1:.Re 1» Cls.=: (y) Ry el.v Ry= A [*70°46] 
#71181. bs. ReCls—y1.2:(a): Rwel.v. Roo [*70-461] 
#71132. k:: Rell =n@ingel .V Re =A. (a): Réael Vv. Rana 
— [*70°14] 
eT 2. Rel Oss: By 2, By ea [#70°47] 


Wy 


*71-141. F:. ReClso1.= ql Ra. 2: Brel -  [R70°471] 
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471142. Fi. Rell aig! R’y.d,. Ryel:q! Rin. De. Riwel [#7015] 


—>} 
#7115. §: Rel aCls.=.D‘RCLvUA [*7 0°48] 
— 
*71151. t: ReCls31.=.D‘RC1l vA [*70°481] 
yp 
471-152. t: Rel 1.=.DRC1 uA. DRCLUA [#70-16] 
#7116. /:Rel—>Cls.=. EN R“ASR 
Dem. . 
+. *37°702.*71:1.5 - 
Fk: Rel sCls.=:yeOR.9D,. Rel: 
[*53°3] =:yeUR.O,. BE! Ry: 
[*37°104] =:EW RAR: D+. Prop 


This proposition is very important; it exhibits the connection of descriptive 
functions with one-many relations. 


#71161. k: ReCls 9 1.=. EU R“D‘IR 
#71162, : Rel 31.5. EN R“OR. EW R“D‘R 
#71163. t:. Rel» Cls.=:yeQ‘R.=,. EB! RY 


Dem. 
F, #3343 . DE: EIRy.d.yeQ‘R: 
[*4°73] DtiyeC RD. Et Ry:a:yeQR.=.E! Ry:. 
[*10°11-271.*37:104] DF. EN RAR. Ss y¢ AR. =,. EI Ry (1) 
b.(1).*7116. 54. Prop 


#71164, b:.ReCls—>1.5:0¢D‘R.=,.E! RB 
471-165. t:.Relol.s:yeQ‘R.=,. E! Ry:ceD‘R.=,.E! R&@ 
#71166, | :(y). E! Ry. d.Rel—>Cls 7 


Dem. 
b.*202.e101. OF: Hp.diyeCR.D.E!Ry:. 
(*10-11-21.487:104] DF: Hp. Dd. EN RAR. 
[*71°16] >.Rel—+Cls: d+. Prop 


#71167. b:(). E! Re. >. ReCls— 1 
#71168. + :.(y). E! Ry: (2). E! R‘e:>.Rel—l 
#7117. F:.RelaCls.=:aRz.yRz.de42.0=Y 


This proposition is constantly used in the sequel. 


Dem. 
2 = 
F.*52°4. Dk: ReelvitA. =:a,yeR'z. dey .0=y? 
[*32°18] =:eh2.yRz.3,y.€= Yt 


—p f 
[¥#10°11-271.411-:21] D+:.(z). RizeluvA.=:eRz.yhz.3,,7,.0=y (1) 


FF. (1). #7112. Dt. Prop 
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*71-171. §:. ReCls—>1.=:aRy.akz. Dayz ¥ =2 
*71172, k:. Relol.=:aRz.yRz.d2y2.0=y: eRy .2Rz.de,y,2+y =2 


—- €& 
#7118. b:.Rel—oCls.=: qi Ran Ry.d2y-e=y 


Dem. 
F . #32°181 . #22°33 . 5 
—- €& ; 
biq! Rian Ry. dey t=Yyi si (gz) chz.yRz2.dey+0=Y: 
[*10°23] =:0Rz.yRz.dny,2+0=Y: 
[*71°17] =:Rel—Cls:. +. Prop 


>» = 
*71:181. F:. ReCls 1. =i: qi kiya RZ. oy 2-y¥=2 
- & > — 
#71182. :: Relrol.si.qiRaenRy.v. qi Raa Ry: dy. 2=y 
x7119. +:Rel—+Cls.=.R|/R=IPD‘R 


Dem. 
bs 484-1 2481-11. Db. o(R|R)y. 5. (qe) aRz. yRz (1) 
t.*501. 435101. .2(I[fD‘R)y.=.c2=y.ye DR (2) 
F.(1). (2). *21°43.9 
F :R|R=ISD‘R.= :.(q2)- che. yRz.=7y2c=y-yeD‘R: 
[*33'13.410°35] =_yi(qz)-e=y.yRz: 
[*13°194] =_,yi(q2z) e=y.ahz.yRz: 
[*10°35] =_yre=y:(qz).cRz.yRz:. 
[4-71] =:.(qz).eRz.yRe.d24-0=Y'- 
[*10°23] =:.0Rz.yRz.Dey2+L=Yts 
(*71:17] =:.Rel—»Cls:: 3+. Prop 


«71191. t: ReClsy1.5.R|R=IPGR 
471-192. t: Rel31.=.R|R=IP DR. R|R=IP OR 


«71:2. +.Cls—>1=Cnv‘(1—Cls). 
1 — Cls = Cnv“(Cls-1).1391=Cnv“(1— 1) [*70°22] 


471-21. ':Rel—+Cls.=.ReCls—1 
Dem. 
+ #3762 .*31'13.3+: Rel—+Cls. >. Cnv'Re Cnv““(1 > Cls) . 
[e31°12.471-2] >. ReCls—1 (1) 
+. 437°62 481-13. Dt: ReCls+1.3.Cnv'ReCnv“(Cls 1). 


[*31°33.%71-2] >.Rel—Cls (2) 
F.(1).(2).35-. Prop 
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#71211. t: ReCls—»1.=. Re1—Cls 
x71-212. t: Rel +1.=.Rel 31 | 
#7122. +:Rel—oCls.SECR.D.Se1 5Cls 
Dem. 
b.*23'1.> 
Fi. SCR.D:a82z.y8z.,42-0Rz2.yRz (1) 
F.*7117.3) 
F:.Rel—»Cls.>:aRz.yRz.9242.0=Y (2) 
F.(1).(2).#1137.3 
Fi Hp.d:a8z.ySz.dey2-0=y! 
[¥71:17] >:Se1—>Cls:. D+. Prop 
#71221. ti: ReCls>1.9ER.3.SeCls 1 
#71222, k: Rel131.SER.D.Sel1—31 
#71223, b: Re1—+Cls..RIRC1—Cls  [*71-22 .#61-2] 
#71224. t: ReCls—1.>.BIRCCls 1 
#71225. +: Rel1—+1.>.RIRC131 
*71-23. F:Rel—aCls.>.RASe1—Cls [71:22 . *23°43] 
*71:231. §: Re Cls—31.3.RASeCls 41 
*71-232. tk: Rel 31.3. RASe1—1 
471-233, t: R,Sel1—Cls.>.RASe1—1 
Dem. 
+. #7123. D+:Hp.d.RASe1—>Cls (1) 
b.a7121.>+:Hp.>.SeCls—1. | 
[71-231] - D>. RASeCls—1 (2) 
F .(1).(2). #71103... Prop 
471-284. t: R,SeCls+1.D.RASe1—1 
*71:235. k: Rel —Cls.SeClso1.3.RASe1l 51 
#7124. +: R,Sel1—+Cls.URaGS=A.>.RwSel—>Cls [*7054] 
#71241, F: BR, SeCls—»1.D‘RaDS=A.D.RwSeCls—>1 [#7055] 
#71242. |: R,Sel—+1.D‘RaDS=A.ASRaUS=A.D.RvSe1—>1 
; [*70°56] 
#71243. b: R,Sel—31.CRaCS=A.D.RvSel 1 [*70°57] 
#71244. b: R,Sel1—+Cls. RE A‘SES.D.RwSel—>Cls 
Dem. 
+, *23'34 . #44. 5 


F:.a(RuS)z.y(RvS8)z.=:0R2.yRz.v.02Rz2.y8z.v.282z.yRz.v.28z.y8z (1) 
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F.e7117.3+:.R,Sel+Cls.3:¢Rz.yRz.3.a=y: 48z. ySz.2.0=y @) 
b. 8314447. Db: eRe. ySz.d.eRz.ySz.2e0S. 


[*35°101] D.a(REA‘S)z. yz (3) 
F. (3). DE. RP ASCS.d:aRz.ySz.d.a8z.ySz (4) 
F. (AE Dk: RP ASES.D:a8e.yRz.d. Sz. ySz (5) 


t.(2).(4).(5). DE:. Hp.D:2Rz.y8z.d.¢=y:¢8z.yRz.3.x2=y (6) 
F.(1).(2).(6).4477.D+:.Hp.d:a(RvuS)z.y(RvyS8)z.d.e2=y (7) 
F.(7).*10°11-21 .*71:17.>+. Prop 

*71:245. +: R,SeCls—1.(D‘S)1 RES.5.RuSeClsl1 


*71-:25. +:R,Sel1—>Cls.3.R|Se1— Cls 


Dem. 
F.a7117.5b:.Hp.d:ySe.28e.d.y=2: 
[Fact] D:uRy.ySe.vRz.2z8e.d.y=2,uRy.vRz. 
[*13°13] D.uRy. uy | 
[*71:17] D.u=v (1) 


F.(1).%*11°11°3°54.5 
kr Ap.3:.(qy).uRy. ySe:(qz).vRz.28a:d.u=vi 
[x341] Di.u(R|S)e.v0(R|S)e.d.u=v (2) 
F.(2).*71:17. 5+. Prop | 
#71251. F: R,SeCls 41.5. R|ScCls1 
*71:252. F: R,Selow1.3.R|Sel—l 
*71:25 mesy also be deduced from *70°6, as follows: 
Alternative Dem. of *71°25. 
F.*53'301.*7112.DF: Rel yCls. >. Riel visa: 
[%52°1] D+: Rel Cls.acl. Dd. Rael vera: 
[*37°61:11°103] Dt: Rel Cls.3. RIC vA (1) 
t.(1).*706. 95. Prop ; 
Similarly *71:251 may be deduced from *70°61. 
#7126. t:Rel—+Cls.>.Rfyel—Cls [*70°62] 
*71:261. Fk: Re Cls31.9.81ReClsl [*70°63] 
*71:27. |:Rel—+Cls.3.81Rel—Cls [35°44 . *71°22] 
#71271. F: ReCls1.5. Rf yeCls1 
#7128, b:Rel—>Cls.>.81Rhyel—>Cls  [*35°442.*71-22] 
*71:281. fk: ReCls 1.5.81 Rf ye Cs 1 
#7129. +:Rel—71.5.81R, Rhy, 8 1 Rfyelol 
F 
I 


#7131, +:Rel—+Cls.yeQ‘R.D.(Rfy) Ry [30°32 . #71163] 
28 
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471311. b: ReCls1.2eD‘R.>.aR(R‘) 
#71312. : Rell. veD‘R.ye AR. 2. oR( Ria). (Ry) Ry 


#7132. b::Rel—>Cls.yeUSR.I2p(Riy).=:(qz).oRy. Wr =raRy.d,.pu 
[*30°33 . #71: 163] . 
*71°321. F:: :ReCls1. zeD‘R.D: (B'2).= :(qy).oRy  Wy:=:vRy.dy.vy 


#7133. b::Rel1—Cls.3:.( Ry): =:(qa).oRy.porsiyeC'RiaRy.de.pa 
Dem. | 

b. #7132. #5°32.D 
F::Hp.d:s.yeCAR.p (Ry). sryeQR: (qe). cRy. pan 
| =a:yeQCRiwcky.d,. pr (1) 
F.#1421 Db: (Ry). dD. EIR. 
[*33°43] D.yeQ‘R: 
[*4°71] Dts. ye AR. (Ry). =. p (RY) (2) 
b.*l05. DE: (qv). eRy.po.d.(qzr). chy. 
{*33°131] >.yeU‘R: 
[44-71] Dk: yeC*R: (qv). cRy.we:=.(qr).cRy. pu (3) 
F.(1).(2).(3)+D. Prop . 3 


#71381. k:: ReCls—>1 D1. (B).=:(qy).cRy. vy: = 


seD‘R:xRy.dy.Vy 
, _> — 
#71332. k:. Rel —Cls.3: Rryca.=.qiRyna.=.ye Ch. RryCa 


[x71985] 
#71333, }:. ReCls 91.3: Rirea.=.q! Riana. =.ceDiR.RaCa 
#7134. f:RelCls.R=S.yeHR.d. Ry=Sy [#3036 . #71163] 
#71341. t: ReCls31.R=S.ceD‘R.D. Riae= Sa 


#7135. bi: Rel—Cls.Dd:s.yeASRvudS.9,. Ry =Sy:=.R=8S 
Dem. . . 

.#21°718. D+: R=S.d:yeCTRvdS.=.yeC Rv Gk. 
[*22°56] =.yeQ‘R (1) 


b. (1). #7134. bi: Hp. R=S.d:ye@*Ru GS. 2,-Ry=Sy (2) 
t.(2).*33-45.D+. Prop 


*71:351. be: ReCls-31.D:.2eD‘RuUDS.D,.Rae=Sa:=.R=8 
#71352. bi: Rell. Di. yeARvdS8.5,.Ry=Sy:=:R=S8: 
=:veD‘RvDS.35,.Rae=S‘a 
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#7136. +:.Rel—+Cls.3:c2=Ry.=.0Ry 


Dem. 
+. *30°4.*71:163.5 


t:Hp.yeQA‘R.D:2=Ry.s.aRy (1) 
+ .*71:163. Transp. > 
bt: Hp.yrweAR.D.~E! Ry. 


[*14°21.Transp] 3.~(a@= Ry) (2) 
+ .*33'14. Transp. DF:yre UA R.D.~(ahy) (3) 
F.(2).(3).*5°21.9 . | 

F:r.Hp-yre HR. OD: 2=Ry.s.ahy (4) 


F.(1). (4) «483.4. Prop 
471361. b:. ReCls1.32y= Re. =.aRy 
#71362, b:. Rel—»1.D:0=Ry.=.eRy.s.y=Rx 


*71°37. bi. Rel—+Cls. diye R“a.=. RYyeca 


‘Dem. 
bt, *7133.53h:.Hp.d: Ryea. 


[*37°105] 
*71:371. tk: ReCls—l1. D:a¢R“a.=.Rnea 
*71:38. +:Rel—Cls.)5. Be —~B)= R“a- R«g 


(qv). aRhy.vea. 
ye R“a:. D+. Prop 


Dem. 


b.a7137.Db: Hp. diye R “a 8). 
[*22°32.414:21] 


-Ryca-p. 
- Riyea.~ (lity 8). 


[*71°37] «YE Rea. ~ ~(y € RB). 

[22-32] ye R“a— RB. Dt. Prop 
#71381. t: ReCls—»1.3.-R(a- 8) = R“a— R“B 

*714. F:Rel—+Cls.3.R“B=2 {(qy).yeB.c=Ry} [#371 . #7136] 
#71401. b: Re Cls—>1.3.R“B=9 ((qu).weB.y = Ra} 

#7141. F: Rel oCls.3.D‘°R=2 {(qy).c#=Ry} [*33-11 . *71:36] 
471411, b: ReCls—+1.3.0'R=9 (qa). y= Roa} 


#1142. Fi: Rel oCls.B@CAU‘R.3:. R“BCa.=:yeB.d,.R yea 
[*37-61 . *71:16] 


*71:421. bi: ReCls>1.aCD°R.D:. R“aCB.=:264a.D,_-RineB 
*71-43. F: Rel Cls.yeand‘*R.3. Rye Ra [*37-62.*71:16] 
#71431, tk: ReCls>1.2canD‘R.D. Rive Ra 


28—2 
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#7144, Fi: Rel—+Cls.aCM‘R.O:.2e Ra. d,.persryea. Dye W(RY) 
[*37°63 . *71°16] . 
*71441. bi: ReClso1.aCD‘R. Ds. ye Rady. py :sicea. De. v( Rn) 
*7145. b:.Rel—+Cls.3: (qu). ve Ra.wor.=.(qy). yea. (Ry) 
Dem. | 
+. *37°64.*71:16.) . 
F:. Hp.3:(qv).ve R“(anU‘R). pe.=.(qy).yean UR. (Ry) (1) 


b. «38726. DE.R“(and‘R)=R a | (2) 
F.*l421. Dhk:yea.p(Ry).D.E! Ry. | 
[*33°43] D.yeC‘R: 


[*4:71.422°33] DEsyea.p (Ry).=-yeanTR.p (Ry): 7 
[x10 11-281] DE:(qy)-yea.Ww(Ry).=.(qy)-yeanGR.w(Ry) (3) 
F.(1).(2).(3). DF. Prop 
xT1451, bs. ReCls>1.3:(qy).ye Ra. yy. =. (qa). rea. (Rx) 
#7146. b:Rel—+»Cls.aC R“8.D.a= R“(R“a n 8) 

Dem. 
t.#37'26. Dh: R“B=R“(Bad‘R). R“(R“ang)= R“(R“anBad‘R) (1) 
F.*37°65 .*7116.3 
F: Rel +Cls.aCR“(Bnd‘R).3.a=R“(R“an Ba d‘R) (2) 
F.(1).(2). DF. Prop 
#171461. Ff: ReCls 1.8 C Ra.d.8=R(R“Baa) 
"71-47. F:.Rel—+Cls.D:aCR“8.=.(qy).yCB.a= Ry 

Dem. 
b .€71-46.*10-24.%22-43. bs. Hp. Dia R“B.D.(qy).y CB. a= Ry (1) 
.a872. 4101123. 9 Dhi(qy).yCB.a= Ry. Dd.aC RB (2) 
F.(1).(2).F. Prop 
471-471, bs. ReCls91.3:8C R“a.=.(qy)-y Ca. B= Ry 
*7148. F:Rel—Cls.>.D‘R, =ClSDSR 


— Dem. 
+. *37°24.*60°2. Dt. DIR. CCIHDSR (1) 
F.*37°25 271-47 .*60'2. 3+: Hp.ae Ci DSR.D.(qy).-yC G*R.a= Ry. 
[*10°5.*37°23] D.aeD‘R,: 
[Exp.*10°11-21] DF: Hp.d.CIDIRC DSR. (2) 
F.(1).(2). DF. Prop 


#71481. t: ReCls1.3.D(R)e= CKG‘R 


The following proposition is used in the theory of derivatives of a series 
(*216°411), 
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*71'49. +: Rel—Cls.aCd‘R.D. R“Cla=Cl Ra. RE“ Cl ex‘a=Cl ex‘ Ra 


Dem. 
b. #7147 .*60°2.D+:.Hp. 2: ye CIR a. =.(q8).8Ca.y=RB. 
[*37°103] =.ye R“Cl'a (1) 
b .*37°43 . Dk: Hp.BeClae.d:qif.=.qi RB (2) 


F.(1).(2). DF. Prop 
#71491. §: Re Clsol.aCD‘R.D. RCl*a=Cl§R“a. R&Cl exfa=Cl ex‘ Ra 


This proposition is used in the theory of derivatives of a series (*216°4) 
and in the theory of ordinal numbers (*251'11). 


vs 
*71'5. +: Rel—Cls.d:cRky.=.0=U' Ry 
Dem. . 
F.*71:36.*801.3+:.Hp.d:cRy.=.ac=(10) (chy). 
v—> 
[*51°56.*32°13] =.e2=U'Ry:. IF. Prop 
F ve 
#71501. b:. ReCls31.3:0Ry.=.y=UR 
v—> 
#7151. +: Rel—Cls.yeQR.D. Roy =u Ry 


Dem. 
— 
+. #5331 .*71163.3+:Hp.3.uSRy= Ry. 
v= 
[*51°51] D>. Ry=uRy: Dt. Prop 


w ve 
471511, t: ReCls—>1.ceD‘R.D. Rae Re 
#7152, k:Rel—oCls.d. Raa" Ra 


Dem. 
vw — vu 
eaBTL. Dh. UR a =3 (G8). Be Ra. 08) 
{*51°51] =f (GA). Be Ra. x= 6B} 
—> 
[*37°7] =% (a8, y)-yea.B ieee = UB} 
[*11-23.413-195] = {(qy).yea.c=URYy} (1) 
v= 
b.(1).*715. DF: Hp.3.e‘R“a=2 \(qy). yea. rRy} 


[*37°1] = R“a:D+t. Prop 
vw wv & 

#71521. F: ReCls 91.9. Ra=i' Ra 

#7153. b:Rel—>Cls. Ra=Ry.d.0=y 


Dem. 
b.#1421.D+:Hp.d.E! Rw. EIR. 
[30°32] >. 2B (Rx). yR(RYy). 
[*14°16] 2.«cR (Ry) yh (RY) ; 
[*71°17] 2.a=y: Dt. Prop 
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*71-531. F: Re Cls—1 Ry = Res. >.yse 

#11532. bs. Rel—1.3: Ry=Rz.d.y=2:Rae=Ry.d.2=y 

¥7154. bi: Rel—Cls.3:.Relol.=: Ry=Re.d,,.y=2 


This proposition and the next (*71°55) are very often used. 


Dem. 
F.#7136.5+:.Hp.3:(qe).cRy.¢2Rz.=y,.(qv).c=Ry.2= Ro. 


[*14°205] =,2-Ry= RX (1) 
F.(1)-Db::Hp.3:.Ry=Rz.o,2.y= 2:5: (qv). aRy.eRz.dy2,.y=2: 
[*10°23] =:@Ry.tRz. 24204 E22 
[*71-171] =:ReCls—1 (2) 
F. #71103 .4473.3F:.Hp.d:ReClso1.=.Rel—l (3) 


F.(2).(3). DF. Prop 

¥71'55. Fi: RelaCls.9:. RP Belol.=:y,26e8. RyY=Rz.dy,.y=2 
Dem. 

F.*7126.3t:: Hp.d:. RE Bel—Cls:. 

[*71:54] 2: RP Belo1.=:(Rf B)y=(Rf B)%. 3,2. y=2: 


i ll 


[*35°7 | 74,2e8. Ry=RZz.d,2.y=2u It. Prop 
#7156. Fi. Relal.yeTR.D: RY=Re.S.y =z 
Dem. 
b.*71°532. DF: Hp. Ry=Rez.ad.y=2 (1) 
F. #71165 .*30°37.3F:Hp.y=z.9.Ry= R& (2) 
"F.(1).(2). 05F. Prop 
471661. bi. Rel—vl.ceD‘R.D: Riae=RYy.s.0=y 
*71:57. bi. Ry =Ro.=,,-y=e1=:Rel—i:(y). E! Ry 
Dem. | 
F.xl01. Db: Ry=R%z.=,,.y=2: 0: Ry=hy.=,.y=y: 
[*13°15] D:(y). Ry=Ry: 
[14-28] D:(y). Et Ry (1) 
[*71:166] >: Re1—Cls (2) 
F.(2).Db:.Hp(2).3: Rel—aCls: Ry=Re.o,,-y=2: » 
[K7154]  D:Rel—l (3) 


F.(1).(3).*7156. DF. Prop 
xTL B71. bi.yeB.dy-E!LRy:=.RP Bel >Cls.BCaR 


Dem. 
b. «7116.3: RP Bel—+Cls.=:yeQ(Rf B).d,-E!(RP B)y: 
[*35°64-7 ] H:yeRBnTh.d,.yeB.-HEI Ry: 


[*22°33.%5'3] rye BnU‘h.OD,. El hy (1) 
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+ .(1).*22621.3 © 

bi. RP Bel—»Cls.ACAR.=:yeh8nCdR.>,.E! Ry: BadR=8: 
[*13°193] =:yeRh.d,-E! Ry: Badk=f (2) 
b. #3343. Db: yeR.Dy-ELRy:>.8CaR. 

[*22°621] >.BadR=B8 (3) 


F.(2).(8) #471. 96. Prop 


*71'572. Fr. ye Ba U‘Rh.D,. BE! Ry =. RP Be1—-Cls 
[*71°571 . *35°351 . 309-48) - 


#7158. biry,zeB.Dy2: Ry=Rz.=.y=21.9-RPRBelw1.8CAR 
Dem. 
F.#101.Db:: Hp.d:.yeR. dy: Ry=Ry.=-y=y: 

[*13°15.414°28] Dy: EL Ry:. 

[*71°571] >:.Rf> Bel Cls.B CAR (1) 

— -b. «8°26. Imp. #111132 .5 

Fk: Hp.diy-2eB. Ry=RZ.dy2.y=2: 

[*35°7] | >:(Bf B)y=(RE BR). Dy ee Y =2? 

[*71°54.(1)] D:RPBelwl ~ . (2) 

F.(1).(2). D+. Prop | 


#7159. Hiny 268. Dye Ry =Rie.=.yass- RE Bell BCR: 
Dem. | 

b.*7156.Db:: RE Bel—1.D:.yeA(RfB).9:(RPB)'y=(RPS)s.=.y=2: 

[*35°64°7] D:.yeBnU‘R.D1y,268. R'y=Rz.=.y=2 (1) 

b.(1).*22621.3+:: RP Relw1.8CA‘R.9:. 


ye B.D2y, 268. Ry=RZ.= .y=2i. 
[*4°73] Diy, 2eB.d:Ry=Re.s.y=z | (2) 
F.(2).#1L113.5b:: RP Belw1.8CA‘R.9:. 
y, 268. Dy 2: RYy¥=RZ.SLy=2 (3) 


+. (8).*71:58.. D+. Prop 
The following proposition is used in the theory of selections (+80 91) 


#716. ~ :Rel—Cls.3 R=sP (ay) ye T'R.P=(RYy) Ly} 
Dem. ; 
F. #41-1E . #13195. . 
bra [sP (qy).yeAR.P=(RY)Ly}lz- 
(ay)-ye UR. a (Ry) Ly}z 

[*55°138] =.(qy)-yeCR.c=Ry.z=y. . 
[*13-195]=.z2eQR.c=RE . (1) 
b. #71°36 .*33'43.3+:. Hp. DizeU'R.c=R2.=.0Rz (2) 
F.(1).(2). D+. Prop 
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—_—> 
KTL61. Fs Te1—>Cls. >. Q TAT na) = "Ty 


Dem. 
b . #37-108°67-111 . ¥3212. > 
— =) 

F:BeQ“T(A'T na). =.(qu).ceA'Taa.B=Q“Tx (1) 
> — 

b. *53'31.#71:16.3+:Hp.ced*Taa.d.Q°Tr=QTx (2) 

F.(1).(2). 36s. Hp.3: Be Q(T na).=. (qz).reA'Taa.B=Q'T'x. 

—_ 
[*37-67.#71-16] =.BeQ“T“(U'T na). 
[437-26] =. Be Q Taz. Dt. Prop 


—  v 
ATLL. Fs Te Cls 1.3. QT(D«T na) = QT 
wv —, ; 
#71612. t: Tel Cls >. P(O'T aa) = "Ta 
vv &— av 
*71-613. Fs TeCls 1.3. QS T(D'T a a) = QS Ta 


*71°613 is used in the theory of series (*206°6), and in the theory of 
‘similarity of position ” (*272°131). 


#717. F:.Qe1—Cls. 3: aP|Qz.=.2P (Q‘z) 


Dem. 
b.#7136.5b:. Hp. d:yQz.5.y=Q%: 
[Fact] D:iaPy.yQz.=.aPy.y=Q2: 
[*10°281] D:(qy).vPy.yQz.=.(qy).aPy.y=Q%: 


[*34°1.%*13°195] D:4P|Qz.=.¢P(Q‘2z):. D+. Prop 
KTLTOL, b:.QeCls1.3:2Q|Pz.=.(Q'2) Pz 


*72, MISCELLANEOUS PROPOSITIONS CONCERNING 
ONE-MANY, MANY-ONE, AND ONE-ONE RELATIONS 


Summary of #72. 

In this number. we shall prove various propositions involving 1 — Cls, 
Cls— 1, or lvl, but not embodying fundamental properties of these classes 
of relations. 

The present number begins with various propositions (*72°1—-191) show- 
ing that various special relations are one-many or one-one. The most useful 
of these are 
#72182. F.xabyel—wol 
#72184. F.awl, |xel—l 

We have next a set of propositions concerning R‘S*z when # and S are 
one-many, or R‘R‘z when R is one-one, and kindred matters. The most 
useful of these is 
#12241, F:.Rel—wal.d: yeQ'R. = =.y= R‘RYy 

We have next a set of propositions (*72°3—341) concerning products and 
sums of classes of relations; of these the one most used is 
#7232. F:AC1—Cls:P, Qer.q!d°PadQ. op 9. P=Q:). ixe19Cls 
which is an extension of *71°24. . 

We have next a set of propositions (*72°4—481) giving various relations 
of R“a and R“B when Re1l—Cls, or of R“a and R“8 when ReCls— 1. 
The more useful propositions of this set are those that have the hypothesis - 
ReCls—»1; these are occasionally useful in arithmetic. We have 
#72401. fF: ReCls51.9. Ran R“B= Ran B) 

#72411. F: Re Cls1l.anB=A.D. Ran KB=A 


For example, the relation of son to father is many-one. Let a= Cabinet 
Ministers, 8 = fools; then assuming an @=A, it will follow that the sons of 
Cabinet Ministers and the sons of (male) fools have no common member. 
If we make R the relation of son to parent (which is not many-one), it no 
longer follows that the sons of Cabinet Ministers and the sons of fools have 
no common member. 


We have 
#712451. fF: ReCls 41.9. Rf Cla Rela1 


The effect of this proposition is that if a and 8 are both contained in 
G‘R, and R“a= RB, then a= (using Refa = Ra). 


442 PROLEGOMENA TO CARDINAL ARITHMETIC [PART II 


We next have a set of propositions concerned with the relations of 


R, and (R)e, or, what comes to the same thing, with the circumstances under 
which a= R“B.=.8=R“a and under which R“R“a=a. We have 


#72502. tk: Re1—»Cls.aC D‘R. >. R“R“a=a 


Thus for example the fathers of the children of wise fathers are the class 
of wise fathers; but the fathers of the children of wise parents are not all 
wise, and the parents of the children of wise parents are not all wise—the 
first because “aC D‘R” fails, the second because “Re 1—»Cls” fails. 


We have also 
#7262. F:.Rel—al.aCDIR.BCAR.D:a=R“B.=.8=R“a 
We have next a set of propositions (*72°59—-66) in which the relative 


product 2 | R occurs if Re1— Cls, or R |Rif ReCls—>1. The most useful 
propositions in this set are 


#72591, t: ReCls1.3.S8|R|R=SPQaR 
#72601. t: ReCls1.0‘SCA‘R.D.S|R|R=S 


#7266. F:9CS.S=S.=.(qR).ReClso1.S=RiR 

This is the “principle of abstraction.” It shows that every relation which 
has the formal properties of equality, 7.e. which is transitive and symmetrical, 
is equal to the relative product of a many-one relation into its converse; 1.¢. 
whenever the relation S holds between « and y, there is a term a such that 
zRa.yRa, where R is a many-one relation; and *72°64 shows that this term 


a may be taken to be Sa, which is equal to Sy. This principle embodies 
a great part of the reasons for our definitions of the various kinds of numbers; 
‘in seeking these definitions, we always have, to begin with, some transitive 
symmetrical relation which we regard as sameness of number; thus by *72°64, 
the desired properties of the numbers of the kind in question are secured by 
taking the number of an object to be the class of objects to which the said 
object has the transitive symmetrical relation in question. It is in this way 
that we are led to define cardinal numbers as Sl of classes, and ordinal 
numbers as classes of relations. 


The remaining propositions of this number are of less importance, with 
the exception of 


*72:92. F:Rel—~Cls.SER.3.S=RE AS 

This proposition shows that every relation contained in a one-many 
relation is obtainable by a limitation of the converse domain. Thus eg. every 
relation contained in that of father to son can be specified by specifying the 
class of sons who are to be its converse domain; for then all the fathers of 
these sons must be included to provide referents. But if we take the relation 
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of parent and child, which is not one-many or many-one, a contained relation 
is not determinate even when both its domain and its converse domain are 
given; for the relation may relate some of the children in any one family to 
the father and some to the mother, and so long as all the children and both 
parents are each related to some one by the relation, the domain and converse 
domain remain unchanged by permutations within the family. 


#721. +.Ael—l 


Dem. ; ; 
b.*25°105. Dbk.~(#Az.yAz). 
[*2°21] Dt:aAz.yAz.d.v=y: 
[1 1-11.*71:17] D+. Ae1l—Cls (1). 
Similarly ti. AeCl—1 (2) 


+ .(1).(2).#71108 . >t . Prop 


*7211. b.Cnvelol 


Dem. 
F.*31:13 . *71°166. >+.Cnvel—>Cls (1) 


F. (1). #7154. *31°32°12.. F. Prop 
> e 
#7212, +.RB, Rel—Cls. [*32:12°121 . *71:166] 


#72121. F .8g,g8e€1—7 1 


Dem.. 
F . *32'22°221 .*71°166. Dt.sg,gsel—Cls (1) 


ba (1). *82°14°15-21-211 #7154. F. Prop 
47213. +.Del—»Cls  —S>=—[#8°12. «7 1-166] 
#72131. §.dZe1—>Cls [433°121 . 71-166] 
#72132, k:Ce1—>Cls [433-122 . 71-166] 


#7214. F.e29,2rel—Cl = [*38-12.*71°166] 

This proposition applies to a great many of the relations we have to deal 
with, for example 1P, Pf, P[, P|, [P, cl. | ete. 
«7215. +. Peel—+Cls [*37°111 . *71:166] 

In *72°16 below, p has the meaning defined in *40°01, and does not 
represent a variable proposition. Similarly s in *72°161 has the meaning 
defined in *40°02. ; 


*72-16. +.pel—Cls 


Dem. 
F .#20°2. (#4001) Db .pie=B2(aex.D..x0Eu). 


[14°21] . Dt. E! p%« (1) 
F.(1).*71:166.>+. Prop 
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*72161. F.sel1—Cls [Proof as in *72°16] 
*72'162. F.p¢1—»Cls [Proof as in *72°16] 
#72163. | .s€1—»Cls [Proof as in *72°16] 
#7217. b.Dell 
Dem. 
—_> 
f. #5222. (451-01). D+. (a). T'wel. 
[¥71-12] D+. Tel —>Cls 7 (1) 
F.(1). 71-21 .#502.D+. Te Cls—1 (2) 
F.(1).(2). 5+. Prop | 
*7218. Fetel—vl  [#51:23 . *71°57] 
ATZ1B1. b.tel—ol [«72-18. *71-212] 
#72182. Fal yel—l 
Dem. 
F.e5513. Dhkiz(Qaly)w.=.z=2.w=y: (1) 
[*3°47] Dhiz(elyw.2(elyw.d.2=42.7/=2. 
[*13°172] a.g=2 (2) 
F.(1).«3847.Dbiz(a@lyw.z(ely)w .d.w=y.w =y. 
[*13°172] >.w=w' (3) 
F (2). (3).#71172.5+. Prop 
*72°'184. Fea), |cel—l [*55°2.*71-57] 
*72°185. F.( | aeeL—al = [*55°262. 437-11 .*72-:15 . #7154] 
*72:19. -.Clel—>1 [*60°55.*71:57] 
*72°191. F. Rlel—1 [*61°55 . *71°57] 
#72192. F.Clexel—l [*60°56 . *71°57] 
— #72193. F. Rlexel—1 [%61°56 . *71°57] 
#722, F:.h,SeloCls.3:2=RS%.=.0(R|S8)z.=.2=(R|S8)%z 
Dem. 
F.*7136. Dt:Hp.diev=RSz.=.cR(S%). 
[*71°7] =.a(R|S)z (1) 
F.*713625.3+:.Hp.d:2(R|S8)z.=.2=(R|S8)% (2) 
F.(1).(2). DF. Prop 
*72°201. F:. R, SeCls—1.5:2=S'R%&.=.a(R|S)z.=.2=(S8| R)x 
#72202. + :.R, S11. 3:0= RS2.5.0(R|S)2.=.2=8' Ria [4722-201] 
472-21. +: R,Sel—>Cls.D:2¢S“C'R. =. EY RS. 5. ERS)‘ 
Dem. 
F.*7125:163. DF: Hp. d:zeA(R|S).=.E!(R|S)*z (1) 


(1). #8732. :. Hp. d:2eS*C'R. =. E1(R|S)2 (2) 
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F.#*72°2 .*10°11°'21:281 .5 

; b:.Hp.3:(q2v).c2= RSS'z.=. (qv). c=(R|S)%: 
[«14:204] Dd: EL RS. =.E!(R|S)z (3) 
t.(2).(3). DF. Prop 


472-211. bs. R,SeCls»1.D:2eR“D'S.=. EIS Ra. =. E1(8| R)e 


472-22. +:R,Se1—>Cls.zeS“UR.D. RS2 =(R| 8) 
Dem. 
F.*x7221.3+:Hp.>.E! RS. 
[34°41] D>. RS‘z =(R|S)'z: D+. Prop 
472221. +: R, SeCls1. re R“D‘S..S*R'x =(8| R)e 
472-28. :R,Se1—>Cls.d. RMS =2 {(qz).zey. a= Ry} 
Dem. 
b.43733. Db. R“S“y=(R] 8) y | (1) 
f.#71:254.5+:Hp.>.(R|S8)y=2 {((qz).zey.x2=(R|S)%qy} 
=2 


[*72°2] {(qz).zey.2=RGSy} = (2) 
F.(1).(2). 35. Prop 
«12-24. Fi Rel—1.d:ceD'R.=.2= RR 
- Dem. 
b .*72'202.*71:212. D+: Hp.d:2¢=RRae.=.2(R|R)c. 
[*71°192] =.a(ITD‘R)a. 
[*35°101.%50°1] =.2=a.neD‘R. 
[*13°15.%4°73] =.xeD‘R:. 3+. Prop 
*T2MI. t:. Rel1.I:ye@R.= y= RR 


*72°242. k:: Relol.3: $(R‘R%).= =.zeD‘R. gz: $(R‘R2).= zeQR. pz 
Dem. 


b. 8050151. Dh: g(R‘R%2).=.(qz).2= RR. bo (1) 
bt. (1). #722. DF: Hp.3:¢(RRz).=.(qz).2(RiR)z. ge. 
[*71:192] =.(qv).v2=z.zeD‘R. gz. 
[¥13°195] =.zeD‘R. dz (2) 
(2) fpex71212. DF: Hp.31g (RR2).=.2eCR. gs (3) 
F.(2).(8).9F. Prop 


472-243. bi Rell. D:.2eD'Ruge.s 9 (Be)i1$ (Rw) -sy.we T Ropu 
Dem. 
+. *72°242.DF::Hp.d:.2eD‘SR. Ge —-e (Rez): 2: 
$ (RAR) «=, . (Re): 
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[Fact] 2 Ds o(RR%). w= = Re. Sa ap (Bea). “w= Ree: 
[14°15] 3:6(Rw).w= Re. Few: vw. w= R% 

[*10:281] D:(qz).¢6(Rw).w= Ree. - =» (G2) « ea: ee. 
[*7 1-411] 2:¢6(Rw).wedh.=,. yu. wed'h: —_ 
‘[#14°21.#71-163] 3: 6(Rw).Sy.yw.wedR (1) 


F.(1) 25 F::Hp. D1. we Rabwesye (Rw)! Dsp( RB). =,.62.2eD‘R (2) 


F.(1).(2).D+.. Prop 
The above proposition is used in *272°441, which are used in the theory 
of “rational series,” 7.e. series ordinally similar to the series of rationals. 


472-25, bs. Rel 1-:(y). EL BYy:d.(y).y=RRY 

Dem. 
F.*71165.3h:.Rel—+1.3:(y).E! Ry.=.(y).yeAhR (1) 
F. #72241. DF. Rel+l.d:(y)-yeQ‘R.=.(y).y=RRY (2) 
F.(1).(2).Imp.5F. Prop 

The propositions Cnv‘Cnv‘P = P and t‘t‘x = x, which have been previously 
proved, are particular cases of the above; the former is a particular case 
because Cnv = Cnv‘Cnv. 
472-26. b:(y). ED RYy.>.R=e|R 

In this proposition, the conditions of significance require that the domain 
of R should consist of classes. This proposition is used in *72°27. 


Dem. 


+. 48731. Db.c|R=elR 
[6232] =s|R (1) 
F.*53'31.3+:Hp.>.(y)-. s Ry = Ry 
[*53°02] = Ry. 
[434-42] 2.s/R=R (2) 
F.(1).(2). D+. Prop 

472.27, +. D=e/D.G=e/C [#7226 . #3312121] 

*72:27 is used in *74-63°631 and again in *163°15. 
#723. b:q!da(13Cls). >. pXe1 > Cls 


Dem. 
Fe#4112. Fact. Dt: Rer.Rel—Cls.>.prxCR. Rel Cls. 
[*7 1°22] 2. prel—+Cls (1) 
F.(1). #101123. 3b:(qR).Rer.RelsCls.3.prcl Cls (2) 


+. (2). *22'33..4. Prop 
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#72301. Fs: qira(Cls—>1).3.preCls—1 

«12302. Fe q@ian(l—1).3.prel—l 

#72303. Fk: q@tra(1—->Cls).qira(Cls—1).9 prel—l [*72°3'301] 
#7231. b:sNel—+Cls.>.AC1L9Cls 


Dem. . 
t.*4113.Dbk:srXel—»Cls.Per.Dd.8rde1—>Cls. PGS. 
[*71:22] >.Pel—->Cls (1) 


F. (1). Exp . #1071121. 3+ . Prop 
472311. : &XeCls+1.3-2CCls—1 
#72312. F:8XNelI1.D.ACIl aL 
#7232, ':.2C1—9Cls:P, Qer.q!O'PadQ.I7,9-P=Q:3.sre1—Cls 
Dem. | 
b.¢4)°11. #1154. 5b 20 (sA)z.y (S'A)zZ.= 
(qP, Q)-P,Qer.aPz.yQz. 
[*33°14.%4°71] =.(qP,Q).P,Qer.aPz.yQz.zeTPa dQ (1) 
F.(1) #471. Db: Hp. dix (8r)z.y¥8A)z.= 
(qP,Q).-P,Qer.aPz. yQe. zeG'Pn‘Q. P=Q. 
[*13°195] D.(qP).Per.e2Pz.yPz. 
[*71:17.Hp] D.c=y (2) 
F.. (2). L123. x7117. 54. Prop 
#72321. :.XNCCls—41:P,Qer. qiD‘Pa DQ. Dpo-P= Q:3.8reCls— 1 
[Proof as in *72°32] 

472322, i. ACL 1: Biden: qid'PadQ.op9g-P=Q: 

P,Qer.q! D‘PaDQ.Ip9-P=Q:id. rel 1 

[72/3232] 
72323. 2.2 Cl—91:P, Qer.q!C'PaCQ.Dp9-P=Q:3.8re1 31 
— Dem. 

b .*33°161 . *22°'49. DF. USPan TQ COUP aCQ. DIP aDIQCCP al Q. 


[*24°58] DkrqiGPadQ.d.qiCPacaQ: 

| qi D‘PaD‘Q.d.q! CP a 0Q (1) 
F.(1).Syll. DF: -Hp.3:P,Qer.q!@PadQ.27,9-P=Q: 

P,Qer.q! DSP aDQ.Ip9-P=Q (2) 

b . (2) 72322. D+. Prop mee 
#12°34. t:Rel—»Cls.qtx.D.p'R «= BR“ pc 

Dem. : . 

b .#40°35 Dh yep RM. =1Be.Dp.yeR“B () 


b.(1).*71°37. hi: Hp.d:. yep R«.=:Ben.dIe-RyeB (2) 
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be #1421. Dh: Bex.D.RyeB:d:Bex.d.E!RYy:. 
[*10°52] Dk::Hp.d:.Bex.dp.RyeB: I.E! Ry (3) 
b.#1428.4401. Di BE! Ry.d:.Bexn.dp.Ryehiza. Ryep:: 
[(2).(3).#5°32.414-21] DE: Hp. Diy ep Re. =. Ry epkx. 


[*71-37] 
472341. b: ReCls—1. 


~YE Rp'x :. J. Prop 


mix.d.pR“ «= R“p« 


This proposition should be compared with *40°37 and *40°38. 


*724, k:Rel— Cls. 
Dem. 


: b.47187. Db: Hp. diye Ran RZ. 


[*22°33] 
[*71°37] 
When BR is notal— 


"72-401. t: ReCls 1. 


#7241. £:Rel—Cls. 
*¥72411. k: ReClsol. 


#7242, F:Rel—Cls. 


> 3 Ran R“B = R“(an B) 


-Ryea. Rye. 
-RYycan®g. 

ye R“(an B) :. JF. Prop 
Cls, we only have in general (cf. *37°21) 

R«(a a B)C Ran RB. 

D>. Ran R“B= Ran B) 

anB=A.>. Ran R“Ba=A (#724. 48729] 
anB=A.9.R“anRk“B=aA 


at Ran R«“g -I:qlanB [*72°41. Transp] 


#72421. Ff: ReCls1.q! Ran R“B.d.qlanB 


#7243. |:Rel—Cls. 
Dem. 
#7137 .3:.Hp.3: 
[Fact] ae 
[*14°15] > 
[*10-281] >: 
[#7 1°41.%10°35] 2: 
[*22°33] 
#72431. k:ReCls—1. 


R“a= R“B.D.anD'R=BaD‘R 


Riyea.=,. Rye B: 

z= Ry. Ryea.=,.2= Ry. Rye B: 
z=Ry.zea.=,.2=Ry.zeP: 
(qy).z=R‘y.zea.=.(qy).z=Riy.zeB: 
zeDSR.zea.=.zeD‘R.zeB: 


D:zeD‘Rana.=.zeD'RaB:. 3+. Prop 


Ra=RB.D.andTR=BadsR 


47244, b:Rel—+Cls.aCD‘R. BCD‘R. R“a=R“B.D.a=P8 
[*72°43 . *22°621] | 


#12441. §: ReCls—y1.aCGR.BCASR. R“a=RB.d.a=8 
*72°441 is used in the theory of cardinal exponentiation (+#116°659). 
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*12;45. 


Dem. 


*12°451. 
#7246. 


*72461. 
*12°47. 


Dem. 


*12°471. 
#1248. 


Dem. 


*72°481. 
*12°49. 


Dem. 


«72-491. 
#72;492. 


*72:5. 


Dem. 


tr Rel—>Cls.>.(R)ePCID‘Rel > 1 


F.*x602. DF: :aC Dik. BCDR.= .4, Be CMDR (1) 


bexB7-11. Db: RM a= RB. =. (R)fa=(R)éB (2) 
F.(1).(2).#72'44.> 


tt Rel—Cls.3:0, BeCID‘R. (R)efa=(R)éB Dep. a= 8? 
[¥71-55.472:15] D:(B)ef ChD*Re1—»1:. D+. Prop 

Ft: ReClsa1.5. Ref Cid Rel—1 

bt: Rel—>Cls.3: R“a=R“B.=.an DR=BaD‘R 
[72-43 . 437-263] 

Fi. ReCls1.3: Ra=R“B.s.andR=BnGk 


b:. Rel» Cls.d: R“a=(‘R.=.D‘RCa 


F .#37°25 . #7246. > 
t:Hp.d:R“a=CA‘R.=.anD‘R=D‘RaD‘R. 
[*22°5°621] =.D‘RCa: SF. Prop 


F:.ReCls>1.9:R“a=DR.=.0RCa 
br. Rel—»Cls.a, Re ClD‘R.D: R“a=R“B.=.a=B8 


F.*22621.Dh:.Hp.dD:a=8.=.anDSR=BnDR. 
[¥72-46] =. R“a=R“B:.>+. Prop 
F:. ReCls—y1l.a, BeCldSR.D: R“a=R“B.=.0a=8 
F:.Qe1l Cls.3:0°(P|Q)=2Q.=.D‘QC dP 


T2417 Db: Hp.d:Q"a‘P=aQ. 
- (1). *37°32. 55. Prop 
:. PeCls»1.3:D(P|Q)=D'P.=.0'PCDQ 


:: PeCls>1.Qe1—Cls.3: 
D(P|Q=DP.a(P|Q)=aQ.=.G°P=D‘Q [*72-49°491] 


.DQCcaP (1) 


ot =r 


+: Rel Cls. >. R“R“a=an DSR 


b.48733. DE. R“R“a=(R| Ra (1) 
+. (1).#7119.3b: Hp. >. R“R“a= (IP D‘R) a 
[*50°59] =an DSR: 5+. Prop 


R&WI 29 
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472/501. : ReCls 1.3. R“R“a=anG‘R 

472/502. : Rel—>Cls.aCD‘R.D.R“R “aaa [#795 . #22621] 
#72°503, k: ReCls>1.aCG‘R.D. R“R“a=a 

| #72504. ACD Re. D. Re REN=A [7250215] 


Note that Re means Cnv‘Re, not (Re. *72°504 is used in the theory of 
segments of a series (*211°64). = 


#7251. t:Rel—Cls.aCD‘R.B=Ra.d.a=R“B [#72502 . *2018] 


#72611. ts ReCls 1. 8CU‘R.a=R“B.D.B= Ra [#72503 . *20°18] 
#72512. Fk: Rell. BCUR.d:yeB.=. Rye RB 


Dem. 
b. #7137. Dk: Rel—+Cls. diye R“R“B.=. Rye R“B (1) 
+. 472508. Db: ReCls>1.8 CUR. Dd: ye R“R“B.=.yeR (2) 


F.(1).(2). 3+. Prop 

472613, bs. Rel 1: (y) EUR y:diyeB.s. RyeR“B [¥72512.433-431] 
47252. bs. Rel—>l.aCD‘R.8CO‘R.D:a=R“8.=. B= Rw [¥72'51°511] 
47258, b:.Rel—+1.3:8CUR.a=R“B.=.aC DR. B= Ra 


Dem. 
F .*72°52.%*5'32.D 


bs. Rel—vl.D:aCD‘R. BCA‘ R.a= R“B.=.aCD‘R.BCA‘R. B= Ra (1) 
b.x38715.Db:a=R“B.D.aCDR: 
[e471] Dh:aCD‘R.BCAR.a=R PS. 
b.43716.Db:8=R“a.d. CAR: 
[e471] DbraCD°R.BCAR. R= Ra. 
F.(1).(2).(8). DF. Prop 

47254. b:Rel—+1.>.Cnv(Ref ClA‘R) =(R)ef CDR 
Dem. 


.BCHR.a= RB (2) 


aC DR. R= Ra (3) 


Hl 


F.*31'131.) 

F: 8 {Cnv( Rf Cl‘R)} a. =.a(RefCMA‘SR)B. 
[437°101.435°101."602] =.a=R“8.8CU‘R (1) 
F .*37°102 . #35101 . *60°2. 9 

b:8 (Ref CIDR} a.=.8=R“a.aCD‘R 2) 
F.(1). (2). *72°53.355F. Prop 


472-541, t: Rel—+1.8=R. >. Cnv(Ref D'S) = Sef D‘Re 
[#71-48:481 . *72°54] 
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*72'55. b:Rel—+Cls.d.a]R=R} R“a=a4 Bf Ria 


Dem. 
b.#35°1.*7136.3b:.Hp.d:2(a, R)y.=.cea.c=Ry. 
[14°15] =.Ryca.c=Rhy. 
[*71°37] =.yeR“a.a= Ry. 


[¥71°36.435°101]) =.0(RPR“a)y (1) 
F.(1).*85°11.>4. Prop 
472551. t: Re Cls 91... RP 8 =(R“B)1 R=(R“B)1REB 


47287, F: QPre1—>Cls.r=Q"p. dD. paDQ=Qer 


Dem. 
bs «37-42. hv HO ped. (01) w= Op (4) 
b. 487-421 . Dh rrA= Qu D-QPAM|W=AQern (2) 
be(1)-(2). DEEN ROM We D-(QP IID u=— OR (3) 
b 725. #3552. DE: QPre1L—>Cls. Dd. (QPA“A1Q)“u=paDQ (4) 
b . (3).(4). DF. Prop 
47259. b:Rel—Cls.>.S|/R|R=SPD‘R 
' Dem. 
F.#7119.+:Hp.>.S| RB! R=S| (IP D‘R) 
[*50°6] =SfPD‘R: d+. Prop 
472/591. k: ReCls91.3.8|R|R=SPaR | 
4726, +:Rel—>Cls.0SCD‘R.D.S|RIR=S [72°59 . #35°452] 


#72601. f: ReCl1.0SCU‘R.D.S|R|R=S 
#7261. b:Rel—+Cls.‘SCD‘R.D.S'R|R|S=S|S [#726 . 3427] 
x72611. t: ReCls1.0‘9CM‘R.D. 9, BR) R|S=S|8 

The following propositions lead up to the “principle of abstraction’ 
(*72°66), which, though not explicitly referred to in the sequel, has a certain 


intrinsic interest, and generalizes a type of reasoning frequently employed 
by us. 


#7262. +:Rel—+Cls.S=R|R.D.S'=8.9=8 


? 


Dem. 
b 84°21. DE: S=Ri/R.D.S=R(RIRR) (A) 
| #726 .#33-21.D+:Rel—+Cls.>.R|R|R=R (2) 
F.(1).(2). DE: Hp.d.S=R R 
[Hp] =f (3) 


F.(3). #347. . Prop 
29-—2 
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#72621, t:. Rel—»Cls.D:y(R|R)z.=. Ry = Re 


Dem. 
+.*7133.3b:.Hp.3:R%y=R%%.=.(qz).oRky.c2=h%. 
[*71°36] =.(qv).cRy.aRz. 
[x81-11] =.(qu).yRx.oRz. 
[84-1] : =.y(R|R)2:.>+. Prop 


472-622, b:. ReCls1.2:y(R|R)z.=. Ry = Re 
47263, t:ReCls+1.S=R|R.D.8=S8.8=8 


Dem. 
48421. Db: S=R|R.D.S*=(K|R|R)|R (1) 
+. ¥72°601. Dt: ReCls+1.3.R|R|R=R (2) 
F.(1).(2).Dk:Hp.>d.S?=R|B 
[Hp] =8S (3) 


F.(3).*34°7. D+. Prop 
47264. b:S?=8.S9=S8.R=Cnv(SPD‘8).>.ReCls91.8=R|R 


Dem. 
b. #7212. #71-26. DE. SPD‘Se1—>Cls. 
[*71:21] D+: Hp.d.ReCls 1 (1) 


F. (1). #72622. D 


a Hp.>:y(R|R)z. Ry = Re. 


{ll 


<< ft <& 
[*31°34. Hp] =.(Sf D‘S)‘y =(S f D‘8)*z. 
[*35°7 ] =.y,2gD‘S S¢y = Sz d 
[*34-85 | =.zeD‘S.ySz — (2) 
F.xd11l. Db:.Hp.d:y8z.9.28y. 
[33°14] D.2eD‘S: 
[#471] D:ySz.=.zeD‘S.ySz. (3) 


F.(1).(2).(8). DF. Prop 
41265. ':S?=S8.S=8.5.(qR).ReCls1.8=R|R [#726364] 
47266. ':S?GS.S=S.=.(qR).ReCls—+1.S=R\R [#7265 . 48481] 


4727. +:Rel—>Cls.>. RP D‘Rel 


Dem. 
b.*33'4.%225.Db:y4, ze DSR. Ry=Rz.I.GI Ryn Re (1) 
- & 
F.(1). #7118. Dhkiy,zeDR. Ry=Re.d.y=z (2) 


F .(2).*72°12 .#7155.5+. Prop 
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— 
#7271. b:ReCls31.9. Rf ‘Rel 1 
= — 
*x7272. fk: Relo1.d. REAR RE D‘Rell 
*728. F:NCDa&].>.ApPrel—l = [55-28-22 . *71°58] 
The above proposition is used in *73°62. 
#7281. F:ACD*la.d.Df rel [#55'281-221 . #7158] 


*729. +: Rel saCls.SER.D: EVSy.=. Ry=Sy.=.ye aS 
Dem. 
be #7122. Dt: Hp.d:Sel—Cls: 


[*71°163] DEI Sy. s.yeCs (1) 
b. #1421. DF: Ry=Sy.D. EI Sy | (2) 
F. *30°32.(1). Db: Hp. diye AS.D.(S*y) Sy. 
[Hp] , >. (Sty) Ry. 
[*71°36] >. Sfy= Ry (3) 


(1). (2).(8). D+. Prop 
#7291. ':Rel—+Cls.SER.D.A(R+S)=GR- AS 


Dem. 
F .*33°131 . *23°33°35 . D 
k:yeA(R+S).=. (qa). eRy.~(a#Sy) (1) 
F. (1). *71°36.5 
bt: Hp.Dd:yeQA(R+S).=. (qaz).c=Ry.~(e=SY). 
[*14°15.%5°32] =.(qz).27=Ry.~(Ry=S%y). 
[*10°35.#14'204.%72°9] =. E!R‘y.~(yeCs). 
[*71°163] =.yeQ‘R—A‘S:. 3+. Prop 


#72911. : ReCls1.SER.3.D(R+S)=D‘R-D‘S 
#7292. b:Rel—»Cls.SER.3.S=RP AS 


Dem. 
b.*231.438314. Dbk:.Hp.Dd:aSy.d,,.cRy.ye AS. 
[*35°101] Dz,y-e(RP AS) y: 
[*23°1] I:SCRFAS (1) 
b.*35'101 .*71:36.)+:.Hp.d:c2(RPAUS)y.=s.c¢=Ry.ye AS. 
[*72°9] =.e2=Ry.Ry=Sy. 
[14142] > .ev=S*y. 
[*30°31] >. «Sy (2) 
F.(2).*11113. DF: Hp.d.kRfFASES (3) 
F.(1).(3). DF. Prop 


472921. t:ReCls31.8ER D.S=(D‘S)1R 
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#7293. b:.Rel—Cls.RES.=:yeQ‘R.D,. (Ry) Sy 
Dem. 
F142). 44-71, Ds: ye AR.D,. (Ry) Sy: =:. 
yeCUSh.D,.E! Ry. (Ry) Sy:. 
nye C‘R.D,.E! Ry: eRy.5,.a8y:. 
2 yeCh.d,.E! Ry:yeAR.aRy.D,,.08y:. 
::Rel—+Cls. REGS:: D+. Prop 


[14°25] 
[*10°29.%11-62] 
[*71°16.*33°14] 


472-931. b:. ReCls-1. RES. =: 2 D‘R. Dy. 28 (Ra) 
#7294. F:R,SelwCls.o: qi RAS.=.(qy). Ry=S*y 


_ Dem. 
F.*7136.3+:.Hp.o:q!RAS.=.(qa,y).c= Ry.c=Sty. 
[*14°205] =.(qy)- Rty=Sty:. D+. Prop 


*73. SIMILARITY OF CLASSES 
Summary of *73. 


Two classes a and f are said to be similar when there is a one-one relation 
whose domain is a and whose converse domain is 8. We express “a is similar 
to B” by the notation “asm.” When two classes are similar, they have 
the same cardinal number of terms: it is this fact which gives importance to 
the relation of similarity. 
We have 
asm 8.=.(qR).Rela1.a=DSR.B=AR. 


The relation of similarity is that of the domain of a 1—»1 to the converse 
domain, 7.e, it is the relative product of Df(1—»1) and (1 —»1)7 G, or, what 
comes to the same thing, it is the relative product of D[(1— 1) and G. 


Most of the properties of similarity result immediately from those of 
one-one relations and offer no difficulty of any kind. 


When there are relations which correlate a’s with §’s so as to make 


a similar to @, we denote the class of such relations by “asm.” Thus 
we have . 


- & : 

asm B=(171)nD'and‘s Dt 

and sm = 46 (q ! a 5m 8) Df 
When, as in this case, we have a descriptive double function closely 


connected with a relation, we shall make it a practice to distinguish the 
descriptive double function by a bar. 


It is to be observed that “sm,” like A and V and 1 and 1—1, is ambiguous 
as to type, and only acquires a definite meaning when the types of its domain 
and converse domain are specified. The domain and the converse domain 
may or may not be of the same type, t.e. “sm” may or may not be a homo- 
geneous relation. This enables us to speak of two classes of different types 
as having the same number of terms. We shall return to this point in 
connection with cardinal numbers (cf. especially *102—+*106). 


The propositions of the present number are important, and are very 
frequeritly referred to throughout cardinal arithmetic. In order to prove 
that two classes a and 8 have the same cardinal number of terms, it is 
generally necessary, in the fundamental arithmetical propositions with which 
we are concerned, actually to construct a relation R such that Reasm P. 
Such a relation will be called a correlator of a and 8B. It will usually be 
obtained by taking some relation S for which we have (y). E!S‘y, and 
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limiting the converse domain to 8, so-that S} 8 is the required correlator. 
Very frequently we shall have Se 1—»Cls, not Se 1 — 1, but 8 will be such 
that Sf Bel 1. 


Among the more important propositions of the present number are the 
following: | 
#73142. fk: R} Beasm B.=.RPBelw1.BCA‘R.a= RB 

Ie Rf fis a correlator of a and 8 if (1) R[ 8 is one-one, (2) @ is con- 
‘tained in the converse domain of R, (8) a is the class of those terms which 
have the relation R to members of f. . 
*732, F:Rel—71.>.D‘RsmC‘R.d‘Rsm D‘R 

This results immediately from the definition. 
#7322. b:Rel—+1.8CU‘R.D.R“Bsm 8. Rf Be(R“8) am B 
*73'3. t.asma.JPacasma 
«73°31. Frasm@.=.8sma . 
*73'32. Fi:asm@.8smy.D.asmy 

The above three propositions show that similarity is reflexive, symmetrical, 
and transitive. 
#7336. F:i.asm8.3:q!la.=.q!8 
#7341, F.tasma.tfae (ta) Sma | 

Thus every class a is similar to a class t‘‘a of higher type, and consisting 
wholly of unit classes. 
#7345. .1=f8(@sme‘z) 7 

Thus 1 is the class of all classes similar to any unit class. 
#7348. +.0=8(8smA) 

Thus 0 is the class of all classes similar to the null-class. 
KI3'611. F. | aasma.()x)fae(l oa) sm a 

This proposition is very often useful. For arithmetical purposes, we often 
wish to obtain mutually exclusive classes. Now whether or not a and 8 be 
mutually exclusive, | «a and | y‘8 are mutually exclusive provided 2+ y. 
Thus by means of the above proposition we can always construct mutually 
exclusive classes each similar ¢ to a given class, i.e. each having some assigned 
_ number of members. 
*73°71. F:asmB.ysmd.an en aa S=A.D.(auy)sm (6 v 8) 

This proposition is fundamental in the theory of addition. 
#7388. F:asmy.8smd.yC8.6Ca.d.asmB 

Ie. “if a is similar to a part of 8,and is similar to a part of a, then 
ais similar to 8.” This is the Schréder-Bernstein theorem. The proof given 
below is due to Zernielo, 
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: <_ < 
#7301. aim P=(131)aDands Df 


#7302. sm = 46 (q ! asi 9) Df 
*73:03. |: Reasm@.=.Rel—l.a=D‘R. B=(‘R [33661 . (*73:01)] 
#7304. FrasmB.=.qiasm@ [(*73-02)] 


*731. F:asmf.= .(qR).Relrl.a=D‘R.B=A‘R [*73:03:04] 


47311, brasm@.=.(qR).Rel—+1l.aCD‘R. B= Rea 
Dem. 

F .*22°42.. *37°25 .D ; 

t:Rel+l.a=D‘R. B=AR.D.Relval.aCD‘R. B= Ra: 

[*10°11:28] DE: (qR).Reloal.a=D‘R.B=A5R.9O. 

(qR).Relwal.aCDR.f=Rha: 
[*73°1]} Dk:asm@.D.(qR). Rel 1l.aCDSR. B= Ra (1) 
b. 71°29 .*387°4.*35°62 .D 


 b:Rel—l.aCD‘R. B= R“a.>.a]Rell.a=D(a] R).8=Aa] R). 


iI 


[*10°24] >.(qS).Selwal.a=D‘S.B=dS. 
[*73°1] D.asm 8 (2) 
F.(2).*10°11:23.5 
bi(qR).Relml.aCD‘R.B=R“a.d.asmB (3) 
F .(1). (38). 54. Prop 


*7312. biasm@.=.(qR).Relo1.8CA‘R.a=R“B 
[Proof as in *73°11] 
#73138. t:asm@.=.(qR).RelCls. Rf BeClso1.8CAR.a=Rk“B 
Dem. 
b.471103-271. Dt:Rel—+1.d.Rel—sCls. RP BeCls 1: 
[Fact] DF: Relw1.BCAR.a=R“B.9d. 
Rel Cls. Rf BeClsy1.BCAR.a=R*B: 

[*10°11:28.%73'12] DF :asm B.D. | 

(qR).Re1—>Cls. RP BeCls71.8CAR.a=R“B (1) 
F.*7126.3b: Rel sCls. Rf Be Cls41.5. Rf Bel—Cls. RF BeCls—l. 
[*71-103] >.Rf Rell (2) 
F. 35°65 . *37°401.5 

t:BCU‘*R.a=R“8B.3.8=A(REB).a=D(RE RB) (3) 
F.(2).(8). Dk: Rel Cls. Rf BeCls1.8CUR.a=R“B.D. 

RE Belw1.a=D(kfB).B=A(Rf £P). 

[#10°24.%73°1] >.asmP (4) 
F. (4). «1011-23. ae 
b:(qR).ReloCls. RP BeCl >1.8CAR.a=R“B.Dd.asmB (5) 
F.(1).(5). DF. Prop 
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#73181. t:asm8.=.(qR).ReCls+1.01Rel>Cls.aC DR. B= Ra 
[Proof as in *73'13] . 
«7314. biasm®B.=:(qR): Ret oCls.BCA‘R.a=R“B: 
y,zeB. Ry=RZ.dy2.y=2 
Dem. 
b. #7155 .*5°32.D 
t:.Rel—+Cls. RP Rel—wl.=: 
Rel—Cls:y,zeB.Ry=Rz.3,,.y=2 (1) 
F.*7126. Dk:.Rel—+Cls.>: Rf Bel—Cls: 
[#4°73.*71:103], Dr RP Bel 31.5. RP BeCls1:. 
[*5°32] It: Rel—wCls. Rf Bel—1.=.Rel—Cls.RfBeCls—1 (2) 
F.(1).(2).F:.(q@R).Rel—s+Cls. Rf Belw1.8CA‘R.a=R“B.=: 
(qk): Rel aCls.8CAR.a=R“B: 
y¥,zeB. Ry=RZ.d,2.y=2 (3) 
F.(3).#73:13 55. Prop . 
The use of this proposition in proving similarity is very frequent. 


*73:141. F:.asm8.=:(qR): ReClsol .aCDR. B= Ra: 
y, zea. Ry= RZ. dy,.y=2 
[Proof as in *73°14] ; 
#73142. F: RP RBeasmB.=.RPRel—w1.8CAR.a=R“B 
Dem. . 


F.*73-03.) 
F:Rf>BeasmfS.=.Rf> Bel +1.a=D(Rf PS). B=A(Rf £). 
(*37°401.*35°'64] =.R>Belwal.a=RB.B=BnGR. 
[*22°621] =.Rf>Belwl.a=R“B.BCA‘R: SE. Prop 


*73:15. F:asmB.=.(qR). Rf RBelwm1.8CUR.a=RB 

Dem. 
F.*73°12.%71:29. DF: asm@.D.(qR). Rf Belw1.8CA‘R.a=R“B (1) 
t. #7314204. Dt:(qR). RP} Bel—+1.6CC‘R.a=R“B.d.asmf (2) 
F.(1).(2). D+. Prop 
*73-2. F:Relt1.3.D‘Rsm G‘R.d‘Rsm D‘R 


Dem. 
+. *20°2.%*3°21.5 
tk: Relrm1.9.Rel39~1.DSR=D‘R.GR=AR. 
[*10°24] >.(qS).Selwta1.DSR=D‘S.0‘R=dSS. 


[*73°1] >.D‘Rsm GSR | (1) 
F.(1). #71212. DF: Reloa1.>.D‘Rsm GR 


[*33°2°21 ] >.d‘ksm D‘R (2) 
F.(1).(2). DF. Prop 
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The following propositions, down to *78'241, are deduced from preceding 
propositions of this number just as “D‘Rsm (‘R” was deduced in #73°2 
from *73°1. The proofs are therefore merely indicated by references to the 
previous propositions of this number which are used. 

#7321. -:Relwal.aCD‘R.D.asm Ra. alk ea (Ra) [x73°11] 
#73-22. -:Relw1.BCU‘R.D.R“BsmB. Rf Be (RB) sm B [#7312] 
«73-23. +:Rel—oCls.8BCAR. RP ReCls1.9. 
R“BsmB.Rf Re(R“B)sm GB [*7313] 
#73-231. : ReCls—>1.aCD‘R.a} Rel—+Cls. 9. 
asm R“a.a| Reasm(R“a) [*73131] 
#7324. b:.ReloCls.@CU‘R:y,2e8.Ry=Rz.d,,.yH2:9- 
R“BsmB.R>Re(R*B)smB [*73:14-142] 
#73241. F:. Re Cls—1 .aCD*Riy,zea- Ry =Re. DyzeY =Zid. 
| asm Ra.a4Reasm (Ra) [*73'141-03] 
*73°25. b:.(y) Et Ryty,ze8.Ry=Rz.dy2-y=2:9-.R“BsmB 


Dem. 
+. *71:166.3+:Hp.d.RelCls (1) 
b.*33°431.5+:Hp.>d.@CA‘R ) (2) 
.(1).(2).Dk:. Hp.3: Rel Cls.B CAR: y,2e8. Ry= RR. dy, 2. Y=: 
[*73°24] >: R“8sm8:.D+. Prop 


This proposition will be convenient in such cases as the following: Let 8 
be a class of relations whose domains are mutually exclusive, z.e. such that 
no two members of 8 have domains which have a member in common, and 
suppose we wish to prove that the class of these domains is similar to Q. 
The class of domains is D‘*‘8, and we have (P).E!D‘P. Hence we have 
only to prove (putting D in place of the R of *73°25) 

P,Q¢eB.D‘P=DQ. Ipq-P=QY, 
which, in the case supposed, is proved immediately. 


*73:26. F:.(y). BE! Ry:Rela1:3.R“BsmB.Rf Pe(R“B)sm B 


Dem. 
+. *33°431.3+:Hp.d.Relw1.BCASR. 
[*73°22] 2. RB smP8.R>Be(R“B)sm B: DF. Prop 


*73-27. bi Rey =Rz.sy,-y=2:9. R«BsmB.-RPRe(R“B)smB 
[*73°26 . *71°57] 
*13°28. Firy,zeB.ody.: Ry=Rz.=.y=21.9. 


RBsmB. Rf Re(R“S8) sm 8 
Dem. 
F.*71-°58 . #7303. #37421. >)+:Hp.d.RfBe(R“S)smB: ot. Prop 
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*73°3. F.asma.lfaeasma 
Dem. 
+. *50°31 . #2411. Dt.aC dT (1) 
b. (1). #72717 .*5016. 3+. Lelwl.aCd‘ Tl. [aaa (2) 
t . (2). #7314204. D+. Prop 


This is the reflewive property of similarity. The conditions of significance 
"require that a should be a class of some type, but impose no restriction as to 
the type of class. . 


473301. t: Reasm®.=.ReQima~ 
Dem. 
+. #73:08 . #71212 . *33°2°21 . D 


t:Reasmf.= Rell .D‘R=8.0'R=a. 

[*73-03] .ReBitia: Dt. Prop 
#7331. FrasmB.=.Bsma [#7330104 . *31°52] 
‘This proposition shows that similarity is a symmetrical relation. 
#73311. k:ReasmB.SeRsmy.>.R|Seasmy 

Dem. 
+ .*73°08 . *71-252.+:Hp.d.R|Sel al (1) 
b. «73-03 #3732. It:Hp.>.D(R|S)=R“R.d(R|S)=SB. 
a=DR.B=UAR.B=DS8 .y=aS. 

[*37°25] >.D(R|S)=a.d(R|S)=¥ (2) 
F.(1).(2). *73°03 . DF. Prop 
*73'32. brasm®. Bsmy.d.asmy re73°311 04] 


This proposition shows that similarity is a transitive relation. Thus we 
have now proved that similarity is reflexive, symmetrical, and transitive. 


#7333. |. Cnv‘sm =sm [*73°31 . *31°131] 


*73:34. +.sm?=sm 
Dem. . 


{il 


+. *3455.#73°32. OF.sm?Esm (1) 
F.(1).*73°33 . #848. D+. Prop 
*73°35. +. D‘sm = (‘sm = Cls 
Dem. 
“+.*73°3. Dt.2(h!z)sm2(p lz). 

~ [x2018] Dk:a=—2(b!2).D.asma: 

[%10°11°23] DF: (q).a=2(b!2).d.asma. 

[*33°14) > .aeD‘sm.ae U‘sm: 

[*20°4] Dt:aeCls.Dd.aeD'sm.aeU‘'sm (1) 
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b.*73'1.#105 29 
F:.asm8.9:(qR).a=D‘R.B=C‘R: | 

(*10°5.*33°11-:111] >:(qR).a=2{(qy).cRy}:(qR)-8 =9{(qz).cRy}: 
[*20°41°18] D:aeCls.ReCls . . (2) 
F .(2).*10°11°23.5 

. k:.(q8)-asmB.D.aeCls:(qa).asm@.D.feCls:. 
[*83°13-'131] DF :.aeD‘sm.D.aeCls: Be U‘sm.3.feCls (3) 
.(1).(8). DF. Prop 
#7336. Fi.asmP.d:qla.=.qif 

Dem. | 
+. *33'24.Dh:.a=DSR.B=GR.I:qla.=.qtf:. 
[43-42] Dk: Relol.ac=D‘R.B=CR.D:q!la.=. 
[¥10-11:23]3 + :.(qR).Rel—+1l.a=D‘R.B=A‘R.9:q! 


a! (1) 
+.(1).*73°1. 55. Prop 
#1337. b:i.asmB.d:ysma.=.ysmf8 
Dem. 
+.*73'32.D>Db:asmB.ysma.3.ysm 8 (Ld) 
+.*73'31.>F:asm8.ysm8.3.8sma.ysm8. 


[*73°32] _ Deysma (2) 
F.(1).(2). DF. Prop 


«134. +.Cnv“Asmr.Cavfre(Cnv‘rA)smr [*73'26 .*72°11 . *31:13] 
#1341. +.t“asma.tfae(ta)Sma [*73:26.*72°18 . #5112] 


This proposition is useful, because it gives a class (t“‘a) similar to a but 
of higher type. Thus if uw is a cardinal number, and it is known that in a 
- certain type there are classes having yw terms, it follows that there will be’ 
classes having » terms in the next higher type, and therefore in the next 
type above that, and so on. No corresponding means exist for lowering the 


type. 
*73°'42. F:aCl.)D. won ie 


Dem. oO : 
F.*5213.3F:Hp.d.aCD% (1) 
t.(1).*73°21 .*72:18.5+. Prop | | 

This proposition gives a means of lowering the type without altering the 

cardinal number, provided our class a is composed wholly of unit classes; for 
t““a is of the type next below the type of a But when a is not composed 
wholly of unit classes, this construction fails. © 


#7343, b.utesmity.a) ye (sn) aa (U'y) [xDS15 . #72182. 73-2] 
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73-44. F:.ae1.5:@8sma.=.fel 


Dem. 
F.*73°43 . 
[*10°11-23] 


[*52°1] 
b. «37°25. 


Dkia=ty.39:8=te.d.8sma:. 
DE: (qy).a=ly.d:B=te.9.RBsma:. 
[*10°11:21:23] Dk:.(qy)-a=ty.d:(qzr).S=te.3.Psma:. 


Dk:.ael.o: 


Bel.Dd.Bsma (1) 


Dh: Relol.DR=te.d.0R= Re 


[453-31 71-165] 


[#5 2-22] 


ws ‘i 
= UR‘%a. 


>.d‘Rel:. 


[*20°18] Db: Rell. DiR=te.G‘R=8.d.Bels 
[*10°11:23.x73 1] Db: efesmB.d.Rel: 
[*20°18] Dk:ia=lw.dJ:asmB.3.B8el:. 
f*10°11:23] Dt:.(qr).a=te.Di:asmB.23.B8el:. . 
[*73°31.4521] Dhk:.ae1.5:Asma.d.Bel (2) 
F.(1).(2). D+. Prop 
#7345. +.1=A(Bsme‘x) 
Dem. 
+. 52°22 .*73'44.9+:Bsmie.=.Bel (1) 
F .(1). «2033.54. Prop 


#7346. -F.AsmA [7271 .*33'29 . *73°2| 
#73°47. $+:AsmA.=.B=A 


Dem. 


b.*7346.2DF:8=A.3.8smA ae5) 

+t .*73'12.*10°5.3 . 
F:rBsmA.d.(qkh).B=RSA. 

[*37°29] 2.B=A (2) 

F.(1).(2). D+. Prop 


#7348. +.0=A(@smA) [#73'46. #5111. (#54-01)] 
The following proposition is used in the theory of double similarity 


(*111-111). 


#135. Fi: Reloml1.=. Ref ClASR Csm 


Dem. 
F .#35°101 . *37°101 . 602.3 
Fr. Ref CldstREsm.=:8CAHR.a=R“8B.9.2.asmP (1) 
#7322. Exp.3':.Reloal. a: BCUR.a=R“B.D.asmB: 


[(1).#11°11:3] 


>: Rf ClfaGsR Gsm (2) 


F.*30°18.%*5112.9 
Fr: BCUR.a=R“B.d.g-asm Bird :lyCAR.a= Ry. d,.asm ey: 


[451-2.%53°301] 
[*20°53.473-44] 


[*10°11-21.%37°702.471'1] 


=—_, 
Dye CRh.a=Rhy.d..asm ty: 
—>> 
DI:yeT*R.D. Ryel: 
3:RelCls: (3) 
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[*72-51.437°16] D:aC DR. B=Ra.Dap.8CAR.a=R“B (4) 


F.(4).44°7 241137. Db: Hp(4).3:aC DR. B=R“a.d,8.asmB: 


| (8) 3-71 211.47391 | >:ReCls—1. 
F.(1). (8). (5). #71103. +: Ref ClhG‘REsm.>.Re1l—1 
F.(2).(6). DF. Prop 
#73501. tk: Rel—»1.=. (Ref CID‘R E sm 
Dem. 
b.#71212.3b:Rel—+1.=.Rel sl. 
[*73°5] . (Ref CVO‘R Gsm . 
[433-21] . (Beh CID‘ E sm: Dt. Prop 
*73'51. k:Rel—ayCls.aCD‘R.D gente 
Dem. 
be a72-7. Dh: Hp.d.RPD Rel 1. 
[4354314671222] >.Rfaelol 
b.¥33°481 482121. Db.aCaR 


< _— < 
F.(1).(2).*7212. D+: Hp.d.RelCls. Rfacl—w1.aCd‘R. 


<_ 
[*73°23] >. R“asma: Dt. Prop 
> 
*73°511. F: Re Clspa1.aCQ‘R.D. R“asma 


R 
47352. +: Rel» Cls.aC CMDR. D.(R)“asma 

Dem. 
+ .47245.3b:.Hp.>: :(R)ef CID‘Rel 1: 
[W7155K7215] Ee CIDR. (R)fE = (RY Dee Ean: 
[Hp] Dif nea. (Ry = (Ryn Dey F= 02 
[*73°25.437°111] D: (R)easm ai. Dt. Prop 


| #7351 = #71211. *33°2. 452241 | 


(5) 
(6) 


(1) 
(2) 


473521. t: ReCls91.8CCiKG‘R.D.Re“BsmB —_ [Proof as in *73°52] 


47353, /:Rel—Cls.aCOlMD‘R.D.R“asma [#7 5D. (x37-04)] 
#73581, b: ReCls-+1.8CCIG‘R.D.R“BsmB [73°52 . (#87-04)] 
#7361. F.v] “asma.(a@] )Pae(a] “a)sma [*73°27 .*55°2] 
#73611. F. J wfasma. (| a)Pae( | x“a)sma [*73°27 .*55°201] 
#7362. b:ACDa@].d.drasmar. Af re(Aa)smA [*73-23 . #72°131°8] 
#73°621. :XCD6 | 2.>.D“rAsm2r. Df re(DA)SMA [*73-23 . #72°13'81] 
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£1363. +:Seasmf.ThaTtGel—1.av@CQ‘T.>. 7|8| Te( Ta) sm(T*B) 
Dem. 
b .&73-03 435452453. Db: Hp.d.7\S|T=TlaSpeair 


[*35°354] =ThalS|A1T. 

[#35°52.471-252.473'03] >.7\S|\Pel—1 a 
b .#37°32. Db. D(L| S| 7) = THSUP (2) 
b. (2) .#87-27 . #7303. DF: Hp.d.D(7)S8|T)=T*a (3) 
Similarly b:Hp.>.d2|8| T)=TB (4) 


+. (1).(8). (4). #7303. 3+. Prop 
The above proposition is used once in connection with cardinal addition 
(#112231), and once in connection with cardinal multiplication (#114561). 
The following proposition (*73°69) is a lemma, for *73°7. 
#1369. F:ReasmP.any=A.Boay=A.9.RulIfye(auy) sm (Bvy) 
Dem. 
.*33'26'261 . *50°5'52 . D 
>D‘R=a.G‘R=8.8S=RvIfy.9.DS=avy.d8=Bvuy (1) 
~ #71242 . *50°5°52 . D 
:Hp(1).Relrml.any=A.Boy=A.9.Rvulfyelol (2) 
F.(1).(2).*73°03.. 3+. Prop 
#137, FrasmB.any=A.Bany=A.2.-(ayvy)sm(Bvy) [*73'69°04] 
«73-101. t: ReasmB.Seysmd.any=A.Bnd=A.9.RuSe(auy)sm(B vd) 
Dem. 
-.*7308.3':Hp.3.D‘RaDIS=A.CRAGS=A.R Sell. 
[#71242] >.RuSelol (1) 
| . *33-26-261 . #7303. +: Hp.d.D(RwS)=avy.d(R ¥8)= Bv6s (2) 
F.(1). (2). #7303. > F. Prop 
*x7371, FiasmB.ysmd.any=A.Bnd=A.9.(a vy) sm (Bus) [*73'701:04] 
*73-7T2. FravifasmBul'y.crea.yreB.rd.asmf | 
Dem. 
F.x731.2 
bk: Hp.>.(qk).Rel—+1.D‘R=avu es.‘ R=Buly.cveayreB (1) 
+ .¥71381.Db:Rel—ol.ceD‘R.yeCR.D. ROR UR a — vy) 
= ROUR= RM Ra— Ry 
[487-25.%53°31] = D‘R-UR‘ Ra — Uy 
[*72°24] =D‘R- teu RYy. 
[#7322] > .(D‘R— te — R‘y) sm (UR — 'y — R42). (2) 


TT TT 
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F. «71362 .*22°5. Dt: Hp(2).2=Ry.d. : 
D‘R - te — Ry =D‘ R— te ASR 'y — Re = OS R—sy. 


[(2)] > .(D‘R — tx) sm (ASR — t*y) © : (3) 
F .*22°'92 .*33°43.5F:Hp(2).¢+Ry.d. © | 

(D‘R — ia — Ry) v Roy = DER — a (4) 
+.*71362. Dt:Hp(4).d. y+ Ra. 
[*22'92.%33°44)] DAR Uy — UR)u UR ‘c= O'R 0 y (5) 
F. (4). (5). *73°71-43 .(2). 3+: Hp(4).>.(D*R — ex) sm (ASR —efy) (6) 
+.(3).(6). Dt:Hp(2).>. (D‘R — t‘x) sm (ASR — ty) (7) 


Pi ol atl 22. Dt D‘Reavie.dR=Bvuty.crvea.yreR. 

2.D‘R-te=a.dsR-ty=B (8) 
b.(7).(8). D+: Rell. Hp (8). D.asmB. (9) 
F.(1).(9). Dt.Prop | . 

The following propositions give the proof of the Schréder-Bernstein 
theorem, namely: If one class is similar to part of another, and the other is 
similar to part of the one, then the two classes are similar. The ‘proof here 
given is due to Zermelo*. An explanation of the following proof is given in 
connection with another proof in the summary of *94. _ 


#738, F: :G‘RCB.BCDSR. pee B-U‘RCa. R\aCa). > 
D'Rex. p«CD‘R 


Dem. 
bs #2242-43-44, Db: Hp.d.D‘RCD‘R.B—-A‘RCD‘R (1) 
t.#22°44.437:25.5b:Hp.>.R“D‘RCD‘R | (2) 
F.(1).(2). Dt:Hp.d.D‘Rex (3) 


.(8).#40°12. Dt. Prop 
#73801. |: Hp*738.3.8-G‘RCp‘e | | 
- Here “Hp *73-8” means “the hypothesis of *73°8.” 
Dem. 
b.*20°33.5:.Hp.d:aex.I..8—A‘'RCa:. d+. Prop 
#13802, +: Hp #738... R“pe Cp’ 
Dem. 
+. #2033. D:.Hp.Dd:aex.d..RaCa (1) 
F.(1).4#40°81.>+. Prop 
#7381, +: Hp*73'8.D-. p'eex 
Dem. . 
4738801802. +:Hp.>.p‘eCD‘R. B—G'RCp'c . R“p'eCp'x: Dt. Prop 


* Math. Annalen, vol. xv. Heft 2, February 1908. 
R&WI 30 
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*73°811, +: Hp#738.>. Rp'« Cp‘«—(8- OR) 


Dem. 
b.487:16. Db. R “pe O'R 
[422°8] C-(—C‘R) - 
[*22'81-43] C~(8—A‘R) (1) 


F. (1). *73°'802. 35. Prop 
473812. | : Hp *78'8.a~(@— O'R) vu Rp'e cD. R“(p'e — Ux) C pe — Ua 
Den. ~ | 


e287. Dk: Hp. Diane R“ ple. 

[45136] >. Rp'eC -U'e (1) 
F.(1).&73'802.>:Hp.>. Reps cCp'e—Ua. 

[437-2] >. R“(pie— a) C poe — Ua: >t. Prop 

*73°82. +: Hp*73'812.3.p%«e —uw=pie. crepe 
Dem. 

+. #2287 045136. Dk:Hp.d.B-GRC-us. 

[#78801] >. R-GRCp'e — Ua (1) 
t .*73'8. D+: Hp.d.p%e—u«a CDR (2) 
(1). (2). #73812. F:Hp.d.p%e—Uwe. 

[%40°12] >. pie Cp'«— a. 

[#5 1°36.%*22°43 | D.avep«. pie — ax = pie: Dt. Prop 
473-821, b: Hp #738. ze p'e—(@—C‘R).D.we “pte 

Dem. 


+ .*73'82. Transp. D+: Hp *73'8.x2ep'e.d.x€(B— a‘k)v R“ pix (1) 

b.(1).43°6. DF. Prop 

47383, |: Hpx73'8.>.p'e—(8— CR) = R“p'n. pie =(B— UR) v R“p'e 
Dem. 


b . *73'821 . Db: Hp.d.pie-(8- AR) CR“p'e (1) 
b.(1). #73811. D+:Hp.>d.pie—-(@-G‘R)=R“p'e (2) 


. (2). #2447 .*73'801.D+:Hp.d.pie=(8-A*R)v Rp« (3) 
+. (2).(3). +. Prop 
*73°84. +: Hp*738.3.8=pie v(TR—- Rp‘) 


Dem. 
b.%*2292. D5: Hp. >.8=(8-CA‘R)v aR 
[*22°92.%37°16] =(B-CU‘R)vu Rep’ Kv (TSR— Reps Kk) 


[*73°83] ; = pix v (ASR — Rep6 «): D+. Prop 
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*73'841. +: Hp*73°8.Rel—+1.5.8sm0‘R.@sm DR 
Dem. 


}.*73:8-21.>+:Hp. >. piesm Rp’ (1) 
2421. DE. R pte a(R Rp'e) =A (2) 

| 473-83 . *24'492 . #73801. D 

F:Hp. 3D pie — R“p'e=B-OR. 

[#2421] Dd. pfen (UR — Rp'x) =A (3) 
F.(1).(2).(8).#73°7 .D 

F:Hp. >. peu (TSR- R“p‘x) sm R pe uv (TSR — Rx). 
[*73°84] >... 8sm Rene v (GSR — R“p'x) ‘ 

[¥22'92.437°16]D . sm U‘R | (4) 


F.(4).#*73°2. D4. Prop 
«73°85. +: Rel—+1.G‘RCB.BCD‘R.D.BsmG‘R.BsmD‘R [*73°841] | 


¥73°86. +: C‘RCD‘S.G‘SCD‘R.D. | 
D(R|S8)=D‘R.d(R|S8) CAS. 08 CDR] 8) 


Dem. 
237321. 5+:Hp.d.D(R|S)=DIR (1) 
+. *3436. DF: d(R|S)Cas (2) 
F.(1). Dt: Hp.d.aSCD(R/S) (3) 
.(1).(2).(3). +. Prop . 
*73°87, $b: Rh,Sela1.GRCDS.ASCD‘R.D.D‘R sm DSS 
Dem. 
F.*71:252,.D+:Hp.d.R|Sel—l. 
[*73°86°85 | >.d‘Ssm D‘R. 
[*73°2] >. D‘Ssm D‘R: D+. Prop 
*73°88. F:asmy.8smd.yCR.d6Ca.d.asm8 
Dem. 


F.x731.5+:Hp.d.(q BS). &,Sela1.D{R=a.dSR=y. 
DiS=8.dTGS=8.y7CR.8Ca. 

[*73°87 | >.(qR, 8). D‘R=a.DS=8.D‘RsmD‘S. 

[*13°22] D>.asm 8:5. Prop 


This is the Schroder-Bernstein theorem. 


30—2 


*74, ON ONE-MANY AND MANY-ONE RELATIONS. 
WITH LIMITED FIELDS | 


Summary of *74. 


The purpose of the present number is to collect together various propo- 
sitions in which we have such hypotheses as 


Rfrc1—Cls, «1 Rel —Cls, ete. 


or in which such hypotheses are shown to be deducible from others. Hypo- 
theses of this kind occur very frequently, and it is important to be able to 
deal with them easily. For the sake of completeness, we shall -here repeat 
propositions previously proved on this subject. 


The propositions of this number are mostly of the nature of lemmas, to be 
used in the theory of selections (Part II, Section D), and in cardinal and 
ordinal arithmetic. The most useful of them are *74°772'773'774°775. These 


propositions are concerned with circumstances under which Q| BR or |B, with 
or without some limitation of the converse domain, is a one-one relation. The 
reason they are important is that the correlators by means of which many of 
the fundamental theorems of cardinal and ordinal arithmetic are proved are 


such relations as Q || R (with the converse domain limited) for suitable values 
of Q@ and R. The above-mentioned propositions are as follows: 


TATT2, bs. (o) EL Q's (y)- EP Ry: Q,ReCls>1:3.Q| Rell 

The hypothesis of this proposition will be verified if we put, for example, 
Q=R= |e, Thus (J 2)||(Cnv')«#)el—1. This proposition is used in 
*116°531, which is used in proving one of the formal laws of exponentiation, 
namely p™ x v® = (wx v)*. 


#74773. F: Qfa, RP Be Clsal.aCdQ.@C AR. sDirCa.s6A"xC B.D. 
(Q|| RP rel 1. (Q|j BP re (QI) Ry} amir 


This proposition is used in connection with both cardinal and ordinal 
multiplication and exponentiation. If Qfa and REP correlate y with a 
and 6 with §, then if we take for X the class of all ordinal couples that 


can be formed of an a and a 8, (Q || R)*‘A will be the class of all couples 
that can be formed of ay and a 6. Thus in virtue of the above proposition, 
if y is similar to a and & is similar to @, the class of ordinal couples formed 
of a y and a6 is similar to the class of ordinal couples formed of an a and 
a PB. This result is useful because we define the product of the number of 
members of a and the number of members of 8 as the number of ordinal 
couples formed of an a and a 8. . 
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#74774, bs. ReCls—>1:(y). E! Ry: >.| Rell 
This proposition is useful when, for example, Ris | a. 
«14-775. 2 OP sDMA, BR psaen, eCls > 1.8SDIXC AQ. sSSXC aR. >. 
(QI R)prel1. (Q\ R)P re {(Q|-R)"A} amr 


This is a particular case of *74°773, and has similar uses. 


«741, fs pa bce a. RP Belwl.=ery,zeB. Ry=Rz.d, ..y=z 
Dem. 
F.#*7155.5h:: Hp. | ., . : 
D:.(RPB)fBelwl.=:y,2€8.(RPB)y=(RP BB). Dye y=ets 
[*35°31'7] 3: -R[RPel1.5 :y,2eB.Riy= Re. dy2.y=zu It. Prop 
#411, bt RE Bel—>Cls.BCGR.=:EWR“B [#71571 . (437-05)] 
#7412. bi: RP Bell. 8CUR.=:.y,2¢68.Dy,: Ry=Rez.=.y=2 © 


| | [#7159] 
#1413. t:Rel—+Cls.3.(R) FCID Rell [#7245] 
#74131. +: ReCls1.3.RefCld‘Rel—1 : [#72°451] 


#7414, ':Rel—+Cls.8=Ra.d.a,R=REB=atRPB [*72-55] 
#74141. tk: ReCls>1l.a=R “8.3.0, R=REPB=a{RPB [*72551} 
#7415. b:QPre1 Cla. r= Qe. Dd. «aD Q=Qr [#72°57] 
#TA LBL. 1 QeCls 1. c= Qn. > rN TQ= Qe 3 
#7416. 1: QhAe1—Cls.xCDQ.r= OMe. Dd. = QR [KTHI5 #22°621] 
#T4161. bi «4 QeCle1 .ACTQ. n= QX.I-A= QM | 
#1417. £3 Qh nel» Cls. «CDQ.>. e= QQ [*74°16] 
¥TALTL. £ s (QA) 1 QeCls—>1.2C AQ. Dd. r= QHEQEA 


#742. b:Q"aCB.d.01Q=a1 Qe 
Dem. 
b.487°4.b:Hp.d.d(a1Q)CB. 
[*35°454) D.a1Q=al1 QP B:dF. Prop 
*74201. F:Q“B8Ca.>.QP8=a1QP8 [Similar proof] 
41421. b.atQ=afQrgea - [74-2] 
«74211. +. QB =(Q8)1QT [*74°201] 
#1422. -:D‘QCa.d.Q=a1Q [*35°451] 
#14221. F:AQCB.3.Q=OF8B [*35°452] 
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47423, br a= QQ a.d.0]Q=QhQ“a=at Qh agra [#74/21-211] 
HTAIBL. $1 B= QB. D.QPA=(QB)1Q=(QMA1QPB — [#7421211] 
47424. bra=Q"8.B=Q"a.d.a1Q=QhB=a1Qhe [74°23] 


#7425. b: QP Bel —>Cls.aC DQ. B=Q"a.d.a1Q=QhB=al Qh 
[#74°16-24] 

*74251. F:a]1QeCls 31. BCAHQ.a=Q%8.9.a1Q=Qf h=al QB 
[7 4161-24] | 

474-26. F: QP Relol.aCDQ.8=Q“a.s.a1Qelo1.ACAQ.a=Q"8 

- Dem. . 

be #7425. Db: QP Rel—>1.aCDQ.8=Qa.>.a1Q=QhB. 


[*13°12] D.a]Qel—al (1) 
.48716.D+:8=Q"a.d.8CaQ (2) 
#7416. DF: QhBel1.aCDQ.8=Qa.d.a=Q“B (3) 
F.(1).(2).(8).D | | 


Qh Bel—1.aCDQ. B= "a. d.a]Qel +1. A CAQ.a= QB (4) 

Similarly 

bra] Qel1—+1.B8CAQ.a=Q“B.d.Qh Bel —+1.aCDQ. B=Qa(5) 

+. (4).(5).D+. Prop . | 

KT42T. bs Qh Be1— 1.8 =Q"Q“B.=.(Q"B)1Qe131.B8CAQ 
Dem. : ; 

#7426 278 | 5 


b:QhBel—>1.Q"*BCDQ.B=O"Q"B.=. 
| (QB) 1 Qel71.B8CAQ.O°B=QO%R (1) 
F.(1).*37°15 .*20'°2. D+. Prop 
ATAOTL, Fra4Qel—1l.a=Q“Q“a.=.QhQ“ael3+1.aCDQ 
| *7426 | 


41743. br. Qh Be1—>Cls: (qa). B= Qa: >. Q"Q"B=B 

Dem. 
b.a7415 . DESQE Rel —>Cls. B= Qa. >. Q"Q"B =Q(an DQ) 
[37-261] | = Qa 
[Hp] =f (1) 
F.(1).#10°11-23-35 . DF. Prop 
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474301. f:.a4QeCls—1:(q@).a=Q“8:3-QQ“a=a [Similar proof] 
*7431. -:Qft : els Cls. Be D(Q)e«D : 
= QQ"B. BCAQ. Qf B=(Q8)12-(Q°8)1Vel > Cls 


Dem. 
b #743 #3723 .-Db: Hp. d.8=Q"Q"B (a) 
+ .¥372316. Dk:Hp.d.BCaQ - (2) 
b.(1) «74281. aetHES >. Qt B=(Q8)1@ (3) 
[413-12] -(QB)1 Qe1>Ols (4) 


+. (1). (2).(3).(4). DF. na 
#74311. F: anit aeD‘Q-.9 
= QQ" a. cD. a|]Q= Qh gta. Qt QMaeCls— 1 


[Similar proof] 
47432. binCU'R. RP xeCls—+1.>.BPecl—1 
Dem. 

—b*88-41.5b:. Hp. dsy, zen. Ry=Rz.d.(qx).cRy.cRz. 

_ [*35°101] D.(qx).c(Rf«)y.a(RP «)z. 
[*71:171.Hp] D.y=z (1) 
F.(1).#71:55.D5. Prop . 
4744. +: P|(QhA)=P/Q.=.Q"a‘POr 

Dem. . 

b. #8523. Db: Pi(QPA=P|Q-=-(P/QPrA=P 1a. 
[*35°66] =.d(P/Q)Cr. 
8782] =. Q“U'P Cx: Dt. Prop 
«7441, §:0°PaDQCK«.3.P\K1Q=P\Q | 

Dem. 
F .*33°13'131 . *10°23.9 
F:.Hp. =:aPy.yQz.Dzy2+ Yew? 
[*4°71] =:0Py.yQz.=2,y,2-0Py.-yQz yen? 


[#10281] ~~ 3: (qy). Py. yQe.=2,2- (ay) -ePy-yQz yen: 
[434°1.4%35°1] D:0(P|Q)2-=2,2-2(P|«1Q)2:. IF. Prop 


#1442. ':0'PCQ“A.D.D(P|QtA)=D‘P [*37°321°401] 
47448, 2 QXCAP.D.G(P(QPA=AQnrA [#37-322-401 . #3564] 


«7444, |:0°P=Q°X.3.D(P|Qha)=D'P. (P| QPray=a'Qna 
[¥7 4-42-43] 
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" “WTAB. FrEM(PL A)y-=+yeR.E1Py -=.(P} B)'y= 


Dem.’ 
b.xB5°7 Sh: a= (Ph £)ty. gichaee a= Ply (1) 
Fy(1). #10°11-281. Db: (qe). a= (PT AYy. =:yeB:(qv).c=Pty:. 
[*14°204] Ds. EM(PE Ay. =.yeR.E! Pty (2) 
b. «85-7. D:(PP B)y=P« ge = Pry, 
[#1428] | | =.yeR.E! Py. (3) 
F.(2).(3). DF. Prop. . Do es 

¥T481, bs. Py Ca. 2: EN (a1 Py. .ELPty.= Pry =(a4 Py'y 
Dem. | | , 
F #3218 .*35°1.5+:. Hp. >: aPy.=,.2(a|P)y: | - + 3: @1). 
- [*80°34] © >: Gly ~=.E! Pty (2) 
F.(1) .*30°341. Db: Hp.d:E! Py.=. Pry=(a} Py (3) 


t.(2).(8). DF. Prop . 
#74611. bs. Pic C @.9:E1(61 Pe. =. E! Pe. =. Pn =(81 Po 
___. [Proof as in *74°51] a 
#7452. +: (S“B)1Sel1+Cls. BCA‘S.yeR.> s {(S“B)1 S}'y=S%y. EL Sy 
Dem. . OO 


es | 
F.#3718.3+:Hp.d.SyCS“B (1). 
b.a871. Db: Hp.d.(qz).a8y.ce SB. 

[*33-131] Dd. ye A{(SB)15}. 


[7116] >. E!{(S“B)1S}y (2) 
F.(1).(2).*74°51.5+. Prop . 


#74521. |: SPS“Be Cle 1. BCDS. ye B.D. (SB) 18}'y=Sy El sty 


[wr452 3 
*74:53. + :(8B)18e1 —1.8CAUS.ye8.D Sy sy 


Dem. 
+.*37'1. *33'131.>:Hp.>. ye T4{(SB) 18}. 


[#7 2°241.%35°51] ~ De (8 t S*B){(8**) 1Sly¥=y (1) 
F.*7452 . — DF: Hp.d. {8“B) 1 Sy =Sy (2) 
F.(1).(2). » IF anes mir (ST SB) Sy =y. . 
[*35°7] =? S8y = y:D+. Prop. 


T4531. br SPS*Bel+1.BCDS.ye8.>.8Sy=y 


eS 
[»74 53 3 | 
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#746. bi. Tel 1. AC CHO e CODD .D2¢ = TE. = N= (P) Me 
ae , 
487-421. t:Hp.>.Téa= (Top CHETYN. | | i 
| (Dem ((P JeP CIDIT} ee — dd). 


+. *72°451°52.> 

F:.Hp.d:«=(TefCiAT)A.=.N= {Cnv(T. f CLAST)} x 

[*72°54] | | =.rA={(T)ef ClD‘T} “cc — ) 

F.(1).(2). D+. Prop 7 . . pe Se 

aT461. +3. Tell. D2 XC ONKOL = TX. = ae CODE. = THe 
Dem. | | 


t . #746 . #87108. +:. Hp. D2 «CCID. ACCKOT. «= TQ. =. 
«CClD‘T. nCCIaT, N= Fee | (1) 
F.«3871516 Dkr e=TOX.D «CCID TT: rhe The, D.ACCIAT (2) | 
f.(1).(2)-#471. 34. Prop | 
#7462. ee ee 
Dem. . . - 
> = 
F. Transp. DFi.y,zeB.yt2.Dy2.SynSz=Ar=: 
. > 
y,zeRe qi Syn S%.dy..y=2: 


[¥82-18] =1y,2¢B «aSy.aSz.Dey2-Y=2? 
[*35-101]  =:a(SPB)y-2(SPB)z+Izy204¥=2! 
[x71171] =:SPBeCls—1:. DF. Prop 


*7463, b:.P,Qer.P+Q.DpQ- DiPaDQ=A: 
[*74°62 #7227] 
*74631, +: P,Qer.P+Q.2Dpo: OP adQ= A: 
| [*74°62.%72-27] 
474632, fs P,Qerx.P+Q. Dp,9- OP a0Q= A:=.FfreCls—1 | 
[#7462 2483-5] 
*T47. Ff: Geer Cle P|Q= P'\Q. > PrDe= P'S DQ 
Dem. 
48497 Db: Hp.>. PQiO= P1010. 
[*72°59 ] >.PPFDQ=P'TD‘Q:5+. Prop 
#74701. F: QeCls+1.Q|P=Q|P’.3.(AQ) 1 P=(A°Q)1P’ 


-e|DfrAeCls—>1 | 


-e€(/AfPrAcCls ol. 


i 


#7471. F:.Qe1>Cls. ‘PCD‘Q.G°P°CDQ.): ee P'|\Q.=.P=P' 
[*74°7 .*35°66 . *84°28] 
«74711. i QeCle-1 .DYPCAQ.D*P'COQ.9:0/P=9| Pz P=f" 
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*7472. b:.Qel—>Cls: Per. Dp. d‘PCDQ:D.(|Q)Pre(| Qa) MA 
Dem. 
b.x7471.Db::Hp.d:.P,Ped.Dpp:P|Q=P'|Q.=.P=P’ (1) 
F.(1).*73°28. D+. Prop 

#74721. b 1. QeCls—>1: Per. dp. D‘PCAQ:D.(Q))Pre(Q| A) MA 

*7473. +:Qe1—Cls. ee RE DCs2et Oh NEC GA) aa 

[474°72 . 40-43] | 
#74731. k: QeCls—1.sD°XC AQ. D.(Q))Pre(Q| A) TMA 
#17474. £:Qel— >Cls.d6rACD‘*Q.9.(/Q)fr€(| QA) SMA 
[x74°73 . 41°44] 

«T4741. §:QeCls1.DSACMHQ.3.(Q|)Pre(Q| “A) SMA 

#74715. F:a1Qel1—Cls.aCDQ.sMrACa.d.({Q)Pre(| QA) smA 
Dem. . 

F.*40°43 . Dt: Hp.d:Per.dp.d*PCa. 


[43-481] Dp. | QP =|(a1 QP: 
[37-69] D:1QrX=| (a1 Qn (1) 
+. *43-491 . Dk: Hp.d.(iQ)Pa={i(a7Qjpa (2) 


b.¥74°73 .435°62.Db:Hp.d. {/(a1Q)} Pre {a1 Qa} sm» (3) 
F.(1).(2).(8). OF. Prop 
#TA TL. b: QhacCls1.aC GQ. sD“ACa.d.(Q|)Pre(Q| A) HA 
[Proof as in *74°75, using *74°731, *43°48-49] 

#7476, +:QeCls—+1.Rel—»Cls.Q|P|R=Q|P'|R.>. 

(2'Q)1 PP D‘R=(1Q)1 PP DR [¥747- 701] 
*74761. | :. Hp *74-76.D‘P CA‘Q.0‘PC DSR. DIP’ CAQ.dP’CD‘R.D: 

Q|P\R=Q|P'jR.=.P=P [*7471-711] 

KT477. §:Q,Rel—7Cls.sDOACDQ.sSAACDR.D. 

(QR) rel 41. (QR) Pre ((Q|| RA} sD 


Dem. 
HATA TOL S 44048. > 
FeHp.0e P,P ex«D% Q|P|R= QIP|R: =.P=F': 
[*43°112] oO: (Q|| RP = (Q\ RY P’.=.P=P' (1) 


+.(1).*73°'28. D+. Prop 
#74771. £:Q,ReCls1.sSDIACAQ. SAAC ASR... 
(Q||R)PrAeL—1- (QI BP re {(Q|| RA} simi a 


jar 77 @ ) 
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*74°772 and its immediate successors are of very great use in cardinal and 
ordinal arithmetic. 


#14772. b:.(7). El Qoe:(y). EI Ry: panne ter iF oyHe1—1 
[474771 .#33°431] 


#74773, +: Qa, Rf BeCls—>1.aC dQ. BC ARs Dr Ca.sArC B.d. 
(Q| R)frAc1—41.(Q] RPA ((Q|| RA} sma 


Dem. 
b. 435-64. 3b: Hp.d.sDACA(QPa).sMaCa(RPR) (1) 
+ .#4351.F:Hp.>d. (QP a|l(G1R)}P%A=(Q|| R)Pa (2) 


bt. (1).(2) #74771. 54+. Prop 
¥74-774. b:. ReCls—1i(y) BE! Ry:d.|Rel—l | 


Dem. 
+. «71166. DF:Hp.d.ReCls1 (1) 
F.*33'431 . Dt: Hp.d.(P).d*P CDR (2) 


F (1).(2). #7471. ts. Hp.2:P|R=P|R.=p,p.P=P(3) 


F.(3).*71'57.55. Prop » 
*T4TT5. |: Qf s DA, RP sAAcCls—1. DOCH, sarACdR.. 
(Q|R)Prel1.(Q|DPreQ| Bajar [#74773] 

«748. -:RE(Bvyjel1oCls.=. RE B, Rf yel—Cls 

Dem. ; 
F.x71572. DF: RE (BvuyelaCls.=:yeT Ran (Bvy).d,.EI Ry: 
[*22°68.*10°41] syeCRnB.d,-E! Ry:yeA Ray. rd, El Ry: 
[*71°572] :REB, Rh yel—Cls:. 3+. Prop 
474801. k:(Ruy)1ReCls>1.=.81R,y]ReCls—1 
*x7481. bs Rf seel—+Cls.=. Rf “«eCloCls - 


Dem. 
b.x71572.Dh: Rf sieelwCls.=:yeU'Rasx.3,.E! RY: 
[*40°11.*10°35°23]: =r:aex.yeTRna.d,,-EI RY: 
[#1 1-62.%71°572] =:aex.D,.Rfacl—Cls: 
[*37°61] . =:Rf‘«C1—Cls:. D+. Prop 


#14811. +: (s'«)]ReCls—1.=. 1 RK CCls 1 


#1482. b:(Buy)] Rel Cls.=.81R, y{ Rel Cls. R“(p- y)a Ry = A 

Dem. 
F.x35'1.#7117.5 
F:(Buy)1Rel—Cls. 
[*13°12] 


22, yeBuytRz.yRz.dzy208= Yt 
.c2eB.yey.@hz.yRz.Dzy,2+LEY i 


WU ill 
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[Transp] 
[*10°21°252] 
[*10°28.*37°105] 
[*24°39] 
F. (1). *71:22.> 
F:(Bvuy)1 Re1>Cls.>. 817 R, y1Rel—Cls. R“(p- yn Rey = A (2) 
F.#71:22.5F: 81 Rel Cs. 2.(B—-7)1Rel—Cls (3) 
b.x874. DE: R“(B- '”) n Ry = Ne D's as — y) {Ra ay] Ry=A (4) 
F. (3). (4). #7124. DF: BIR, er R“(gB- _y)a Ry = A... 

. —y){|Rvy{RelCls. 
[*35°41] | >. a vy)1Re1l—>Cls (5) 
F.(2).(5). D+. Prop 


#74821, F : RE (Avy) eC 1.5 | 
RP, Rf yeCls 31. R(B-y)an Ry=A 


B1B,y1Rel—1.R“(B—y) a R“y=A 


.2eB—yo@RZ.Dey2. ~(yey-yRz) i 

wave B—y.chz. dz, oe ~Yeys yin: 

12 R“(B— y)» 2, ewe Rhy 

2 RB —y) 0 Ry= A (1) 


uUUuUUYU 


#74822, t:(8uy)1Rel—l. 


[*74-82°801] | | 
#74823, b: RE(@vy)elol.s.RPB Rp yell. R“(B-y)aRMy=A 
[*74'8:821] a 
47488. bi R“BaR“y=A. 2: (Guy) Rel+Cs.= =.81Ry1Re1Cls | 
| [*74-82] 


474831, bi. R“Ba R“y=A.D: J: RNB vy) eCls—>1. =.REB,RfyeCls—1 
#74832. +: R“B a Ry = A.D: (Gvy)|Rel—i. =.81R,y1]Rell 
[*7 483-801] | 


#14833. F:. RB a Roy = A. a: Rf(Bvyel—+1.=. RP B, Rf yell 
[*74°8°831] ' 


“#7484. b1. (sfx) Rel Cls.= | 
{Re Cl Cls: Byer. dg ,.RS(B—-y) a Ry=A 


Dem. | 
F.#40°13 .435'43.5F:8exK.3.81RE(s%)1R: 
[*71:22] DE: On) Rel Oe D:Bex.d.81Re1— OCls: 
[*37°61] 2: eee eh ee (1) 


FxkT2 41. #37421 , Dt :.(s%«)] Rel—aCls.D 


| Byyéx. Dey. R“(B—y)a R“y=A (2) 
F.*37°105. #2439 « ») 


bis By ens py. RMB —y)n Ry =A: 
Biyex.veB—y. eRe Dpye conn -yey.yhz: 
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[Transp] 3: B,yex.xveB.yey.aRz.yRz.D,,."ey. 
- [47] Day 2% yey ahz.yRz. 
~ [*35°1] Days Hy] B)z-y(y1R)z (3) 
F.(3).*7117.Db 2. B,yex. Dp, R“(B—y) a R“y=A:1R“eCl—>Cls:): 
Byex.veB.yey cRhz.yRz. dey 2y,2+8=Y:! 
[*10°23.%40°11.%37°1] 3D: a {(s«)1 BR} ze y {(s8)] R} ze Deny C= Y? 
[*71:17] 3:81 Rel >Cls (4) 
F.(1).(2).(4). 3+. Prop 
474841. b:. Rf s'ceCls—1. =: 
Rf ‘« CCls—1: B,yex-Ip,-R(B-y) no Ry=A 
#14842, F:.(s'e)] Rel—w1l.=: 
1 Re C141: B,yew.Dpy-R“B—y) a RMy=A [7484811] 
#74843, :. Rf s‘eel3l.s: . , 
RMKC1—1:B,yex.Dpy-R(B—y) 0 R“y=A [#7481841] 


SECTION D 


SELECTIONS 
Summary of Section D. 


The subject to be considered in this section is important chiefly in 
connection with multiplication, both cardinal and ordinal. In order to get 
a definition. of multiplication which is not confined to the case where the 
number of factors is finite, we have to seek a construction by which, from 
a given class of classes, « say, we construct another class which,. when « is 
finite, has that number of terms which, in the usual elementary sense, is 
the product of the numbers of terms in the various classes which are members 
of «, and which, whether « is finite or not, obeys as many as possible of the 
formal laws of multiplication. The usual elementary sense of multiplication 
is derived from addition; that is to say, w xv is to be the number of terms 
in s‘x, where « is a class of 4 mutually exclusive classes each having vy members, 
or vice versa. This sense can be extended to any finite number of factors, 
but not to an infinite number of factors; hence for a number of factors which | 
may be infinite we require a different definition, and this is derived from the 
theory of selections. 


Selections are of two kinds, selections from classes of classes, and selections 
from relations. The latter is the more general notion, from which the former 
is derived. But as the former is an easier notion, we will begin by explaining 
selections from classes of classes. 


Given a class of classes «, a class w is called a selected class of « when - 
#18 formed by choosing one term out of each member of x. For example, if 
« consists of two members, a and £#, and if wea and ye, then teu ty is 
a selected class of x. If every constituency elects a local man, Parliament 
is a selected class of the constituencies. If « is a class of mutually exclusive 
classes, z.e. a class no two of whose members have any member in common, 
then a selected class consists of only one term from each member of x; te. pw 
is a selected class if . 

eCs'ei:aexk.d,.p~ndel. 
But if « is not a class of mutually exclusive classes, this does not hold 
necessarily; for a term # which is a member of both a and § (where a, Be x) 
may be chosen as the representative of a, while some other term may be 
chosen as the representative of 8, so that two members of @ may belong 
to the selected class. Again, if « is a class of mutually exclusive classes, the 
relation of the representative to its class must be one-one, because, since no 
term belongs to two classes which are members of «, no term can be the 
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representative of two classes. But when « is not a class of mutually exclusive 
classes, a term which belongs to two classes a and 8 may be chosen as the 
representative of both. Thus the relation of the representative to its class 
may be only one-many, not one-one. 

The relation of the representative to its class may be called a selective 
relation. A selective relation of « is one which selects, from every class 
a which is a member of «, a certain member # as the representative of a; 
that is, we have, if R is the selective relation, 

aex.I2,-Reaca: C*R=k. 
This condition is equivalent to 
Rel Cls.R Ge. U°R=x. 


If RB is a selective relation, D‘R is a selected class; and if pw is a selected 
class, there is a selective relation R such that ~=D‘R. Thus the study of 
selections from classes of classes is wholly contained in the study of selective 
relations. . 

The class of selective relations from a class « is called ea‘«. Thus 
Reegkk.=. Rel Cls.RGe.d‘R=x, 


. _ 
and €a‘« = (1 Cls) a Rife n Ask. 
Then D‘ea‘« is the class of selected classes. 


It will be seen that, if aex, R‘a may be any member of a, and we get 
a different R for each different member of a. Thus if we keep the repre- 
sentatives of all the other members of « unchanged, the number of selective 
relations to be obtained by varying the representative of ais the number of 
members of a. Hence the number of selective relations altogether may 
be fitly defined as the product of the numbers of terms possessed by the 
various members of «. In case « is finite, this agrees with the usual definition 
of multiplication; and whether « is finite or infinite, the product so defined 
obeys all the formal laws of multiplication. 


To illustrate the notion of selective relations, let us take a very simple 
case, the case where « consists of two classes a and 8, each of which has two 
members. Let # and y be the members of a, z and w the members of 8. We 
assume a+ 8, x+y, z2+w. Then the selective relations of « are the following: 

alauz |B, 

elauwlB, 

ylavz LB, 

ylauw] B. 
Thus they are four in number, 2.e. the number of members of ea‘« is the 
product of the number of members of a and the number of members of @. 
A similar process would show that our definition of the product agrees with 
the usual definition in any case in which all the numbers concerned are finite. 
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Selections from relations are an obvious generalization of selections from 
classes of classes. We had above 
ee 
€a‘ = (1 > Cls) n Rife n Ae. 
We put, generally, 
_— 
Paix =(1 7 Cls) n RIP an Ax, 
which we derive from the definition a 
; ~ _ 
Pa=X# {X=(1—Cls)n RIP nde} Df. 
This is the fundamental definition in the subject of selections. We have, in 
virtue of this definition, . 


tk: RePaix.=.-Rel—Cls.REP.dR=xk. 


When «=(‘P, we may call Pa‘« the class of selections from P. Thus 
generally, Pa‘« is the class of selections from Pf « provided « CCU‘P; and if 
this condition is not fulfilled, Pa‘e =A. We may call the class Pa‘« the 
class of “P-selections from «.” The class of “e-selections from «” will be 
what we previously called the class of “selective relations of «.” 


It will be observed that we have 
— 
RePate.yer.d. Rye Pry. 
> | ; 
Thus if P*‘« is a class of mutually exclusive classes, D‘R selects one from 


—» 
each of these classes, and is therefore a selective class of P“‘«; hence in this 
case 


> 
DPS = D“eg6 Px. 


In Cardinal Arithmetic, e4‘« is the important notion, and the more general 
notion P4‘« is seldom required. In Ordinal Arithmetic, F'4‘« is the important 
notion. It will be seen that 


ReFaixk.=.ReloCls.REF.AR=x. 


Thus F4‘« is only significant when « is a class of relations; in this case we 
have 
Re Faie.Qex.~.d.RQe CQ. 

Thus R chooses a representative member of the field of every meinber of x. 
The most important case is when « is of the form C‘P, where P is a serial 
relation whose field consists of serial relations. Then F4‘C*‘P becomes the 
field of a relation which may be defined as the ordinal product of the relations 
composing C‘P; in this way we get an infinite ordinal product analogous to 
the infinite cardinal product. This will be explained at a later stage (#172). 


Although it is chiefly e4‘« and F4‘« that will be required in the sequel, 
we shall treat P‘« generally, because this introduces little extra complication, 
and most of the theorems which hold for ea‘« or Fa‘« have exact analogues 
for Pa‘k. . 
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Pa‘, as above defined, is the class of one-many relations contained in P 
and having « for their converse domain. We know of no proof that there 
always are such relations when «C C‘P. In fact, the proposition 


KCUSP. dp, ee Gt Pate 


is equivalent to the “ multiplicative axiom,” 7.e. to the axiom that, given any 
class of mutually exclusive classes, none of which is null, there is at least one 
class formed of one member from each of these classes. (This equivalence is 
proved in *88'36, below.) It is also equivalent to Zermelo’s axiom*, which is 


(a). ! e4‘Cl ex’a; 


hence also it is equivalent to the proposition that every class can be well- 
ordered. In the absence of evidence as to the truth or falsehood of these 
various propositions, we shall not assume their truth, but shall expheitly 
introduce them as hypotheses wherever they are relevant. 


In the present section, we shall begin (*80) by considering such properties — 
of Pa‘« as do not depend upon any hypothesis as to P. We shall then 
(*81) proceed to consider such further properties of Pa‘« as result from the 
hypothesis Pf «¢Cls—»1. This hypothesis is important, because it is verified’ 
in many of the applications wé wish to make, and because it leads to important 
properties of Pa‘x which are not true in general when P is not subject to 
any hypothesis. These special properties are mostly due to the fact that 
when Pf is a many-one relation, Pa‘« consists of one-one relations (not merely 
of one-many relations, as it does in the general case). This is proved in *$1‘1. 
We then (*82) proceed to consider the case of relative products, i.e. (P|Q)a‘X. 
It will appear that, with a suitable hypothesis, (P| Q)a‘A =| Q**Pa‘Q**A and 
D“(P | Q)aA = D*PaQ*A. In the following number (*83) we apply the 
results of *80 to the particular case where P is replaced by e, which is the 
important case for cardinal arithmetic. In *84 we apply the propositions of 
*81 to the case where P is replaced by e, and where, therefore, we have the 
hypothesis e[«eCls—»1. This hypothesis is equivalent to the hypothesis 
that no two members of « have any members in common, 7.e. that 

a,Bex.atB.D.g.anB=A. 
When « fulfils this hypothesis, it is a class of mutually exclusive classes. 
For classes of mutually exclusive classes we adopt the notation “Cls* excl.” 
It is shown in *84°14 that a Cls* excl is one for which we have ef «¢Cls— 1. 
When « is a Cls*excl, Df Pa‘« is a one-one relation, and D*‘eéa‘« sm eg‘x. 
Also in this case D‘‘ea‘« consists of all classes formed of one member from 
each member of «, 2.¢. all classes 4» such that 


eCsieiaex.Dd,.pnael. 


* See his ‘‘Beweis, dass jede Menge wohlgeordnet werden kann,” Math. Annalen, Vol. u1x. 
pp. 514—516. 


R&Wi , 31 
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In #85, we prove various important propositions, of which the chief is a form 
of the associative law*, namely 
+ :«eCls* excl. D. eg’s*« sm eaSeaS*K. 

Finally, in *88, we consider the question of the existence of selections. This 
cannot in general be proved when « is an infinite class. The assumption that 
ea‘ is never null unless one member of « is null is equivalent to various other 
assumptions, for example to the assumption that every class can be well- 
ordered. One of these equivalent assumptions is called the “multiplicative 
axiom.” This axiom is equivalent to the assumption that an arithmetical 
product cannot be zero unless one of its factors is zero, and is regarded by 
some mathematicians as a self-evident truth. This can be proved when the 
number of factors is finite, .e. when « is a finite class, but not when the 
number of factors is infinite. We have not assumed its truth in the general 
case where it cannot be proved, but have included it in the hypotheses of all 
propositions which depend upon it. 


* Cf. notes to +#42°1°11, 


*80. ELEMENTARY PROPERTIES OF SELECTIONS 


Summary of *80. 


In this number, we shall give such properties of Ps as follow most directly 
from the definition, without any restrictive Pepe as to P. 


If Re Pax, R selects one member of Pp , whenever yex, as the selected 
referent of y. For, since Re1—»Cls. d‘R=«, we have yex.D.E! R‘y; and 
since RG P, we have yex.D.(R‘y) Py, ie. yen. >. RYy e Pry. Calling R‘y 
the selected referent of y, it is evident that we may replace Ry by any Stier 
member of Pry, and still have a member of Pa‘«. (This is proved in *80°4.) 
Thus if Pa‘« has ny members at all, we can get as many members as there 
are members of Pry by merely altering the selected referent of y, leaving the 
other selected referents unchanged. 

In the present section, we first prove various simple properties of Pa‘x. 
Most of these are almost immediate consequences of 
*8014. F:RePaie.=.ReloCl.RGEP.d‘R=k 

The most useful of them are 
*802. b:q! Pate. D.« CUP 
*80°291. F: Re Paice. D.REPhe 
#803. F:RePate.yex.d.E! RY 
*80°33. f: Re Pate.d.DSRC Pc 

We then have various propositions (*80-4—-46) concerned with a | y when 
xPy. Of these the most important are the following : 

«80°41. Fi: Re Paix. yex.a@Py.d.[{R-(RY) Lyju2' | ye Pate 

Le. given a selective relation R, the selected referent of y (where ye U*‘P) 
may be replaced by any other term having the relation P to y, and we shall 
still have a selective relation. 

48045. |. Pattty= | y'Pey 

We then have a set of propositions (*80°5—'54) connecting (Pu Q)a“(« v2) 

with Pa‘« and Qa‘d. These are chiefly useful as leading to the next set 


(*80°6—-69), connecting Pa‘(« v X) with Pa‘ and Pad. The most useful of 
these are the following: 


*80°6. bs Re Pafe.r0Cxn.d.RfrAe Pair 

#8065. Fixknry=A. Re Paix.SePar.d. Rv Se Pa(« vr) 

*80°66. biewad=A.d:MePa(evr).=.(qB,8).RePae-SePar.M=RvS 
ol—2 
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We have next a set of propositions (#80°7—-78) dealing with the relations 
of Mand M+R when (eg.) Me Pa(e vd) and Re Pa‘«. These propositions 
are seldom used, but they would be useful in considering division. 


We next have a set of propositions (*80°8—’84) dealing with the relations 
of Pa‘a and P,‘8. The most useful are 
*80°81. Fi! Pata. Pata=Pa‘B.D-a=8 
*80°82. F:atB.D.PafanPaf8HA 

Finally, we have four propositions (*80'9—93) on Pa‘(tty v t*z) and one 
on P48 v t’z). The most useful of these is 
«809. bFs.ytz2.3:Me Pa(uly vetz).=.(qu,v).uPy.vPz.M=ulyuvfz 


A <_— 
*8001. Ps=r*K {XA =(1—Cls)n RP ad‘e} Df 


4801, bid Pac. =-2=(1->Cls) REP ne [421-3 . (*8001)] 
80-11. |. Pate =(1— Cls) n RIP 0 Ue [480-1 . #803] 
*80°12. F.E! Pat« [*80°11 . *14°21] 
48013. b:r Pace. r= Pate [x80°12. %30°4] 
48014. b:RePax.=.Rel+Cls. REP.OR=« 
[480-1] . 20°43 . 22°33 . 461-2. #33°61] 

48015. t:PGQ.D. Pate C Qate [480°14] 
48016. t: Re Pax. RGQ.D. Re Qa'e 

Dem. 


b.*80'14. Db: Re Paik. >.Rel+Cls.U'R=«c: 
[Fact] DE: RePaie.REQ.9.Re15Cls. SR=n. REQ. 


[*80°14] D>. Re Qa’e: DF. Prop 
#8017. ':QGP.3.Qa%e=Paiken RIQ 
Dem. 
F.*8015. DF: Hp.d. QateC Pake (1) 
F.*8011. DE. Qate C RISO . (2) 
F.(1).(2). DF: Hp.d. QaSeC Pate an RIQ (3) 
+. *80'16. DE. Pate an RIMQ C QaSec (4) 
F.(3).(4).D4. Prop 


This proposition is used in the theory of ordinal multiplication (*172°162). 
#802. big! Pate. D.« CUP | 


Dem. 
F.*8014.DF:RePaic.D.REP.GR=xk. 
[*33°264] >.d‘SRCUP.a‘SR=k. 
[*13°13] >.«cC dP (1) 


F.(1).#10°11'23. 3+. Prop 
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«8021. Fi:n(eCU‘SP).>.Pate=A [*80°2. Transp] 
#8022. b:Phe=Qfn-D. Paik =Qa‘e 


Dem. 
«3314. 5h: Rex. dr chy. d.yen:. 
[*5°44] D:.a¢Ry.D.0Py:=:0Ry.D.x0Py.yen: 
[*35°101 | =:aRy.d.x2(Phey (0) 
F. (1). #1111333. 
Fi.d‘R=x.3D:REP.=.REPfh« (2) 
t.(2)¥. Db. OR=e.d:REQ.=.REQPE (3) 


b.(2).(8).#1812.Db: ‘Ran. Phe=Qfe-D:REP.=.REQ (4) 
+. (4). Comm. «532.3 

bi Hp.d:REP.0‘R=n.=.RGQ.0'R=«: 

[48014] 3: Re Patc.= eRe Qa‘e:. 1. Prop 

#8023. |. Pate=(Pf «ate 


Dem. 
b. #3531 .*225.9b.PPe=(PP «Pe (1) 


F . (1). 80°22. +. Prop | 
48024. bie CUSP.Q=Phn.d.Paie=Qs°AQ [35-65 . 80-23] 
#8025. big! Paice. Q=Pfe.d. Pae=QaO'Q [*80°2°24] 
¥8026. +. PafA=cA © | 


Dem 
b.#8014.Db:RePafA.=.Rel+Cls.REP.ASR=A. 
[*33°241] =.ReloCls.RGP.R=A. 
[*13°193] =.Ace1 +Cls.AGP.R=A. 
[*72°1 25°12] =.R=A. 

[*51°15] =.ReiA:D+. Prop 


Note that Pa‘A is a unit class, not the null-class. It is owing to this fact 
(as will appear later) that, if « is any cardinal, u°=1. See the note to *83°15. 


#8027. F:qi«.>d.Asce=A 


Dem. oo ; 
F.*8014, Db: ReAgkce.D. RECA. GSR=k. 
[25°13] _ >.R=A.d‘R=x. 
[*33°241] D.K=A (1) 


t.(1). Transp .*10°11°21.5 
ki:qti«.>.(R).Rve Aa. 
[#2415 | >. Ag'e=A:DF. Prop 
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8028. bigqt«.d. Ane Pave 


Dem. 
FF. 8014. 3bs.q!e.D: Re Pate. Dp. G!IGR: 
[*33°241] D:RePakke.Dp.q!R: 
[*25°63] D: Ave Pafes. D+. Prop - 
*80°29. F:RePaixk.d>.R=Rfh x 
Dem 
F.x8014.3F:Hp.d.d‘R=x. 
- [*85°452] >.R=RKf«e: D+. Prop 
*80°291. F: Re Paik. d.REPhe 
Dem 
F.*80°14.*33°14.5 
F:.Hp.d:aRy.Dzy-cPy.yen. 
[*35°101] Dey: t(Pf«e)y:. +. Prop 
*803. FF: RePatce.yex.D. EIR | 
Dem 
F.*8014.5F:Hp.>. Rel +Cls.yeQ‘R. 
[*71:163] | Da. EI RYy:D+. Prop 
48031. bt: Re Pate. yen. >. Rtye PY 
Dem. 
F.*8014.5F:Hp.d.ReloCls.REP.ye AR. 
[¥71'31] >.RGP. (Ry) Ry. 
[*23°441 ] >.(Ry) Py. 
[432-18] >. Rye Py: D+. Prop 


=> 
*80°32. F:.Re Pate. diyex.=.E!Ry.=. Rye Py 


Dem. 
b.*80'14.5F:.Hp.d:d°R=x: 
[*33°43] DI: EI Ry. Dd. yen (1) 
—= 
b. #1421. 56: Rye Py.d.E! R%y: 
—> | 
[(1)] DF:.Hp.d: RyePy.d.yex (2) 


F.(1).(2).*80°'3°31 .>+ . Prop 
*80°33. fF: Re Pafe.d.DSRC Px 


Dem 
b. *80°14.*37:25.)+:Hp.d.DSR=R“ek. REP. 
[*37°201 ] 2.DSRCP “ce: 3+. Prop 
*80'34. +: RePakk.D. EV R“e. R“xK=D‘SR 
Dem 


F.*8014. >t: Hp.>.Rel—+Cls.d‘R=xk. 
[*71°16.%37°25] SD. EW R“«.R“cK=DSR: Dt. Prop. 
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«80°35. +: Re Pate.D.DSR=2 {(qy).yex.c2=R‘y} [37-6 . *80°34] 
#8036. +:R,SePaik.d.RPauSf—aePae 


Dem. 

+. #7126. D+: Hp.d.Rfa Sf—ael—Cls (1) 
+. #3564. D+. d(Rfand(Sf—-a=A | * (2) 
b.(1).(2).#71:24. D+: Hp.>.RfPavSf—ael—Cls (3) 
+. *35°64.%80714. Dk: Hp.d.d(Rfha)=nena.d(Sf—a)=«K-a. 
[24°41] : >.d(RfauwSf-a)=x (4) 
+. «35-441 .48014.5+:Hp.d>.RfaGP.Sf—-acP. . 

[*23°59 ] . >. RfawSf—acP (5) 


+. (3). (4). (5). *80°14. DF. Prop 

This proposition is used in dealing with greater and less among cardinals 
(*117°68). | 
#804. +-:RePaie.yex.cRy.¢Py.d.{((R+«elyua ype Pak 

This proposition is important. It-shows that, if Re Pa‘« and « is the | 
selected referent of y (i.e. is R‘y), then # may be replaced by any other 
member of Py without our ceasing to have a member of Pa‘e. 

Dem. 


F.*55°3. Dt: Hp.dIsalyCR: 
[*7 2°91] 3: 0(R-aly=aR-U(a]y) 
[*80°14.%55°15 ] =K—Uy . (1) 


F. (1). #33261. DF: Hp.d.d{(R-2ly)u2 byj=(«e-iy)v da Ly 


[*55°15] =(K—Uy) uty 
[51-221] =k (2) 
F.(1).*5515. DIF: Hp.d.d(R=alyad(a Ll y=(«-—ty) acy 
[*24-21] | =A. | 
[7 1:24.%80°1 4] 2.(R+alyue’ lyelCls (3) 
t.x8014.%55°3.3DF:Hp.d.R-alyCP.a lyCP. 
[*23°59] D.(Rzalyvua lyEP (4) 


L .(2). (3). (4). #8014. 3. Prop 
#8041. b: Re Pa'c.yex.a'Py.d.[{[R~(RY)] yun lye Pa 
Dem. 
F.*80°3 . *30°32.5F: Hp.>.(R‘y) Ry (1) 
F.(1).*80°4. D5. Prop 
«80°42. F:q! Pate. d.8Paik=Pf x - 
Dem. 
bi#4l1l. DF: a (sPake)y. 
[*8014] 
[*35°101] 


-(qR).Re Pate. xRy. 
~£Py .Yek. 
a (PPe)y (1) 


UV VU i 
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F . *80°41:.*35°101 .> 
bi: Re Paix.a(Phe)y.d.[{R~(RYy) lL ypucl ye Pate. 
[¥55°132]9.[{R+(R‘y) Ly}uclyle Pax o[{R-(RYy) Lyjualyly. 
[#41141]. 0 (6Pa'e)y - (2) 
b.(2). Exp. #11113.3b: Re Paice. Dd. Ph € i Pa (3) 
b.(3).#1011-:23. Dhkigq! Pale. D.PheGsPaie  - (4) 
F.(1).(4). 4. Prop , 
*8043. F:aPy.=.ul ye Patty 
Dem. 
b .¥72'182.*55:15. Db. a) yel—»Cls.da] y=wy . (1) 
F.*d5'3. DIt:ePy.=.xcxlLyEeP . (2) 
F.(1).(2). #473. DkiePy.=.clyEP.clyel— Cle. (al y=uy. 
[#8014] Lye Paty: 3+. Prop 
*80'44. F:RePait'y.d.R=(Ry) ly 
Dem. 
t.*8014.3+:Hp.d>.Rel>Cls. ‘R= 0'y. 
[*37°25] >.RelCls. R=t'y. DR= R“t’y 
[*53°31.*71-163] =uRYy. 
[*55°16] ».R=(Ry) Lyi. Prop 
*80°45. +. Patifty=J] y“Py 
Dem. 
ay 
t.*38:1381.3b: Rely“ Py. 
[*32°18] (qv). 2Py.R=a]y. 
[*80-43] Re Patty (1) 
b. #804431. Db: Re ty. >. R=(RYy) Ly. Rye Pry. 
[*14°205 ] > .(qz).R=aly.cePy. 
[*88-131] >.Rel yPry (2) 
F.(1).(2). +. Prop - : | 


it oi it 


—_—> 
-(qz).cePy.R=aly. 


U oil ili 


*8046. F:q!iPat'y.=.q 1 Pry. =.yeU°P [#8045 .#37°45 . 33°41] 
"805. Fi:xenrd=A. Re Paik SeQar.d.RuSe(P wy Q)a(K va) 
Dem. 
+ .*80'14.>t:Hp. 3. 8#, Sel oCls. WR=«nx.dS=rA.REP.SEQ. 
{Hp.*33°261.%23°72] 3. R,Sel—~wCls. TRadGS=A.d(RvuS)=Kcunr. 

RuSEPuQ. 
[*71°24] 2.huSel1loCls.d(kuS)=nxvrA.RvuSEPuQ. 
[*80°14] 2.RuSe(Py Q)a(e vr): D+. Prop 
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*80'51. 


Dem. 


*80°511. 


Dem. 


*80°52. 


Dem. 


¥#80°53. 


Dem. 


*80°52. 
*80°29 . 


[*35°412] 


Finan d*P=A.Re Paie-SeQar.2. Ru Se(Py Q)a(e vr) 


F.*1024. 3+: Hp.d.q!t Pate. 

[*80°2] >.«Cd‘P. 

[*22°48] D.«naACd‘Panr. 

[Hp.*24'13] D.enr=A (1) 


F.(1).*«80°5.3D6. Prop 


FranQQ=A.AnGP=aA.Me(PuQj(Kvr).2 
Mt xe=MAP.MPrA=MAQ 

F.*80°14. «23621. +:Hp.d.M=MaA(PvQ). 
[#35°17] >.Upe=Ma(PuQf« 
[*35°644] . =MAPh« 
[%35-642.%25°24] =Ma(Ph«eu Ppa) 
[*35°412°17] = MP (KvrayaP 
[*80-29] | =MaP (1) 

P,X, 
b. a $a “. DkrHp.2.MpA=Ma Q (2) 


F.(1).(2). >. Prop 
F:xeandQ=A.AnNUP=A. Me(PoQtevn. >. 
Mf xe Pake. MPrEQQr 


b. #80714. *71:26.>+:Hp.d. MP «, MPrclCls (1) 
F.*80°511. D+: Hp.d.Mfe=MAP.MPA=MAQ. 
[e2343] >. MP x«GP.MPAEQ (2) 
 . 80°14. 2958.5: Hp.d.«CAM.racaM. 

[*35°65] >.G‘Mpc=x.GMpr=r = (3) 


F.(1).(2). (3). #8014. 34. Prop 
bi.xnndQ=A.AnUTP=A.9: 
Me(Pvy Qa(evr).=-(qR,S).RePaie-SeQar.M=RvS 


Dk: Hp.Me(PyQa(evr).d.Mp we Pate. MPrAcCQsAr (1) 
Dt: Hp(dl).39.M=Mf (evr) | 
=MfeuMfpnr (2) 


FL). (2). 3b: Hp. >. Me(Pu Q)a(e vr). 


(qR,S). Re Pak. Se Qar- M=Rvu8_ (3) 


F.*80°51. Dk:.Hp.3:RePaie.SeQir.M=RvS.9. 


Me(PwQ)a(« va): 


[#11-11-3°35] (QR, 8). Re Pate. Se Qasr. M=Rv8.>. 


Me(PuQja(«evr) (4) © 


F .(3).(4). DF. Prop 
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#8054. F:.cendQ=A.rAnU‘SP=A.)D: 
Re Pate. SeQar.=.(qy). MECN IES); R= Mp. S=Mfr 
Dem. 
F.*80'51. DF: Hp. Re Paice. SeQar.d. RuSe(Pw Q)a(«evr) (1) 
F.*8014. DF: Hp(1).dD.nc«ndUS=A.AnGR=A. 
[*35°644] D.(RuS)fe=Rf«.(RvS)Pra=GSPa. 
[*80°29] ' >.(RvuS)fe=h.(RuS)fra=S — (2) 
F.(1).(2). DF: Hp. Re Paice. SeQar. >. 
| RuSe(Pv Qa(evr).(RuS)Pe=R.(RvS)fra=S. 
[*10°24] >.(qM).Me(PyQ)a(evr). MPe=R.MfrA=S (3) 
F.*80°52. DF:.Hp.d:Me(PuQa(Kvra). R=Mfn.S=MPr.9d. 
. RePaix.SeQar: 
[*10°11°21:23] (GM). Me(P vy Q)a(Kvr). R=Mfx«.S=Mfr.5. 
Re Paik. Se Qasr (4) 
F.(3).(4). 3+. Prop 


*806. FF: RePae.rACn.d. Rf Ae Par 


Dem. . 
F.*8014.%71:26. Dt: Hp.d.RfrAc1—Cls (1) 
— F. 8014. 435:441. 5b: Hp.d.RPAGCP — (2) 
F.*8014.%35°65. Dk: Hp.d.d‘RfrA=ar (3) | 
| F.(1).(2). (3). *80°14. 55 . Prop 
«8061. F:MpPce Pate. MP rXe Par... MP (Ke vur)e Pa(e vr) 
Dem. . 


F.*80°6. DF: MPA Par.D.MP(A—K)ePa(A—«): 

[Fact] Dt: Hp.d.MfPwe Pate. MP(A—KePa(A—x«). 
[*80°5.*24°21] D.MPeuMPa—e)ePa{ev(r—x)}. 
[*35°412.422'91] D.MP(evrjyePa(eur): D+. Prop 

*80°62. F:MePa(evr).d. MP we Paice» MPrXe Par [806 . 22°58] 
*80°621. b: MP (evr)e Pa(e vr). d.MpP we Pate. Mp Xe Par 


Dem. 
F.#35°31. 3b. {MP (ce va) fe =U {(KKevraynk} 


[*22°631] =Mf« ae 9) 
Similarly -.{MP(e vay fra=MPr (2) 
F.(1).(2).*80°62. 55. Prop 
*80°63. F:MpPeePate.MprePar.=.MP (Ke vryePa(evunr) [*8061°621] 
*8064. F:.UM=xur.9: MP we Pak.MP re Par.=.Me Pa(e vr) 
Dem. 


F.*35°452.3t:Hp.d.M=Mf (Ke vr) (1) 
F.(1).*8063. 55. Prop . 
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*8065. Fi:xnry=A. Re Paice. Se Par.D RuSePa(« vr) 


| #8057 
#80651. b: Re Pate. Se Par. dD. Ru St (r—«)e Pa(e vr) 
Dem. | 

F.*806.5F:Hp.d.SP(Aa—«)ePa(rA—«). 

[*80°65 ] D.RuSha—«jePai{eu(rA—«)}. 

[*22°91] D.RuSf(A—«)ePa(e vr): DF. Prop 
*80°66. Finck nX=A.D: . 

Me Pa(evr).=-.(qR,8).Re Pate SePyr.M=Rv8 


; #23°56 


Dem. 

F.*80°62. DE: Me Pa(evr).d.MfP we Paie.MPre Par (1) 
b.#85°452.5b:Me Pale vr).d>.M=MfP (Ke vd) 

[*35°412)} =MfxeuMfr ; (2) — 
F.(1).(2). Dt: MePs(e¥). D.MpwePaie MprcPanr. M=MfeuMfnr. 
[*11:36] . D.(qR, 8). RePaie.SePar.M=RvS. (3) 
k.*80°65. Dk:.Hp.d: Re Pate.SePar.M=RvS.D.MePa (Kvn): 
[411°11:3'35] 2D: (qh, S).RePaie.SePar.M=RvS.)9. 


Me Pa (« vr) (4) 
F.(3).(4). DE. Prop 


#80661. bien XN=A. Re Pax. Se Pyr.d.R= (Ru S)p x. S=(RwS)pa 


Dem. 
be x8014. D+: Hp.d.d'R=«.d‘San=A. (1) 
[*35°452] D.Rf>«c=R (2) 
F.(1).(2).*35°644.5DF:Hp.d.(RuS)fc=R (8) 
Similarly F:Hp.2.(RuS)fra=8S (4) 


F.(3). (4). 5+. Prop 


*80°67. Fi.xknr=A.9: Re Paie. Se Par. =. 
(q¥M).MePa(evr).-R=MPnK.S=MPr 
Dem. 

F.*80°65°661.3+:.Hp.3:RePate.SePar.d. 

RuSePa(evrA). R=(RyS)fe.S=(RvS)Pr. 
[*10°24] >.(qM).MePa(evr) R=Mfx.S=Mfr (1) 
+. 80°62. DE: Me Pa(e vr). R=MP un. S=MPr.D. Re Pai. Se Pan: 
[*10°11:23] DF: (q@M).MePa(Kvra).R=MP nc. S=MPnr.9. 
RePakk.SePar (2) 
t.(1).(2). DF. Prop 
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«80°68. b: Re Pa(e—t'y). yeu. aPy.d.Ruwlye Pate 


Dem. / 
b .'*80°43 . DF:Hp.d.e2£ ye Patty (1) 
bee 2421. Dh. (e—tfy) nity A. (2) 
F.(1).(2).*8065.5+:Hp.>.Ruxl ye Pai{(e—ity) v vty}. | 
[*51°221] | D.Ruatlye Passe: Dt. Prop 

*80°69. PratPa(eur). sgt Pate. gt lar 

Dem. 

t.*80°62. DE: yl Pale v2). D.qi Pa. qi Par’ ~~ (1) 


F.x806. Dhiqi ParA.d.q!Pa(rA—«): 
[Fact] Dhsa! Pate. q! Patt. D.q! Pate. ql! Pa(aA—«) (2) 
F.*80°65. DE: Re Pate. Se Pa(vA—«).d.Rv Se Pa(e vd): 
[*10°11-23] Db sq! Pate. qi Pa(¥—«).Dd.q! Pa(e vr) (3). 
b.(2).(8) Db: qi Pake. qi Par.d.q! Pa(e vr) (4) | 
F.(1).(4). 35. Prop 

«807. +: OPadQ=A.«cCAP.racdadg. Me(Pw Qe vr). >. 

M =~ Qe Pate. M ~ PeQar 


Dem. 
+. «33°33 .*80°14.5)+:Hp.d.PAQ=A.MEPuQ. 
[%*25°491 ] >.M+Q=MaAP.M+P= MaQ (1) 
b . 422-48 .42413.5+:Hp.d.«nGQ=A.rAndP=A. 
[*80°511°52] D. MAP e Paik. MAQE Qasr (2) 


+.(1).(2). D+. Prop 
B8071. §:OPandQ=A.M~QePak«. M~ PeQa‘r. >. Me(PuQ)a‘(evr) 
Dem. 
+ .*33'33..DF: Hp. D.PAQ=A. 
[%25°493] >.M=(M~P)u(M~ Q) (1) 
F.*802. DF: Hp.d.r1cd‘Q. 
_ [#22°48.4%24-13] >" r~nd*P=A. 
-[*80°51] D.(M+Q)u0(M=~P)e (Py Q)a(e vd) (2) 
F.(1).(2). DF. Prop 
80°72. F:.OPadQ=A.cCadP.rACTQ. D: 
Me(P vy Q)s(e¥dA).=. M~Qe Pat. MM PeQnr [*80°7° 71] 
*80‘73. F:Q=PPx.R=PfA.D.Pa(e va)=(Qu Rja(« vr) 
Dem. 
+. *35°412.3+:Hp.d.QuhR=Pf(«evnr). 
[*80°23,] ' D-(Qu Rya(K vr) = Pale vA)2 DE. Prop © 
*80°731. +:Q=Phe.R=Pfra.«nvraCdP.3.c£=AQ.rx=aR 


em, 
.*22°59. Db: Hp.d.nCQP.xCaP. 
[*35°65] >.«=0Q.X=G‘R2 D+. Prop 
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*80°732. 


Dem. 


¥*80°74. 


Dem. 


¥*80°75. 


*80°76. 


_ Dem. 


F:Q=Pfhe.R=PfhrA.cnrA=A.3.dQ0GR=A 
b.*35°64.5F:Hp.d.0QCne. GRC. 
[*22°49] >.dQndRCennr. 
[*24-13] 3.0°Qn @R=A:3D+. Prop 
kixnr=A.Me Pak vr).2 

Mh «c=Mf>-rvA=M=PfrA.MPrA=Mf—-K=M=Phe 
be 24-4 “‘DhrHp.>. Mhe=MUP (evr) -r} 
[*35°31] | _  ={MP (eva pf—-r 
[*80°29] | = MT—r (1) 
+ : *80°732 . Dt:Hp.d.d(Phe)n A(Phay=A. | 
[*33°33] D.PheaAPfrasA (2) 
t .*80°291 . Dt: Hp.d.MEPf(KvX). 
[*35°412] >.MCPfeuPfa (3) 
b.(2).(3).*25'491.5+:Hp.d.M+Pfra=MAPf« 
[*35°17]  =(MAP)f k 
[*80-14.%23°621] =Mt.e.. (4) 
F.(1).(4). D>+:Hp. >. Mf «=MP—-r~=M+PPX (5) 
Similarly F:Hp.>.MPraA=Mf-x«=M=Pf« (6) 
F.(5).(6). D+. Prop 
bik anr=A.MePa(Kvyr).o. M+ PP Ar Pan. poet ed 


[%80°62:74] 

b:Me Paty. RePae.REM.D.M~ Re Pa(u—e). 

b.*8014. D+: Hp.d.d'R=n.0M=p (1) 
b. 8014 .%72:91.+: Hp.>.0(M+R) =u - aR 

@) 3 =p-« (2) 
}.*80°14.#71-22.:Hp.>.M+Rel—Cls (3) 

A. *80°14. *23-47.D+:Hp.d>.M+REP (4) 


#80761. 


Dem. 


*80°77. 


Dem. 


F.(2).(8).(4). #8014. 955. Prop 
Fixnr=A.MePa(evr) Re Pak. REM.D.M~Re Para 


F.*8076. Dt: Hp.d.M=Re Pa {(« vrA)—«} (1) 
F.4*244. DOF: Hp.d.(eva)—K=r (2) 
F.(1).(2). DF. Prop 

t:MePau.M~RePa(u-—x) REM. n«Cpu.d. Re Pakk 

+. *80°76. D+: Hp.d.M+(M~R)e Pa‘{u—(u—«)} (1) 
+. *25°411. D+:Hp.3.M=Rv(M=R) (2) 
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*80'8. 


Dem. 


*80°81. 


Dem. 


*80°82. 


Dem. 


ee a ee a 
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42521. Db.RA(M+R)=A (3) 
(2) .(3).#254.F:Hp.d.M+(M+R)=R (4) 
~*24411:214 OF: Hp.d.~—(—K)=«K (5) 


-(1).(4).(5). > DF. Prop 
2eAN=A. Me Pa(evr).M~RePsr.REM.9D. Re Pak 


b. 4244. 9+: Hp.d.r=(e Ur) —K WY 
F.(1).*80°77. 3+. Prop 


>MePatu.cMy.>.M+>a lye Pa (p—ey) 
F.*553. DF: Hp.d.2@LyGM (1) 
F.x8014.5F:Hp.d.aPy. 
[*80°43] D.abye Patty (2) 


F.(1). (2). *80°'76. D+. Prop 


2! Pate. dD. 158 Paia = 


+t. 80-42. DF: Hp.>. 8 Pate = Pp (1) 
+. (1). *80°2 . #8565. >. Prop 


big! Pata. Pafa=Pa'B.d.a=8 

t . *30°37. D+: Hp.d. As Pafa = U's Pa‘8. 

[*80°8] D.a=B: D+. Prop 
FiatB.d. Patan PafB=A 
+. *8014.5+: Re Paa.SePaiB.d.0‘R=a.dS=Pf: 
[41313] Dk: Hp.d:RePaa.SePa'B.d.0R+aS. 
[*30°37 .*33°121.Transp] 2.R+8 (1) 
F.(1).*24°37.5+. Prop 


The following proposition is used in *80°84 and in’ the “theory of double 
similarity (*111°3). 
b.(-'A)]Paclol 


*80'83. 


Dem. 


+. *80°12.*71166.D+.Pacl—Cls. 

[71-27] DE. (—t*A)1 Pacl  Cls (1) 
b.*B5°1 «5115. D 

bir {(—eA) 1 Pa} a.r{(—tfA)] Pal B 


=.A+tA.APsa. APs. 
(*24°54.%80°13] =.q!rA.A=Pafa.r= Pa'B 
[*80°81] D.a=f (2) 
b.(2). #71171. 3+. (—‘A)1 Pa eCls—1 | (3) 


F.(1).(3).>F. Prop 
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*80'84. F: Are Paix. Dd. Paesmn 


Dem. : 
F.*51°36. DF: Hp.d. PaeC—UfaA. (1) 
[*37°42] . D>. Pate = {(— eA) Ha (2) 
F. #8012 .*33°431. Dk.KC CPs . 
[*37°51] DE.«C PAP ae — 8) 
F.(1).*37°2. >t:Hp. >. Pa Pax Cc Pa(- fA) 
[*37°4] C O{(—tfA)1 Pa} (4) 
F.(3). (4). ae Hp. D.«CU*{(— SA) 1 Pa} (5) 
t.(5).*80°83. *73°22.D+:Hp.d. {(—tA) 1] Pa} «sm « (6) 
F.(2).(6). +. Prop 


. The three following propositions are useful both in cardinal and in ordinal 

multiplication (*113 and *172). 
«809. Fi.ytz.9:Me Patty v t'z).=.(qu,v).uPy.vPz.M=ulyuvlz 

Dem. 
+. *80°45°66 . Db: Hp.d: Me Patty vt'z).= 

= — | 
(qR,8). Rely Py.Sel 2*P2.M=RvS. 

| [#388°131.432°18] = - =. (qu,v).uPy.vPz.M=ulyuvdz:.ot. Prop 
*80°91. +: Me Pa(t'yvt'z).>.M=(My) Lyu(M) Lz 

Dem. 

Fs #716. *8014.5 


+: Hp. >. M=sQ (qu). wei'y vez. Q=(Mw) | w} 


[451-235] = sQ{Q=(M'y) Ly.v. Q= (M's) | 2} 
[451-2382] = sK{u(Mty) Ly v (M2) | 2} 


[*53°13] = (My) | yw (M*z) | zs OF. Prop 
#80°9°91 can be extended, by precisely similar proofs, to any finite number 
of variables y, z,.... They will, on occasion, be assumed for three or four 


variables, without fresh proofs. 
¥80°92. Fi ytz.3.D“Paely ve) = E((qu, v).uPy.vPz.€F=tuv vy} 
Dem. 
F. #5515 #38326. Ib. Dulyuvl z=tuviv (1) 
b.(1).*80°9.4*376.5t:.Hp.3:&e D Patty v t'z) = 
(qu,v,M).uPy.vPz.M=ulyurvdz.E=tuvey. 
[¥13°19] =.(qu,v).uPy.vPz.€=t'uviwr ob. Prop 
#8093. Fig! Paf(ufyvesz).=.y,ze0P [*80°46°69 ] 
#8094. b:iq! Pa(Buz).=.q!PaiB.zed*P [80-46-69] 
From this proposition, together with *80°26 (which gives q!Pa‘A), we 
shall obtain an inductive proof that Pa‘8 exists whenever @ is a finite class 
contained in C‘P (cf. *120°611). 


*81. SELECTIONS FROM MANY-ONE RELATIONS 
Summary of *81. 


When Pf} « is a many-one relation, Pa‘« has many important properties 
which do not hold in the general case. In the first place, Pa‘« consists wholly 
of one-one relations. In the second place, if Re Pa‘x, D‘R takes one term 

—_> 

and no more out of each member of P*‘«. Again, if Re Pa‘«, R is determinate 
when D‘R is given; te. R,Se Pate. DSR=D‘S.3.R=S. It follows that 
D“P,%« is similar to Pa‘; hence the number of members of Pa‘« is the 
number of ways of choosing one member out of each class belonging to Pt, 
It should be remembered that when Pf « is many-one, P‘« is a class of 
mutually exclusive classes, 7.e. no two different members of P‘‘« have any 
common member. This follows immediately from *71:181. 

As explained in the introduction to this section, the propositions of this 
number are chiefly useful on account of their application to the case of «. 
This application is made in *84. The most important. propositions in this 
number are: 

«811. +: PfheeClso1.5.Pafe Cll 
48114. £:PheClsol. Re Pate. D.R=(D‘R)| Phe=PADRT« 

This proposition, by exhibiting R as a function of D‘R, leads immediately 
to 
#8121. b:Ph«ceCls1.3.Df Pateel—l. D“ Pate sm Pa‘ 

This is the principal proposition of this number. The following also is 
important : 

_ 
#8122. b: Pf xeCls>1.3.D“Paie=filyex.dy.un Pyeli pC PKn} - 


4811. +:PheeCls>1.3.PateCl1—l 


Dem. 
F.*8014. Dk: Re Pate.d.Rel—>Cls (1) 
+. *80°291.Dk:.Re Paik. D:REPFar: 
[71-221] >:PhxeCls+1.3.ReCls 1 (2) 
F.(1).(2). 5. Prop 


811. bi PPeeCls—1. Re Pate. weD'R.D.E!L Rx. a (Pp «) Rw 
Dem. 


b.¥71-165.4811.3t:Hp.>.E! Re. () 
[¥30°32.431-11] >.02R(R2). 
[*80291] D.a(PP x) Réx (2) 


F.(1).(2).DF . Prop 
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48112. +: PP eeCls—1.RePa‘e.zeD'R.D. 
Ria = (1y) (ye x. xPy) = («| P)‘x 


Dem. 
b.#71:361.3+:.Hp.d:a(Pf x) Ria.=.Re= {Cnv(Pf «)}& 
[*81°11] 3: Ra= {Cnv(Pf «)} ‘a 
[485°52] | =(«| Pye | (qd) 
[485-1] - = (1y) (ye. @Py) (2) 
F.(1).(2). +. Prop | 


48113, 1:.PPceClso1. Re Pa‘e.D:aRy.=.2eD'R.aPy.yer 
Dem. ry 
b.*81:12.D+::Hp.d:.c2eD‘R.D:y=R° -=.y=(«1P) a: 


[*71°361] .  DraRy.=.a(Pfh xy. 
[#35101] . Be aPy. yen (1) 
b.(1).*5°32.> | | 
. bi. Hp.d:ceD‘R.eRy.=.ceD‘R.aPy.yen: 
[%33-1 44°71] D:cRy.=.x2eD‘SR . ePy ~yext. D+. Prop 


#8114. b:PP«eCls—+1. Re Paik. d.R=(D‘R)1Phe=PAD‘Rf « 
[481-13 . #35°102-822], 
This proposition, by exhibiting R as a function of D‘R, shows that 
a member of Pa‘« is determinate when its domain is given, provided 
Pfh«eCls—1. 


. — 
481°15. aa eed -RePae.yexn.d.URy=DiRa Pry 


em. 
b #8118. DF: Hp: J: aky » =,.c2eD‘R.xPy: 
[*32°18] an 3D: oe Ry. a ph, ne Pty: 
[*20°43.%22°33] ee Ry =D‘Ra Pry : 
—_> 
[453°31.471°163.480°14] D2 US RSy = D'R a Ply:. D+. Prop 
#812. +: Pf xeCls—+1. R, Se Pate. D:D'R=DS.=.R=89 


Dem. ; : oO 
F . #3037 .#33:12.3': R=S.3.D‘R=D‘9 (1) 


be e8114. 413812. 3+ 2. Hp.d:D‘R=D‘S.3.R=PAD SF « 
[*81-14] | = § (2) 


F.(1).(2).3F. Prop 


#8121. +:Pfx«eCls—1.5. D> Pateel—l. D**Paé esi Pate 
[#812 . #71°59. #713: 28] 


-R&WI 32 
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_ This proposition is very important. The class D‘‘P,‘«, when Pf xeCls—1, 
is formed, as wé shall prove later, by making every possible selection of one 
term out of each member of P*‘«, each such selection giving us one member 
of D‘‘Pa‘«. The fact that, with the above hypothesis, the class of classes 
D“‘P«‘« has the same number of terms as P4‘« (which results from the above 
proposition), is of great utility in the theory of oe multiplication and 
exponentiation. 


481-211. irri ei sl Pee Ch errenliatye GEN 
Dem. 

+. *8115.%521.5:. Hp. Re Pate. H=DIR.D yer. dy un Pryels. 

[*10°11-23:35] Dr. Hp:(qR).RePa'e.p=DIR: di yex.,. ua Ptyelt. 

[*37°6.*33:12] ODF: Hp.weD“Pake. di yex.dy.pn Pye 1 (1) 

_f. *80'291 . *33°263.3 
a Es Re Pa‘x.p=D‘R.D. uCD(Phe). 

[37-401] , D.u4C PK: 


[*10°11:23:35] Dh:(qR).Re Paik. p=DR.D.~pCP Mu: 
[*37°6.*33:12] DkiweD“PaKe.d.u~C Pe (2) 


—F.(1).(2). Jt. Prop 


481-212. bi.y ex. Dy: po Pye: uC P%erd.weD"* Pate. pw] Pp ee Pate 
Dem. 


+ .*35°442 . *387°402 .> 

b:R=p1 Ph.D. REP.OR=n0 Pp. DR= pa Pe (1) 
F.*52°16. Dt. Hp. Diyee.Dyqtun Py. 

[¥37-46.432-241] D, ye PMp 

[22-1] Die C Pp (2) 


(1). (2). *22621.3+:Hps«R=p41Pf«.d. nes oe: D‘R =p (3) 
+ .*32'18.%*35102. DF:. Hp(8). ds yen. od, Ry= ‘ary. 
—_—p 


[Hp] a, Ryel: 

[*37°702] >) Rx Cl: 

[(3).*7 1-1] . >: Rel—Cls . (4) 
+ .(3).(4).*8014. Dh: Hp.d.u1Pfhwe Pave .D(utPfe=p. (5) 
[*37-6] De pe D“ Pac (6) 


F.(5).(6). DF. Prop 


48122. tb: PPeCls 1.3. D“Pae= ply en. dy.mn Py eli pC Pr} 
[*81-211-212] 
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#81221. Fk: Ph «eCls 91.5. Pafe=1(Pf x) D Pave 


Dem. 
Ff. *81°14.*37°62.5 


Fi. Hp.3: Re Pai. dp. R=(D‘R)1 Pf «. DSRe D “Pak. 


[*10°24] Dee (qu). R= [PPw.peD Pac. 
[*38-131] Dp Ref (Pp «)“D“ Pate (1) 
+. #81°22-212. bs. Hp. Dd: we D Paice. D,-n1Pp we Pate: 
[%37°61] D:4( Pp «)D"Pate C Pac (2) 
F.(1).(2). DF. Prop 


=—_ 
*¥81:23. +: PheeCls 91. Re Paice. yex.d.DSR—-Py=DIR-uRYy 
Dem. . 


=>. > . 
F.*22°93.D+.DSR— Ply = DIR —-(D'R n PLy) (1) 
t.*8115.3+:Hp.d.D‘R-(D‘R a Ply) =DIR-URY (2) 


F.(1).(2). DF. Prop 
*81:24. -:PhkeeClsal1l.peD “Paik. yer. dep ~ Pry e DPa(« — ty) 
Dem. 
F.*80°'78. Db: Re Paik. yex.d.R+(RY) | ye Pa(n— vy). 
[*37°62.%33'12] 2. D{R+~ (Ry) | y} e D“ Pa (ue — ty) (1) 
+. *81'1.*80°14.5 
t:PheeCls—>1.RePake.yex.>.Rel—l.yeUR. 


[472-91 1.471-31.455°3] >. D{R~(RYy) | y} =D‘R—-UtRYy 
—_>, 
[81-23] =D‘R-Py (2) 
—_ 
F.(1).(2). D+: Hp(2).D‘R=p.d. pu — Ply e D!Pa(e — Uy) (3) 


F (3). *10°11:23°35 . #87°6 . #3312. +. Prop 
*81:25. Fiyex.aPy.weD“Pa(«—tty).d.uu tae D! Pak 
Dem. 
F.*8068. Ds yex.aPy. Re Pa(e—ty). >. Ruaelye Pak. 
[*37°62] D.D(Ruarly)eD Pak. 
[*33'26.%55°15] 2. DSR vu tfae DOP akc (1) 
F.(1),DFiyex.cPy.Re Pa(e —ty).p=DIR.D.pvlweD@ Pa (2) 
F .(2).*10°11:23:'35 . #876. 5+. Prop 


—>, 
*81:26. F:.PheeClsal.yexr.pnPyel.d: 
—_, 
p— Pye D“Pa(ae — Uy). =. pe DS Pax 


Dem. 
—_ 
F.*8124.5h:. Hp. d:we D*Paie. dD. u— Pye DO Pax — ty) (1) 
—> = 
F.4#8125.53b:. Hp. din P= oir. — Plye D®Pa(x — tty). Dd. 
—_ 


"(u— Py) v Uae D Pali (2) 
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. ~ — > 
+. *22°551. Dei pan Ply=ta.d.(u— Pay tem (a Pty) u (un Pfy) - 
[24-41] =p (3) 
b.x521, DF: Hp.d.(qz).un Pye ie (4) 
= 
F.(2).(3).(4). D+: Hp.dsy— Pty eD“Pa(e— “f'y).D. weD“ Pat k (5). 
F.(1).(5). DF. Prop . 
—= : 

#813.  +:PfheeCls31.A=P«.3.D“Pae=fi faer.Dd..un aelipCsr} 

Dem. : 


+.#37°'706. Di. yes Dy. po Pyelts =taePe. Da-wnael (1) 
F.e405. DkrwC PM x, =p Ct PMe (2) 
f. (1). (2) .*81-22.D 


=> as : 
F:PPheeClso1.3.D“Pae=flae PK. dQ. wnaelipCs'P Kc} (3) 
_ &.(8).*13812. 3+. Prop = 
og — . 
#8131. £:Pf«,QfeeClsol. Phe = Qe. 3. D“ Pai =D“ Qa'e 
Dem. 
= — 
F.*813.5D+:Hp.d.D“PaKc=ZfacQe.d,-pnael: pC s'Qx} 
[*81°3] , = D*Qa'e: DF. Prop 


#82. SELECTIONS FROM RELATIVE PRODUCTS 


Summary of *82. 


The propositions-contained in this number are not much used except in 
connection with the associative law for cardinal multiplication, but they have 
a certain intrinsic interest. We prove in this number that, with a suitable 
hypothesis, (P| Q)a‘A results from Ps‘Q‘ by multiplying each member by 


Q, te. 


482272. |: QPrcl—1.re D(Q).. D.(P | Q)arA=| OP a Qa 
Also under a suitable hypothesis the domains\of ace Q)a‘A are the domains 
of Paf QA, 1.¢. 


*82:'32. F:QfrAclol.r rc d‘Q.9. D(P| Q)ar =D Pa Qa 

In the applications of propositions of the © present number in *85, P and Q 
are replaced by ¢ and Q By *62°26, e| = Q; thus we obtain relations 
_ between Qa‘A and eaQ nr. 


4822. 1: Me Pate. Ne Qar.QerCu.d.M|Ne(P| Qn 


Dem. . 
t.*80°14. D+:Hp.>.M, Nel Cls. 
["71°25] >.M|Ne1—Cls (1) 
b.x8014. Dt:Hp.d.MEP.NGQ. 
[434-34] >.M\|\NEP|Q (2) 
b.x8014. Dk: Hp.d.d‘M=« 
[¥37-32] 2.0 M|N) = Ne (3) 
b.x8014. Dh: Hp.>.VEQ.d‘V=n. (4) 
[%37-201-25] DLN CQ. NASD, 
[Hp] DDN Ce. 
[87271] 9°. We = EW (5) 
F.(8).(4).(8).Db:Hp.>.d(MjN)=rx (6) 


F.(1).(2).(6).*80°14. 35+. Prop 
482-21. b:QPhrel—Cls.rACAQ.3.QarA=1QPA 


Dem. 
t.*80°291:14.3D+:.Hp.d:ReQar.d.-REQlA.A‘R=d. 
[*72'92] . D.R=(QPA)PaR.AR=r. 
[*35°31] D.R=Qfa (1) 
+. #35°44165. Db: Hp. Dd. QfPrAcl—aCls.QPrACQ.A(Qfay=an. 
[480714] D>. QhrcQar | (2) 


F.(1).(2).*51141.35. Prop 
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482-22, t:Qhre1—>Cls. r= Qe. Me Pate. Dd. M|Qe(P|Q)s‘r 
Dem. : 
+. *80°14.43732.D+:Hp.d.d(M | Q)=Q“x. 
[Hp] 3. 1M | Q)=r (1) 
[*35-452-23] >.M\Q=MI(Qpa). 
[#7 1-25.%80'14]  -D.M'Qe1 > Cls (2) 
b.*3434.4%8014.5+:Hp.>.MiQEP|Q (3) 
F.(1).(2).(3).*80°14. 3+. Prop 
482-221. f:QPracl—Cls.raCaQ. Me PsQer. >. M|QPr€(P|Qarr 
Dem. 
b. #7125. *80°14. >+:Hp.d.M Qfre1—>Cls (1) 
+. ¥8434. #8014. Dt: Hp.d.M QErAEPIQ (2) 
+. *37°32..#35°64. 48014. Db: Hp. Dd. (| QPA)=rAn QHQEX 
(437-51.%22-621] =r (3) 
.(1).(2).(3). DF. Prop ; 
482-23. b:QfPrel—al.n=Q“r.Re(PiQ)air.d.R| Qe Pate 
Dem. . 
t.*8014. Dk: Hp.d.d‘R=nr. - (1) 
[*35°48] Dd. RIQ=RIA1Q) 
[*35°51] =R\Cnv(QfPr). (2) : 
[*7 1-25] >. RiQel1>Cls (3) 
t.*3732. Dk:Hp.d.d(Rk' Q)=Q°*a‘R 
[(1)] =r 
[Hp] " =K (4). 
f.*80291.+:Hp.>.RGE(PQ)pa. | 
[*35°23] >.REP|(Qfa). 
[*34°34] 2. Rk; |Cnv(QPa) EP QPa|Cav(Qpa)- 
[(2).*72°59] >.R| Q G PP D(Qpa). 
[*35°441 ] | >.RiQEP (5) 
+. (3). (4). (5). #8014. DF. Prop 
482-231. bh: QPrel1. Re(P) Qa. D. KR. Qe Ps Qr.R=R|QiQha 
Dem. | 


F.x8014. Db: Hp.d.0'R=n. | ~qQ) 
[74°41] >.RiQ=R:x1Q 

[*35°51] =f 'Cnv(Qp A). 

[x84-27] >. RQ QPA=Bi Cav(Qpayigha 


[*72°591] = RE A(Qpa) (2) 
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b.*802. DE: Hp.>.r»Cd(P|Q). 


[*34'36] -  2.,CaQ. 

[*35°65] >.dQPr=2. 

[(1) a7 4-221] >. RPaA(QPay=R (3) 
F.(2).(3). D+: Hp.d.R=R|Q|QPA (4) 


F.(4). #82°23 .>+. Prop 


#8224. +: a nC DQ. r= Oe. Re(P|Q)ar.>- 
= Q*r. Rl Qe Pate. R= =R\Q\Q 


Dem. 
b. «7416.3: Hp.d.e=Qr. - os Q) 
(¥82-23] >.RIQ Pate. | (2) 
[%80°14] > yr a(R | OY Ges | 
[Hp] 2. Q"A(R|Q)=». 
[e744] 2.R| |QiQrr= RIQIQ. | 
[*82-231] >.R= R\Q\Q (3) 


F.(1).(2).(38). DF. STOP 


482-241. F:QfrAclol. reD(Qhe- Re(P|\Q)astr.D- R= RIO! Q 
Dem. 


b.*7431.3+:Hp.d.r»= beegen 


[%80°14] — QHQea'R- 
[43732] = QeaKR: Q). 
[e744] D.RIQiQPa=R\QiQ =) 


F. (1). *82°231..5+. Prop 


48225, F:QPrel1.«CDQ.r= Qe. Re(P Qu'h.>. 

7 (qM).MePa‘e.R=M\Q [*8224. #1024] 

482-261. b: QP rel 91. Re(P|Qar.d.(qM). Me Pa Qn. R=MiQPA | 
[482-231 . #1024] | 

48226. fs. QhXclL 1. eC DQ.r= Qed: 

Re(P|\Q)a%.=.(qM).Me Paie.R=M|Q  [*82'22'25] 
482-261. t:.QPrAc1—1.XC AQ. D: | . 
Re(P|Q)ad.= (ql). Me Pai Q*r.R=MiQha 

[482-221-251] 

48227. t:Qfrelol.ceCDQ.r1=QKe.d.(Pj Quah =| QM Pate 
[82°26 . 43°12] . 37-6] | | 
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#82271. F: QP re11.ACAQ.D. (P| Q)s%=| (QPr)“ Pa Qer 
[#82261 . 443-121 . 37-6] 


482-272. +: QPrXe1L—+1.reD(Q)e- «(P| Qa =| Qe Pat Qn 
Dem. . . 

F.*37'23.5: Hp. >. (qp).rA= Oh. 
[487-261] 2D. (qu). = Oa DQ). | 
[22°43] >. (qe). A= Oe CDQ (1) 
#8227 . #7416. 
b:QPrelol.cCDQ:rA=QKn.d. (P| Qa =| Q*PaQer (2) 
(1). (2). #10°11-23-35 . DF. Prop 


*82'28. FrelQel+1.rCdQ.n=Qr.9: 
Re(P|Qar.=.(qM).Me Paie.R=M\|Q 
[48226 . x74-26] 


48229, b:x1Qel—>1.rCUQ. «= QA. D6 (P| Qar=| QM“ Pate 
[82°27 74-26] 


*82'291. Fix] Qel—ol.« eD‘Q.. D.(P| Q)s'Q\“e= =| QO Pai 
[Proof as in *82°272] 


4823, bi Me PafQ*X.3.D(M| Qtr) =D‘ 


Dem. 
.48014.3+:Hp.>.0M¢=Q. | 
[#7 4°42] >.D(M|QfrA) =D: St. Prop 
48231, :Re(P|Q)a‘n.d.D(R|Q)=D‘R 
Dem. . 
b.*80142.3+:Hp.>.d‘R=r.rCAP|Q). 
[34-36] >.aRCAQ. 
[*37-321] >.D(R|Q)=D‘R: D+. Prop 
48232, F:QPrel—+1.xC MQ. d. DP) Q)ar =D“ Pa Qer 
Dem. 
b .¥82°271.D 


bi. Hp. 3: D(P} Q)a‘tr =D | (QP A) Pal Qn: 

[#37°67] Dae D*(P| Q)a‘r.=.(qM). Me Pa Q*r.a=D(M|QPr). 
[*82°3] | >. (qM). Me Pa QX.a=DM: 

[x37-6] D.aeD“PuQer | (1) 
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b . ¥823:221. 34: . Hp. >: MePQr.d. DM= D(M|QPA). 

; M\(QPAe(P|Q)ar. 
[*37-62] >.D‘MeD(P| Qa: | 
[%37°61] >:D PafQ*a CDP] Qa | (2) 
F.(1).(2). Db. Prop | 


8293, bie] Qe1—o1.#eDQ,.2.D“(P| Q)a'Q“« = D“Pat 


Dem. : : 
F . *37°23° ~ or ce DQ. >. (qr). noe: w= QE - (1) 
F. #7426 « oO 
F: ae cal ACA. sagt, >. .Qhnel—l. eC DQ.rA= Oe. (2) 
[*82°32] >.D“(P| Q)ahe DEPsQra. 
[(2).Hp (2)] — D. D(P| ute D“Pae (8) 


F. (3). 1011/2335 .D 

«1 Qel—1:(qr).ACAQ. «c= ons >.D“(P| Q)at QM = = =D Py! K (4) 
‘ (1). (4). D+. Prop | 

The following propositions (*82°4°41°411:42) are lemmas for *82°43, which 
is used in the proof of *114°5, in the theory of cardinal multiplication. 
¥824.  f:Tel—+Cls. POXCAT.D.7T| “PsA C(T| Pyar 

Dem. . . : ee 
b.*80°14.#71:25. Dt:Hp.RePsr.d.7T|Relw>Cls  —_.- (A) 


b . *80°14. 34°34. Dt:Hp.RePsr.d.T|RET|P (2) 
F ..*80°33 . DF: Hp. Re Psr.d.D‘RCOT. 

[*37°322] | >.d(7|R)=Q‘R. 

[*80°14] : | >.d(7T|R)=nr. (8) 


(1). (2). (8). 48014. Dh: Hp.d:RePs.D.7|Re(T| P)a'd:. D+. Prop 


48241. b:TeClao1.Me(L|P)s.d.7T| MePsr.M=T\T|M 


Dem. 
b . 4801447125. Db: Hp.>. 7) Mel Cls (1) 
b . 48014. 43434.3:Hp.>.7|MET|T|P 
[*71-191.*34-2] GP | (2) 
b. x8014 . #3436. +: Hp.>. DM CDT. 
[437-322] >.047|M)= an. } 
[x8014] >.0“(T|M)=x (3) 


F. (1). (2). (3). #8014. . Prop 
482-411. b: TeCls—1.D.(T|P)srCT| “Par [82-41] 
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482-42, §:Tel—>1. POACHT.D.(T|P)sna=T| “Pad [#824411] 
*82°43, |: :T,Qfrel—1. PCOT.ACAQ. c= Qn. 2. 


(T' PPA} Qate=(T | Q) “Pad 
Dem. 


= QHA.D.(P| Qale=|Q"Par (1) 


F. ane, Dk :QP rel —>1.ACDA4Q)-e=(QEAYA-D- 
(PiA1Q)ate=|1Q) Par (2). 

b . (2). ¥85°61-354. 437-412 . 443-481 . ¥80-14. 3 
br QP rel 1A COQ. c= QA. Dd. (PPA| Q)ate=| QO Palr (3) 
b. ay. ‘Dr:QPrclo1.rcag. = QR.D. 

Bed PPX! Qhat c=|Q“T|P)r (4) 
b. (4). 48242. Db: Hp.d.(T| PPA! Q)a‘e= QeT| Par 
[*43-202.4%37°33] (PIO) Psn: Db. Prop 
482-45, b:Qfre1—91.ACMQ.D.(P| Q)arsm Pa Qer 

Dem. | 7 2 

+. 480-14. 43715. 3b: Re Pa Qn. dp- TR= QA. QAC DQ. 


[414-15] | Dp GRCDQ: 
[*74°72] . Dt: Hp.d.|/(QPA)“ Pa Q* Asm Pa Qr. 
[*82-271] > .(P] Qatrsm Pa Qn2 Db. Prop 


4825. §: PP QreCls1. Qhrci1.rcag.>. 
(P! Q)s. sm D&PaQr [82°45 . x81: 21 
#8201 bs Pe eClso1-01Qel 1. ACUQ. c= Gn.d. | 
(P\Q)sthsmD“Pate [4825 . #74251] 


#82°52. +:PfeeClsol.«]Qel— Lee DQe.d.(P| Q)s‘Qesm D“ Pate . 
Dem. 


t.*3723. Db: Hp.d.(qpu).«=Qu ~(Q) 
F .*37'26 . *22°43 . 3 . 

; bre=Qpr=pndQ.d.ck=QVA.ACTO (2) 
bea74161. Dk: Hp.«=Q“r.rCdQ.d.r=Qk. 
(*82°51] >. (P| Q)afQ«sm D“Pafc : 
[#10°11-23°35] D F:.-Hp = (qr). «= QA. rCHQ: Dd. (P!Q)a’Q'esm D“*Pa‘e (3) 
F.(1).(2). Dk: Hp.d.(qa)-«=Q*r.rC*Q (4) 


F.(3).(4). DF. Prop 
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¥82°53. §: Pf «, Rf«eeCls—1. «| Qel —>1.«e DQ. Puig = Ree. >. 
(P| Qatiie sm (R| Q)atQ*e. 
D“(P|QutGie=D“(R| Quem 
Bilae Pe. D,-~anaeli pC Pk} 


=D Pate = D“ Rae 
Dem. 
b.82'52. 3k: Hp. d.(P| Q)a'Q*x em D“ Pac. 
[*81°31] D.(P| Q)atQhr sm D“‘ Rate. 
[*8252.47332] >. (P| Q)a*Q“eam (RI Q)a‘Qx | (1) 
b. *8233. Db: Hp. >.D “(P| Q)a'Q“« =D“ Pate 2) 
[¥81°31] =D“ Ra‘e (3) 
[*81-3.%40°5] =filaePMn. D,-pnaelipC Pe 5 (4) 
+. #8233. +: Hp.d.D“(R] Q)aQ"“«=D“ Rate (5) 


F.(1).(2).(8). (4). (5) DF. Prop. 


*83. SELECTIONS FROM CLASSES OF CLASSES 


Summary of *88. 

In this number, the general propositions which have been proved for Pa‘ — 
are to be applied to the important special case where P is e. In this case, we 
have selections from classes of classes: if Re ea‘«, R picks out a representative 
Ra from each class a which is a member of «; ae. we have 

aex.2,.Riaea. . 

The propositions of this number result from those of previous numbers 

either immediately, by the substitution of ¢ for P, or by the use of proposi- 


tions of *62, notably ¢ ‘a =a (*62°2), and e“« = s“« (*62°3). 


The propositions of the present number follow, in the main, the same 
course as those of *80, with e substituted for P ( except that the special forms 
of propositions before *80°2 are not given). We have first a set of propositions 
resulting immediately from early propositions of *80. Of these the most used 


are: 
*83°11. fs Nex.D.eake=A 


This leads to the proposition that an arithmetical product is null if one’ 


_of its factors is null. (We cannot prove the converse paver without 


assuming the multiplicative axiom.) 
*83°15. b.estA=ttA 


Thus e4‘A is a unit class. This is the source of the proposition »°=1, 
where yu is a cardinal (cf. note to *83°15). 


¥83°2. -:. Reese. Diacex.=. HE! Ra.=. Raea 
Here R‘a is the “representative ” of a. 
#83:21. /:Reeske.d.DSRC sx 


We have next a set of propositions (*83°4—'44) on selections from unit 


‘classes and classes of unit classes. We have 


#8341. +. cs‘easma 
This leads to the proposition that a aaa of one factor is s equal to that 
factor. 
48343, bie Cl. Dd caeau(ipe) =e «) 
This leads to 
«83°44. Fix Cl. d.ea%eel 


whence it follows that a product of factors, each of which is one, is one. This 
holds even if the number of factors is infinite or zero. 
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We have next a set of propositions (*83'°5—-58) on chacie the repre- 
sentative of a class, and on selections from a class of classes some of which are 
_ unit classes, These propositions are seldom referred to in the sequel. 


We have next (*83°6—74) a set of propositions on the domains of selec- 
tions, t.¢. on the class D‘‘ea‘x. We have 


*83°66. | :q!leate. D.8D“eq'x =5%x 


(The hypothesis here cannot be dispensed with unless we assume the 
multiplicative axiom.) 


*83°'7. +. Dé‘egStSa=U'‘a 
#83°71, F. Dent a= ta. Diaji=a 


We have next two propositions (*83°8'81) on the types of e4‘« and Ds “eaK. 
The type of D‘‘ea‘« is the same as that of « (*83°81). 


The last set of propositions in this number (*83:9—: 904) deals with the 
existence of selections. We have 


#839. F.gtessaA 
#83901. Fi qlea.=.qla 
#83:904. Fs qlea(e UB). Sq lente. GIB - 
From these propositions we , shall deduce by mathematical induction that 
whenever « is a finite class, ea‘« exists unless Aex (cf. *120°62). Thus a 


product consisting of a finite number of factors (which may themselves be - 
either finite or infinite) can only vanish if one of the factors vanishes. 


*83-1. Fiqlestx. Dd. Arex 


Dem. . 
F.*802.5D+:Hp.d.«<C de. 
| [*62°231] >.Arex: DF. Prop 
483:11. Fi Nex. Dd.esse=A_ [%83-1. Transp] 
*83'12. |. cS =(ef wax [*80°23] 
*83'13. Fi: Anew. Q=efu.Dd.es'e = QaAQ [*80°24. *62°231] 
#8314. Fiqteste.Q=efu. Dd. ca = Qs*A‘*Q [*83°1:13] 


*83:15. b.esSA=itA [*80-26] 

In virtue of this proposition, the product of 0 cardinal numbers is 1—a 
proposition of which a particular case, namely pu’ =1, is familiar. This arith- 
metical proposition results from the above as follows. We shall define the 
product of the numbers of members of « as the number of members of €a°K. 
Thus when «= A, the number of members of ¢a‘« is a product of 0 factors. 
Now by the above proposition, e4‘A has one member, namely A. Hence a | 
product of 0 factors is 1. 


#8316. Fiqi«.d.Aneeste [80-28] 
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#832. bs. Rees‘e.D:aex.=.E!Ra.=.Riaca  [*8032.%622] 
483-21. : Reea‘e.D.D‘RC8*x [%80°33 . *62°3] 

#8322, b+: Reese. Dd. EW R“«e.R“e=D‘R [%80°34] 

#8323. +: Reea‘e.d.D‘R=2 {(qa).aex.2=Ra} [*80°35] 

"83°24. +: Reea‘x.aex.xvea.d.[{R+(R a) labur] ale eae [%80°41] 

#83°25. biqleste.D.deaie=ef x [*80°42] 

83:26. fF: Q=efu.q! Quix. Dd. sQaie=Q [*83°12°25] 

*83-27. b:.RGe.Rel—Cls.=:aeQ‘R.D,.Riaca [62°45 .*71°16] 

483-271. Fs. Ree(‘R.=:aeUR.D,.Raca [*83:-27 . #8014] 

*83°28. ::. Reesse.=:aex.r2,.Roaca:dR=x 

[483-27 . 80-14. *14-15] 7 

483-29, bi. Reese. =:aex.=,.Raca:CR=« [*83-228] 

#833. bFi.canr=A.D:Mees(xvr).=. 

. (qR,S).Reeske ScesrX.M=RvS [*80°66 | 


48331. bie nd=A.d: Reese. Seer. =. 
(qM).Mees(evr).R=Mf«.S=Mfr_ [80°67] 

#834. F.esttfa=laka [*8045 .*62°2] 

#8341. |. e.‘tSasm a [*83°4 . *73°611] 

This proposition shows that a cardinal product of one factor is equal to 
that one factor. For the number of members of e4‘t‘a is the product of the 
numbers of members of members of t‘a, 7.¢. it is a product whose only factor 
is the number of members of a. By the above proposition, this product: is 
equal to the number of members of a. 


48342. baa =e(atey=e(ip ea) 


Dem. 
t. x83:12. Dh. eaftla=(efeMa)a‘ea 
[62°56] = (Up ua) sua (1) 
b. &72°181. #7126. Db up e“ael > Cls (2) 
b 48715 #8321. Db caC de. 
[K35°65] Db. a= (ep ea) (3) 
b .(2). (8) R822. DE. (ep eta erm ef(ep ua) puta! 
[35°31] =1(up ua) (4) 
[62°56] = 1(a40) (5) 


t.(1).(4).(5). 95. Prop 
This proposition shows that a cardinal product whose factors are all 1 is 1. 
For t**a is a class whose members are :all unit classes, and thus the number 
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of members of e,4‘t“‘a is the product of a number of 1’s; and by the above 


proposition, ¢,‘t“‘a is a unit class, its sole member being atu. This result is 
rendered more explicit by *83°43°44. 
#83°43. F2x*xC1l.d.es%e= “up x) =t(ef x) 
Dem. 
F.*83'42 Db c=ta. dD. caSe Heel x) (1) 
F.(1).#*10°11:23 .5 
Fi (qa).e=ta.d. esse =U(epa): 
[x52°31] Dkex«Cl.d.cake=c(ef x) 
[*62°55] =t(ef«): D+. Prop 
"83°44. FixCl.d.eaSeel [%83°43 . *52°22] 
*83'5. |: Reeake.avex.cea.d. Rua] aces(Kv ta) 
Dem. 
t. «8043. DF: Hp.d.2]aces‘t‘a (1) 
F.*51211,. DF: Hp.d.nnta=A (2) 
F,(1).(2). «80°65. > +. Prop 
It follows from this proposition that if « is a class of classes for which 
there are selections, and if one member (not null) be added to «, there are still 
selections from the resulting class of classes. 


#8351. +: Reesie.aex.>.R~(R a) | aces (a — ta) [*80°78] 
#8352. +: Reeste.acx.cvea.d.{R+(Ria)lajuxlacesse [80°41] 


#8354 bien d=A.AC1. Reese. d. Rv iprecs(evr) 
Dem. 


t.*80°65.3Dh:.Hp.d:Seesr.3.RoS €es(«K vr) (1) 
+. 483-43. Dh:Hp.d.epreesr (2) 
F.(1).(2). 4. Prop 
*83'55. bie nr=A.AC1. Geese vr). Dd. Srp r€eate 
Dem. 
+. 80°66. Dt: Hp.d.(qU,N).Meeske.NeenrA.S=MuN. 
[*83-43.%51-15] >.(qM). Meeae.S=Muipr (1) 
b .*8014. 435-64. 3b: Hp. d: Meese. 2. OM nd(ipay=A. 
[*33-33] >.Maifa=A. 
[25-4] >.(Muiprjnipr=M. 
[*13°12] D:Meeate.S=Muipr.d.S+tpreea'e (2) 
F . (2). *10°11-21-23 . > 
bs. Hp.>:(qM). Meese. S=MuiPr.d.Szep re ea‘e (3) 


t.(1).(3).D+. Prop. 
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ane: FrxenrX=A.ACI. 
Ds ea(K UA) = S\@R). Reeske.M= Rutty 


Dem. 
t.*8066.>:.Hp.>: 
M ces (evr). =.(qR, 8S). Reese. Seca'n. M=RvS8. 
[¥83-43] =.(qR). Reese. M=Ruifr: D+. Prop 


The following proposition is used 1 in the theory of cardinal multiplication | 
(4114°41), 


483°57. Lite ar=A ACI . >. ca"(« vA) sin eas 


Dem. 8 

b.#83'36.438181. Dt: Hp. D.es"(« vr) =(WLpr)eate (1) 

| #8014. #3564. Dh: Hp. Reeste.d.CRad(ipayaa. | 
[33°33] | DL RAtpASA 

[#25-4] ef os _ Se a (2) 


F (2). #23481 . *13: 72. >) 
+: Hp. R,Seea‘k. Ruifa= Swipr. 2-R= S: 
er 11°3.*38:11] D+ :.Hp.3: 

R,Se ea‘ Ke (vp ryR= (wupays. Si R=S8: 
[¥#88°12.%73'25] | Dru Up A) ea! «8m €a‘K (8) 
F.(1).(3).5F. Prop 


| #83'58. | . ca‘ sm ea(x — 1) 
Dem. 
+. *24°41°21 . *#22°43.5 
‘bekc=(e—-l)vu(enl).(e—-lIn(eanlj=A.nalCl (1) 
F.(1).*83°57. 55+. Prop 


This proposition shows that in a product any number of factors each equal | 
to 1 may be omitted without altering the value of the product. 


_ The following propositions, down to *83°74, are concerned with the domains 
of selective relations, 7.e. with the selected classes. 


#836. +: Reesie.aex.d.qlanD‘R - 
Dem. 
+.#83:2.3D+:Hp.d.Raeca. 
[*33°43] >. RiacanD‘R. 
[*10°24] >.qtanD‘R: dF. Prop 
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*83'61. |: Rees‘e.acx.ans(«—ta=A.>D sh ia 
Dem. 
F.*40°27. Db. ans(«—La=A 
{Transp.*51°15] 
~F.*83'23.5b:.Hp. DI:eeD‘R. 
[*10°35.414-15] DiveanD‘k. 


:Bex—Ua. Dp - anR= ie 1% 
:Bex.qianB.Dg.B=a (1) 
-(q8).Bex.2=RB. . 
-(q8).-Bexn.2=R‘'8.R Bea. 


nh mh 


[*83°2] -(q8).Bex.c=R6B.RBeang. 
[(1) 4°71] -(q8)-Bex.c=R‘B.RBeanB.a=B 
[*13°195.%22°5] ~aex. c= Rha. Riaea. | 

[ Hp.*4-73.%83°2] 2= Re (2) 


t.(2).*5115.54. Prop 
8362. bi weDea'e.D.~Cs%e [%83-21 . 37-63] 
*83°63. bi stensrA=A.peD“ea(evr).2. peas'eeD ea’. pens reD esr 


- Dem. 
+. *80°62. Dk: Mees(« vr). - Mf weeste. MP rc ear. (1) 
[*83'21] 2.DSMP«Cs'e.DSMPACSA = (2) 


b.(2).#24494. Dh: Hp.3: Meeas(eur).D. 

D‘Mfe=(D‘M fav DMPA) = 8A. DSM PA =(DMP a v DMP) ~ s*x. 
[#33°26.%*35°412.%80°29] = D‘M fe = D‘M - 8... DMP A=D‘M - Se. 
[#24491] -D‘Mfe=DM asc. DET = D‘Masnr (3) 
F.(1).(3).#376.3:. a >: i 

~ Mea(evr).>.DSMas‘ce Dé‘eaé Ke-DSMansnre Dear: 
_[*37°63] 3: we Deak VA). D. A s*ee Ee Ke pnsr e Dex: DF. Prop 
#8364. hienvA=A.D: 
we Deak VA). =. (Gp, c). 7?) «Dea‘e. oe Desh. P=puc 
Observe that the hypothesis required here is en X= A, not sxensr=A 


- as in *83°63. 


Dem. . . 
+. #8066. 5h: Hp.3: Meese vr). ~=D'M sg. 
(GR, 8S). Reese Seert.M=RvS.p=DM. 

[#1 3'193.%33'26]=.(qR, 8). Reese.Seear.M=RoS.np=D‘RUD‘S (1) 
F. (1). *10°11°21-281 .%37°6.D 

t::Hp.> 7. we Deg(e UA).= 
(aM, RS). Reese. Seest.M=RvS.n=DRvUDS: 
[*10°35] 


=:(qB, 8S): Reease.Sees.~=D‘RUD‘S:(qM).M=RvS: 
[21-2] =:(q RS). Reeasie.Seesr’.p=D‘RvUDSS: 
[¥13-22] =:(qRB,8\p,c). Reea“« -p=D‘R.SeegX.0=DSS.p=pve: 


[¥11-24°54] :(qp,0):(GR). Reese. p= D‘Rt (gS). Seeah.o =D. 
| . =pve: 
[*37°6.%10°35] = : (qp,c). pe D“ea'k oe Desh. w=pvaornobk. Prop 
R&WI 33 
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The following proposition is used in connection with cardinal multiplication 
(#115714). : 
#83641. b:.sSeasr=A.D: : 7 
pe D“eg(e VA). =. (Gp, 7). pe Deakx. ce Dear. p= pug 
Dem. ; a 
b.*53'25. Dt: Hp.dteanr=AnCls.vinnr=UA (1) 
F.*83°64.3Db:.4nr=AnCls.9: weDex"(e UA) = . . 

(ap, a). peDea‘e.ce Death. ~p=pvyua (2) 

F.x5116.5¢: ear=UA, D:Ack. Aer: 


[e831] Dreae=A. rane A.ea(eVAJ=A? 
[*37°29] = 2: Deke = A. Deg r= A.D ea(eu 2) =A: 
[*24°15] | Di pre Deane Ur): (p)- pre Dea‘: 


[*11-55.Transp.*10°252] D: pre Dea(e vA): 
~(qp, 0). peD“eas'k.ceD esr. p=pvya: 
[45-21] 4 DI: pe D“ea(e vA).= . 
(qp, 7). peD este. ce D “esr. p=pua (3) 
F.(1).(2).(3). DF. Prop . ; 
¥*83°65. biskensX =A. we D ea(e UA). D 
p— see DestrX.. p—8r€ Deak 


Dem. 
t .*83°62. DF: Hp.d.pCs(evr). 
[*40°171] >.wCsfeusr (1) 


F.(1). #24491. 5b: Hp. d.p—se=pn sr. p— sh =pnsk (2) 
F.(2).*8363. DF. Prop © 
*83'66. Fs lesSe.D.8*Dea'a = 8x 


Dem. 
F.#41°43 . D+ .8*DeaSe = D'8'ea ‘x (1) 
+. *83°25.3+:Hp.d. D'sea’« = D’ef x 
[*62°43 ] = 8°« (2) 
F.(1).(2).3F. Prop 


4837. +. Des't'a=ea [%83-4. #55-261] 
48371, +. DM eq'ea=t'a.D'aji=a 


Dem. 
b 483-42. Db. Di equa = D104 2) 
[53°31] =uD(a41) (1) 
[*35°61] a tan D8) | 
[¥332] =t(an A) | 
[51°17 424-26] = Ua : (2) 


t.(1).(2). DF. Prop 
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*83-'72. b:«C1l.3.D“eg8e =t8skk 


. Dem. 
F.*83°43. Db: Ap. >. D*eat« = Deep x) 
[*53°31] = UD(ef x) 
[*62°43] = U'sf*«: D+. Prop 


*83°73°731 are lemmas for *83°74. - 


*83'73. Fixannr=A.AC1.). 


Dene v r) = 6 {(qp).peD“easke.c=pvu sr} 
Dem. 


F .*83'56 .*376.5t:. Hp.d: 
oe D eae VA).=. (qB, 8). Reese.S=Ruifr.c=Dss. 
[#13193] =.(qR,S8).Reese.S=Ruifpr.c=D(Rvipar). 
[62-4355] =. (qB,S). Reea'n. S=Ruthr.c=D'Rusnr. 
[*10°35.421'2] =.(qR).Reeaie.co=D‘Rvsnr. 
{*37°64] =.(qp)-peDea'e.c=pvysr:. +. Prop 
#83731. Fr. ACL. DisfensX=A.DdD.Knr=A 
Dem. - 
b.*53'25 #5116. Db sfensA=A.DienrA=A.v.Aer (1) 
F.*52'16. Dr:ACL.O:aerA.d..qla: 
[#2463] . D: Aner (2) 
F.(1).(2). D4. Prop | 
*83'74. FisfensX=A.ACL.D.D “eae v A) sm Dea‘ 
—» Dem. | 
— F.#83°73°731 #38131. : Hp. dD. Dea(e v A) =(U sfA)Deahe (1) 
t . ¥83°62 . #2413 ..5 
bisHp.D:. py, veD “eae. Dipnsrd=A.vasr=A: 
[*24°481 ] DIiwvusrA=vVUSr.=- psy? 
[*38°11] . D:(V sA)u=(VSA)V.=.p=vP (2) 
F.(2).*73'28. DF: Hp.d. (usr) DM eq%e sm Dea‘ (3) 
F.(1).(8). DF. Prop 
#838. Fe cate C tik « €aSk € Et K 
Den. 
F.*80°14 . *83°21 .*35°83.3+: Ree. DI REskf. 
[*63°105.(*63-03)] DRG te fh. 
[*64°201] ; D9. Ret (tS fF t6«). 
[(*64'021)] = Dd. Rety« (1) 


F.(1).*63°371.95+. Prop 
33—2 
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*83°'81. +. D‘Seate CtS« . Deas et'x 


Dem 
+. *83°62. Db: we Deg’. D.C sfx. 
[*63°105.(*63°03)] D.pCt ‘x. 
[*63°51] D.pwety‘« . (1) 
+. (1). *63°371. 55. Prop 
#839. F.qtesta [*83°15] 
*83:901. Fig lesSa.=.qla [*80°46 . *62°2] 


*83-902. Fr qtes(eur).=.qleae-qlesr [80°69] 
#83908. Fs qles(iSaulsB).=.qla.qi® [*83°901°902] 
#83904. Fi qlea(eulsB).=.qleste.q!8  [%*83°901:902] 
*83°9'904 lead to an inductive proof (to be given later) of q !ea‘« when- 
ever « is a finite class of classes none of which is A. 


*84. CLASSES OF MUTUALLY EXCLUSIVE CLASSES . 


Summary of *84. 


A class « of mutually exclusive classes is one such that, if a and @ are 
two different members of «, a and 8 have no common members; 2¢. it is 
a class composed of non-overlapping classes. Classes of mutually exclusive 
classes have many important properties. They are important in cardinal 
arithmetic, among other reasons, because if « is a class of mutually exclusive 
classes, the cardinal number of s‘« is the sum of the cardinal numbers of the 
‘members of «. Also if « is a class of mutually exclusive classes, the number 
of selected classes of « (7.e. D“ea‘«) is the same as the number of selective 
relations (1.¢. et). 

“« is a class of mutually exclusive classes” is written “« ¢ Cls* excl.” 

An important case is when no member of « is null; in this case we write 

« e Cls ex? excl, 
For.a Cls* excl which is contained in a class of classes y, we write 
Cl excl*y, 
on the analogy of the notation Cl‘y. 
The definitions are as follows: 


*84-01. Cls?excl=¢(a,Bex.a+8.Iag-anRB=A) Df 


*84:02. Cl excl“y = Cls? excl a Cl‘y Df 
<— 
*84:03. Cls ex? excl = Cls? excl — ¢ ‘A Df 


The propositions of this number begin (*84-1—14) with various equivalent 
forms for the definitions. Of these the most useful are: 
#8411. F:.«ceClsexcl.=:a,Bex.qlanB.dip.a=8 
#8413. bse Clsex?excl.=.«eCls’excl. Arex 
48414. bse eCls’excl.=.efxeeClsl 

The last of these is specially important, because it renders the propositions 
of *81 applicable to ea‘« when « ¢ Cls’ excl. 


We have next (*84'2—-28) a set of propositions dealing with various 
special cases, such as A and 1. The most useful of these are 
*84:23. |. ‘ae Cls’ excl 
#84241. |. 1“ae Cls ex? excl 
*8425. bt:xeCls?excl.ACK.>.r Cis excl 
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We next have a set of propositions (*84°3—37) which are immediate 
consequences of propositions in *81, by means of *84°14, The most useful 
of these is 


*843. b:xeCls?excl. Dd. eae C131 

We next have a set of propositions (*844—-43) dealing with the domains 
of selections from a Cls*excl. These are for the most part still immediate 
consequences of propositions in *81, in virtue of #8414. The most useful are 
#8441. b:«eCls’excl. >.D Peateel—»1. DSeae sm eae 
*84412. b: «eCls’excl. 3. Dea'x =f {aex.Da.wnaeli Cs} 
*8443. ba, Be Cls*excl .s‘a=s'8.d:aC D“es§8. =. BC Dea‘a 


This proposition applies to such cases as the relations of rows and columns. 
Imagine any set of terms arranged in rows and columns so as to form a 
rectangle. Then each column is a selection from the rows, and each row is a 

selection from the columns. This is a particular case of the above proposition. 


> 
We next have a set of propositions on R‘‘«, R“‘x, and Pa‘‘« (*84°5—55). 
The most important of these are 


—_> 
*8451. +: RfxeeCls— 91.5. R«  Cls’ excl 
#8453. [: ReCls—1.«eCls’excl. >. R“‘« e Cls* excl 


Finally we have a set of propositions (*84°59—62) showing circumstances - 
under which « vA is a Cls*excl. The only one of these which is used sub- 
sequently is 


48462. Fi.atPh.d:tavuiBeCls’excl.=.anB=A 


*8401. Cls’ excl =£(a,Bex.a+B.D.g.an8=A) Df 


#8402. Cl excl“y = Cls? excl n Cl*y Df 
<_— . 
*84:03. Cls ex? excl = Cls? excl — eA Df 
B41, Fs. eeClsexcl.=:a,Bex.atB.Dap-anB=A 
[*20°3 . (%84°01)] 


(#8411, F:.ceClstexcl.=:a,Bex.qlanB.d 2. a=8 
[84-1 . Transp] 
*8412. F:.«eClexcl'y.=:4,Bex.atB.dap-anB=A:nCy:=: 
eClstexcl «Cy [#203 . (484-02) . #2238 . 484-1] 
#84121. F:. ce Clexcl*’y.=:4,Bex.qlanB.dag-a=BinCy 
[*20°3 . (84°02) . 422-33 . #8411] 
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84:13. Fen eCls extexcl. =. «eClstexcl. Awe 


Dem. 
b . *22°33'35 . (#8403) . D 


_ 
+t: «e Cls ex? excl. =.« ¢Cls*exel. nrecsA. 


[*62°21] ce Cls? excl. A~ex: DF. Prop 

#84131. i. xeClsextexcl.=:0,Rex-2+8.2ap-anB=At Arex ; 
[*84°13°1] ah 

#84132. tr. xeClsextexcl.=:a, Bex. qlanB.Das-a=Bi Arex 
[4841311] 

*84:183, b:.«eClsex’excl.=:a,Bexn.QlanB-.Dag-a=Biaek.ra- Gla 
[*84'132 . *24°63] : 


#84134. bizweClsextexcl.=:.4,Bex. Dap: qia-qiBiqlanB.d.a=f 
Dem. | 
b.#Ll'59. Dks.aex.0,-qlare:aBex.dap. ate: ate (1) 
b 4°87 . #1133. at: :a,Ben.qlanB8.Jap-a=Bi= . 
anes Da,p * qtans. D.a=B (2) 
F.(1). (2). *84133. Dr: Cls ex® excl. . 
a,Bex.Dap-Qia.qiB: epee: Dap:qlanB.d.a=B:. 
[xl1391]=:.0,Bex-Daai:qia.qiA:qlan8.d.a=Bi dF. Prop 
484-135. bi: eClsextexcl.=:.a,Bex. Dap: qianB.=.a=8 
Dem. ; 
b . #84133 . *22°5 .¥13-191.5 
FszxeClsextexcl. =:.4,Bexn.qlan®B.dup-a= 8: 
a,Bex.a=B.dag- Qiang: 
:.(4,8)%a,8ex.qlanB.d.a=8: 
a,Bex.a=B.d.qlanB:. 
[*4°87.Comp.*11-33] = :.(a,8):.a,B ex. Iiqlan8.=.a=Bi dt. Prop 
48414. bs: xeClstexcl.=.efeeCls— al . 


[*11°31] 


‘Dem. ; . 
t . #10°23 . #8411. Db :. ce Clstexcl.=:a,Bex- rea. Be Dnap-4=f8: 
[*35°101}] =:a(efe)a.r(efx)B.Ona8-4=8: 
[*71:171] =trefeeCls—+1:. DF. Prop 


This proposition is important, since it enables us to apply the propositions 
of *81 to ea‘ when « ¢ Cls? excl. 


‘*842. F-.AnClse ls ex? excl 


Dem. . . 
~b k24105 . #1157. DF. (a, 8) +a, Bre An Cls. 
[*11°25°63] Dts.a,BeAnCl. Xp: qlianB.=.a=B:. 


[*84°135] Dt.An Clsc¢ Cls ex’ excl 
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¥84:21. | 214, C Cls? excl 

Note. 1g, is the class of all unit classes whose members are classes; 
this results from *65°01. Thus.“aelg,” is equivalent to “a consists of 
one class.” . 


Dem. ; . - 
F , *22°33 .(*65°01). Dk: aelg,-=:acel.aCCls: 
[52°16] 2:B, yea. 2, -B=y: 
[3°41] . 2:B,yea.ml Bay. rp,- B=: 
[*84°11] | >: ae Cls’ excl :. D+. Prop 
48422. b. 16 Cls ex? excl 
Dem. 


b.. #5246. Dba, 8e1.3:qlanB.=.a=8 (1) 
F. (1). *84135 3+. Prop 


#8423, b.tfaeCls*excl [84°21 . *52-22] 
#8424. + Gqla.D.eaeCls ex? excl 


Dem. 
F.*13191.3+:.Hp.3:B8=a.33.q!8: 
[*51°15] 2I:Beta. dg. GiB: 
[*24°63] D: Aneta (1) 


b . (1). #842313 . 3+. Prop 
#84241. F . uae Cls ex? excl 


Dem. 
F.*523.5b2. 8B, yet a.Dp,:B,yel: 


[*52°46] DsyiqliBay.=.B=¥ (1) 
(1). #84135. 34+. Prop 
¥84242, Fix C1. D.«¢Clsextexcl [*52-46. #84135] 


*84:25. F:s«eCls?excl.ACK.D.2re Cls? excl 


Dem. 
b. #221. #1159. Db ACK. D:a,B er. Dap. Bex: 
[#1138] | I:a,Per.atP.dig-a8ex.a+P8 (1) 
ba *841. Dh: eeClseexcl. Dia, Bex.atB.Dap.anB=A (2) 
bw). (2). #1137. 5b: Hp. d:a,Ber.at+ B.D. g.anB=A: 
[*84°1] >: re Cls’ excl :. I+. Prop , 
*8426. +: ¢Clsex?excl. ACK. >. A € Cls ex? excl 
Dem. . 
F.*841325. Dbt:Hp.d.re Cis? excl (1) 
b.*221.*101.5b:. Hp. d:Acr.Dd.Aex: 
[Transp] DI: Arex. d.Arer (2) 
b .%*84°13. Dt: Hp.d.Aren (3) 
F .(2).(3). IF: Hp.d.Area (4) 


F. (1). (4) . #8413. +. Prop 
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#8428. Fx Clexcl’y.r Cn .yCS.3.r€ Cl excl*d 


Dem. 
. +. *841225.5+:Hp.d.re Cls? excl (1) 
b.x8412. Dk:Hp.dD.n«Cy-ACK.yCs. 
[*22°4.4] 2.rx~Cc8s (2) 


F.(1).(2).*8412.35. Prop 


The following propositions are concerned with selections from a Cls* excl. 
In virtue of *8414, the propositions of *81 which have the hypothesis 
Rime Clee? 1 become applicable when R is ¢ and « is a Cls*excl. Thus 
ea‘x has many important properties when « is a Cls? excl which it does not 
have in the general case: 


4843, b:eeClstexcl.D.ee C11 [*84-14 . *81-1] 
48431. :xeClstexcl. Reese. veD‘'R.D.E!R a [x8414.%81 11] 
48432. +: eClsexcl. Reesie.xeDSR.D. neR'a. Bren 

(84°14. 481-11 . *35°101] 


#8433. b:«eClstexcl. Reestx.xeD‘R.D. Rn= Soa (aex.veajy=(K | ea 
[484-14 . #8112] 


*B84:34. bs. neClstexcl. Reesix.D:xRa.=.xea.xeD‘R.ack 
[481-13 . #8414], 


#84341. bs « eClsexel. Reea‘e.>.R= D‘R« einai: 
[481-14 48414] 


#84342. t: eCls?excl. Reeafa.2z€x.2. “Ria=anD‘R 
[¥81-15:. 84°14 . *62°2] 


#8435. f:.ceClsextexcl. 3: Rees*x-=.Rel—+1.RCefe. GR=Cefc 


Dem. 

+ .#8413.5F:Hp.d.Arex. 
[*62°42] >.defe=x | res) 
F. (1). #71°103 . #8014. 5 | 
Ft: Hp.d:Rel71.RGefux.A‘R=A%efx.d. Reese (2) 
b.(1).48014.Dh:. Hp. d: Reese. >. 0R= Of x (3) 
b . (3). *80-291 . #843. > 
br. Hp.Dd: Reeake.d.-Relol.RGefxe-GR=CAUefu (4) 
F.(2).(4). >. Prop 

#8437. b:eCls*excl.q! ea‘e.D.«e Cls ex* excl [#83°1 . 484-13] 


#844. b:.«eCls*excl. R,S¢ ease. D:DSR=DSS.=.R=S [*812.48414] 
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#8441, F:xeCls’excl. >.Df esfeel—y 1. D“ea’e sm eae [*81-21.%8414] 

' This is an important proposition, since it shows that, when « is a Cls* excl, 
the number of classes that can be selected from « is the product of the numbers 
of the various classes that are members of x. 


¥84411. bi.aex.D,.unaelipCse:d. we Deg [*81'212 . *62°2'3] 


484412. +: « eCls’excl. D. Dea =fifaex.d,.pnael sm C se] 
| [481-22 . ¥84°14 . #62'2°3] 

This proposition gives what might be taken as the definition of the class - 
of selected classes, namely 

Black. Dd,.pnaelipCs x}. 

We might, starting with this as our definition, deal with the class of | 
selected classes without first considering selective relations. The disadvantages 
of this method would be, first, that it requires that « should be a Cls®excl if 
it is to give the results desired in arithmetic; secondly, that it is much more 
cumbrous technically than the method which proceeds by selective relations; 
thirdly, that it does not enable us to deal with selection from a class of classes 
as a particular case of selection from a relation (namely from € f <), and there- 
fore does not yield theorems of such generality as those obtained by the 
method adopted above. 


*8442. +: «eClsexcl.aex. we Des... p— ae Do ea(« — Ua) 
[81°24 . %84°14 . *62°2] 


#84421. b:aexn.vea.we Des(«—la).D. wv ine Dea‘ (481-25) 


#84422. Fz. ceClstexcl.aex.pnael.d: p—aeD“ei(e — U8 a).=.mweD“es%x 
[%81-26 . 84°14. 462°2] | 

#8443. F:.a,BeCls?excl.sfa=s§8.d:aC D%e,58.=. BC D“es%a 

Dem. 

b.*84412.Dh::.Hp.d:: 
aC D“esSB.= 2. Fea. DdpineB.rd,-EnnelsECSB:. 
[*40°'13.Hp]s:. Fea. deine 8.0,.Ennel:. 
[¥10°542-21]= :.neB.d,:£ea-De-Engqelin 
[*40°13.Hp]=:.n¢B.9,:F&ea.d;. Foner nCs‘a:. 


[84-412] 1. HE ‘B >, 27 € De4faz:. D+. Prop 
#845. F:ReClso1.5. RR e Cls ex? excl 
Dem. 
F.*71-181. Dt:.Hp.>d: gt Reen Ry. DxysC=Y- 
-_ 
[*30°37] Dey -Ra= = Ry | (1) 


F. #3341 .*11:59. Db: 2,yeQA°R.D,,. qi Rn. alRy (2) 
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F.(1).(2). DF: eee @ F- eye: Pay? 
qi Re. qi Ry: q! Rian Ry. >. Re=RYy: 
[¥37°63] ay 14 Be RGR. D.,e: Tla.gi@:qianB.d.a=Ar 
[*84°134] as R“O'ReCls ex?excl :: DF. Prop’ 
It might be supposed that the oar of the above would also hold. 
pa this = not the case; for although ROR els ex? excl secures. that 
Rea ong Ry cannot ° overlap when they are unequal, yet we may have 


R'n= Rey without having #= y, so that if R‘w=a= R‘y, we shall have 
 zea.).2Ra.2Ry, whence, if q!a.a+y, it follows that R is not a Cle 1 


> - 
even if R“‘C‘R ¢ Cls ex? excl. 


8451. Ht RP weCls—91.>. Rew eClstexcl 
Dem. 
hix71171. 435: 101, >) 
t:.Hp.D:aRy.yex.eRz.zeKx. Dey 2 Y=2 


; —> a 
[*30°37] D2y,22 By = Re: 
~~ > 


[x8218] Diy, zen. ve Ryn Be. 2a,y,2- hy = Re: 
[*¥10-23]D:y, zen. qiRyok«. »Dy,2° Ry = Ret 
[#3763] D:a,BeR“e.qlanB.Daea=f: 
[*84-11]3: :R« ‘x e Cls*excl :. D+ . Prop 


— 
*84:52. F: RP eeClsol.«COR.D. Rx Clsex? excl 
Dem. 
>. > 
b.a872.Db:.Hp.diacR“K.d.ae RAR. . 
[*37°77] | >.qia (1) 
F. (1). *84°51-13 . #2463 .5+. Prop . 
> => 
#84521. F: RP Bel1.R“BeClsexcl. >. Rf BeCls1 


Dem. 
k. «71 55. #8411. 2 


Fis HEBEL 1, RB ¢Clstexel . D:y,zeB. Ry= Re. Sue: ae 
—_—> 
yzeR. qiRyn Re. Dyes Ry = =RK‘z: 
> 


— 
[*11:37] : D:y,zeB.qi Ryn Riz.0,,.y=2: 
(*7 4°62. Transp] >: Rf BeCts4+1:. D+. Prop 


The above proposition is a lemma for *84°522, which is used in an . 
important proposition on relations of mutually exclusive relations (*163°'17). 
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484522, bi. 8 CORD: RE AcCls+1.=- Rf Bel 1. RB Clstexcl 
Dem. 
— — 
t.*383°31. 3h: Hp.d:y,zeR.d.qt Ry.q! Re: 
as 


— > => 
[*22°5] D:y¥,zeB. Ry=Rz.3.q: hyn Re: 
; > “> 
[*7 4°62] I: RfReClsa1.y,2ze8.Ry=Rz.d.y=2: 
> 
[*71°55] ' D:RPBeCl 1.5. RfP Bel ol (1) 
t.(1). #8451. 
> => 
F:.Hp.d:RfPBeCls71.5. Rf Bel 1. R“Be Cis’ excl (2) 


-b . (2) .*84521. 5+. Prop 


#8453. |: ReCls—1.«¢Cls?excl. >. Re  Cls? excl’ 
Dem. 

#72421. 
HK: ReClsl.a,Bex.g! Ran R“B.D.qlanB (1) 
F.(1).SyH. DF: ReClsalia,Pex.qianB.d.,.a=B8:): 
. a,Bex.qiR“an R“B.d.,.a=8. 

[*30°37.*37°11-111] Doe Ra=RB: 
[*37°63.(*37°04)] D:p,ceR“«.qipag.y,¢.p=o (2) 
F.(2).*8411. 54+. Prop 

R 

*8455. |. Pie e Cls* excl [*80°82] 


#8459. b:xureCls*excl =.x«, re Cls?excl.s(«e-A)NsA=A 


Dem. 
- bi. *8414.3¢:« ure Cls’? excl. 


*84:54. §:Rel—Cls.«eCls*exel.d. R‘¢ e Cs? excl | 8453 Z| 


-ef(cevrAjeCls 1. | 


[#74821] =.efu,efrceCls—1.c(xe—-A)NEA=HA. 
[*84:14.%62°3] =.«, rr € Clstexcl . se —A)asr=A 
4846. $bs.xnrA=A.d:xeureClstexcl.=.«,reCls?excl.steasr=A 
+ [84°59 . 424-313] 
#8461. b:. Bree. Dix eCistexcl =. «¢ Cls*excl Bins =A 
[e51-211.. #53°02. 484-236] 


#8462. +:.atfB.diaviiPeClsexcl .=.anB=A 
{*B4°6R.. 51°15 £25302... #8423] i 


*85. MISCELLANEOUS PROPOSITIONS 


Summary of *85. - 


In this number certain important propositions are proved, and the other 
propositions of this number are mainly lemmas. The most inportant propo- 
sitions are the following: 


*85°1 and *85°14, which show that if Q[A is a Cls—» 1, then the domains 


. —?. . . —?> 
of Qa are the same as the domains of e4‘Q“*A, and’ Qa‘A is similar to e4*Q“‘A, 
thus reducing the problem of selections from many-one relations to that of 
selections from classes of classes. 


*85°27 and «85°43, which show that if « ¢ Cls? excl, Ps‘s‘« consists .of the 
relational sums of the domains of e4‘Pa‘‘« and is similar to ea‘ Paf«; te. the 
class of P-selections from s‘« is similar to the class obtained as follows: take 
the members of « one by one, and form the P-selections of each; we thus 
obtain a class of classes, each class being of the form Pa‘a, where ae Kk; we 
then make a selection from this class of classes; this selection is a member 
of es‘Pa‘‘x; the number of such selections is the same as the number of 


Pa‘s‘k. 


*85°28 and *85°44, which are special cases of'*85°27 re *85'43, but more 
useful than these. +*85:44 is the source of the associative law in cardinal 
multiplication; it states that, if « is a Cls*excl, ea‘s‘« has the same number . 
of members as ea‘ea‘‘«. (On associative laws in general, see ‘the, notes to 
#42111.) That is to say, if we form the class of selective relations (ea‘a) for 
every a which is a member of «, and then form the class of selective relations 
for e4‘‘x, we get the same number of terms as if we proceeded to form the 
class of selective relations for ea‘s‘«. The way in which this proposition 
yields the associative law of multiplication may be explained as follows. We 
shall define the product of the numbers of members of a as the number of 
ea‘a. Thus eg. if the numbers of the members of a are pu, faz, fas, the 
number of €46@ 18 far X faz X fas» Suppose the other members of « are 8 and 
y, and that 8 and y again have three members each. Then the number of 
ea‘es“*x 1s the product of the numbers of e4‘a, ea‘, ea“y, 1.€. it is the prepuce 
Of par X faz X Mas, Pp X Mp2 X fps aNd py, X Mya X fys- 

But the numbers of the members of s“« are 


Moi: Maz, Mas, MBir Mpo, MBs, byl, Myo Mys- 
Thus the number of e4‘'s%« is 


May X Mas X Pas X pai X pas X fps X By X py X pyg- 
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Hence *85°44 enables us to conclude that - 
(Har X fas X plas) X (fpr X pope X Pps) X (oy X ya X ps) 
= Par X faz X fas X Mpi X Mpa X Mas X by X Pye X pys; 
which is a case of the associative law. In fact *85°44 gives us this law in its 
general form, when the number of brackets, and of factors in each bracket, 
may be infinite or finite indifferently. 

Another important pair of propositions is *85°53'54. These enable us to 
reduce the problem of selections for any relation to the problem of selections 
from a class of classes. The method is as follows: Given any term a, form 
the class of ordered couples of which 2 is relatum while the referent is a 
term having the relation P to # Call this class of couples PJ #. Form 
this class for every « which is a member of a; we thus obtain a class of 
classes, namely P J‘‘a. Then the number of selections from this class of 
classes is the same as the number of Pa‘a. 

We have one other important pair of propositions in this number, namely 
*85°61°63. These show that what is called “Zermelo’s axiom” is equivalent 
‘to what is called the “multiplicative axiom.” Zermelo’s axiom* is to the 
effect that if a is any class, e4‘Clex‘a is never null, ze. (a). q ! eaSCl ex‘a. 
The “multiplicative axiom” is to the effect that if « ¢ Cls ex’ excl, there is at 
least one class formed by taking one representative from each member of «, 
which is equivalent to 

x € Cls ex? excl . 3, . | ! ea‘. 

In *85°63, these two axioms are shown to be equivalent. From Zermelo’s 
theoremt it follows that both are equivalent to the assumption that every 
class can be well-ordered. This will be proved later (#258). 

The above-mentioned propositions, stated srmponeey: are as follows: 


4851. +:QfreCls+1.3.D“Qaa= Dire Qn 
48514, bz QfreCls1.. Qa‘rsm esQr 


«85°27. F «KE Cls? excl ae Pats‘« = 8D eg! Pac 
*85°28. |: «eCls?excl. >. e4's%e = 8 D"*en eax 
#85°48. -& :«6¢Cls? excl. D>. Pa‘sf«sm eafPa x 


*85°44. F:«eCls*excl. >. ea’s*e sm eaSea“x 
The following propositions depend upon the definition 
, — 
“855. PT y= |y“Py Df 
Ie. PY y is the class of all couples whose relatum is y while the referent 
has the relation P to y. We then have 


*85'53. +. Pata =8"De.'P J “a 
giving a construction for Ps‘a by means of e4, and 


+ See Math. Annalen, Vol. u1x. + loc. cit. 
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*85°54. +. Pa‘asm ea‘P [a 
which reduces the question of the existence of P-selections to that of the 
existence of e-selections. 


*8561. fb. J ‘x € Cls? excl . es'a = 8D es%e Tx . es%e 9m en’e IK 
This proposition gives a construction for any e-selection in terms of an 
e-selection from a Cls* excl, and reduces the question of the existence of the 


former to that of the existence of the latter.’ A particularly important case 
_ is when «=Cl ex‘a. This is considered in | 


#8563. bre J ‘Cl ex‘a ¢ Cls ex? excl : q ! esSCl ex‘a. =. q!eafe T“Clex'a | 


4851. +: QPrceCl 1.9. D“Qs°= Des Qa 
. Dem. : 
“b.«813. DF:Hp.d.D“QsrA=FlaeQra.d,-panaelrpCssQeat (1) 
—_—> : 
+.*84:51.5F:Hp.d. OA 6 Cle? excl . . 
[*84°412] > DQ = m B {a € On. D.-paaelipC sQry (2) 
F.(1).(2).DF. Prop 


48511. +: Gpreto1. >: D“(P|Q%= Dep 

Dem. na 

b. 433-431 .#3212.+:Hp.>. nea | ay 
b.(1).¥8292. Dk: Hp. d.D(P/Quin=D“PsiGenr dk. Prop 


485-111: MeesQ.>-D(MIQhAY=DM [#823] 


> | — 6Q : 
#85112. Fz MeesQ2. 2. MOP re Qan [#8222 221 3S. #6226 
§ _s . , ~> 
48512. b:QPre1—91.D.D“Qa'n= Des Gr 
Dem. _» 
b. 46226. DF. DQar=D"(e] Quir | ql) 
> = 
b.x8232. Db: Hp.d.D“(e/Qr=Des Qa (2) 


F. (1). (2).>+. Prop 


This proposition is used in connection with ordinal mltipiation (*173°14). 


485-13. +: GP rel—>1.ReQar. Dd. RB] Cnv'Qees Ga 


Dem. a -_ 
+. *62°26.D+:Hp.d.Qfracl—ol. Re(e|Q)sr. 


| > = | 
[*82°231] >. R| Cnv'Qe es6Q°A2 DF. Prop 
The above proposition is used in connection with “families” (*97°31). 
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—_> 
#8514, +: QPrAcCls— 91.3. Qarsm es6Qr 


Dem. 
t.*81:21.>t:Hp.d. Qs sm DHQa. . 
[*85°1} — Ds Qs 8m D enQer (1) 
48451. Db: Hp. Dd. Gr ¢ Cls* exel « : 
[*84°41] Dd. Des*QrA8m €s6QUr | (2) 


F.(1).(2).>5. Prop 
*85°21'22 are lemmas for *85°24, which, with 485° 26, 1s oe for 
#85'27. 
#8521. b:aex.MePa‘s'x.d.MPacPaia [%806. +4013] 
48522. b: Me Pa'ste. Dd. MP |e] Paces Pax. #D(MP |e] Ps) = 
“Here MP | «1 P, e e4*Pa“x can also be written {(M | («4 Ps)} e(€a*Pa‘*x). 
The brackets are omitted because no other meaning is possible. 


Dem. 
F.x85'21. - Dt:.Hp.Ddiacn.D..q! Pata: 


[*80°81] D:a Ben. Paa=PsB.dap.a=B8: 
[*80°12.*71°166°55] >:Psfpecl—ol: | 
[x35'52] Die] Poel—d (1) 
+. (1).#72:14. #7125. Dt:Hp.>d. Mt\«1Psel—Cls (2) 
b.#B4°1 . *30°4. De RIMM 1 Pspravse 
(qa)-R=Mfa.aex.r0=Psia (3) 
b. (3). #8521. D:Hp.d. MP] «1 PsGe (4) 
b.¥37°322.433-431.  DE.O{MP lx] Ps} = C404 Pa) 
[*37°4] = Pate (5) 
b .(2). (4) .(5)-*8014. >: Hp.>. [MP | Pa} ecatPatte (6) 
|. &37°32 . #B5'62 . DF. D(MP\«1Ps)= MM«. 
[#4135] » © ee #D(MP 1 Ps)= Mt s‘«- (7) 
L .(7) «80-29 DF: Hp.d.#D(MP «1 Ps) =M (8) 


F.(6).(8). +. Prop 


*85°24. +. PaSstx C 8D es§ Pak 


Dem. 
t.*85'22.9 


b: Me Pa‘s'e.>.(qX).X €es*Pae. M= sD‘. 
[37°67] >. Me DM ex*Palter DE. Prop 
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The following propositions are lemmas for *85°26. 


*85°241. bs X ces’ Pate. ack. 2D A*Py ae Paka 


Dem. 
t.*x83'2.D6b:.X cea! Paice. Dt re Pax. D,.XNEAr:! 


[*37°63] DiaeKx.Da- X6Psiae Pa a:.D+. Prop 
*85'243. Ff: «6 Cls?excl. X € e4fPasxe. >. 8 DIX €1 4 Cls 
Dem. 


.*83-21. Db: Hp.d. DX Cs Pax (1) 
b.#40°151.%8011. Dk. s'PaeC1Cls (2) 
F.(1).(2). >+:Hp.d.D‘X C1 Cls (3) 


 .*80°35 .#11-45°55.3+:.Hp.3:M, Ne DX .qgid‘MndW.)>. 
(qa, R).a,Ren.-M=X‘Psa.N=X'PaB.qiGMady. 
[*85-241.480°14] >. (qa,8).a,B8exn.M=X'Psa. N= X*PafB. 
qid‘Mad‘NV.a=Q‘M. B=‘. 


(*13°22] >.dM a Nex. M= X°PSAM N= XPD. 

. qiduMady. 
[*84-11] >.GM=QN.M= XPM. N= XPS. 
[*30°37] 3.M=N (4) 


b . (3). (4) «#7232. D+. Prop 
#85244. b: X cea‘Pae.D.sDSIX EP 


Dem. 
b.*83'21.%40°4.5+:.Hp.3:ReD‘X.Dp.(qa).aexn.Re Psa. 
[*80°14] Dp- RCP: 
[*41°151] 3:s8D‘X CP:. 5+. Prop 

*85°245. +: X € es'Paxe.D. ASSDEX = 8x 

Dem. 
b.*85°241 .*8014. 5b: Hp.di:aex.3,.0X'Pafa=a: 
[50°17] D>: QX"P. “ean: 
[*80°34] aU" DX =n: 
[41°44] D>: OS DEX = sf :. DE. Prop 


*85°25. sxe Clstexcl. X €eatPa%x.D.8DSX € P_‘s'x 
[*85°243°244:245 . *80°14] 
*85'26. bF:xeCls?excl. >. 8D ess Pan C Passtx 
Dem. 
.*85'25.5Dh:. Hp.9: X €esf Pan. Dy. SDEX € Pass x: 
[*37°61°33] D : 8D est Paine C Ps‘s%e 2. DF. Prop 
#8527. Fixe Cls' excl... Pafsie = 8D esSP ae [#852426] 


*85'°28. |:xeCls*excl.D. €36s*e = 8D *e5 "C4" | #8527 5 


R&Wwit a4 
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The following proposition is a lemma for *85:31. 
~ 
*85'3. oF: MePa'a.zea.d.Mz2ECsXDM. Miz C XPS 


The g¢onditions of significance here and in *85°31'32°33:34 require 
DP C Rel. 


Dem. 
—_> 
F .*80°32 .*33°43..9+:Hp.d.Mze DM. Me P%z. 
— 
[*41°13] 2. M'zEsDM . Mz sP%2z: D+. Prop 


The following propositions, down to *85'42 inclusive, deal with circum- 
stances under which we can infer M=WN from sD‘M=8D‘N.  *85°32°33'34 
are not subsequently used; the remainder are used in proving *85°43. 

=? — ; 
*85°31. b:.z,wea.ztw.d,y-8PZASPWH=A:D: 


M, Ne Pata.sDSM=sD‘NV.D>.M=N 
Dem. 


. — _ 
b.*25°54.5+:Hp.z,wea.qlsP2asPw.d,-2=W? 


> = 
[¥11'35] Dh:Hp.z,wea.u(sP%z)v.u (SP w)v. Dz, w,u,002 =W (1) 
F.*85°3. Dh: Hp.zea.M,Ne Pa‘a.sDSM= SDN. 9D: 


—> 
u(Msz)v.D:zea.u(sP*z)v.u(ssDW)v: 
. — 
[*80°35] D:zea.u(sP%z)u:(qw).wea.u(Nw)v: 
—, 


—> 
[*85°3.%*10°35] 3: (qw).z,wea.u(sP*%z)v.u(sPw)v.u(Nw)r: 
[(1).*10°28]  J:(qw).z=w.u(Nw)v: 


[*13°195] D:u(N*z)v (2) 
t.(2). Exp. #*10°11:21.5¢:. Hp(2).3:zea.3,.M%E Nz (3) 
Similarly b:. Hp(2).3:zea.2,.NZ@e Mz (4) 
F.(3).(4). DF:. Hp(2).3:z¢a.3,.Mz= Nz: 
[*33°45.%80°14)] ~3:M=N:.5+. Prop 


— — 
#8532. b:.2,wea.z$we dz we CEP n s'COPw=Aid: 
M, Nc Ps'a.sDM=SDN.D.M=N 


Dem. 
F.#*41°45.3 
=? —> 
br. Hp.3:2,wea.ztwe dz ye CS Pen CP w=. 
— — : 
[*33°34] Dw 6 PZasPwHA - (1) 


F.(1).*85°31.34. Prop 
~ ~ 
*85°33. b:.2,wea.ztw.d,y.SD*PeassDiPw=A:id: 
M, Ne Psa. DSM =SDIN.D.M=N [41°43 ..*33'32.%85°31] 
The proof proceeds exactly as in *85°32. 
i]. > > 
*85'34. b:.2,wea.z$w.dz,y- SOAPS n sO Pw=Aid: 
M, Ne Pa’a.sDIM=sDIN.D.M=N [*41:44. 33/33 .485°31] 
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The following propositions, *85'4°41°42, are lemmas for *85°43°44, which 
latter are of fundamental importance, since they are the source of the 
associative law in cardinal arithmetic. 


4854. FA, wen At u. Dp SAASM=A!D: 


M,Neesix. SDM =sDN.D.M=N [#8531 p ; #622 


*85-41. F:.«eClstexcl.:a,8ex.at+8.D.8PansPasB=H=A 
Dem. 
F.*8014. 3b: 4 (8Pataly. 2 (Pa By. dny-yea.yeB. 
[*22°33.%*10°24] Dey ZlanPB: 
[Transp] Dk:anB=A.9.8PsaasPsB=A (1) 
F.(1).*841.54+. Prop 
*85°42. F:«eCls?excl. M,N € e46’Pa%e.5SDSM =SDN.D.M=N 
Dem. 
F .*30°37. Transp. D+: Psfa+ Ps'B.Dag.at PB: 
[Fact] DkixeClstexcl.a, Bex. Patat PsP. Dap. 
ceClsexcl.a,Bex.atpf. 


[*85°41] Dp 8PataaAs Pas B=A: 
[*37-63] DF: «eCls’excl.rA, we Pie At UL. Dd, SAASWH=A (1) 
F.(1).*85-4.355. Prop 
*85°43. Fixe Cls?excl. >. Pafsfesm es‘ P 4x 

Dem. 


F.*84-41 25+. (M).sDSM=(s, DM. 

(*1312] Dh: M, Nees Ps«.s DM =SDN Dy ye. M=N:D: - 
M, N ees'Pa« .(8|D)M=(s:' DYN .Oy ye» M=N (1) 

F.(1).*85°42.5 

bs. «eCls’excl. 3: M, Ne es’Pa«.($:D)M=($, DN .Dy ys M=N: 


[*73°25] 32 (8| D) es Pai sm es6 Pac : 

[*37°33 ] 2: 8 Des! Pai*e sm caf Pst 

[*85°27 | 2: Pafs‘e sm e36Ps“« 3. DF. Prop 

*85'44. F:«eCls?excl. >. es's%« sm €s%e,« | #8543 P| 


The following proposition is used in connection with cardinal multiplication 
(*114°301). 


#8545. Fix anr=A.d. cae VA)SM €s(l%eshe U Les) 


Dem. 
F. 8544.5 
FsufeuenreCls*exel. 3. es6s(u'e v UA) sm €4%es(U%K VY LD) (1) 
F.«2457. DF: Hp. DdDietr.vi.k=A.A=A? 
[*84-62°23 | I:t8e vtXe Cls? excl (2) 


F #531132... stile vt rA)= KU Dr. Cs (UK OA) = Lee u esrX (8) 
F.(1).(2).(3). D4. Prop 
34—2 
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The purpose of the following propositions, down to *85:55, is to show how 
to get from a class of classes a class of selections having the same number of 
terms as Pa‘x. For this purpose we introduce a new notation, representing 
a rather important analysis of the couples contained in a given relation. 
A couple x] y is contained in a relation P when «Py; thus if, keeping y 


Dp 
fixed, we form the class of couples | y‘‘P‘y, all these couples are contained - 
in P. We put 


4855. Pl y=|y“Py Df 

Then PJ“‘PeClsextexcl. Also ssPJ“A‘P is the class of all 
couples contained in P, and s&s‘P]‘‘d‘P=P. We shall now prove that 
P $a = §D“ex‘P] “a, so that every member of P;‘a can be derived from 
a member of es‘P Ja, and the problem of the existence of Ps‘a is reduced 
to that of the existence of selections from a class of mutually exclusive 
existent, classes, 


~~, 
*85°51. 1. Pate=]aPae=Px [#8045 .(*85°5)] 


#8552. +. Paia=P J <a [*37°35 .*85°51] 
*85°53. FF. Psa = &§ Des P J sla 
Dem. 
b .*84°241 2 *53'22. D+. effae Cle’ excl. sta=a. 
[*85°27] DE. Paka = 8D e4£ Pata 
[*85°52] = §*De,°P J fa. DF. Prop 
*85'54. +. Pafasmea‘P J “a | 
Dem. 
bt ,*84°241 .*53'°22. D+. uae Cls’? excl. s'uSa=a. 
[*85°43] Dk. Pafasm e46§ Pata, 
[*85°52] DF. Pafasmes’P | “a. Dt. Prop 


The following proposition is frequently useful. 
*85°55. | . Pafasm De.‘P | “a. P [ae Cls® excl 


Dem. 
F.*85'51.*8014. DF: RePJla.d.0R=tai he Pl y.d.aqR=vy: 
[*3°47] DE: RePJTanPly.9.GR=te.d k= vy. 
[*13°171.%51-23] >.£=Y. 
[*30°37 ] IP lee Pl ys 
[*10°11:23] DQhegqiPyJanP]y.3.Plea=P Ty: 
[*3°42.%11-11] Dkia,yea.qiPJanPJy.d.,Ple=PJyy: 
[*37°63] Skirt peP Ja. qirAnpedapeA=pE 
[*84-11 | Dt.P [ae Cls’ excl. (1) 
[*84°41 ] DI. D*‘es*P ‘asm en‘ P Ia. 
[*85°54] DI. Pafasm Df‘eatP Ifa (2) 


F.(1).(2). DF. Prop 
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—_> 
*85°56. +:P faeCls a1. d.esSPasmessP I “a [*85°1454] 


*85°6. |. cate =H {(qB). Bex. p=) BB} =e] “« 
Dem. 
b.#37'67 Db. este =f (G8). Rew. m=eat'B} 
[*83°4] =2{(qB).-Bex. p=) AB} (1) 
F.(1).*85°52. D5. Prop 
The following proposition is frequently employed. 


*85'601. |. ela= fata. eTasma.e]“«csmnc.eJelwl. Ele Jfa 
Dem. 


F.*85'51.%622. DbE.eJTa=laka (1) 
(*73°611] It.eJTasma (2) 
F. «38°12. Db. Ete] ‘a (3) 
[*71°166] It.eJelCls (4) 
b.(2).*73°47 . Dhk:a=A.cJTa=eJTB.d.cT R=A. 
[*73°47.(2)] >.B=A (5) 
F.(1).*38°131. Di:wvea.cTa=eT B.d.alacl A“P. 
[¥38'131] : 2. (ay)-vla=y Pe. 
[*55°202] >.a=8 (6) 
F. (6). *10°11-:23:35.Dt:qla-eJa=eJ]@-Dd.a=f (7) 
F.(5).(7). Dtr:elTa=eJP.3.a=8 (8) 
F .(4).(8). #7154. DereTell (9) 
t.(9).(8). #7326. Dkie] «sma (10) 
b .(1)+(2).(8)«(9). (10). DF. Prop 


«85°61. |. 6 [«e Cls® excl . eg’« = 8D en%e [Se . enSe sm eae |x 
| [#8553545 >| 


#85°62. biqtess«.=.qtesse]“« [*85°61 .*73°36] 
*85°63. bse J“Clex‘ae Cls ex’ excl: q! eafClex‘a. =. ql ea‘e [Clex‘a 
Dem. 
F.*85'6 .*60°21.5 
F:rvece ]“Clex‘a.=.(qB).-8Ca.q!iB.r=] BB (1) 
t.*73'61136. DE: q@!iB.ra=|]A“B.D.qIAa: 
[3°42 | DE:BCa.q!iP.r=]B“B.D.qIAa: 
[*10°11:23] Dk:i(qB).BCa.q!iB.rvA=J]A“B.d-qIrA (2) 
-F.(1).(2). Dk:re(e JClex‘a).d.qiar: 
[*10°11.*24°63] DF. A ~e(e J *Clex‘a) (3) 
F. (3) .*85°61 . #8413. D+.¢ [Cl ex‘ae Cls ex? excl (4) 
F. (4). *85°62. 95. Prop 
Note. (a). 4]! ea‘Cl ex‘a is“ Zermelo’s axiom.” The above proposition shows 


that this is true if 
«€ Cls ex? excl. D,. Wl eax, 
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which again is true if 
xe Cisex?excl.D:(qpu)iaex.Dg.pnael 
in virtue of *84°412. The last of these is the “multiplicative axiom,” which 
is thus shown to imply “Zermelo’s axiom.” 
The following propositions lead up to *85°72, which is used in the a 
of double similarity («111°3). 


B57. Fi. Ber.D,.RSBCB: MeesSRA:D. 
MR free. D(M! Rf A)=DM 


Dem. 
Fi#l421.5+:.Hp.3:8er.5,. HE! RB: | 
[*7411] DI: RfrAc1lHCls.ACT‘R (1) 
[*80°14,.%71°25] 3: M'RfvAc1Cls (2) 
b. (1). #71-7.485°7.D Fs. Hp.d:a(M'RPA)B.D. Ber. aM (RR). 
(*80°14.Hp] >.Ber.ceRB. 
[Hp] D.ve8 (3) 


b.*80°14.%*74°44.5 
F:Hp.d.D(M RfA)=D‘M.a(M\R PAY=rAN CR 
[(1)] =X (4) 
F.(2).(3).(4). «80°14. 35+. Prop , 
— KBE'TOL. Fi. Ber. De. RBC BID. D eS RAC Des ~— [*85°7] 
*85°702. t:. Ber. De. RCIBeCl*A:d. Détes RCIA CDegr 
85 701 R| | . 


*B5°71. fF: ReesCl“A.9.DesSDIRC Des = [*85°702 . *83'2] 

This proposition asserts that if we can select one sub-class out of each 
member of X (where ~ is a class of classes), then selections from the sub-classes 
so obtained are selections from 2. . 
*85°72. 1 :.(SB)]Sela1:Ber. dg. kh BCIB:zD. 

De,5 REX Cc D“e46S&X 


Dem. | 
#1421 433-43. 3b: Hp. d:Bed.d.BeCss (1) 
RSS 
+. *85°701 Rx .2 | 
bye SA. Dye (BIS) y Cyt Ds Dies BESSA C Deg (2) 


b .487-63.«14°21. > 
bi: Hp.DnyeS*r.d,.(R Sly Cy: =: Ber. Dp. (RB S)\S BCS: 
[¥74°53.(1)] : Ber. Ds. RB CSB (3) 
b.xT4171. Db: Hp. Dd. SSX =2 (4) 
F.(2).(8). (4). F. Prop 
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The following proposition is a lemma employed in the theory of double 
similarity (*111°313). 
«85°31. b:.r¢Cls? ons Ben. >». sA°TBCB: ReeafTX: 9: 
Ber. Dp (SDR) f B= RTB 


Dem. 
F.*l421. It: Hp.d:8er.d. ETB: (1) 
[#83-2.437°6] D:Ber.D. RTBe TP. (2) 
[435°452.Hp} >. RTB =(BRIT*B) PB (3) 
b (1). 483-22. D4: Hp. >: fher.D. ERTS. 
[*33°43.441°13] >. RITBCHEDIR. 
[*35°461 } >.(R‘T*B) Ff BE (sD‘R) FB. 
[(3)] D>. RT GE (sDSR) FB (4) 
b. (1) «487-6 .483-23.D:.Hp.d:D*R=M ((qy). yer. M= RT}: 
[*41°11.%13°195] D:a(8T‘R)y. =. (ay). yer. a(RTy)y: 
[*35°101] D>: a {(sD‘R) f Bh y-=-(qy)- yer. e(RT%y) y.yeB (5) 
t.(2).*33'14. Dh: Hp.yer.d:0(RTy) y. 2. ye ea RT y . Ty . 
[440-4] | . D. yes Ty 
[Hp] D.yey (6) 


F.(5).(6).. Dk::Hp.d:.Ber.Jd: 

aw {(8D‘R) FB} y-=-(ay)- Byer. e(RiTy)y.yeR-yey- 
[*84°11.Hp] >.(ay)- Byer. a(hTy)y. RB =y¥- 
[¥13°195]. >. «2 (RT*B) y (7) 
+. (4). (7). DE. Prop 


*88. CONDITIONS FOR THE EXISTENCE OF SELECTIONS 


Summary of *88. 


The existence of selections cannot, so far as is known at present, be proved 

in general. That is, we cannot prove any of the following: 
(Pie)ie CAPD. gt Pate 
(P,«): PeClsp1.n«CQUP.3.q! Pate 
(P).q! PasasP 
(x): Arex. d.q lestk 
(x):«eClsex*excl.D.q leak 
(a). !es*Cl exSa 
(x):.«eClsex?excl. D:(qp)iaex.Da.pnael 

These various propositions can be shown to be all equivalent inter se; and 
in virtue of Zermelo’s theorem (cf. *258), they are equivalent to the proposition 
“every class can be well-ordered.” In the present number we have to prove 
the above equivalences, as well as certain Proposynone giving the existence of 

selections in various particular cases. 

The most apparently obvious of the above propositions is the last, namely: 
“Tf « is a class of mutually exclusive classes, no one of which is null, there is 
at least one class ~ which takes one and only one member from each member 
of «.” This we shall define as the “ multiplicative axiom.” 


We will call P a multipliable relation (denoted by “Rel Mult”) if 
P,‘C‘P exists, or, what is equivalent, if «Cd‘P.>,.q! Pa‘«. ‘Thus we put 
Rel Mult = P fq! Ps‘A‘P} Df. 

We will call « a multipliable class of classes if ea‘« exists, i.e. we put 
Cls? Mult =« {qteate} Df. 
The multiplicative axiom will be denoted by “ Mult ax.” Thus we put 
Mult ax.=:.«¢ Clsex?excl. 2, :(qu):aex.Da.ppnael Def. 


In the present number, we shall first give various equivalent forms of the 
assumption that P is a multipliable relation (*88'1—15); we shall then do 
the same for multipliable classes of-classes (*88'°2—'26); next we shall give 
various equivalent forms of the multiplicative axiom (*88°3—39). (Some 
important equivalent forms cannot be given at this stage, as they depend 
upon definitions not yet given, such as the definitions of cardinal multiplica- 
tion and of well-ordered series. Cf. #11426 and #25837.) Finally we shall 
give propositions showing that various special classes of classes are multipliable. 
Most of these propositions will not be used in the sequel, but they illustrate 
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the nature of the difficulties involved in proving that a class of classes is 
multipliable, and some of them show that mere size does not prevent a class 
from being multipliable. For example, *88°48 shows that, given any class of 
classes «, if each member a is replaced by u“‘a v ta, the result is a multipliable 
class of classes; but the only effect of this change is to increase the number 
of members of each member of our class of classes by one. 


The chief propositions in this number which are afterwards referred to 
are the following: 


#8822. b:<eCls*Mult.r»Cx.>. re Cls? Mult 
#8832. | :.Multax.=:«eClsex? gecl ee W Leake 
*88'°33. |: Multax.=.(a).q!es‘Clex‘a. | 
#88361. | :.Multax.=:<cCQ‘R.=2,.q! Rake 
*88'37. | :.Multax.=:Aren.D,.q! ease 
The above is usually the most convenient form of the multiplicative axiom. 
*88°372. f :. Multax.=:Aex.=,-eae =A 
This proposition is used in *114, to prove that the multiplicative axiom 


is equivalent to the proposition that a cardinal product vanishes when, and 
only when, one of its factors vanishes. 


*88-01. Rel Mult=P{q!P.‘G‘P} Df 

*88-'02. Cls? Mult = {mq ! eaSx} Df 

#8803. Multax.=:.«e¢Clsextexcl.3,:(qu)i:aex.d,.p~aael Df 
«88:1. +: PeRelMult.=.q!Psa‘d‘P [203 .(*88°01)] 

#8811. +: Pe Rel Mult.x»Cd‘P.3.q! Par 


Dem. 
F.x806. Dk: Re PsOP.ACAP.D.RfrAcPar. 
[*10°24] D.qi Par: 
[*10°11-23:35] Dk:q! PsP .ACUP.D.q1 Par (1) 


F.(1).*88 1.56. aes 

*88'12. F:.PeRelMult.=:~ACUP.3,.q! Par 

Dem. | 

F. #8811. Exp .*1l011-21.5 
t:. Pe Rel Mult. D:A~CU°P.3,.q! Pair (1) 
Fb. «101. %*22-42.5 
Pr ACUSP. Gi Paras d.qi PsP. — 
[*88°1 ] >. Pe Rel Mult (2) 
F.(1).(2).DF. sd 

*88'13. +: PeRelMult.=.qteaSP]“A°P [*85°54.*73°36. 488 1) 
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*88:14. F:.eCU°P.3:Pfee Rel Mult.=.q! Patk 


Dem. 
.%8023. Db: q! Paice =. q! (PP wate (1) 
b.*85'65.DkieCQ'P.>.0(Pf x) =x (2) 
F.(1).(2), DF: Hp. d:q! Pate. =. qi (Pf «)sA(Pfx). . 
[*88°'1] =.Pf«eRel Mult:. 5+. Prop 
*8815. +:.0°P=V.3d: Pee Rel Mult.=.q! Patk [*88°14 . *24°11] 
*88°2. b:«eCls?*Mult.=.q!es‘« [*20°3 . (*88°02)] 
*88:21. +: PeRelMult.=.PJ“d‘Pe Cls? Mult [*88°13°2] 
*88:22. +: eCls? Mult .ACK.>.reCls? Mult 
Dem. 
F.*80°6. Di: Reeake.rXCne.Dd.RorAc ear. 
[*10°24] >.qlear: 
[#10°11:23-'35] Db: qleste- ACK.Dd.qlear — (1) 
F.(1).*88'2. 5+. Prop 


*88:23. F:«eCls?Mult.>.Cl% CCls*? Mult [*88°22 . *60°2] 
| — 
¥88'24. + :.PeCls—+1.35:PeRel Mult.=. P“U'P « Cls? Mult 
Dem. 
—p 
b.485°14. #7336. Db: Hp. d:q! PsG'P.s.q! es’ POOP (1) 
F.(1).*88:1:2.34. Prop . 
— 
*88:25. b:.PheeClsa1l.cCAP.3: Pf «ce Rel Mult. =. Px e Cls*Mult 


Dem. 
+ .*85°14.*73°36 .> 


— 
FieHp. I:qiPaie.=.qteasP x: 
= 
[*88°14°2] >: Pf «ce Rel Mult.=. Px e Cls* Mult :. D+. Prop 
*88'26. | ::«¢Cls?excl. D:.«¢Cls? Mult.=:(qu):aex.D,.~nael 


Dem. 
b .%88-2.43745.Db:<eCls?Mult.=.q!D este (1) 
b. (1). *84-412. 7 
F:: Hp.O:.«eCls?Mult.=:(qp)iaex.d..ponaelipCsx: (2) 
[*10°5] D:(qu)iaex.Dd..panael (3) 
+. *40°13 . *22°621. Db: aex.2,.siena=a. 
[*22°481 ] De PASsKNa="Na: 
[2°77 «10°27 | Dkiaex.d.pndelidiacKk. da. panskenael (4) 


F . (4) .*22°43. Dk:.aex.Dd,-paael:D: 
aex-D,.pasenaelipasKeCs«: 
[10°24] Di(qvj)iack.Dda-vAaaelivCs« (5) 
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+. (5).#*10°11'23..3 
Fs. (qp)raex.d.pnael:d:(qv):aex.d,..¥ynaelrvCsx (6) 
F.(6).(2). DF:: Hp. 3:.(qpu)iacx.Dd.-p~naelid.nceCls Mult (7) 
F.(3).(7). D5. Prop 
*88'3. Fi: Multax.=:.«eClsex’excl.D,: (qu): aex ~Dd.-u~nael 
[¥4°2 . (%88°03)] 
*88'31. |: Multax .=.Cls ex? excl C Cls? Mult 
Dem. 
b .*88°26 .*5'74. Dk :: « e Cls ex? excl . D,.« e Cls? Mult: =:. 
xe Clsex?excl.D,:(qu):aex.Da-unaels. 
[*88°3] =:. Multax:: 3+. Prop 
*88°32. [:.Multax.=:«eClsex’excl.3,.q!ea%e [%88°31:2] 
*88'33. +: Multax.=.(a).q!ea‘Clex‘a 


Note that (a). q!es‘Cl ex‘a is Zermelo’s axiom. 


Dem, 
b . #8832 .*85°63. 5b: Multax.d.q!ea‘e] “Clex‘a. 
[*85°63] >. q !ea*Cl ex‘a (1) 
k.*6057. DbE.«cCChs*x. 
[*60°24] Dk.«—-tA CClex‘s‘x. 
[*84°13] Dt:«eClsextexcl. D.« CClex‘se (2) 


F.(2).*80°6. DF: «Cle ex excl . Re ea‘Cl ex’s'e. 9. RP we ea'e (3) 
F . (3). #10°11:28:35 . DF: « e Cls ex? excl. q ! ea*Cl ex‘s‘x. Dd, Wleate: 
[*xl0-1] > F:.(a).qtesSClex‘a. Di: xe Clsex%excl. 3... q beste: 


[*88°32] >: Mult ax (4) 
t.(1).(4). DF. Prop 
*88'34. |: Multax.=.Cls—1C Rel Mult 
Dem. 

|. #845. #8832. Dh. Multax.D:ReCls—+1.d.qtek“a'R. 
[*85°14.%73°36] DG i RAR. 
[*88°1] >. Re Rel Mult (1) 
b, #8414. D:.Cls—1C Rel Mult.3: 

«e Clsex?excl. D. ef «e Rel Mult. 
[*88°1] D.qi(ef «)sSd'efx. 
[*84°13.%62°42] D.qi(ef «ate. 
[*80-23] D.qleate (2) 
F.(2).*10°11-21 . #8832 .5&:Cls—+1C Rel Mult. >. Mult ax (3) 


t.(1).(8). DF. Prop 
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#8835. /:Multax.=.(R). Re Rel Mult 


Dem. 


b.437°45..#55°121. (#855). Dkr gq! PJ] a. 


[33-41] 


—} 
Ai Pte. 
.2eU'P (1) 


ol 


F. (1). #1011 . #3763. Db:aePJ“AP.3,.qta: 


[*24°63] 


DE. Ane PI“O‘P | (2) 


b. (2) « #8418 . #8555. DF. PI“O*P c Cls ex? excl. 
Dt:Multax.d.qleatP “dP. 


[*88°32] 
[*85°54.%73'36] 
[*88°1] 


a.q!PstadP. 
>. Pe Rel Mult (3) 


t.*10°1.*88'1.56:(R).ReRel Mult.>.q!(ef Clex‘a)s‘def Cl ex‘a). 


[62°42] >.qt(ef Clex‘a)s*Cl ex‘a. 

[80°23] D.qleatCl exa (4) 
F. (4). #101121 . *88°33.>+:(R). Re Rel Mult... Mult ax (5) 
L .(3). (5). DF. Prop 


*88:36. [:.Multax.= 
*88'361. §:. Multax. 


Hil 


*88°37. ::.Multax.= 


:KCU‘R.On en AL Rate [*88'35:12] 
xe CQSR.=r ne GQ! Rake [*88'36.. *80°2] 


rAwreKks Deo Yl eakK 


Dem. 
+. *88°36 .*62°231.>+:. Multax. Di: Anex.d,.qiess (1) 
F . #8418 .%88°32. DE: Arex. Dy. qlee: 2.Multax (2) 
F.(1).(2). D+. Prop 
*88°371. f:. Maltax.=:Aren.3,.qQ lease [88°37 . *83°1] 


' *88:372. k:. Multax.= 


This proposition shows that the multiplicative axiom is equivalent to 


the assumption that 

of its factors is zero. 

*88°373. k: Multax. 
Dem. 


+ #2463 .*53'3. DE Awen. 


[22-1] Bo 
[*60°2] 


t. (1). #8837. D:. Multax. 


[*88°2] 
*88'38. +:Multax. 


*88'39. +: Multax. 
Dem. 


a 


i] 


Ft . *88°38'2 . *80°14.9 
F:Multax.=.(qR).RelCls. RGe. U‘R=Cls— ‘A (1) 
b. 51161 4535. Db: C'R=Cls—UA.D.uee O'R (2) 


>:ANex.=,.eaSk =A [*88°371 . Transp] 
cardinal product is zero when, and only when, one 
. C1(Cls — ofA) C Cls? Mult 


raex.D..aeCls—t‘A: 

:x«CCls—tfA: 

: « ¢ Cl(Cls — uA) (1) 
:«e Cl(Cls —tfA). deste: 

: Cl(Cls — fA) C Cls? Mult :. D+. Prop 


th oi Waa 


=.Cls—iAeCls? Mult [*88-23'373] 
=.(qR).RelCls. RGe. DSR=V.U‘R=Cls— tA 
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+.*23'621 .D':RGe.D.R= RhAe (3) 
F.(2).(8). DF: REe. TR=Cls—A.D.eed(Rae). 

[*33°131 ] D.(qy) yRua. yet. 

fx51°15] >.(qy)- yRuec.y=a2. 

[*13-195] . D.a#Ru‘c. 

[*33°14] >.ceD‘R (4) - 


b.. (4). #LO11-21 42414. Db: RGe.OR=Cls—u'A.D.D'R=V_ (5) 
F.(1).(5). >. Prop 

The following propositions are concerned with certain cases in which a 
construction exists by which the existence of selections can be proved. 


#884. ke e1Clees‘Cle 


Dem. 
#7219 . #7127 DF. «4 Clel > Cs | (1) 
b.x3552101. DF: a(n {Cl)r.= sack. r=Clfa. 
[60°34] Diaer | (2) 
b.(2).*1111. Dh.n1ClGe (3) 
b. *35°52. DF. A" Cl) = DCI «) | 
[*37°401] = Cl**« (4) 


F.(1). (3). (4). #8014. 954. Prop 
#8841. +. Cl xeCls?Mult [*88-4'2] 
#88411. +. € D'es‘Cl“« 

Dem. : 

b.485°52. DE.D(«e1Cl)=A(Clf x) 
[*35°65.%33°431 | =e | (1) 
~b.(1). #884. Db .(qR). ReesSCl«.DR=x. 
[*37°6] Dk.Kne Dies‘ Cle. >. Prop 
488-42. b:xeCls?Mult.qla.=.culae Cle Mult [*83'904 . *88°2] 

In virtue of this proposition, as will be proved later, every finite class 
of existent classes is a Cls? Mult. For we have Aees‘A; and, by the above, 
a Cls? Mult remains a Cls?Mult when one existent class is added as an 
additional member; hence the result follows by induction. 


#8848. |: s%keCls? Mult. >. esx e Cls? Mult 


Dem. 
+.*882.D+:Hp.d.qlea‘s*x. 
[*85°24] >. q! sD esSesn. 
[*37°45 | 2. b es‘ea*« 
[*88°2] D . eax € Cls? Mult: : D+. Prop 


*88'431. Fi. «6 Cl? excl. D: ef" € Cls? Mult. . sfx e Cls? Mult 
[88:2 . k85°28 . #87-45] 
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*8844. + :Clex‘s‘«eCls?Mult.3.«—l'AeCls*Mult —[*60°57 . *88-22] 
*88'441. bs A~é x. Clex‘s*«  Cls? Mult.>.«eCls?Mult [*88-44] 

=> 
«88-45. |: D‘RaC‘R=A.P=R0 {oe A R.a= Raves}. d.PeessOP 

Dem. 

—> 
b -*213.9b:.Hp.d:¢Pa.5,..ceUR.a=Ravite. (1) 
["51-16] Dea CEO (2) 
F.(1) .*33'15 .*51:2.5 
a & ig 

F:,Hp.3:2Pa.3,.a=Reviie. Re CDR. eC dR. 


[*24°494] D,.a—-D‘R=ex (3) 
F.(3).*1159.3F:.Hp.d:0Pa.yPa.d,,-.a—-D‘R=te.a—D‘R=1'y. 
[*20°23.%51°23] Sey ne) 

[*71°17] 2: Pel—Cls (4) 


t. (2). (4). #8014. 34+. Prop 


~ 
"8846. 1: D‘RaU‘R=A.A=4{(qz). we CA R.a=Rawvia}.d. 
re Cls? Mult 
Dem. 


— 
F. #213 . #10281 .*83:1381.3b:.P=24 {xe AR .a=Riaves}.d: 
—> 
aeC°P.=,.(qz).ceURi.a=Rrvise (1) 
=> 
t.(1).*8845.3+:Hp.d.20{eeU‘R.a= Reva} eeasr. | 


[*10°24] Diqiesn. 
~ [*88°2] D.re Cls? Mult: DF. Prop 
#8847. +: P=@8 laen.B=t“aviia}.d.Pecsd'P 
Dem. , 
F,*21°3. Dk:Hp.d:aPB.=.g.aeK.B=Uavifa, (1) 
[*51°16] | Do p-a€68 (2) 
b.(1). #1159. D+: Hp. D:aPB.yPB.Dapy-B=lavia. Bay uly. 
[+40°171.%53'22-02] Dap,y-SB=a.sBa=y. 
[*20°23] Jo,8,y+ A= 7 
[*71-17] 3:Pe1l—>Cls (3) 


F.(2).(3). #8014. 55. Prop 


#8848. +.B {(qa).aex.B=tav Ua} eCls? Mult [*88°47] 
The proof proceeds as in *88°46. 


#885. +. An Clse Cls' Mult [83:9 . ¥88-2] 
#8851. F:qtia.o.t‘aeCls? Mult [*83°901 . *88:2] 
#8852. |. “ae Cls* Mult [¥83-42] 


48853. b:<C1.D.«cCls*Mult [¥83-44] 


SECTION E 


INDUCTIVE RELATIONS 


Summary of Section E. . 


The subjects to be treated in this section are certain general ideas of which 
@ particular instance is afforded by mathematical induction. Mathematical 
induction is, in fact, the application to the number-series of a conception which 
is applicable to all relations, and is often very important. The conception in 
question is that which we shall call the ancestral relation with respect to a given 
relation. If & is the given relation, we denote the corresponding ancestral 
relation by “Ry”; the name is chosen because, if R is the relation of parent 
and child, Ry will be the relation of ancestor and descendant—where, for 
convenience of language, we include # among his own ancestors if x is a parent 
or a child of anything. 


It would commonly be said that a has to z the relation of ancestor to 
descendant if there are a certain number of intermediate people 3, ¢, d, ... 
such that in the series a, b, c,d, ... z each term has to the next the relation 
of parent and child. But this is not an adequate definition, because the 
dots in 

“a,b,c, d,... 2 

represent an unanalysed idea. We may then try to amend this definition by 
saying that there is a finite class a of intermediate terms such that one member 
(6) of a is a child of a, one (y) is a parent of z, every member of a except b is 
a child of one (and only one) member of a, and every member of a except y 
is a parent of one (and only one) member of a. This definition is open to 
several objections. In the first place, it is very complicated; in the second 
place, there will, in regard to a general relation, be difficulty in securing the 
uniqueness of the member of a which is to be a parent (or a child) of a given 
member of a; in the third place (and this is the really fatal objection) the 
proposed definition states that a is to be a finite class, and we shall find that 
finitude, in the relevant sense, is only defined by means of the very conception 
of the ancestral relation which we are here engaged in defining. In fact, if V 
denotes the relation of » to vy + 1, where » is a cardinal number, then a finite 
cardinal (in the sense we require) is one to which 0 has the relation Vy, ie. 
one of which 0 is an ancestor with respect to the relation 


De (w =v +1). 
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Hence we must not use the notion of finitude in. defining the ancestral 
relation. In fact, the ancestral relation is defined as follows. 


Let us call « a hereditary class with respect to Rif Rp C p, we. if successors 
of p’s (with respect to R) are w’s. Thus, for example, if « is the class of persons 
named Smith, » is hereditary with respect to the relatign of father to son. If 
uw is the Peerage, yw is hereditary with respect to the relation of father to sur- 
viving eldest son. If «% is numbers greater than 100, w is hereditary with | 
respect to the relation of » to »+1; and so on. If now a is an ancestor of 2, 
and m is a hereditary class to which a belongs, then z also belongs to this class. 
Conversely, if z belongs to every hereditary class to which a belongs, then (in 
the sense in which a is one of his own ancestors if a is anybody’s parent or 
child) @ must be an ancestor of z. For to have a for one’s ancestor is a 
hereditary property which belongs to a, and therefore, by hypothesis, to z. 
Hence a is an ancestor of z when, and only when, a belongs to the field of the 
relation in question and z belongs to every hereditary class to which a belongs. 
This property may be used to define the ancestral relation; 1. since we have 

aRyz.=:aeOR: RwCp.aep. dy Zep 
we put 
Ry =@2 \aeCR: R“pCu-aep.d,-zep} Df. 
We then have 
braeOR. Dd. Kyla? (RpCpaep. Dye Ze pt. 
Here Ryéa may be called “the descendants of a.” It is the class of terms of 
which @ is an ancestor. | 


To make plain the relation of the above to mathematical induction, put 
0 for a, and 48(8=a+1) for R. Then, since 1=0+1, we have 0¢ C‘R. 
Again . 
R“pCp.zZiaep-d.-atlep. 

Thus we find 

<< A 

Ry0=B {acw.D..a+lewsVen:r,-Be ph. 
Thus if @ is a descendant of 0, 8 belongs to every class to which 0 belongs 
and to which a+1 belongs whenever a belongs. Hence mathematical 
induction, starting from 0, will prove properties of 8. In elementary mathe- 


matics it is customary to speak as if this held of ali integers, 1.¢. asif Ry“O 
(as above defined) included all integers; but in fact only finete integers (in 
one of the two senses which the word finite may have) belong to the class 


<— 
R,‘0, and they belong to it by definition, being defined as the class 
Biacpw.De-atlepi0ep:d,. Ben, 
<_ 
i.e. a8 Ry“0 in the above sense. To infinite numbers, inductive proofs of this 
kind starting from 0 cannot be applied. 
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The study of Ry will occupy #90. The relation Ry holds between # and y 
if «(If C'R)y or «Ry or «Ry or etc. The study of this “etc.” occupies #91, 
“on the powers of a relation.” We may, for many technical purposes, regard 
I} C‘B as the Oth power of R; the other powers are R, R?, etc. If Sis a power 
of R, so is S| R. Now 8| RB is | RSS, according to the definition in *88. Thus 
if we have 
. Rep:Sep.ds.S| Rew: r,-Pep, 
P must be a power of R, because the class of powers of F is a value of » which 
‘satisfies the hypothesis 
. Rep:Sep.d5.8! Rep. 
Conversely, if P is a power of R, then P is reached by repetitions of the pro- 
cess of turning S into S| R, starting this process with R. Hence if P is a power 
of R, we shal] have 
Rep:Sep.d,.8|Rep:d,.Pep. 
Consequently, if we denote the class of powers of R by Pot‘R, we have 
Pe Pot'R.=: Rep: Sepw.ds.8|Repir,.Pep. 
We might use this as the definition of Pot‘R; but we ean get a somewhat 


simpler form. For the above is shown, without much aifenlty, to be equi- 


valent to 
Pe Pot'R.=.P(| Ry R 


that is, P belongs to the ancestry of R with respect to | R, in other words, P 
is reached from R by Proven along the series 
. R, | RR, | RS| RR, ete. 
which is the same as the series _ 
. _R, R, R, ete. 
The relation (|), is important on its own account. We put 
Ri = (| Bly DE 
and then we put 
— . 
Pot‘R=R,°R Df. - 


We often want to include I | C‘2 among the powers of R; the class con- 

sisting of Pot‘R together with If C‘R we call Potid‘R. The definition is 
| Potid‘R = R,.“(/ f C*R), 
whence we easily prove 
Potid‘R = Pot‘R v e(If C*R). 
The relation of being related by some power of R (other than F[ C*R) is a 
very important one. We denote it by R,,, and put 
Ro = sPot*R Df. . 

Thus when #R,,.y, we have one of «Ry, «Ry, «Ry, etc. It is easy to prove 
ha 
ue Ry = Rh, 9 IP CR. 

R&Wwi 35 
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In a series in which every term (except the first, if there is a first) has an 
immediate predecessor, and every term (except the last, if there is a last) has 
an immediate successor, if R is the relation of a term to its immediate 
successor, R,, is the relation of any earlier term to any later one. 


The next number (*92) concerns itself with some special properties of the 
powers of one-many, many-one and one-one relations. 


The next number (*98) analyses the field of a relation into successive 
generations; e.g. if the relation is that of parent and child, the first generation 
will consist of Adam and Eve, the second of their children, the third of their 
grandchildren, and so on, taking always the longest route from Adam and Eve 
when there have been intermarriages between generations. That is, taking 
any relation P, the first generation is D‘P — C‘P, the second is U‘P — dP’) 
the third is dP?) —d“(P2), and so on. Generally, if 7’ is a power of P (in- 
cluding J [ C‘P), the corresponding generation is 

a‘T-—A(T| P), 
i.e. aT — PHT. 

In order to express this more conveniently, we introduce a new symbol 
minp, which is required also on other grounds, especially in series. “minp” 
may be read “minimum with respect to P.” We regard “Py” as “x 
precedes y”; then in a class a, the “minima of a” will be those members of 
a which belong to C‘P and are not preceded by any other members of a, 


ae. an0*P — Pa. We put therefore 
wminpa.=.v2ean COP — PQ, 
Le. minp = 2a (aeanCO’P— Pa) Df. 


Hence we have aaa = 
minpfa =an CSP — P**a, 


= 
2.e. minp*a consists of those members of an C*P which are not preceded by any 


other members of a. (If a has a single first term, this term is minp‘a.) Thus 
we have, when 7 is a power of P, 


—> wv 
minp‘O‘T = A‘T — P“A‘T. 
—> 
Thus minp‘(‘7, where 7 is any power of P (including If C*‘P), is the 
generation of P corresponding to 7’; thus the whole class of generations is 
—_, 
minp“(“‘Potid‘P. Hence we put 
—> 
. gen‘P = minp“(“‘Potid‘P Df, 
where “gen” stands for “generation.” | 
The notation “minp” will not be much used until we come to series, but 

then it will be constantly used. At present, we shall only give such properties 


of minp as are necessary for our immediate purposes, but in Part V (on series) 
we shall devote a number (*205) to its properties. 
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In this number we also introduce the notation “aBP” for “a ¢ D‘P —d‘P.” 
“BP” may be read “x begins P.” If there is a single beginning of P, this 
—> 
is B‘P; otherwise the class of beginnings is B‘P, which = D‘P—(C‘P. 
-Thus if P is the relation of father and son, B‘P = Adam; if P is the relation 


> v 
of parent and child, B‘}P = Adam and Eve. B*‘P will be the end of P, if 
vu 
there is one; generally, B‘P will be the class of ends, ve. d‘P—D*‘P. The 


— v > 
first generation of P is BSP. If Pe1—»Cls, any generation of P is T*‘B‘P, 
where 7’ is the corresponding power of P. 


The field of a relation consists, in general, not only of the generations of 
P, but also of another part, the part in which, however far we go backwards, 
we never reach a beginning. This part is p*(‘‘Pot‘P. The two parts 
s‘gen‘P and p‘U‘‘Pot‘P are mutually exclusive, and together exhaust C*P. 


The two next numbers, *94 and *95, are hardly ever relevant in subsequent 
propositions, and may therefore be omitted by any reader who is not interested 
in their subject-matter. *94 deals with powers of relative products. It is 
only used in the following number (#95), on “equi-factor relations.” The 
matter to be dealt with in this number (*95) may be explained as follows. 
In dealing with correlations and similar topics, we often wish to consider 
the series of relations 

R, P| R/\Q, |B @, P| RQ, ete. 
Now we have not yet at our command a definition of P’, where v is any finite 
number; thus we cannot define a general term of this series as P”! BR! Q”. 
We need therefore a different method of definition. We have 
P\|RiQ=(PQ)R, PP Ri P=(PLQMR, 
and so on. Thus if 7 is any power of (P|)! ('Q), a general term of our series 
is 7*R. For convenience of notation, we put 
PQ =sg(P||Q)_ Dit. 
Then our series consists of (P*Q)‘R. The sum of all relations of this class 
is considered in this number. 

The principal propositions proved in *94 and #95 are two which have the 

same hypothesis as the Schréder-Bernstein theorem, namely 
R,Sel—>1.0SCDIR.ARCDSS. 
_ These two propositions state that, with the above hypothesis, 
s‘gen(R i S)sm s‘gen“(S| R) 
and pd Pot(R | S8)sm p'd*Pot(S | £). 
The two combined reconstitute the Schréder-Bernstein theorem, since 
sfgen(R| 8) v p'd‘Pot( |S) = DSR 
and. sfgen(S R) v p6d**Pot (S| R) = D'S. 
Thus they present, so to speak, an itemized account of the equality proved by 
the Schréder-Bernstein theorem. 
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Sone < 
*96, on the posterity of a term, is concerned with the properties of R,y‘a, 
< 


chiefly when ReCls—»1. In this case, in general, Ry‘x consists of two parts, 
first an open series and then a cyclic series. Either of these may vanish, or- 
may reduce to asingle term. If we call the two parts 8 and y, the whole of 
8 precedes the whole of y, and 841A, y1Rel—1. Thus if either 8 or v 


<_ 
vanishes, Ry‘x1Rel—+i. If vanishes, the series never returns into itself, 
ee 


that is, Ry‘e1R,, GJ. If y exists, there is a definite power of R, say T, 
such that yey.9,.yTy. If 8 and vy both exist, there is one term, namely 
the successor of the last term of 8, which has just two immediate predecessors, 


— 
one in & and one in ¥; every other term of R,,‘« has only one immediate 
~ a | 

predecessor in Iy‘x. Thus Ry‘x is shaped like a Q, with x at the tip of the tail. | 
#97 deals with the analysis of the field of a relation into families. Taking. 

. 3 . . =>. <— ° 
any member «& of C*R, the family of # with respect to Ris Ry‘x v Ry‘x, which 
we write Ry‘x. Thus the class of families is Ry‘‘C*R. Those families which 

= --> v, = 

contain a member of BSR are Ry““BSR. If we regard Ry“ BSR as arranged 

- - 
in a rectangle, in which the generations are the successive rows, then RyB‘R 


will be the columns. Thus the relation of gen‘R to Ry BR may be regarded 
as a generalized form of the relation of rows and columns. Under a suitable 
hypothesis, each row is a selection from the columns, and each column a 
selection from the rows. This is expressed in the following proposition: 


—v 
F:Rel~+1.BRegen’Rut'A.D. 
- 2 . —_- —- 
Ry BRC Des gen’ R — fA). gen’ R — 6A C Des‘ Ry “BER 
whence we derive existence-theorems for selections in the cases concerned. 


The importance of the ideas dealt with in the present section is very great. 
These ideas dominate the treatment of finite and infinite, the theory of pro- 
gressions and N,, and the transition from series generated by one-one or many- 
one relations of consecutive terms to series generated by transitive relations 
of before and after. Wherever, in short, mathematical induction is used the 
ideas treated in this section are required. The portions of our subsequent 
work in which this section is most referred to are the two sections on finite and 
infinite cardinals and ordinals (Part III, Section C and Part V, Section E). 
In the general theory of cardinals, z.e. in Part III, Sections A and B, before 

. the distinction of finite and infinite has been introduced, the present section 
will be seldom if ever referred to*. 


* The present section is based on the work of Frege, who first defined the ancestral relation. 
See his Begriffsschrift (Halle, 1879) Part m1., pp. 55-87. Cf. also his Grundgesetze der Avrith- 
metik, Vol. 1. (Jena, 1893), §§ 45, 46 (pp. 59, 60). In this work the ancestral relation is used to 
prove the properties of finite cardinals and No. 


*90. ON THE ANCESTRAL RELATION 
Summary of *90. 


If R is any relation, “*Ryy” is to mean “# is an ancestor of y with 
respect to R,” where a term counts as its own ancestor provided it belongs 
to the field of R. The definition of Ry is as follows: 

*x9001. Ry =29 {eeCR: R“pCy.cep.d,-yeu} Df 

That is, eRyy is to hold when « belongs to the field of R, and y belongs to 

every hereditary class to which «# belongs; a hereditary class being a class u 


such that R“p C p, 2.e. such that all successors of u's are p's. 
¥9002. Ry=Cov‘Ry Df 
This definition serves merely to decide the ambiguity between (R)x and 


Cnv‘R,y, either of which might be meant of Ry. It will be shown, however, 
that the two are equal (*90°132). 

The most important propositions of this number are the following: 
¥90°112. | s.cRyy: $2. 2Rw.d,5- fw: geid. py 

Te. if aRyy and if $2 is a hereditary property belonging to w, then it 
belongs to y. | 
#9012. F:rveCR.=.aRye 

Ie. Ry is reflexive throughout the field of R, but not elsewhere. 
#9014. |. DSR, =U‘ Ry = CRy = CCR 


49015. F.IP ORG Ry 
#90151. +. RG Ry 
x9016. +. Ryi RG Ry 

Vv & < 
490163. |. R“ Ryn C RySa 


— 
I.e. Ry‘x is a hereditary class. 
#9017. |. Rg= Ry 
#9021. F:aCCiR.=.aChyfa.s.aC Ry“a 


99022. b: RaCa.s. Ryfa Ca 
Ie. the classes that are hereditary with respect to R are the same as those 
that are hereditary with respect to Ry. 
x9031. +. Ry =ITC Rv R,|R 
#9032. +. R|Ry=RIR|R, R=R, RK 
*9033. |. Ry“a=(anCR)vu Ry“ R“a=(an CR) v RR, Ma 
*904. +.(Ry)y = Ry 
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49001. Ry=29 laeCR: R“wCw.cew.d,.yen} Dé 
49002. Ry=Cnv‘Ry Df 

4901. bi.cRyy.s:ceCR: R“wCp.vew.r,.yep [*21°3.(«9001)]. 
490101. F: Ru Cu. =. R“—-pC—p 


Dem. 
b.x87171. Db: RC w.siveu.cRy. Dy, yout 
[Transp ] =Srye—p.chy.dyy.De—pt 
[*387°17] =:R“—pC—pw:. d+. Prop 


*90°102 is a lemma for *90°11. 


*90°102. bs, Rp Cpadeps yryenisi RuCus yen Dd.cwen 

Dem. 
F.*90°101.5 
br Apu. vem. D.yemrei Rh S—-wC—p.vep.d. yep. 
[Transp] =: R“-pC-p.ye—-p.d.2e—p (1) 
F.(1).*10°11:271.5 
Pi Rew. vem. Dye yeu: 
[*22°94] 
*9011, Fichyy.=:ceCRi RuCp.yew.d,-2epm [901102] 
#90111. bi: cRyy.Si.2eCRi.zew.cRw.d,y.Wepr cept Dz Yeu 

[*90°1 . *37 171] 

*90°112. FicRyy:dz.zRhw.d,y.dwidtid. py 

Dem. 
b. «90111 2) >) 
biraRyy. Di. 262 (p2).zRw.D,,~.we2 (pz): 2e2 (bz): Di ye? (z)t 
[*203] DJ:i¢62.cRw.d, hw: Pur d. py (1) 
F.(1).Imp.3F. Prop 
x9012. FiveCR. =. rRye 


ut 


RM“ —pC—p.ye—pir,- Le—p: 
>RwCw.yem. dy. veut. I+. Prop. 


Hil 


Dem. 
b.x901. Dk: ahye. D.0%6eCR (1) 
b.aS27. #1011. DE: Rp Cu.ceped, cept 
[*3-21] DhiweCOR.DiecCR: RwCp. wep. d,- wept 
[*90°1] 2: aRyx (2) 


F.(1).(2). DF. Prop 
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#9013. biakyy.d.a,yeCR.aRyx. yRyy 
Dem. 
b .*37°16.*383'161.3+. R“CORCOR (1) 
F.x901. Dt:aRkyy.D.a6eCR (2) 
be x94 OF Dh: oRyy. I: ROR COR. we OR. D.yeCOR: 
{(1).(2)] D:yeCR (3) 
b.(2).(8).*9012 Db: ahyy.Dd.cRyc. yRyy (4) 
+. (2).(3).(4). DE. Prop 
The following proposition is a lemma for *90°132. 
#90131. :.cRyy =rsyeCR:i RwCp.yepw.d-LE pw 
Dem. 
F.*90°11:13.9 
bFiaRyy. DiyeCR: RUC mi yep. Dy VE (1) 
F. 43715 .*33°161.3b. R“CRCCOR (2) 
F.xlO1. Dts. yeCRi RpwCu.yepe dy vepid: 
yeOR: ROORCCR. ye CRD. ceCR: 
[x5338] DI: ROCRCCR.D.cxeCR: 
[(2)] D:eeCR (3) 
F.(3).453. Db yeCR: Ri uCw.yeu-d-vepir: 
eeCR: RpCp.yew-ey- cep? 
[*90°11] D:cRyy (4) 
F.(1).(4). 95. Prop 
490-132. | .(R)y= BR 
Dem. 


F. *31°33 . *383°22 . *90°1. 9 
Fr.y(R)jy ew. = yeORi RR pCu.yem- Du Lem: 


[x90131] =:aRyy: 
[*31-11] =:yRyx:.>+. Prop 


In accordance with | our general convention as regards suffixes, and with 


the definition *90°02, Ry means Cnv‘ Ry, not (Bye. 


«9014. |.D‘ Ry =U‘R, = CR, = CR 
Dem. 
b.x9012.*«3831417 .DbiveCR.D.7e Di Ry. ce AU Ry. xe OC Ry 
F.*33'13. Dhk:ive D‘Ry.=.(qy). cRyy. 
[*90°13] D.ce CR 
Similarly b:eveQ‘Ry.D.ceCR 


+. (2).(8)-*3316. DE:eCRy.d.ceCOR 
F.(1).(2). (3). (4). DF. Prop 


(1) 


(2) 
(3) 
(4) 
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. 490141. big! Ry. =. gt R  [*9014. *33: ae 
#*90°15. +. EOS Ea: | 


Dem. 2 
b.a501. *35:101.5F: Ee TORY: =.a=y.yeCR. 
[*90°12} =.c=y.yRyy. 
(%13°13] >. @Ryy: Dt. Prop 


Note that I[C‘R may be conveniently regarded as the Oth power of R. 
By #50" 64°65, when multiplied by R it gives R; also it is contained i in R| R, 


. R| RB, etc. J has properties, as regards relational multiplication, analogous 
to those of 1 in ordinary multiplication; thus to regard J [ C‘R as the Oth 
power of & is analogous to regarding 1 as the Oth power of n, where n is a 
number. | 


#90151. |. RE Ry 


Dem. 

Peel. Db ize. zw. dz, Wepidi.vcep.aRy.Dd.yemr 

[Exp.Comm]  Inakhy.divew.d.yep (1) 

F.(1).Comm.Imp.> 
Fiaky.D:.2em.2Rw.d,.WepivewiDd.yepu (2) 

b.(2).#10°11-21.3 


FieRy.D:.26 me Zhw. dpm We mize pi Dy. Ye pie 
{*90°111 33-17] D:.7Ryy i: D+. Prop 
*90'16. |. Ry/ RG Ry 


Dem. 7 

Feel Ll. Obs. cep. 2Rw.d,..wewi:d:yep.yRv.d.vep (1) | 
F.x90-111.*10°1. Fact . > 

Fi: aRyy.yRv.d:.2em.2Rw. D9. wewievew:rd.yeu.yRv (2) 
F.(1).(2).5 

biraRyy.yRv. di. 26m. zRw.d,w We MiLe wi d.veEep (3) 
F.(3).*10°11:21.*90°111.5 
FiaRyy.yRv. 2. aRyv (4) 


F(A). #10°11-23 . #341. 34+. Prop 
*90:161. F:SGR,.D. S| RE Ry 


Dem. 
+. *3434.52+:Hp.d. §| RG Rgi R (1) 
F.(1).*9016.5+. Prop 
*90°162. |. RPC Ry [*90°151°161] 


vy & e 
*90°163. |. R“Ry ae C Rye [#37301 . 32°19 . *90°16] 


<< 
This proposition is important, since it proves that Ry‘« is a hereditary class. 
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¥90164. +. R“Ry“aC Rya — [437-38:201 . *90°16] 
‘This proposition shows that Ry fa is a hereditary class. 
*9017. +.R2= Ry 

Note that RZ means (Ry)*, not (R?),. 


Dem. 
F. #9013. Dhiekyy.d.cRyy . yRyy . 
[*34°5.410°24] | 2. aRgy (1) 
Rew a <— 

F . *90°163°1 cae Dt: yRyz. Di: ye Rye. d.2¢hya: 

[*32°181] . DI: eRyy. Dd. cRyz (2) 
+ .(2). Imp. Dt: aRyy- yRyz.D.chyz : 

[%11-11.43455] Dr: RUCR, (3) 


F.(1).(3). >. Prop 
HOOUTL. +. RyRy a= Ry a [90°17 . ¥87°33] 
Dem. 
F.x90151.5+.R| Ry GC RZ (1) 
F.(1). 9017.96. me 
#9018. +:PGQ.5.PyCQy 
Dem. 
b. *33'265.Ib:.Hp.3: weOtP. >: we CQ | (1) 


F.*37'201.>)h::Hp.3: Pepe Qiu: 
[*22°4.4)] . Pi uC pm. De Pep cus 
[Fact] me OuCn. LE pd. PeuCy. LE [hie 


[Syl] 2 PMpCu. «LE fo DYE iD: OC p. «LE Dye (2) 
F.(2). 1011/2127 .D 

bi: Hp.ds. Py Cu.mepe Dp yet Di Q"pCp.veps Dn Yeu (3) . 
F.(1).(3).*901.5+:. Hp. Oa OE ay 2. cQyy:. IF. Prop 
*90°21. F:aCCR.= aC Rya.= aC Ry“a 


Dem. 
Fike TS DE a CCR. D:2%¢ea.DdD.vea.ceCR. 
[*90°12] D.vea.rRye. 
[*10°24.%37°1°105 | > .we Ry“a.ve Ry a (1) 
F.x8716.Db:aC Ra. dD.aCd‘Ry. 
[*90°14] >.aCCR (2) 
fF. #3715 .x9014. Db :aC Ryfa.d.aCCR - (3) 


f.(1).(2).(3). 4. Prop 
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49022. 1: R“aCa.s. RyaCa 
Dem, 
F . #901 Dh chy. Dey? Raa. wea. d.year 
[Comm] Dk: RaCa.Draehkyy. cea. Dey Yea: 


[x37171] >: RyfaCa (1) 
b. ¥90°151 . #87°201. Db. Rac Ry“a. 
[422-44] Dh: RyMaCa.d.RaCa (2) 


F.(1).(2). DF. Prop 


49028, braCO'R. R“aCa.s.a=Ry“a [*9021-22] 


*90°23 is useful in the theory of sections of a series (#211). A section of 
the series generated by R is defined as a class a satisfying 


aCCR. R&aCa. 
49024. bt: R“uCu.aCu.d. RyMacp 
Dem. a . Cs 
b.4872. Dk: Hp.d. Ryac yy (1) 
f. 49022. Db: Hp.d. RywC pw (2) 


F.(1).(2). D4. Prop 
This proposition shows that if y 1s a hereditary class which contains a, then 
# contains all the descendants of a’s. 


49025. braCOR. Kyaw. dap 


Dem. s 
t.*90°21 .3+:Hp.d.aC RySa. 
[Hp] D.aCw:OF. Prop 

49026. FiaCOR RpCp. draw. =. Ryacy 

Dem. . 
+. *9024. Db: Hp.d:aCw.d. RyaCu (1) 
+.*x9025. Dk: Hp.o:Ry“aCu.d.aCu (2) 
k.(1).(2).2F. Prop 


*90°27.. Fi.a CCR. Dav Rp Cue. Ryka u RWC mn 
Dem. 
K. *90:26.. Exp . *5°32 . 5 
bs.aCCR. 9: RpwCyw.aCp. 
[*22-59] Diav RwCu.=. 
#9031. +. Ry=IT PCR R,| KR 
Dem. 
F.x9015 16.3. 7° CRU R, RER, (1) 


Zz 


Rp Cp. RyaC p: 
gav Rw C wi. DF. Prop 


by ¢ ill 
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[Fact] DEK:aUIPCRvy Ry R)z.2Rw.d.02Ryz.zRw. 
[*10°24.%34-1] D.a(Ry! R)w. 

[*23°58] D.a(TPCRvy Ry, Rw (2) 
+. *90°13.*503. Db: cRyy.D.0la.ceCR. 

[*35°101] D.c(ITChR)c«. 

[*23°58 | D.cIfTCRv ky, BR). 

[x47] D.cRyy.2(IPCRu Ry| RB) x (3) 


b.(2).(3). x90119 7 ETO oe Fg le 5 
b:aRyy.D.a(IfPCRwu Ry Ry (4) 
F.(1).(4). DF. Prop 

In the last line of the above proof, the process is as follows. Writing $z 
for «(I> C‘Rw Ry| R)z, (2) becomes ¢z.zRw. 3. gw, while (3) becomes 
«Ryy .2.aRyy .ox. Hence, by (2) and (8), 

cRyy .D:aRyy: 62..2Rw . Dz, + Pw i pu. 

Hence, by *90°112, eRyy.>. Py, which is the proposition to be proved. 


#90311. +. Ry =P CR R, Ry 
Dem. 


vw. 


F . #9031 5 . *90°1382.3. 


=e) 


tL. Ry, =I CRv Ry Rk 
[*33°22.*%34-2] =I CR v Cnv( hj Ry) 
[*50°5:51] = Cnv“(I f C‘R) uv Cnv(R! Ry) 
[*31°15] =Cnvi(I fC Ru.R Ry) (1) 
F.(1).*31:32. D5. Prop 
«90°32. |.R Ry =Rv Rk) Ry R= Ry! R (2) 
Dem. 
F.*90°31.D+.R' R,=RiIPCRIR;| Ry: R 
[*50°64] =Ru BR) Ry BR (1) 
[*50°65] =(I>CR)' Ru Rk ky Rh 
[*90°311.*34°26] = Rk, | R (2) 
k..(1).(2). D5. Prop 
*90°33. +. Ry“a=(an OR) vu Ry Ra=(an CR) uv RRM a 
Dem. 
F. «90°31 . *37'221.) 
t. Ry“a=(1 f CR) “au (Ry, RB) a 
[*37°412°33] = 1(C Bin a)u Ry Ra 


[K5016] =(C'Raa)u Ry Ria (1) 
Similarly, by *90°311, 
+. Ry“a=(CRaa)v RYRy Ma (2). 


F.(1).(2). DF. Prop 
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*90°331. |. Ry a= =(anC*R)v Ry ftR ‘a= Ss an OR)v R“Ry a 
_ [Proof as in *90°33] 
*9034. FraCCR.D. Ry“a=avu Ry“ R“a=au R“Ry “a 
[#9033 422621) 
#90341. F:aCO‘R.D. Ry‘a= =au Be“ Ria = =au Rega 
[*90°331 . *22°621] | 


<_ 
*90'35. b:.0R) yz. 3: R“uCu.RaCp.r,.zep 


Dem. 
F.*382181.. D+: 0Ry. ap a : 
[22-46] | >: RaCy. D-yens 
[Fact] By Rep Cu. RirCp. >. R“uCp. yew (1) 
F. 901. Dh yRyz. Di RwCu.yep.d.zep (2) 


v — 
F.(1).(2).DF:.cRy.yRyz.d: Rup. Se ak D.Ze pr 
[*10°11-23.434-1] Db :.c2R| Ryz.d: R“pCp. RaCp. D.zeuw (3) 
F.(3).*101121.35+. Prop 


*90°351. br Ryu. Rey. Dpzepid.aR| Ryz 


Dem. 
F.*90172. Fact. D+:cR| Ryz.zRw.>.aRyz.zRw. 
[434-1] D.cRy| Rw. 
[*90°32] >. aR| Ryw (1) 
b. (1). #87171. DF. RS (aR | Rye) C2 (@R| Ry2) (2) 
F . *90°32. DhieRy.d.c2R| Ryy: 
[432181.%203] Db: ye Re.d.ye2(eR| Ryz): 
[410114221] Dk. R&C 3 (wR | Ryz) 8) 


F.(2).(8). «101.5 
~ < 
bi. Ru Cw. RaeCw.d,.2eu:D.262(eR| Ryz). 
[*20°3] 2.2R| Ryz:. +. Prop 
v <— 
*90°36. b:.0R) Ryz.=: R“pwCu.RaeCp.d,.2¢m [9035351] 
Dem. . 


b. x90-112 “ae See | 5 


> 


bi.a(Ry)yy: oRyz.zRyw .Dz,0+cRywicRycrd.aRyy (2) 
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.x9013. Db: 2(Ry)e yD. ce ORy. 


[*90°14] D.ceCR. | 
[*90°12] D.cRye (8) 
F.*9017 Db :aRyz.zRyw.,,-cRyw (4) 


.(2).(3).(4)- Db: e(Ryyey- I. cRyy (5). 
F.(1).(5). DE. Prop : 
#9041. +.C°Py ba=an OP 


Dem. 
b.«37'41. Dt.C’Py Pa=an(Py au Pya) (1) © 
b. (1). 487-1516 49014. 3+. CP, PaCan OP (2) 
F. *90°33°331. Dk.an CPC Py fav PyMa (3) 
F.(3).(1). Dhk.anCPC OP, [a (4) 
F.(2).(4). D+. Prop 

*90'42. |.(Q4 [ a)y=Qy [a 

Dem: : 
F.*¥9018. DE. (Qe ta), (Qe )ae . 
[*90°4] — CO | | / (1) 
F.*9013. Dk:2(Qylaley-D-z,yeCQy fa. 
[*90°41] D.@,yea (2) 
F.(1)-(2).DF.(Qy [ae © Oy Fa (3) 


t.(3).*90151. 54+. Prop 


*91. ON POWERS OF A RELATION 


Summary of *91. 
In the present number,:we consider the class of relations | 
Rete, RY sae 
Each of these has to its predecessor the relation | R; we have 
R=| RR, =| RR’, ete. 
Thus every term of the series has to R the relation (|); hence the powers 
of R may be. defined: as those. relations which have to R the relation (| R),. 
The series of powers starting with J{C‘R instead of with R is similarly 
composed of those relations which have to J. [C‘R the relation (| R)y. (This 
class consists of the previous class together with J[C*R.) To say that the 
relation Ry holds between x and y turns out to be equivalent to saying that 
one of the relations 
IS CR, R, RR, ... 
holds between # and y; and to say that the relation R| Ry holds between 
2 and y turns out to be equivalent to saying that one of the relations 
R, RR, RB, ... 

holds between « and y. Thus we might have begun by defining powers of R, 
and proceeded to define Ry.as their sum. 

For notational convenience we put 

Rig = (Ry Df 
Then the definition of powers of R excluding Jf C‘R is 
Pot‘R =h,<R Df, 
and the definition of powers of R including Jf C‘R is 
Potid‘R = R,(I} OR) Df 

(Here the letters “id” are added to suggest that identity is to be added to 
Pot*R.) 


We put also 
Ry = sPot*R Df. 


Many of the propositions. in this number are very often used. Among the 
more important propositions are the following: 


#9117. |:.PePotid'R: 6S.9;.¢(8|R):@U PCR): 3. ¢6P 
#91171. +:. Pe Pot! R: dS. 95. 6(8| Rh): dh: 3.6P 
*91:373. | :. Pe Pot'R.Dp. dP: =: OR: Se Poth. dS.55.6(8) R) 
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These are formulae of induction. The first’ two state that"if the property 
¢ is hereditary with respect to | R, then if ¢ belongs to Jf C‘R it belongs to 
any member of Potid‘R, while if ¢ belongs to R it belongs to any member of 
Pot‘R. The third gives a form of induction which is sometimes more powerful 
than the second. It states that if @ is hereditary provided its argument is a 
power of R, and if dR, then every power of FR satisfies ¢, and vice versa. 
*91-23. +. Potid‘R=1(1 [ CfR) v Pot!R 
#9124. |. Pot‘R=| R“Potid‘R 

These two propositions are very useful as giving relations of Pot‘R and 
Potid‘R. 

*91:27. +: Pe PotidsR.D.CSPCOR 
¥91:271. +: Pe Pott R.3.DSPCDR.AP CAR 

We do not have in general Pe Pot‘R.D.D{‘P=D‘R.UP=Q45R. If 
& is the sort of relation which generates a series (z.e. is either. itself serial, or 
such that R,, is serial), the above would characterize a series without a first 
or last term. To illustrate the matter, consider a series of four terms, 2, y, z, w, 
and let R be the relation of immediately preceding in this series. Thus R 
holds between x and y, y and z,z and w. Then R? holds between x and z, y 
and w; thus z, which belongs to D‘R, does not belong to D‘R?. R? holds only 
between z and w; thus neither y nor z belongs to D‘R*. All powers of R 
beyond the third are null. On the other hand. if we take a cyclic relation, 
‘such as that of Jeft-hand neighbour at a dinner-table, we shall always have 
D‘P=DSR. ASP = CR, whatever power of RP may be. 

#91:'282. +: Pe Pot‘R.3.P| Re Pottk 

This proposition shows that Pot‘R is a hereditary class with respect to | R. 
#9134. 1: P,QePotid‘R.3.P|Q=Q|P 

This proposition states that the relative product ts commutative when 
each factor is J.[ C‘R or a power of R. 

We come next to propositions concerning R,,. We have 
*91:502. +. RGR, 
¥*91°504. +. D‘R,, = DR. OR, = AR. CR, = CCR 
#91511. |. R,,|RER,, 

*91-52. FR = ky | R= Ri Ry 
#9154 +. Ry, =I CRuR,, 

*91°52°54 are fundamental in the theory of inductive relations. 
#91542. FiaRgy.cty.=.cR, yy. cy 

This proposition is particularly useful when (as often happens) we have 
R,,€ J. In that case, it gives Ry, = Ry A. 

- \ 
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*91'55. +. Ry = sPotid‘R 
#9156. +.R2CR,, 
Thus &,, is always transitive, which is one of the three characteristics 


of serial relations (cf. *204). We shall find that R,, is often serial when RF is 
not so. 


#91574. | . Ry| Roo = Ryo | Rye = Ryo = R| Ry = Ry| B 
#91602. |. (Role = Ry 


49101. Ry =(B\y “Df 
49102. R,,=(| Ry Df 
491-03. Pot‘R=R,!R Df 
491-04. Potid‘R=R,(POR) Df 
49105. R,.=sPot‘R ‘Df 


The first two of the above definitions are introduced merely for notational 
convenience. The other three represent ideas of great importance. The last 
is especially useful when a series is given as the field of a one-one relation 
between consecutive terms—as, ¢.g., when the series of natural numbers is 
given as the field of the relation of n ton+ 1. Then R,, is the relation of | 
any earlier term to any later term—eg., in the above case of the natural 
numbers, the relation of a less integer to a greater. 


#911. bi: PRQ.=: Sen. dg. R)\Seu:Qeyw:d,.Pep 
Dem. . 
b . 42. (#9101). 3 
F:: PR.Q- 
[*90°11] 
[*43-3.433'161] 


: P(R|)y Qt 

2 PeOC(R|): (Ri) uCu.Qenw.d,.Pepu:. 

7. (Rj)uCu.Qeu.d,-Pepu:, 

[*37°61] Sep. dg. R|SepiQewi:d,.Pep:. 

(*43°11] Sep.dg.Ri|SeprQepid,. Pepi Dt. Prop 

49111. bi: PR,Q.=:.Seu.d5.8|Rep:Qeu:d,-Pep 

#9112. +: Pe Pot‘R.=.PH,R [*32°18 . (491-03)] 

#9113. F::PePot‘R.=:.Sep.93.8| Rew: Rep:d,.Pep 
[¥91-11-12] | | 

#9114. +: PePotid‘R.=.PR, (JP CR) [32:18 . (x9104)] 

#9115. F:: PePotid’R.=:.Sep.2g.8|Rep:lTfPCReu:d,.Pep 
[491-1114] | 

#9116. birch, y.=:.(qP):.Sep.d5.S|Reu:Reuw:d,. Pep: aPy 
[4#4]-11 . (491-05) . #9113] 


How i Wo 
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#9117. +s. Pe Potid'R: 6S.3;.6(S|R):6(Zf C'R):D.4P 
[* 91155 rad 
B 


¥91:171. + :. Pe Pot‘R:6S.3;.6(8|R):¢R:>.¢P 
| «9113 =E°)) 
rv) 


These propositions are of great importance, because they enable us to 
prove that a property @ belongs to every power of R if it belongs to R 
(or J[ C‘R) and also belongs to S| R whenever it belongs to 8. 


¥912.  +:QR,P.>.(Q|R) RP 


Dem. 
F.*43°101 . (¥91°02). 5+: Hp.d. (Q|R)(\R)Q. Q(| R)yP. 
[¥90'172] —-d.(Q|R)(| RP. 
[Id.(%*91-02)] ; 2.(Q| 2) RP: D+. Prop 


#91201. |: QRyP.D.(R|Q)RyP [Proof as in #91-2] 
#91204. F: P{R,|(|R)} Q.=-PR,.(Q| R) 


Dem. 
F.*341. 3b: P {Rye |(|R)}Q.=. (qr). PRT. T(|R)Q. 
[*43°101] =.(qT).PR,7.T=Q|R. 
[*13-195] =. PR,,(Q| 2): 3+. Prop 


#91:205. : P {Ry |(R|)}Q.=.PR,,(R| Q) 
#9121. +.R,=Iu R,|(jR) 
Dem. 
F903] . (#9102). 3+. R= IP C(| B)e R,,| (| R) 
[*43°311] =Ivu R,,|(|R).d+. Prop 
#91211. +. Ry =I Ry|(R}) | 
#91212. + :. PR,.Q.=:P=Q.v.PR.(QjR) 


Dem. 
F #9121 .%501.3b:.PR.Q.=:P=Q.v.P{R ts| (| R)} Q 
[*91-204,] =:P=Q.v.PR,,(Q| R):. 5b: Prop 


*91-213. |: -PRQ.= :P=Q.v.PR,(R|Q) 
*91-22. Ff. BeQneQu BQ |R) [91-212 . 82-18 . «51: 15] 


#91221. |. Ry !Q = =uQu Raf (2! Q) 
*91:23. |. Potid‘R =1(I} CR) v Pot*R 


Dem. 
F . 91-22 . (491-04). D+. Potid'R =e(If C*R) v BI PCR) | R} 
[%50°65.(*91-03)] = t(LP C*R) v Pot‘R. D+. Prop 
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—_—> 
491231. |. Ry fI = eT v Pot!R [91-22 . (491-08). #50°4] 
#9124. |. Pot‘R=| R“Potid‘R 


Dem. 
t.#9112.D+:PePot'R.=.PR,R. 
[*50°65 ] =.PR,,(1fCR|R). 
[*91-:204] =.P{R,|(|R)} ZP CR). 
[*90°32.(*91°02)] =.P{(| R)| KR, UP CR). 
[487°3] =. Pe| R“R, «(IP OR). 
[4°2.(%91°04)] =.Pe|R*Potid‘R: D+. Prop 
#91241. +: TR,P.D.(Q|T) Ris (Q| P) 
Dem. 
t.*91°212.D+.(Q|P) Ri. (Q| P) (1) 


b.x912. D:(Q|S)R.(Q|P)-I- (Q |8|R) Ra (QIP) (2) 
+a) @) apt SGI) Bal @LP I 55, Prop 


The last line of the above proof is obtained as follows: writing p for 


8 {(Q1S) Rr. (Qi P)}, (1) becomes | 
Pep (1), 
while (2) becomes Sep.d.S|Rep (2). 
But by *91‘11, writing T for the P of «91-11, and P for the Q, we have 
TR,.P .D:.Sep- DSi Rep: Pep:d. pat 
Hence, by (1) and (2), TR,,P.d.Te py, ve 
TRP «> .(Q| T) Brs(Q| P), 
which is the proposition to be proved. 
—> 
*91:242. +: SR,,(Q| P).d-SeQ|“RfP 
Dem. 
—_ 
b.49122 44311 DF. QO( Pe Q |“ RfP qd) 
b. 4871. #43129 
—p 
F:SeQ|R,6P. 


Ul 


—_ 
(q?). Te R,fP .S=QiT. 


—>p 
[491-2] >.(q7).T| Re Rf P.S|R=Q|T(R 
> 
[H3T 1431] 2. 8| ReQ|RytP (2) 


Raf re 


ba). 2.x 2 ne DF. Prop 


*91°25. +. RQ i\P)=Q “CR, <P 
Dem. 
= — 
b.*91242 DF. RQ) P) CQ h,.6P (1) 
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=> — 
F.x91-241. DE: Te R,fP.S=Q|7T.5.S8¢R,,(Q|P): 
> —> 
[*10°11-23] DE:(q7). Ne = Qi. ».Seh,.“(Q| P): 
[*37°1.*43°1] DE: SeQi* RKP. >. SeR. (Q|P) (2) 
F.(1).(2). DE. Prop 


491251. +. Ry(Q|P)=|PRyQ [Proof as in #9125] 
~ ~ I 
491-26. +. Ry Q= QR, «I | xo1-25 P| 
| > ~ LQ 
#91261. |. RyfQ=| QR I [x91 251 5 
— 
491262, b: T'QCOR.D. RQ =Q) “Potid'R 
[#912571 IP OR 50-62 . (x91 04) | 
—>p 
91-263. |. F,.(Q| R) = Q\Pot’R | 491-255 25 (x91 03) 
491-264. | .Pot'R= eR vu Ri Pot!R Casini | 
491-27. +: PePotidR.D.CPCOR 
Dem. 
b.505:52. DE. OCIS O'R) = OR. 
[e2242] DE. CCI N CR) COR (1) 
b. #3438. DEO CCR.DOWS|R)COR (2) 
Fb. (1) 6 (2). «91: wae. D+. Prop 
491271. ts Pe Pot'R.D.DSPCD'R.CP COR 
Dem. 
be22-42. DE. DR CDR.GRCOR (1) 
h.#8436. DP D‘SCD‘R.D.D(S|R)CD‘R.A(S!R)CAR (2) 
‘ c € 
F.(1).(2). #91171 ea Seek a eel st: Prop 
#9128, +: Pe Potid‘R.D. P| Re Pot!R [91-24] 
491-281. +: Pot’R C Potid'R .| RPotid'R C Potid’R [91-23-24] 
491-282. |: Pe Pot'R.D. P| Re Pot'R [#91-28-281] 
491-283. F | R“Pot‘RCPot'R [91-282] 


The following propositions show that the relative product of two powers 
of R is commutative, ze. (cf. *91°34) 


P,Q Potid’R.D.P:Q=Q|P. 


We also have (cf. #91341) 


P, Qe PotidR.D. P' Qe Potid'R. 
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It is these propositions (as will appear in the sequel) which are the source 
of the commutative law for the addition of finite ordinals. Ordinals in general 
are not commutative, just as relative products in general are not commutative ; 
but owing to the fact that relative products whose factors are powers of a 
given relation are commutative, finite ordinals are commutative. 


*913. +:PePotid‘R.>.R|P=P|R 


Dem. | 

t.4506465 DE. RITPCOR=IPCR|R Qa) 

48421. Dt. R|(S|R)=(R|S)|\R | (2) 

b.48427. DE:R|S=S|R.D.(R|S)|R=(S|R)|R. 

((2)] >.R|(S|R)=(8S| R)|R (3) 

{ sek 

b.xora7 ZIS=SIR 5 

t:. PePotid‘R: R|S=S|R.D5- R\(S|R)=(8|R)|R: RIP OR=IP CRIB: 
>.R|P=PIR (4) 


F.(1).(3).(4). D4. Prop . 
491-301. t: Pe Ra(I}C'R).D-R|P=P|R [Proof as in #913] 
491-302. | .| R“Potid«R = R|*Potid'R 


Dem. 
b. *91°3.*13°'182.Db:. Pe Potid’sR.3:S=R[P.=.S=P|R: 
[*43°1°101 ] 2:S(R|)P.=.8(|R)P (1) 


b.(1).#5°32. D+: Pe Potid‘R.S(R)) P.=. Pe Potid'R.S(|R)P: 
[x10°11-281] Dt:(qP). Pe PotidR.S(R)P.=. | 
(qP). Pe Potid‘R.S(|R)P: 


[437-1] Db: Se Ri Potid(R. =. Se| R“Potid‘R: Dt. Prop 
>> 
491:303. | .| Re Ryf(I} OR) = B| Ref POfR) [Proof as in #91302] 
*91:304. + .| R“Pot‘ R= R|*Pot*R [Proof as in *91:302] 
491-31. +. Pot‘R= R\PotidéR [491-2401] 
—_ : 
49133. |. Potid¢(R = Ry ‘(I ft CR) 
Dem. 
+ .¥91-23. DF. IP O'Re Potid'R (1) 
e913. Dk: PePotitR.D.R|P=P|R. 
[x91-281] >. Ri Pe Potid'R (2) 
b.(1).(2). 911 POU 54: PRACT POR).d.PePotid'R (3) 
Be 
+. 491301. Db: PR, (IP OR).>.P|R=R|P. 
[*91-201] 2 .(P| R) Ry Z PCR) (4) 
b. #91213. DF. (I PCR) Ry (IP CR) | (5) 
b.(4).(5) 491-17. DF: Pe Potid‘R. >. PRy (IP OR) (6) 


F.(3).(6). 5. Prop 
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ed 
*91'331. |. Pot‘R=R,,‘R 
Dem. > 
F . #912433. D+. Pot‘R=| R“R, “(Lf CR) 
[*91-251.%50°65] =R,{R.I+. Prop 
*91:34. [:P,QePotid‘R.3.P|Q=Q|P 
Dem. 
*50°62 . #9127. 5+: Pe Potid'R.D.P|(I PCR) =P 
[*50°63.*91°27] =(ITC'R)|P (1) 
F. 34°27 . It: PePotidsR.P|S=S|P.5.P|S|R=S|P!R 
[*91°3] =S8|R|P (2) 
b.(1).(2). wor EES D+. Prop 
This is the commutative law for the relative product of two powers of R. 
#91341. +: P,Qe Potid‘R.D. P| Qe Potid‘R 


Dem. 
t . #50°62.*9127.D+: Pe Potid‘R.D. PII PCR) =P. 
[#1312] >. P| (LP CR) ¢ Potid‘R (1) 
b . #91-281 . D+: P|SePotid‘R.D.P|S| Re Potid'R (2) 
b.(1).(2). «91:17 es . D>. Prop 
¥91'342. +: Pe Potid‘R.Qe Pot'R.D. P| QePot'R 
mee +.491°28. Dt: PePotid‘R.D.P| Re Pot'R (1) 
f. 491-282. D+: P| Qe Pot'R.D.P|Q| Re Pot'R (2) 
F.(1).(2).%91°171. 3+. Prop 
#91343. +: P,QePot‘R.>. P| Qe Pot‘R [*91-342-23] 
49135, b. IP ORe Potid‘R [*91-23] 
#91351. t. Re Pot!R [*91-264] 
*91:352. +. Rte Pot*R | [*91-282-351] 
49136. +: PePot‘R.D.P|R,R|PePot'R [91343351] 
49137. /:. Potid'RCw.=: I} C'Rew: Se Potid'R. Sep. ds. 8) Rep 
Dem. 


F . *91:281:35 .D 
Fs. D2 PC'Repw:Se Potid’R.Sep.d5.S8|Rep:=: 
IP C’Re Potid‘R IP CRew: Se Potid'R.Sep.d5.8|Re Potid‘R.S| Rep: 


[*91-17] 5: PePotidtSR.D.Pep (1) 
F.*9135. Db: Potid’RCw.d.I PC Rep (2) 
F.*91°281.5:. Potid‘R Cu.3:Se Potid'R.D,.S| Rep: 

[3°41] 2:SePotid‘R.Sew.d,.S|Rep (3) 


F.(1).(2).(8). DF. Prop 
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*91:371. | :. Pe Potid’R.Dp.g¢P:=: 
(IP C‘R): Se Potid‘R.GS.35.6(S8|R) [*91-37] 
*91:372. F:. Pot‘RCpw.=: Rep: Se Pot*‘R.Sen.d,.8| Rep 
[Proof as in *91°37] 
*91:373. F:.. Pe Pot‘R.Dp.¢P:=:6R: Se Pot'R.dS.3,.6(S8|R) 


[*91°372] 
= sane P,R 
«91°41. +.&,.“(P| R)=P\*Pot'R | #9125 orp (#9108), 
~~ 
#91411. |. Ri R| P)=| PX Pot! Rk. | 01-251 G - 491-831 | 


=> 
49142. +. R,fP=UPv Pl Pot'R [*91-22'41] 


491-421. b. Ry!P=UP ul P«Pot!R [¥91-221-411] 
#9143. +:PePot‘R.QR.P.D.Qe Pot'R 
Dem. 
F.*9142.3+:.Hp.d:Q=P.v.QeP|‘Pot*k: 
[37 -1.%43°1] 3:Q=P.v.(q?).TePot'R.Q=P\T: 
[*13°12.*91:343] 3: Qe Pot‘R:. +. Prop 
*91°431. ': Pe Potid‘'R.QR,P.>.QePotid‘R [Proof as in *91°43] 


#9144. +:.P,Qe Potid’'R.9:QR,P.v.PR.Q 


Dem. 
b.x9114. Dk: Pe Potid‘R.D. PR, (If CR) (1) 
K.x912. DE: QR, P.D.(Q|R) RP (2) 
F.*91:212.3b:. PR,Q.3:P=Q.v.PR,,(Q| RB). (3) 
F.*91:212.D':P=Q.5.QR,P. 
[x91-2] >.(Q| RB) ByP (4) 
F.(3).(4). DF: PRQ-3:(Q| RK) RPV. PR. (QB) (5) 


F.(2).(5). Db: QR Pov. PR .Q:3:(Q|R)R,P.v.PR.(Q)R). (6) 
F.(1).(6).#91-17.5+. Prop 
«91-45. |: P,QePotid‘R.3:(q7): Te Potid’ Rk: Q=PiT.v.P=Q'7 
Dem. ie cis . 
F. ¥91°262°27 .Dt:. Hp.d: R,fP =P “Potid’R. R,6Q= Q |Potid’ Rk: 
[*37°1.*43°1 | 3: Q2R,,P.=.(q7).TePotidR.Q=P|T: 
PR,.Q-=-(qT)-TePotidsk.P=Q'T (1) 
F.(1).*91°44 .*10°42. 36. Prop 
#9146. §:.P,Qe Potid'R.3:(q7): Te Potid’R: Q=T/P.v.P=T)\Q 
[91-45-34] 
‘The remainder of this number is concerned with &,, and its-relations: 
to fx. 
*91502. +. RGR, [#91351 . (491-05). *41°13] 
*91:503. F. R?GR,,  [*91°352. («91'05) . *41°13] 


Ml Uh 
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*91504. |. D‘R,, = DIR. OR, = AR. OR = CR 
Dem. 

F. 91-502. DF.DSRCD‘R,, 
F. #91271. *40°43.5+.sSD“Pot'RCD‘R. 
[*41:43] Dt. DIR, CD‘R 
F.(1).(2). I+. DSk=D‘R,, . 
Similarly .d*R=(1‘R,,.CR=CR,, 
F.(3).(4). D4. Prop 
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(1) 


(2) 
(3) 
(4) 


The following propositions are concerned mainly with the relations of R,,, 


and Ry. These relations are embodied in the propositions 
Ryo = Ry| R= R| Ry (49152) 
Ry=I-CORYR,, (*91°54) 


and Ry = 8Potid‘R (*91°55) - 
¥9151. |.R, R=R#/R,, 
Dem. . 
F .#43°421 . (#9105). 3+. R,,| R= 8s R“Pot‘R 
[*91°304] = § Rj “Pot'R 
[*43°42.(%91-05)] = R| R,- I+. Prop 


49L5IL. |. Ryoi RE Ry [¥43-421 . 91-283 . 41-161] 


*91:512. +. RC Ry| Rk 
Dem. 
F. 90°32. DF. RER,|R 
F.x9016.DF: SCR! R.D.SECR,. 


[434-34] D.S|RGRy|R 
(1). (2). sorry SS lei E 5p : PePot‘R.>.PE Ry|R: 
[*41-151.(%91-05)] DH. Ry € Ry| R. Dt. Prop 
491513. |. Ry € sPotid’R 
Dem. 
b. #901127 ee eee D 


F:.¢Ryy : « (8Potid‘R) z.zRw.D, ». x (sPotid‘R) w : 

x (sPotid‘R) «:.D. 2 (sPotid‘R) y 
f.#43'421. DF. (sPotid'R)| R= 8 | R“Potid‘R 
[*91-281 41-161] GC #Potid‘R. 
[*34°1.%10°23] DF : w (s*Potid’R) z. zRw. Dz». «(8 Potid’R) w 
F.*90138. DhkieRyy.Dd.ceCR. 
[*50°3.*35°101] D.cIPCR)«. 
[¥91-35.%41-13] D>. #(8Potid«R) x 
F.(2).(3).4#471-'73 3+: Hp). =.0cRyy 
F.(1).(4).3F saRyy. >. «(sPotid‘R)y: D+. Prop 


(1) 
(2) 


(1) 


(2) 


(3) 
(4) 
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#91514. |. Ry| RE R,, 


Dem. 
F.*91513.3+. Ry| RE (sPotid‘R)| R 
[#43°421] GC &| R*‘Potid‘R 
[*91-24] G #Pot!R 
[(*91°05)] CR, - IF. Prop 


49152. |. R= Ry|R=R{| Ry [*91°512-514. 90-32] 
#91521. +: Pe Potid‘R.=. Pe Potid‘R 


Dem. 


: ¢ ww Nw 
F 99115 OE Dt:: Pe Potid‘R.D:. 


If} O'Re Cav“: Se Cnv“p. 5. 8| Re Cnv“p: >. Pe Cnv“p 


b.a7251311. Dt: PeCnv“p.=.Pep 
F.(2).*50°5°51.Db:TP CReCnv“p.=.l[ PO Rep 
F.*31'51. Dh. SeCnv“p.d3.S|ReCav“pr=: 
SeCnv“‘w.95.8j Re Cnv“u: 

- [(2)#84°2] =:Sep.od,.R\|Sep 
F.(1).(2). (3) -(4).9 
ess : Pe Potid‘R. >: IP C'Rep: Sep.os-R|Sep:d. Pep 
F. (5). #10°11-21 . *91-1°38 . > 
F: Pe Potid‘R.D. Pe Potid‘R 
LODE, #31°33.D+: Pe Potid‘R.>. Pe Potid‘R 
F.(6).(7). DF. Prop 


*91522. b: PePot‘R.=.PePot'R [Proof as in *91°521] 
49153. +.B, =(R)po 


Dem. 

Ms f.x9152.D4.R = Bl Ry 
[*90°132] =R | (R)y 
[*91°52] = (B) yo « DF. Prop 


*91:54. -.Ry=ISCRoR,, [*90°31.*91°52] 


491541. +. RyaAJ=R,, AT 


#91542. br acRyy.cty.=-oR,y.cty [#91541 25011] - 
#91°543. +. RyB=(B aOR) v Ryo B 


Dem. 


f . #9154. #37221. Db. RyB= (IP COR)“ Bu Ry“ B 


[PART II 


(1) 
(2) 
— () 
(4) 
(5) 


(6) 
(7) 


[*25°401 . (50-02) . 35-441 . #9154] 


[*50°59] =(BnCR)v BR,“ B.D. Prop 
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*91°544, 
*91°545. 


*91°546. 
*91°'55. 


Dem. 


*91°56. 


Dem. 


*91°561. 
*91°562. 
*91°57. 

*91°571. 
*91°572. 
*91°573. 
*91°574. 


Dem. 


#91575. 


Dem. 


*91:58. 
*91'581. 
*91°59. 


Dem. 


fF 
t 
F 
- 


Ss is a as A Se ae 
te 
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 RyfB =(B 0 CR) v RB 

:BCOR.D. RyB=Bv RB [#91543 . ¥22°621] 
:BCOR.D. Ry“B=BV Ryo B 

. Ry = sPotid'R 


.*91-23.D+. i Potid R= i [(IP OR) v Pott Bi} 


[*53-17.(49105)] - =P. ORR, 
[*91°54] =Ry.Ot.- Prop 
-RZER, . 
b.*9152.3+.R2=Ry|/ Ri Ry|R 
[*90°16] € Ry| Ry| R 
[*90:17] € R,|R 
[*91°52] CR,,.I+. Prop 
2 SCR. TE By- Dd. 8) TE Ryo [*34-34 . #91°56] 
:SGR,,.3.S|RER,.R| SER,  [*91-561-502] 
-R,=Rw R,| R= Rw R|R,, [*90°32 . *91°52] 
Ry. | R= B| Ryo [¥91°52] 
Ryo + (Ryo |R)ER [491-57 . #22°9°43] 
R,o--(R|R,.) ER [*91°571:572] 


» Ry| Ryo = Ryo| Ry = Ryo = R| Ry = Ry| RB 


+9152. D+. Ry! Ry = Ry | Ry| B 


[90-17] = Ry|R | (1) 
+.*9152.D+.R,,|Ry=B| Ry| Ry 
[*90-17] =R| Ry (2) 


F.(1).(2). #9152. D4. Prop 
Rj, = B| Ry = Ryy| R= R?| Ry = Ry| R= R| Ry! RB 


b. #9157452. 3+. RZ=RB!R,= Ryo! R (1) 
F.(1).#91'52. 24. Prop 


t:PePotid'R.D.PG Ry [491-55 . 41-13] 


>PePot'R.D.PER,,  [*41:13 .(*91:05)] 
F:RGES.D. Ry o&S, 


bo 


F.*9018.D+:Hp.D. Ry € Sy. 
[*34°34] >. Ry| RESy|S. 
[*91-52] >. Ryo E 8,9: Dt. Prop 
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#916. frQePot*R.D. Pot"QC Pot*R. QE Ryo 


— Q,S Pot*R 
OS e Pot 
Fi. Pe Pot'?: Se Pot‘R.D;.S8|Qe Pot!R: Qe Pot‘R:3.PePot‘R (1) 
 . #91343. Dk: Ve Pot!R.D: Se Pot‘ R.D,.8|Qe Poth Q 
F. (1). (2). DE: Pe Pot'E. Qe PottR.D. Pe Pot'R: 
[Exp.*10'11-21] D+: Qe Pot‘R.3. Pot*GC Pot'R. (3) 
f*41-161] >. Qo E Ryo (4) 
F.(3).(4).3+. Prop 
*91°601. | .(B,,)p0 = Roo 

Dem. 
F 49150234. Bi € (Ryo) yo (1) 

Rh, SER 


- 47 po> pe ‘ 
#91171 > ay $5 > 


y 


t 2. Pe Pot 'Ryyt SE Ryo» Dy +S} By € Ry t Ryo € Roy? Ds PE Ryo Q) 


b. #3434. 491056. Dr: SER,.Ds.8/) FP, CR, (3) 
Fk. (2). (3). *23'42 . D4: Pe Pot'R,, .3.PCR,,: 
[x4b-151] DE. (By o)no € Ryo (4) 
F.(1).(4). 3 F. Prop 
*91°602. | . (2, x= By: 
Dem. 
b. £9954. (Boe = FP CRY (Ryo)no 
[*91-504'601]} =ITCRw R,, 
[*91'54:] = Ry. . Prop 
*91°603. | .(By)ro = Ry 
Dean. 
b.xX9E52 DE. Ry) po = Cyd | Ry 
[#90°4] = Ry | Ry 
[*90°17} = Ry.3+. Prop 


we — 
#9162. b:.cRh,y-=2RpCu. RaeCu.d,-yem [91:52 . #9036] 

This. formula should be compared with *90°}, m which an analogous 
formula is gtven for Ry. It will be observed that here we do not require to 

<_— 
add we C*R, for if R‘a = A, the above formula leads to #k,,y.>. ye A, ze. to 
<< 

~(#R,.y). Hence B,y.F. a! Rx, te. ch, y.D-.0%¢e DSR. It will be ob- 
served that «R,,y holds whenever y belongs to every hereditary class which 
contains the immediate successors of 7, whereas xRyy holds whenever y belongs 
to every hereditary class to which « itself belongs. 


LT. +. R,“OR=DR. RB, “DR=CR [#91504 437-25} 
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¥OLTL. bs RM pC pees Bogie wes» Ryle Cu 


Dem. 
b. #9022132 .3-4: RwCw. =. RyuCu. (1) 
[*91'602] =. (Ryo)yfSu Cpe 
R17 
}@ a : = + By“ pe Cp. (2) 
_-.(1).(2). 35. Prop 
«91-711. Fr RMuCpw.d. Rus Rp. 
Dem. 
kK .#91°7152).487:'2.. D+: Hp... “uC Rp: (1) 
b.491'502 « Db. Ry © Ryo (2) 
‘F.(1).(2). D+. Prop. 


The above proposition is:used: in the theory of minimum: points: in. a 
series (#205°68). 
#9172... +.B (a 0 Ry “a) = Ryo “a: 
Dem. 
b. #372233. 5. Rau Be) = Rau (BR | BR) Me 
[*37-°221] =(Ru R| R,,)a 
[91:57], -= Rh, “a. o-F. Prop 
R* 
¥91:73. +2. P, QePotid‘R.P+Q-3:(qP) Te Pot*R:Q = Pi T.v.P=Qi LF 
Dem.. 
t. #9145 .2° 
t:.Hp.O:(q7): Te Potid’R:Q=P\|T.P|\T+P.v.P=Q\/7T.Q|T+#Q (1). 
KE . #91-27-. ¥50:'62. D4: PePotidéR.D.P\IPCR=P: 


*91°'721. |. Ra uv R,a) = Ryo [sor72 +0158 | 


[Transp] Dt: P, Te Potid‘R. P|T+P.3.P+ IT CR (2) 

F.(1)-(2)-9 

Fe -Hp.:(qf): Te PotidtR.T+ITOCR: Q=P|T.v.k= Qi (3) 

F-. «91:23 . Dt: Ve Potid’R. T+ IP CR.D. Te Pot'h (4) 

F.(3).(4). 3+. Prop. 

«91731. F:. P, QePotid(R. P£Q.9:(GT): Te Poth: Q=T|P.v.P=T Q 
[¥91°73°34] 


By ‘means of *91‘73 or *91°731, the powers of. & can often be arranges .in 
a series, the rule of: arrangement. being, that. P comes earlier than @ if 
Q =| T, and later in the converse case. But we shall-only get an open series. 
from this arrangement if: P-e Potid‘R:...7'¢Pot*R.Dp->. P' T+ BP: otherwise 
the powers-from a certain point’ onwards form a cyclic series. 
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*91-732. + :. P,Qe Potid’R.P+Q.3D: 


(qS): Se Potid'R:Q=S|R|P.v.P=S|R/Q 
Dem. 


+. *91°731:24.> 
F:.Hp. 2: (4S, T): Se Potid’Sk.T=S8|R:Q=T|P.v.P=T|Q: 
[%13-195] 3: (qS): Se Potid‘R: Q=S| R| P.v.P=S|R|Q:. D+. Prop 


Y & _ — => 
#9174. +. ROR, ‘c= Ra. R“Rya=R,'a [*91:52 . #37302] - 


491-75. +. Ryo Ry = Ry Byy = Ryo Y Ry = Ry Y IP ORY Bog 
Dem. 
b.¥50551. DE.Cnv(IPOR)=IP OR. 


[91°54] Dt. Ry=IP CRw R,,. (1) 
[491:54.%23-56] DF. Ryw Ry = R,, uIP CRw R,, (2) 
[9154] = Ryw R,, (3) 
ae = Ryo Ry xc) 


b.(2).(8).(4). +. Prop 


*92. POWERS OF ONE-MANY AND MANY-ONE RELATIONS 


Summary of *92. 


If ReCls—»1, it follows that, starting from a given term 2, there is only 

one series of terms 2,, 2, 7, ... such that 
cRa,.%Ra,.2,Rax,..... 

Thus for example the relation of son to father is a Cls—>1; and starting 
from a given man, the series of ancestors in the direct male line (which is the 
above series 2,, #2, Xs, ...) is unique and determinate. A result of this property 
of many-one relations is that if, starting from a term y, we. go backwards a 
certain number of steps to a term a, and then forward a greater number of 
steps to a term z, we must pass through y in going from # to z; while if the 
number of steps from « to z is less than that from x to y, z must lie on the 
road from x to y. These facts are expressed by the proposition: 


ReCls+1.D. Ry| Ry C Ryo Ry. 


In the present number, we have to establish various propositions of this 
kind. 


We prove in this number various propositions which are used in the dis- 
cussion of “families” in #96 and *97, and some which are used in the theory 
of finite and infinite. But on.the whole the propositions of this number are 
not much used. The most important of them are the following: 

49211. +: Rel—>OCls.>. Ryo| RE Ry. Ryo| R= Ryf D'R 
with a similar proposition (#92111) for Cls 1. 
*92'132. t: Rel—>Cls.Q, Te Potid'R.D.Q|/T|QET 
with a similar proposition (*92:133) for Cls > 1. 
#9214. +: C‘RCD‘R. Qe Pot!‘R.D.DQ= D‘R : 
On this proposition, compare the remarks on *91-271 in the introduction 


to «91. If # is a serial relation, d‘R C D‘B is the condition that the series 
may have no last term. . 


49231. +: Rel—+Cls.>. Ry| Ry=Ryw Ry 
492311. t: ReCls+1.3. Ry| Ry= Ryo Ry 


#921. +:Rel—+Cls.D. Potid‘RC1— 4Cls 


Dem. 
F.x7217 27126. D4. IP CRel—+Cls ~~ () 
b, #7125. Jf: Hp.d:Sel—+Cls.3.8|Rel—+Cls (2) 


F.(1).(2).#9117. D4. Prop 


‘74 PROLEGOMENA TO CARDINAL ARITHMETIC ‘[PaRT I 
#92101. ft: Re Cls—a 1.3. Potid’#:C-Cls—» 1 ‘[Proof.as in *92:1] 
#92102. | : Re 1 --1../3...Potid§#R C141 f Proof as in *92‘1] 
49211. +: Rel—>Cls.d. Ryo| RE Ry-Ryo| R= Ry DR 
Dem. 


+. #9152 .. abs R,.|R= Ry) R|R (1) 
F.x7L19. ‘Dt:Hp.d. RiR= I'TD‘R (2) 
F.(1).(2) #506... DF: Hp.d. R,, | Res Ryf DIR (3) 
+. (8).#35441. D+. Prop 


HOBULL. bs ReCls 9:1. Du R| Ryo Ry» R | By = (UR) Ry 
[Proof as in *92°11] 


492112. t: Bel—>Cls.D.R| Ry |R=RoMD'R —[# 92°11. #9152] 
492113. t: ReCls1..2) Ry|R=(U'R)4 Ry [#924111 #9152] 
#9242. +: ReloCls.G‘RCD‘R.D.R,|R=Ry ‘fe9211 *35°66] 
492121, +: ReCls91.D‘RCAR.D.R| Ry = Ry [#92*111.. #35°63] 
#9213, +: Rel—>Cls.Q, TePotid‘R.>.7|Q|Q=ThDQ 


Dem. 
F921. +2 Hp... Qel— Cls. 
[*7119] >.Q/Q=IPDQ. 
[*50°6] >.7T\Q\Q=TPDQ:D+ «Prop 
#92181. t : ReCls>1.Q,7'e Potid'R.. Q/Q| T=(AQ)1T 
In this number, when proofs have'been given for R «1 — Cls, we shall omit. 


the proofs of corresponding propositions for Re Cls—>1, as these are always 
exactly analogous to the proofs for Re 1— Cls. 


#92132. F:: Rel—+Cls.Q,7'¢ Poti‘ R.D.Q/ TT} Q GT .[*92‘13 . #9134] 
492-133. 1: ReCls—1.Q, Tc Potid®R.D.Q(T/QET 
49214. trQ‘RCD‘R. Qe Pot'R.>.D'Q=D‘R 


Dem. 
+.*#93-271.5>h:Hp.d:G°QCD‘R: 
[*37°321 | 2: D(Q| H=DQ: 
[¥13-182] 2: D'Q=D‘R.D.D(QiR)=DR (1) 
b.xIS15.. DE.DIR=D‘IR (2) 


D‘S=D‘R 
os 
#92141. t: DIRCU‘R. Qe Pot'R.D.0Q=AR 


to(1).(2).*9F-171 D+. Prop 
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492-142. t: SRCD‘R. Qe Poti R.D.D'Q=DR 


Dem. 
F.*50552.3+:Q=1POCR.D.DXQ=CR (1) 
#33181. D+: Hp.d.CR=D‘R (2) 
F.(1).(2). DF: Hp.Q=1fCR.3.DQ=DR (3) 
29123. Db:.Hp.3d:Q=IPCR.v.Qe Poth {4) 


F.(3).(4).%92°14.55. Prop 
#92143. +: DSRCAU‘R .Qe PotidsR.3.05Q=A‘R 
492144. +: CSRCD*R.Qe PotidsR.D.AQCDR.€Q CDQ 
Dem. 


F.*91-271. Dt: Hp. Qe Pot!R.D.d QL DIR 41) 
F.*50°5°52. DE: Q=LP OCR. .AQ=OR (2) 
F.*33181. D+: Hp.d.4R=D‘R {3) 
F.(2).(3).*2342.3+:Hp.Q=ITCR.3.dQCDR (4) 
F 91°23. IF: Hp.d:Q=IPCR.v.QePot'R (5) 


(1). (4). (5). #92142... Prop 
#92145. |: DRC O'R. Qe Potid’ RD. DQCAR.DQCAQ 
492146. +: RCD‘R.Q, 1c Potid’R.D. THD Q=T 


Dem. . 
b,*92142:144.9':Hp.3.DQ=Dk. a7 CDR. 
[*13°13] 2.a7TCbDQ. 

[*35°66] >.7T>PDQ=7:5+.Prop 


#92147. }: DRCO‘R.Q, Pe Potid'R.D.(0'Q)]T=1 
49215, ':Rel—+Cls.GRCDR.Q, Te PotideR.D.7/QiQ=7 

[292°13-146] 
492-151. t: ReCl+1. DS RCOR.Q, Pe Poti R.D.Q/Q/7=T 
#92152. t: Rel +Cls. CRCDR.Q, Te Potid’R.>.Q\T/Q=T 

[92:15 . #9134] 
#92153. t: ReCls 31. DRCER.Q, Pe Potid’R.D.0' T1Q=7 
49216. |:.Rel—>Cls.P,QePotid‘R.D: 

(qT): Te Potid!R: P| Q= PF DQ .v. P'Q= Cnv(TPD‘P) 


Deni. 
+ .#9146.3+:.Hp.3:(q%): TePotidsR:Q=T7)P.v.P=T|Q (1) 
+. #9213. 3b:Hp. Pe Potid‘R. P=T/Q.3.P:Q=TTDQ (2) 
f.*9213.Db:Hp. Pe PotidtR.Q=T'P.D.Q)P=TPDP. 
[434-2] D.PiQ=Cav(£P DP) (3) 


-.(1).(2).(3). 3+. Prop 
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#92161. + :. ReCls—+1. P, Qe Potid'R.D: 
(qT): Te Potid‘R: Q| P=(A‘Q)4 T.v.Q| P=Cnv{( a'P)} 7} 


#9217. F:Rel—Cls.P, Qe Potid‘R.3.(q7T). Te Potid'R. P|QETw T 
Dem. 


b.aB5441. DE: P/Q=TPDQ.>d.P|QET. 


[*23°58] >. PIQGTeT (1) 
b 4355244. Db: P|Q=Cnv(TPDP).>. P|QeT. 
[*23°58] | >. P\QETwT (2) 


b.(1).(2).*92:16. D4. Prop 
#92171. : ReCls—»>1.P, Qe Potid‘R.D. (qT). Te Potid'R. QiPeTel 
49218, :Rel—»Cls.0‘RCD‘R. P, Qe Potid‘R.D. 


P| Qe Potid«R vu Potid‘R 
Dem. 
b . *92:16146. > 


t:.Hp. D:(q7): Ve Potid‘R: P|Q= T.v.P\Q=T: 
[410-42] D:(q7). Te PotidR. P|\Q= T.v. (qT). TePotid'R. P\Q=T: 
[*91°521] 3: (qT). Te Potid'R. P|Q= Tov. (qf). Te PotidtR.P|Q=T 
[¥13'195] >: P| Qe Potid‘R.v. P| Qe Potid‘R:. +. Prop 
*02181. +: ReCls+1.D‘RCUR. P, Qe Potid‘R. >. 

Q | Pe Potid‘R vu Potid‘R 
49219. 1: Rel—>Cls. RCD. P, Qe Potid'R. >: 


P| Qe Potid‘R. v. Q| Pe Potid‘R 


Dem. 
b.*9218. DF: Hp. >: P\QePotid'R. v. Pi Qe Potided (1) 
b. #91521 .#342. Db: P| QePotid'R.=.Q|PePotideR (2) 


F.(1).(2). D+. Prop 
¥92:191. §: ReCls91.D‘RCAR. P,Q Potid‘k. oe 
P| QePotid'R. Vv. Q| Pe Potid‘R 
*92'3. a a 
Dem. 
+. #9158. DE: Le Potid'R.D. ToT G Ryo Ry: 
[*23°44] Db: Ve PotidsR. P\QETo?. Di Pj QC Ryw Ry: 


[*10°11°23] Db :(q7). Te Potid‘R. P| QETuT. ee og QE Ryu Ry (1) 
.(1).#*9217.5+. Prop 
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492-301. t: Re Cls—+1. P,Qe Potid‘R.D. P| QE Ryw Ry 


49231. |: Rel—+Cls.>. Ry| Ry = Ryv Ry 


Dem. 

+. #9014.45064. Db. Ry=RylIPCR (1) 

+. ¥90'15-132 .¥33:22. DF. PORE Ry. 

[84°34] Dh. Ry | IP CORE Ry| Ry. 

a)] Dt. Ry € Ry| Ry (2) 

Similarly F. Ry C Ry| Ry (3) 

F.*9155.*90132. OF. Ry| Ry= §Potid‘R | sPotid‘R 

[x40-51] «ss = PCG P,Q). Pe Potid‘R. Qe Potid'R. T= P| Q} 

[91-521] = iP \(qP, Q). P, Qe Potid‘R. T= P| Q} @) 

4923.94: Hp. 3: (gP,Q).P, Qe Potid'R. T= P|Q. Dp TE Ryo Ry: 

[41-151] «Dre PGP,Q). P, Qe Potid'R. P= P|Q} G Ryw Ry (5) 
7 + .(4).(5). Db: Hp.d. Ry| Ry € Ryo Ry (6) 


F.(2).(3).(6). DF. Prop 
#92311, f: ReCls+1.). Ry| Ry= Ryo Ry 
492312. F: Rel—+1.D.Ry| Ry = Ry| Ry = Ryo Ry [#9231311] 


49232. +: Rel—+1.>.(Ryw Ry)|(Rw R)G Ry y Ry 


Dem. 
b.43425-26. Dh. (Ry Ry)|(RY B)=Ry| Ro Ry| Re Ry| RoR | 2 (1) 
t.40016132. Dh. Ry| RE Ry. Ry| RG Ry (2) 
b.x90151. DF. By | BG Re| Beg Ry| RG Ry | Ry 7 (3) 
F.(3).*92312. Dh: Hp.d. Ry) RE Ryo Ry. Ry! RG Ryo Ry (4) 
b.(1).(2).(4). Dk, Prop 
49233. b:Rel—+1.D.(Rw R)y= Ryw Ry 

Dem. 
F. 49018. Dh. Ry (Rw Ry. Ry G(R Ry. 
[23°59] Dh. Ryo Ry C (RY By (1) 
t . *33-272.. Dr. IP C(Re B)= IPR. 
[*90°15.%23°58] DF. IP C(Rw R)G Ryo Ry | (2) 


F. 49232 .#34'34. Dh: Hp. 3: SC Ryu Ry. d.S|\(Rw RC Ryu Ry (3) 


R&W I ov 
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b.(2).(8). #9117 RoR, SCR Ry 


R, oS 

b:.Hp.3: PePotid(Rw R). Dp. PG Rye Rg: 
[417151] Ds sPotid(A v R) Cc : Re 1) Ry: . 
[*91°55] I:(ky B)x GC Ry Ry (4) 


F.(1).(4). D5. Prop 
49234. b:Rel—1.d. (RY R)po= Ry? Ry 
Dem. 
F .%92°33 .*91°52.9 
F:Hp.d. 
(Rw B)yo= (Rye Ry) |(Rv R) 
[*34°25°26] = Ry| Ro Ry| Rv Ry| Ro Ry| 2B 
[*91°525457] =R,u( rC‘Ru Ru Ry| Ri RoI} CRy Ru Ry|R)|R w Roo | 
[*50°65.%71°192.%72°59°591] 
=R,vRvIfdRy RyhQ‘Rvu Ru IPD‘Ru RytD‘Rv Bg 
[*35°412.%91-502] 
=R wo IPORy Ry CR w Ret D'Re R,, 
[*91-75] =Ryw Ry uy Ry fa‘Ry Ry f DR 
[*35°441] = Ryu Ry: D+. Prop 


#93. INDUCTIVE ANALYSIS OF THE FIELD OF A RELATION | 
Summary of *93. 


For this number, we introduce three new notations, of which the first two 
will be used constantly, especially in the theory of series, while the third will 
be seldom used except in the present section. The two which are constantly 
used are 

«BP, meaning #e D‘P —U*‘P 
and xminpa, meaning wean CfP — Pa, 
i.e. © is a member of a and of C‘P, and no member of a precedes x in CP. 

The letter B may be regarded as standing for “begins.” Thus if we take 
any member y of C‘P, and proceed backwards and forwards as far as possible 
by P-steps, we obtain a series which may be called the “family” of y: this 
series, if it has a first term, has one which is a member of D‘P—(‘P; thus 
the members of D‘P — (CP are the beginners of families. For example, if P 
is the relation of a peer to his heir, “aBP” will mean “x is a peer who is not 
the heir of a peer”; thus « is the first of his family. If P is the relation of 
parent and child, “xBP” will be satisfied only by Adam and Eve; and so for 
other relations. 

The definition of B is 

B=2P (2eD‘P—Q‘P) Df. 
—> 
Hence BSP=D‘P—C‘P. If P is the generating relation of a series which 
has a first term, that first term is B‘P; if there is a last term it is B‘P. 

If a is any class, we may call a term 2 a minimum of a with respect to P 
if it is a member of a and of C*P, but does not follow any member of a, 1. is 
not a member of P*‘a. We denote this relation of x to a by “minp”; thus 
we have 

zminpa.=.xeanCSP — Pa, 
and the definition of minp is 
minp= #4 (wean CSP— Pa) Df. 
We shall also, when convenient, write “min (P)” in place of “ minp.” 
—_> wy 
We have minpfa=an ChP — Pa. 


—_, 
If P is serial, minp‘a reduces to a single term if it is not null; thus if a 
class a has a first term, this term is minp‘a. We also put 
maxp=min(P) Df, 
and then max p‘a, if it exists, is the last term of ain the P-series. Thus if a 
37—2 
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_~> 
is the class of peers, and P is the relation of father to son, minp‘a consists of 


those peers who are the first of their line, while anee consists of those 
peers who are the last of their line. If a is a class of numbers, and P is 
the relation of less to greater, minp‘a is the smallest member of a (if it exists), 
and maxp‘a is the largest (if it exists). 


B and “maxp” and “minp” will be used constantly in connection with 
series, where the two latter will be considered in detail, but the present number 
is more specially concerned with a less general idea, namely that of genera- 
tions. Take, e.g. the relation of parent and child; let us call it P. Then 
the first generation consists of those who are parents but not children, 

> 
ae. B*P; the second consists of those who are children but not grandchildren, 

~ oe : 
te, ASP — dU‘ P? te. USP — PCP, te. minp‘A‘P; the third consists of those 
who are grandchildren but not great-grandchildren, ze. A‘P?— U‘°P*,. 2. 
Y a 
d‘P? — P“C‘P?, i.e. minp‘d‘P?; and so on. Also we have 
= ~. 
BSP = minpA(lft CP); 
—_> 
hence the generations of P are minp“(“Potid‘P. Thus we put 
—_> 
_gen*P = minp““UPotid‘P Df, 
where “gen” stands for “generation.” 

When P is a enesmany, « relation, such as that of father and son, every 

generation is of the form TBP, where 7’ is a power of P (including If C*P). 


When P is not a one-many relation, this is not in general the case. 


The generations of P do not in general exhaust the field of P. For # will 
only belong to a generation of P if « can be reached by successive P-steps 


~~ 

starting from a member of B‘P. If some of the families constituting the 
field of P have no beginning, the members of these families will not belong 
to any generation of P. Such terms together constitute the class 


pid Pot*P, ° 
or pd**Potid’P, 
which is the same class. 

Thus the field of P may-be. divided into two mutually exclusive portions, 
sfgen*P and p‘A*‘Pot*P. 

The present number begins wit’. some elementary properties of B and 
minp and maxp. We then (*93°2—-275) consider such properties of genera- 
tions as do not demand any hypothesis as to P. We prove 
#9325. |. gen‘P ¢ Cls* excl 


#93261. |. p‘A<‘Pot!P = pd ‘Potid’P . psa Pot*P C AP 
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and we prove (*93'274'275) that s‘gen‘P and p‘d“Pot‘P are mutually exclu- 
sive, and together constitute C‘P. We then proceed to a set of propositions 
(*93°3—41) demanding that P should be one-many or many-one or one-one. 
We prove 
v => 

#93°32. F:.Pel—+Cls.d:aegen’P.=.(qT). Te Potid’P .a=T“BSP 

vy => 
*93:'36. £:Pel—+Cls.3.s‘gen‘P = Py“ BSP 


493381, | :. PeCls 1.3: 26¢p'“Pot!P. =. Pyfa C D'P me OP 

and various other’ properties of gen‘P and p‘(‘*Pot‘P when Pe1 —> Cls. 
The propositions of this number are used throughout the rest of this 

section; they are also used in the cardinal theory of finite and infinite. The 


early propositions, down to *93°12 inclusive, are also used in the theory of 
series. 


#9301. B=2P (ee D‘P—CU‘P) Df 
493-02. minp=min(P)=28(reanC'P— Pa) Df 
¥93:021. maxp = max (P) = min (P) Df 
ip . 
#9303. gen‘P = minp“CPotid‘P Df 
4931. b:eBP.=.ceD‘P—C‘P [#213.(#93-01)] 
—_> 
#93101. |. BP = D‘P — OP [493-1 . ¥82°18] 
493102, bre= BSP .=.2=1(D'P—-C'P).=.D‘P-O'Pel.weDSP—- OP 
[¥93-101 . «53°4] 
493-108. |. BSP = C*P —A'P 
Dem. 
b 4229 43316. DF. CSP — ‘P= D‘P-~ CP (1) 


F.(1).*93°101. DF. Prop 
>. > 
*93'104. fF: 2BR.D. Ryfe= tae. R,fe= A 


Dem. 
b.x93-1. DF: Hp.d.c#eCR. 
[90°12] | Dd. we Rea (1) 
F. #91504. Dhiq! Ryo ia.D.ceCR: 
[Transp.*93-1] DF :¢BR.) Rte =A (2) 
F.ex91542. Dk: yRhye.y+au.d.yh,0: 
[*32°18] DE:yRyr. Diy=LuV.YE Rote (3) 
F.(2).(8). Dk: Hp.diyRye.d.y=x (4) 
t.().(4). Dk:Hp.d.Ryfeata (5) 


F .(2).(5). DF. Prop 
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49311. b:aminpa.=.cceanC’P—P a [(%93-02)] 


— v 
*93-111. F. minpfa=an CP — Pa [*93°11 . *32°18] 
2 ~ >. 
*93°112. +. BSP = minp'D*P = minp’C'P 
Dem. . 
——} wv 
F.*93:111.>+. minpSD‘P = D‘P — P“D‘P 
[¥37-25] . =D‘Pp—~d«‘P 
—_> 
[*93-101] = BYP | (1) 
| > — 
Similarly F. minp‘O‘P = BSP (2) 
F.(1).(2). D+. Prop 
—> . 
*93°'113. |. minp‘a Can OP [*93-111] 
#93:114, | . maxp= min (P) [(*93-021)] 
*93°'115. +: «@maxpa.=.cveanCSP— Pa [*93-11:114] 


ag 

*93'116. |. maxp‘a=an OCP — Pa [*93°115 . *32°18] 
—>y = — 

¥93°117. +. BOP = maxp"d°P = maxp*CP [*93°112°114] 

*93°118. + 


—yv 
49312. +. BSP =C'P—D‘P=C'P—DéP [493-101-108 . *33-2'21-29] 


— 
-maxpfa Can O%P [*93°116] 


—~ — 
*93°'13. Ff. minp‘A‘*(I f OfP) = BSP [*50°5:52 . *93°112] 
—_> 
*93°131. F. minp‘U*P = ‘PP — ‘PP? 
Dem. 
> | oy 
F.*93111.54. minp‘d‘P = ‘SP — P«“d'P 
[*37'36] = (‘P—(U‘P?. 3+. Prop 
ee 
*93°132. F . minp‘A‘T = CSP n UST — A(T | P) 
Dem. 
— -v 
F,.*93'111.5+. minp‘A‘'7= CSP a GST — P“UST 
[*37°32] = Pad? —A(T| P). dt. Prop 


— > 
*93'2. F:aegen‘P.=.(q7). Te Potid’'P.a=minpda‘7 
[*37°67 . (*93°03)] 
#9321. Fiaegen’P.=. (qT). Te Potid‘P.a=A‘T—-A(7|P) 
[493-2-132 . ¥91-27] 
=> 
*93'22. +. B‘Pegen‘P [*93°2°13 . *91°35] 
*93-221. +. d*P—A*P*egen*P [#93'2°131 . *91:351-23] 
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*93°23. 
Dem. 


*93'231. 
Dem. 


49324. 


Dem. 


583 
— > 
F. gen'P = U'BSP v minp“CPot’P 


F .*91'23 . *37°22.D 

b. gen‘P = minp“C1(Z f OfP) v ming C0 Pot’P 
[453-31] =e'minp C(I f C&P) u minp*OPot!P 
[493-13] =U BYP v minp“A“Pot!P 


b:. 8, Pe Potid'P S47 .3: OSC POAT .v. OTC Pas 


+ .*91°732.) | 
t:.Hp.3:(qM):S=M|P|7T.v.T=M|P\|S: 

[4913] D:(qM):S=M|T|P.v.T=M\S\|P (1) 
H.43436.  DE:S=M|T|P.3.aSCA(T|P). 

[*37°32] >. 068 C PHT (2) 
Similarly vibra tees ac) 
t .(1).(2).(3). D+. Prop 


4 > 
F:S, Te Potid'P.S+7.3.minp‘A‘S n minp‘A‘T=A 


b.K243. DE: MSCPHUT.>.0S—PHAT=A. 

[*24'34] >.0SaQT-P“araa. 
[424°34] >. (U8 — P“AS) an (AT — PHa'T)= A. 
[493° 1) >. mine's amine C'T=A (1) 


F. ae 


*93°25. 


Dem. 


or 
F.(1). 


—_>, 
:as7C Pass. >. min pA‘S a minp'O‘S7'= A (2) 


(2). *93°231.. >. Prop 
F . gen‘P e Cls* excl 


+ , *30°37 . Transp . > 
> > 
Fs. 8, Te Potid‘P .a=minp‘A‘S. 8 =minp*U‘T.a+8.)9: 


8, Te Potid‘P.S+T: 


[*93'24J Dian B=A (1) 
}. (1). #1111:35-54. 

ar ~ 
F :.(qS).Se Potid‘P .a= minp‘C‘S : (qT). Te Potid‘P .8=minp‘A‘7 : 


atB:D.anB=A (2) 


b .(2).*93°2. DF :a,Begen‘P.a+B.dD.anB=A (3) 
F.(8).*841.955. Prop 
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— > 
*93:26. 1:8, Te Potid‘P. Te| S“Pot‘P.D. minp'A‘S n minp‘‘T= A 


Dem. . 
+. #91-24.Dh:Hp.d. Le |S | P*Potid'P. 
[*43°111.*37°67] D.(qM).T=MIP|S. 
[#913] 2D (q@M). T=M\S|P.- 
[¥84'36.43732]  >.a*TCPHUss, 
[#243] 3.07 PHaigsaa. | 
[24°34] >. (68 — PHOS) n (AT — POAT) =A. 


— — 
[*93°111.4*91:27] D>. minp*A‘S n minpSA‘'7 =A: 3+. Prop 
#93261. | . pA Pot’ P = p*U*Potid P . psa “Pot’P C ASP 
Dem. 


-b. #9123. Dt. d*Potid’P = A*Pot*P v sd(l ft C*P) 


[*50°5'52] = U*Pot*P v SCP 
F.(1).*53°14. Dt. pd“ Potid’P = p‘A*Pot’P an C*P 
F . #40712 .*91°351. D+. psa Pot‘P CUP 
F.(2).(8).*22'621.5+. Prop 

¥93:27. FiceC'P. Diaresgen’P.=.rep'A*Pot’P 

Dem. 

F.*40°11.*10°51.5 

F:.a~ves‘gen’P.=:aegen’P.3,."%~E€a: 

[*93°21] : Te Potid’P .Dp- are A T—A(T|P): 

[*4°53.5°6 | : Te Potid’P .weA‘T.dp.%¢0A(T|P) 

+. #50552. DF: veCP.D.xe Alf CP) 

b.(1).(2).Dks:veC'P. Ds anves'gen’P.=: 


ee 


(1) 
(2) 
(3) 


(1) 
(2) 


xe A(If CP): Te Potid’sP . ve AT. 3,.%6¢Q(T| P): 


[#91371] =: Te Potid'P.D,.c2eU‘T: 
[*40°41] =: a6 p‘U“‘Potid’P: 
[*93:'261]=: ve pA‘ Pot*‘P:: D+. Prop 


#93271. |. O*P — s‘gen*P = pS“ Pot*P 


_ Dem. 
b.*5°32.%93:27.Db:ceC'P—s'gen’P.=.2eOP. ve pd“<Pot P. 
[*93°261.%4°71] =.xcepUPot‘P: 3+. Prop 
¥*93'272. | .s*gen‘P CCP 
Dem. 
f.*9382113. Db :aegen’P.Dd.(qT). Te Potid’P.aCd7. 
[*91:27] D.aCCP 


F.(1).*40°151.35. Prop 


(1) 
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493-273. +. OP — p'A“Pot‘P=s‘gen’P [%93-271-272 . #24492] 
#93-274. +. O°P =s‘gen‘P uv p'A“Pot!P  [¥24411 . 938-271-272] 
¥93-275. + .s‘gen’Pap'd“Pot'P=A — [93-271 . #2421] 
— v= 
4933. +:Pel—+Cls. Te Potid‘P.>. mine A'T = TBP 
Dem. 
v - ws v 
+. #7138 .*93101. Dt: Hp.d. 7B EP = T“D§P — TAP 


[437-25] | = TeD‘p — T«Pap‘p 
[437-33.#91-3] = PD‘P — P“TeDEP 
[*93-111.4*91-27] = minp*T“D‘P (1) 
b 491-271 437-271. Db: Te PoP. >. TDP = OT (2) 
b. k505'51-59 . D+: TH=IP CP.D.T“DP=D'P. 

[*93-112] >. minp*T“D'P = BP 

[498-13] =minpOT (3) 
(2) .(8).4#91-23. Dh: TePotid!P.>. minpTD*P = min ET (4) 
F.(1).(4).D. Prop 


vy —- => 
*93°31. +: Pel—Cls.>.P“minp'd‘T = minp‘d(7| P) 
Dem. . 
+ .*«71°38 . *93°111 . *37-265 .D 


w bp v ww“ 
t:Hp.>.P mine O'T = Peal — P“POa‘T 


[437-32] - =d¢T| P)— PT | P) 
=> 
[*93:111.*3436] = minp‘C“(T| P): D+ ..Prop 


v => 
*93°32. [F:.Pel—-Cls.d:aegen*P.=.(q7). Te Potids‘P.a= TBSP 
[*93-2'3] 
*93'33. +: Pel—+Cls.aegen‘P. >. P “ae gen‘P 
(*93-2-31 . #91-28-281] 


w-> 
*93°34. §:Pel—oCis.3.P*BPegen’P [*93°22°33] 


49335. t:Pel—>Cls.aegen'P. Te Potid‘P. >. Tae gen*P 

Dem. 
b. xO1-344 43733. 434-2. D | 
tS, Te Potid'P.a=S“B*P . >. 8|TePotid’P . Ta= (Cav(S|T)\“BP (1) 
f.(1).*93'32. +: Hp(1). Pel Cle. 3. Tae gen*P (2) 
b. (2). €10°11-23-35 . 93°32. F. Prop | 
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vy =~ 
*93'36. |: Pel—+Cls.>.s‘gen'P = Py BYP 


Dem. 
+. *93'32. Dk :: :Hp.3:. 


yes'gen‘P.=:(qT). Te Potid‘P. ye DBP s 

[*37:105] =:(qT7,2). T ¢ Potid'P. xe BP. aly: 
[¥11°55] =2(qa):a BP: :(q7). Te Potid’P .aTy: 
[41°11] =:(qv).ve BYP . (8*Potid‘P) y: 

[*91'55] =:(qz).ve BP DP yy: 

[*387°105] =:ye Py BP DF . Prop 


v —=. 
*93°37. F:Pel—+Cls.3.0P=Py“BP v p'd“Pot*P  [*93-274°36] 


49338. |:.Pel—+Cls.d: ce pC“ PoP. =. Pen OP. ce OP 


Dem. 
F . *93°271°36 . D> 
Fs: Hp.d:.c2ep'dPot'P. 
[*37°105.%10°51] 


vy => 
:2eC8P are Py“ BP: 
—> 
:veC*P:yPya.3,.yre BP: 


Ill 


tl 


[*93°101.*22°84°8] :veC*P:yPyec.3,.yeA'Pv—D‘P: 

[*90°13.%33'16] =:aeC'P:yPya.D,. 
ye(ASPu-D*°P)a(d‘PvuD‘P): 

[*22°69.%24°21] =:2eC'P:yPyr.3,.yeA°P:: 3+. Prop 


98381, f:. PeCls—>1.3:ee pC" Pot'P. =. Pyia CDP. we OP 


#93382. +:.Pel—+1.D:c6ep'Pot'P a p'd“Pot!P. =. 
> <— 
| Pyfnu Pyfa CDP aG'P.2eCP [*93'38381-261 . ¥90'31311] 


— >. 
*93'4. F:Pel—+Cls.d‘PCD°P.q! BP. Te Potid'P.>.q! minpa‘7 


Dem. 
+. x9813. Db: Hp.d.q!minA(I pf C*P) (1) 
b.#93°113. 433-181 .D:.Hp.d:mmpC'TCD*P: 
[*37°431] D:q! min‘ so .q! Pemin OP . 
[49331] >.qiminp'A(7|P) (2) 


F. (1). (2). #9117. 4. Prop 


*93'41. F:Pel—+Cls.d‘SPCD‘P.q! BP. >. gen‘Pe Cls ex? excl 
[*93°2°4°25 . *#84°13 . *24°63] 
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493-412. b. Pp Pot’P Cp*APot!P 


Dem. 
t. #93261. b. Pp PoteP = Pep A“Potid'P 
[40°37] Cp PI Potid’P 
[43-411] C pC" | P“Potid‘P 
[*91°24] Cc pdPot*P . DF. Prop 

*93-42. +: Pel—+Cls.>. Pep “Pot'P = = pd'PottP 

Dem. . 

+ .*93-261. Db. Pp "Pot P = PXp'C"Potid' P | (1) 


I. (1). #7284. 91-35 . #1024. 
b: Hp. >. PpPot'P = p'P““Potid(P 


[#43°411] = pC | P“Potid(P 
[*91-24] = pAPot*P: D+. Prop 
493-431. |. p'CPot'P = p*| P“Pot’P 
Dem. 
#9264304. Db. Pot! P= uP u| P*Pot!P. 
[453-14] Db. p'A“Pot’P =O'P a p'A"| P“Pot*P 


[*91-271-283.%40°151-23] DF . p‘APot*P = p'A“| P“Pot!P . DF. Prop 


The following propositions, not being needed in subsequent propositions, 
_are here inserted without ie pated for the sake of their intrinsic interest. 


4935. +: Te Potid‘P.>. PT = PT =} “Potid«P =| T*Potid’P 


49351. +: Te Pot'P.>. Pot!TCP,fTC Pot!P 


F 
49352, f: Te Pot!P >. pA" Pot' T= pA“ P, tT = pA" Pot’P 
49353, £:9, Te Pot’P.aS8e.>.(qy).y(S| Da 
#93'54. +:SePot‘P.2Se.>.x6¢p'A*Pot*P 

“49355. F.0¢P,, 4) C pC" Pot(P 

¥93:56. Fig t(P,,Al).3.q! p*d“Pot'P 


#94. ON POWERS OF RELATIVE PRODUCTS 


Summary of *94. . 


_ In thisnumber we shall be-chiefly concerned with propositions connecting 
powers of R|S with powers of S|R. If P is.a power of R|S, S| P| R will be 
a power ‘of oH ‘R. If P is a power of .R| S, it.is a product of the form 


(R|S8)|(R|S)|...|(B1S). 
If we transfer the initial R to the end, we'get a power of S|.R. Thus chet 
is a power of S| R, say 7, such that 
P\R=R|T. 
If Rel + Cls. “(| S8)C D*‘R, we find 
& | (8| B)| (S| R)|.. Ot = (R|S)| (RS)... B|S) 
by. rearranging and observing that R| R=I fD‘R. Thus 
Re1l—+Cls. A(R|S) CD‘R.P ed 2.(qT).Te PotS|R.P=R| TR 
Expressions of the form R| 7'| R are constantly needed. They will . 
specially dealt with in *150,: and will occur constantly in‘the sequel. 
The above connections of Pot‘€R|S) and Pot‘(S | R) are embodied in the 
followmg propositions: 
#9414. +.| R“Pot(R|S)=R | “Pot(S| R) 
*9421. +. Pot"(S| R)=(S8|| R)“{Pot(R|8) vc} 
#9431. +: Rel—Cls.d(R|S8)CD‘R.3. Pot(R|S8)=(R| R)“Pot(S | R). 
From *#94°4 to *94'54, the propositions are all concerned with p‘d“(R| 8) 
and p‘Q“*S |). We prove 
*945. +. pA Pot (S| RB) = p'A*B | “Pot(S| R) 
#9451. +: Rel—+Cls.d. p‘d“Pot(S|R)= Rp APot(R |S) 
Finally we prove (*94:53'54) thatf either R is one-one and A‘(R |S) C D‘R, 
or S is one-one and G“(S|R)CD‘S, then amc |S) is-similar to 
— ptaPot(S| BR). 

The only proposition of this ‘wumber which:is ever subsequently referred 
to is the last, *94°64, which, owing to the.fact that the Schréder-Bernstein 
theorem has been already proved (*73°88), is only used in *95:23. But:*95:23 
itself:is never referred to again. The reader may therefore omit the reading 


of the propositions of this number (as.also of #95) without detriment: to the 
understanding of what follows; he should, however, read the summaries. 
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The chief importance. of the propesitions in the present: number is. when 
R and S fulfil the hypothesis of the Schréder-Bernstein theorem, 2.¢. 
R,Selwa1.dRCDS. ASC DER. 


In this case, R|S gives what we may cail a “reflexion” of D‘R into part 
of itself; this part may be again reflected by R|S into a part. of itself, and so. 
on. The terms in D‘R which are eliminated sooner: or later by this process of 
reflexion constitute s‘gen‘(R | S), since any one reflexion eliminates terms which 
constitute one generation of R|S. The terms not eliminated by any number: 
of reflexions constitute p‘A‘‘Pot(R|S). These. two: sets of terms together 
constitute D‘(R| 8), «ec. D‘R. In this number and. *95 we shall prove that, 
with the Schréder-Bernstein hypothesis, 

s‘gen“(R| 8) sm s‘gen(S |B). p°a*Pot(R | 8) sm p'd“Pot(S| B). 


These two propositions together. yield a proof of the Sehréder-Bernstein 
theorem, in virtue of *93°274:275. This proof is essentially. the- same as 
Bernstein’s published originally by Borel*. . 


The nature of the two proofs of: the Schréder-Bernstein theorem, namely. 
Zermelo’s (that given in *73).and.Bernstein’s (that to be given in this number 
and *95) will be best apprehended ‘by: means of figures. 

In Zermelo’s proof, we first: prove that if Ris one-one, and 8 is a class 
contained in D‘R and containing. G‘R, then @ is similar both to D‘R. and to 
C‘R. In the figure, the points of the outer rectangle form D‘R, those of the 


OCR 


inner rectangle form C‘R, and those of the outer oval form @.. Thus the.shaded 
portion of. the figure is B—(d‘R. We now define a elass.of classes « by the 
following characteristics: a is a member of «if (1) a is. contained in D*R, 


(2) a contains the whole of the shaded. area, (3) R“‘aCa, we. if « is a member 
of @, so is any term to which z has the relation R. Our proposition is obtained 
by. considering p‘x; t.e.: the area common to all the -members of «. We prove 


* Lecons sur la théorie des fonctions (Paris, 1898), Note:I (pp. 102—7). 
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(*73°81) that p‘«e«, and (*73°811) that R« ‘« does not contain any of the 
Pp | fp y 


shaded area. In the figure, Rp is the smaller oval. We then prove (*73°83) 
that p‘x consists entirely of the shaded portion and the smaller oval. Hence 
B (the larger oval) consists of two mutually exclusive parts, namely p‘« and 


d‘R— — RX pé x, the latter being that part of the inner peace which lies 
outside the inner oval. Assuming now that R is one-one, p‘« is similar to 


Rp; hence, adding a‘R- Rep! x, it follows that Bis suntlar to A‘R, and 
therefore to D‘R. 

In order to obtain hence the Schréder-Bernstein Svssteti it is only 
necessary to replace R by R|S and B by C‘S, and to assume further that 
S is a one-one whose domain contains C‘R. Then D‘R=D(R| 8), and we 
obtain (*73'87) G‘SsmD‘R, and therefore D‘SsmD‘R, which was to be 
proved. 

In Bernstein’s oe we have the two relations R and S from the beginning. 
In the left-hand part of the figure, the outer rectangle is D‘R, which = D“(R|S), 


D'R . DS 


_ a°(SIR) 


the oval is (8, and the second rectangle is 1(R |S). Thus the points of the 
outer but not the second rectangle form the first generation of.R|S. Within 


d“(R|S) we can form a third rectangle, which will be S*R“A(R{S), 
ze. A(R|S)% The points belonging to the second rectangle but not to the: 
third form the second generation of R|S. We can proceed in this way to 
continually smaller rectangles. The points which sooner or later are left outside 
some rectangle form s‘gen(R|S); those which are common to all the rectangles 
form p*A“‘Pot“(R| 8). A similar analysis, exhibited in the right-hand part of 
the figure, may be applied to D‘S, which is thus divided into s‘gen“(S| R) 
and p‘dPot(S|R). We prove.in this number (*94°53) that, with a 
hypothesis which is part of the hypothesis of the Schréder-Bernstein 
theorem, p‘‘‘Pot*(R | S) sm p*A“‘Pot(S|R); in the next number (*95°71) 
we prove that with the hypothesis of the Schréder-Bernstein theorem, 
s‘gen(R | S)sm s‘gen(S| R). Hence by addition, D‘Rsm D‘8. 
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#9412. +: Pe Pot(R|S).5.(q7). Te Pot(S|R).P|R=R(T 
Dem. 
b. #3421. D+.(R|S)| R= RI (S8|B) (I) 
F . 91°36. 434-27. 5: Te Pot(S|R).P|R=R|T.D. 
P|S| Re Pot(S|R).P|R|S|R=R|T|S|R. 

[*10°24] >. (q7").T’ « Pot(S| R).P|R|S|R=R| 7" (2) 
F . (2). #101123. 5b: (q7). Te Pot(S|R).P|R=R|T.D. 

(q7”’). T’ e Pot(S8[R).P|R|S|R=R|T' (3) 
F.(1).(3).*91171.5+. Prop 


#9413. +f: Te Pot*(S| BR). >.(qP). Pe Pot(R| 8). P| Re Rj T 
[Proof as in *94°12] 


#9414. +.| R“Pot(R|S8)=B|Pot(S| R) 


Dem. 
F.49412.#43°111-1 . 4871.5: Pe Pot(R|S).>.| RP RiPot(S| R): 
[437-61] D+. | R“<Pot(R|S)C RiPot(S| R) (1) 


b. 494-13 . 4311-101. 487-1.) 

ts PePot(8|R).>. R|‘Te| RPot(R|S): 
[37°61] D+. R|*Pot(S | R) C| R“Pot(R |S) (2) 
+.(1).(2). DF. Prop 


#942. +: PePot(R|S)vi'l.>.S8|P| Re Pot(S| R) 
Dem. 

t.*3421.5+.S|(R|S)|R=(S| Ry. 
[*91:352] Dt. S| (BR S)| Re Pot(S| R) | (1) 
b . «34°21 . *91°282 .D 
:8|P| Re Pot(S|R).3.8|(P| R|S)|R=(S| P| RB) S|R. 

(S| P|R)|S| Re Pot(S|R) (2) 
F.(1).(2).491-171 SIP] Re Pot(8| B) oo |) 5 
t: Pe Pot(R|S).3.8| P| Re Pot(S|R) (3) 
t . #504. #91351. 3+. S| I| Re Pot(S| R) (4) 
t.(3).(4). DF. Prop 


*94°201. F: De Pot(S|R).3.(qP). Pe Pot'(R|S) vil. T=S8|P|R 
Dem. 
b. #504. *5116. DF.S|R= S|I|R.Le Pot(R|S)ucl. 
[*¥10°24] I+. (qP).PePot(R|S)vvel. S| R= S|P|R (1) 
b . 91°282 .*34-21. D+: :PePot(R|S).T=S|P|R.D. 
P|R|Se Pot(R|S).7|S8| R= S|(P|R|S8)|Rk. 
[*10°24] > - (GQ) - Qe Pot(R|S).7T|S|R=S|Q\R (2) 
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+. 504. 34°21 Dd 
b:P=I.7=S8|P|R.>.T|\S|R=S|(R|S)[R. 
[491-351] > .(qQ): Qe Pot(R| 8). T|S|R=S|Q|R (3) 
F.(2).(3).*1011-23.D+:(qP). Pe Pot(R|S)uel.T=S\P|R.D. 

(gq Q). Qe Pot'(R|S)-T] Sj R=S|QIR. 
[*22-58] >.(qQ). QePot{(R|S)veI.TIS|R=SIQIR (4) 
S| B,(qP). Pe Pot(R|S) vel. 7=S|P|R 
P, or 


F.(EY. 4). *91-471 . D+. Prop 


#9421. +. Pot‘(S| R)=(S'|| R){Pot(R |S) ve} 
Dem. 
b. 494-2. #43°112.43761. DE. S|] R)“{Pot(R}S) vel} C Pot(S|R) (1) 
|. 94-201 .43°102 . 437-1. DF. Pot(S| R) C(S|}-R)“{Pot'(R| 8) uv eT} (2) 
t.(1).(2). DF. Prop 
#9422, +:.0‘RCD‘S.v.D‘SCOR: >. 
Pot(S| R) =(S|| R)Potid(R | 8) 


Dem. 
b.494-21 . 43-112 450-4. 45331. D 
F. Pot‘(S| R) =(S|| R)“Pot(R |S) v e(S| R) (1) 
b.*37-321 .2+:0'RCDS.3.D‘R=D(R|S). 
[¥33-161] >.D‘RCC(R|S). 
f%50°63] | >.IPC(R|S)|R=R. 
[¥34-28} >. S|ZPO(R|S)|R=S|R. 
[443-112] >.(S|_ RIP C(R|S)=S|R (2) 
Similarly b:DSCaR.D.(S|RYIPC(R{S)=S|R (8) 


F.(1).€2).(3).D 
t: Hp. >. Pot(S| RB) =(S|| R)“Pot(R |S) u 69] RZ ft C(R| 8) 
[291-23} =(S|| R)*Potid((R |S): D+. Prop 

4943. f:.Rel—+Cls.G(R]S)CD*R.2: 


Pe Pot(R}S).= (5h). Te Pot'(S| R)- P= RIT|R 
Dem.. 


.49412. D+: Pe Pot(B|S).d.(qP)- Pe Pot'(S|R). P{R|R= RIT|E (1) 
f #91271. Hp. >: Pe Pot(R|S).>.0'PCD‘R. 
[*72°6] >.P|RI|R=P (2) 
t.(1).(2)- Dts. Hp. ds Pe Pot(R|S).>. 
(qT).TePot(S|RY.P=R{T|R (3) 
b.#9413. Dt: TePot(S|R).D. | 
(qPy. PePot(R|S).P|R|R=R|T|R (4) 
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+.(2).(4). Ds. Hp.D: 2 Pot(S|R).D. | 7 
(qP). PePot'(R|S8).P=R{7|R. 


[¥13°195] | >.R|T}|RePot(R|S): 

[*13-12] >: Te Pot'(S| R). P=R|L|R.>. Pe Pot(R| 8) (5) 
F. (5), 1011-21-93. oo 

bi. Hp.>:(q7). Te Pot'(S|R).P=R|T|R.>. Pe Pot(R| 8) (6) 


F.(3).(6). D+. Prop 
*9431, b:Rel—Cls.d(R|S)CD‘R.5. Pot(R|S)=(Ril R)“Pot(S |B) 

[*94°3] 

The following ‘series of propositions lead up to the proof that when 
Rel—»1.0(R|S)CD‘R, or Se1+1.0(S|R)CD‘S, we have 
— p§A“Pot(R | 8) sm p*d*Pot(S | R). 

*944 |. pC“*Pot(R| S) = pA] S| R“Pot(R| 8) 

. = pSeeqee| R“Pot(R | 8S) 

= pS“ Rd“ Pot(R |S) 


Dem. 
+. *93°431 D+. p°a**Pot(R| 8) = pia**| (R| S)Pot(R |S) _ 
[*43-201.*37-33] = pI | S“| R“Pot(R |S) (1) 
[#43411] | =p SO) RP R|S) (2) 


[#43-411] = p'S“R“C“Pot(R|S) (8) 
F.(1).(2).(8). DF. Prop 


#94401. |. p<CPot(R| 8) = pA“ R | “S| “Pot(B| 8) 
Dem. 
F.*93°431 .*91:304.D 
F . p*‘*Pot(R | S) = p*A“(R | S) |“Pot(R| 8) . 
[*43°2.437°33] = p‘A“R [8 |Pot(R|S). Dt. Prop 
#94402, F. pCR |. C pdr | 
Dem. 
+. %43°11 .48436.5+.(P).G‘R|SP CaP (1) 
—.(1). #40451. Dt. Prop 


*9441. +:Sel—Cls.“(8|R)CD‘S.D. 
Spd“ Pot(R | 8) = p'd| R“Pot(R| 8) 


Dem. 
F .#40°12 . #91351. +. pO*| R“Pot(R |S) CA*| RR] S) 
[¥43°111] Cd(R| S| BR) 


[34°36] Cas R) (1) 


‘REWI 38 


o94 PROLEGOMENA TO CARDINAL ARITHMETIC [PART II 


b.(1).Dt:Hp.>. p'*| R“Pot'(R| S)C D'S. 


[*72°502] SF pa| R*Pot(R| 8)= Sse ‘p< ds<*| R“Pot(R |S) 
[*72°34] = S« piseraes| R*Pot(B | 8) 
[94-4] = Spd Pot(R |S): D5. Prop 


49442. +: Rel—Cls.>. R“p'dPot(R | S)=p'd**| RPot(R | 8) 
Dem. 
b #7234. Db: Hp. >. Rp Pot(R | 8) =p RA“ Pot(R | 8) 
[*43°411] = pd*| R“Pot(R|S):3 +. Prop 
49443, +:R,Se1—>Cls.d(S| R)CD‘S.>. 
SpA Pot(R |S) = Rp“ Pot(R |S) [*94'4142)] 

494441. : Sel Cls. (S| R)CD‘S.D. 

SpA Pot(B | S) =p AR |“Pot(S |B) [x941441] 
494442. b: Rel —>Cls. >. Rp A Pot(R | 8) = pA R | Pot (S| R) 

[94-14-42] 


x945. +. pA Pot*(S| R) = pfa* rk |*Pot"(S | R) 
Dem. 

t . #94402. D+. p'A*R |“ Pot(S | R) C p‘d*Pot(S | 2) (1). 
b.*94°402. Db. pS |“ R [‘Pot(S | R) C psa‘ | “Pot (S | R). 
[x94401] Dt. pd Pot(S| R)CpaR | “Pot(S | BR) (2) 
F.(1).(2). DE. Prop 

49451. +:Rel—Cls.d. p‘dPot(S | &)= R« ‘pd Pot(R | 8) 
[x94-5°442] 


#9452. £:Sel—>Cls.d(S|R)CDS.9. 

pid Pot(S | R) = SpA" Pot(R |S) [945-441] 

#9453. +:Rel—a1.d(R|S)CDSR.O. 
pd *Pot(R | S) sm p*A**Pot(S | &) 

Dem. 

#93261 . DF. pA Pot(R | S)CA(R|S) (1) 
(1). Dt: Hp.d.p*d*Pot(R|S)C DSR (2) 

(2). #9451 .*73-21. 55. Prop 


F 
+ 
F 
49454. b:Se131.(S|R)CD‘S.D. pA Pot(R|S) sm pA“ Pot(S | R) 


S,R- 
( xa 
#9453 7 él 


[Or, #9452 . #93261 . &73°22] 


SECTION E] ON POWERS OF RELATIVE PRODUCTS 595 


#946. + :.R|S=S|R.D: Me Pot'R. Ne Pot'S.>3.M|N=N|M 
Dem. 4 
b.*34-27-28.5b:Hp.M|S=S|M.>.M|R|S=S|M|R (1) 
_,, | S=8|M 
be) aL 


F:.Hp.MePot'R.3:M|S=S|M: (2) 
2:NePot'S.3.M|N=N|M:. 5+. Prop 


49461, +:.R|S=S|R.D: Me Pot'R.D.M|S=S8,.|M: 
| N ¢Pot'S.D.N| Ryo = Ryo | N 


Dem. | 
b.e4342. DE. M|S,.=sM|“Pot's (1) 
b.(1). 4946. Db: Hp. MePot'R.D.M| S,.= 8] M“Pot'S 
[443-421] -S,,|M (2 
ay ee, Dt:Hp. We Pot'S.D.N| Roo = Rog |W (3) 


F.(2).(8). Dt. Prop 
49462. +: R|S=S|R.D.~ Ryo | Spo=Spo| Roo 


Dem. . 
F.#43°42 .49461.5F: Hp. >. #,, |S, = 8| BR,“ PotS 
[43-421] | = 8,,| BR, : 2. Prop 
#9463. £:R/S=S8|R.3.(R[8),. © Ryo | Spo 
Dem. 

FF . #91502. DIE.R|SCR,, |S, (1) 
F. #9461. DF: Hp. MCR,,|S,.3.M|R|SCR,,| RIS, | Sf 
[91511] 3 ERyo|Soo (2) 
F.(1).(2). #91171. 3-2. Hp. 3: Me Pot(R|S).3.MCR,,|S,,: 
[#41°151] D:(BJ S)po © Roo | Spots DF. Prop — 
#9464, +: R(S=S|R.3.(R{S)y CE Ry| Sy 

Dem. 
F . #3436. IF. D(R|S)CDSR.dA(S| R)CASR. 
[*33°16] | Dt: Hp.d.C(R|S\CCR (1) 
Similarly t:Hp.3.0¢R|S8)CCcs (2) 


F (1). (2). #50°6 .435°31. DF: Hp. dD. IP C(R|S\EIPOR|IPCS (3) 
F. (3). #9463 .*9154. DE. Prop 
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*95. ON THE EQUI-FACTOR RELATION 
Summary of *95. 


The purpose of this number may be explained as follows. Consider the 

series of relations 
R,P|\R\Q, P| R| Q@, P| BR] Q,...; 

it is required to find a means of defining this series without the use of numbers. 
If we used numbers, and had the definition given later (#301) of P’, where v is 
any finite integer, the general term of the series would be P| R| Q’. But we 
have not yet defined numbers, and we therefore desire some means, not 
involving numbers, of expressing what is intended when we say that, in 
a given term of the series, the same power of P and of Q is to be involved. 
This we do as follows. Using the definition of P||Q in *43, we have 


P| R(Q=(P|| OR. P| Rl V=(P| QR. P| BR] @=(P|Q)y*R.... 
Thus the general term of our series is got by taking any power S of 
(P||Q), and forming S‘R. The whole of the terms of the series are therefore 


constituted by the terms which have to # the relation (P||Q)y; «e. they are 
isg“(P || Q)y}‘#. For convenience of notation we put* 


(PQ) =sg‘{(P |] Q)x} Dit [95] 
Thus the class of relations we wish to consider is (P*Q)‘R. 


To illustrate the nature of (PxQ)‘R, suppose FR is the relation “first 
cousin,” while P is the relation of child to parent and Q is the relation of 
parent to child. Then P| &|Q is the relation “second cousin,” P?| R| Q@ 
is the relation “third cousin,” and so on. Thus (P*Q)‘R is the class of all 
relations of cousinship which do not involve a difference of generation; and 
“x {8 PxQ)‘R} y” will mean “« is a cousin of y in the same generation.” 


Most of the propositions in this number are inserted because they are 
required in the proof of *95°52, which states that, under suitable cireum- 
stances, §(P*Q)‘Rel—1. This proposition itself is proved mainly because 
it is required in the proof of *95°63, which states that, if P,Q are one-one’s 
each of which has its converse domain contained i its domain, and if the 
first generation of P is similar to the first generation of Q, then the sum 
of the generations of P is similar to the sum of the generations of Q. This 
leads immediately to a proposition (*95°71) which is half of the Schréder- 
Bernstein theorem (the other half being *94°53 or *94°54), namely: “If 


* This notation is used in the present number only. In *257, we shall introduce a different 
and wholly unconnected meaning for (P*Q). A temporary definition is indicated by the letters 
‘““Dft” followed by a reference in square brackets to the number or numbers in which the 
definition is used. 
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R and S are one-one’s each of which has its converse domain contained in the 
domain of the other, then the sum of the generations of R|S is similar to 
the sum of the generations of S| R.” 


*95°01. (PxQ)=sg‘{(P |i Q)y} Dft[*95] - 
*951. bi: Me(PaQ)R.=:. Rep: Nep.dy-P\|N|Qeu:d,.Mep 
Dem. 
F . #32718 . (*95°01).5 
Fs: Me(PeQ)‘R.=:. M (P || Q)yR :. 
[*90°11] =1.MeC(P||Q):.Neu.T(PIQN.Iy7-Tep: 
. Rep: 2,.Mep:. 
[*43°302°102] =iNep.T=P|NIQ.opy. Tew: Rep:d,.Mepr. 
[*13-191] =1.Nep.oy. P|N[Qeu: Rew:d,.Mep:: +. Prop 
#9511. b:.6R: GN. dy. G(P|N|Q): 3: Me(PHQYR.Dy- OM 
Dem. - 
4951-2) 5 | 
Fi: Me(PxQ)‘R.3:.6R: oN .Dy.6(P|N|Q):3.6M (1) 
F.(1).Comm .*10°11:21. 3+. Prop 
*95°12, Fs. Me( PQ) R. Dy. 6 (P|M|Q): 3: Ne (PQ) R-UR.Dy- oN 
Dem. ; 
b. #43112. 


Fi. Hp.=: Me(PxQ)'R. Dy. o {(P|Q)M} : 
[*37°63] =: MV e(P || Q)“(P*Q)'R. Dy. ON (1) 
t.xo0311 “1 5 
b: Ne(PxQ)'R—UR.D.N e(P || Q)(PxQ)‘'R (2) 
F.(1).(2). D+. Prop 

*95°13. F.Re(PxQ)R [*95-1] 

#95131. |. P| R|Qe(P*Q)‘R 

Dem. 


«90151 12 54+ 9(P IQ) R.D.S(PliQyk (1) 
F . (1). *43-102 . (#95°01). F. Prop 

b: Me(PeQ)R.D. P| M|Q ¢(PeQ)R 

| «90-172 ae 45-102 


*95°132. 
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#9514. b:. dR: Ne(PxQ)‘R.bN.Dy-6(P|N[Q):3:Me(PxQ)‘R.Dy-oM 
Dem, 
F.*95°13:1382. 5+: Hp.d: 
OR. Re (PxQ)YR: Ne (PeQ)R.GN.Dy-P|N|Qe(PxQ)‘R. $(PIN|Q): 
[*95°11] >: Me(PxQ)R. Dy. Me (PHQ)R.GM:. D+. Prop 
The use of *95°11 in the last line of the above proof proceeds by sub- 
stituting Me (PxQ)‘R.oM for dM. 


*95°21. F: Me(PxQ)R.D.(qS, T).SePot’P url. Te Pot‘Quil. M=S8|R\|T 

Dem. 
b.*504.Db.R=J|RIZ. 
[*51:16] DE.(qS,7T).Se Pot‘Purl. Te Pot Quil.R=S(R|T (1) 
F .#91°36°351 . *50°4. *34°27-'28.D 
t:SePot*'Pucl. Te Pot Quid. M=S|R|T.95. 

P\Se Pot*‘Pu tl. T\Qe PotfQu ul. P| M|Q=(P|S)| Ri (7|Q)- 

[*11:36] D.(qS’, 7’). S’ePot‘Pur'l. 7’ ePot'Quel. P|\M|\Q=S'|R|T’ (2) 
F.(2).*11°11'35.5 
b:(q8S, 7). Se Pot'P uel. Te Pott Qui. M=S|R|7T.5. 

(qS, T).SePot'P vl. Te Pot Quid .P|M\Q= SIBLE (3) 
F.(1).(8).*95°11.3 F. Prop 


x95 211, b: CRCOQ. Me (PHQR. >. 
(qS, PF). Se Pot'P vill. Te Potid'Q. M=S|R|P 


Dem. 
F.*50624.3Db:.Hp.d:S|RIJPCQ=S|RiI: 
[*51°239.*91°23] >:(qS, 7).SePot’Pui'l.TePotid’sQ.M=S8|R|T.=. 
(a8, T).SePot'Pucl. Te Pot Q vil. M=S8|RiT: 
[*95°21 | >:(qS, T). SePot‘Puul.T ePotid'Q. M=S8|R{T:. 
. DI. Prop 


#95212. |: DR CCP. Me(PxQ)R.D. 
(qS, T). Se Potid’P. Te Pot*Qu el. M=S|R|T 
[Proof as in *95°211] | 


49522. b:D‘RCOP.ARCCQ.Me(PxQ)'R.D. 
(qS, T).Se Potid‘P. Te Potid‘Q. M= S|R| T 
[Proof as in *95°211] 

*95'221. F: Te Pot'Q.3.(qS).Se Pot'P.S|R|T e(PxQ)R 

Dem. - 
bt . *95°131 .*91:351. D4. (qS).Se Pot’P.S|R|Q«(PxQ)R (1) 
F.*95°132.D 
Fk: Se Pot'P. Te Pot'Q.S|R|Te(PeQ)R.D.P|S|R|T|Qe(PxQ)k. 
[*91°36] > .(qS’). S’e PoP. S’| RI T|Qe(PeQ)R (2) 
F.(1).(2). *913738.95. Prop 
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*95:222. + : Se Pot'P.D. (qT). Te Pot'Q. S| R| Te(PxQ)R 

{Proof as in *95°221] 
*95-23. |: Me(PxQ)R.D.M (Py: QO.) BR 


Dem. 
b,*32°18.(*495°01). +: Hp.d.M (Pi Q)y} R 
[¥43-202] >. MP!) ( QDiak- 
[*43°202.%94°64] D>.M (PP )x! (| Dy} B- 
[(*91:01-02)] . D.M (Py Vs) R- D+. Prop 


495°24. b: We(PxQ)R.D.M(Q,, Py) R [Proof as in #9523] 
*953. Fig iRk.dQgcDQa.GRCDQ.5: Te Potidsd.d.q!1 Ri 7 
Dem. 


+. *50°62. DF: Hp.d.R|IPCQ=RK. 

[*13°12] D.q!t R(T CQ) (1) 
f.*91:27.*33:181.3F:. Hp. Ze PotideQ. 3: 057CDQ: 
[*34°35] DiGi T.d.q1(7\Q) (2) 


b.(1).(2). #91371. 5+. Prop 
#95301. b:.q !R.D‘PCASP.DRCOUP.3:S8e PotidtP. Dd. qt S|R 

[Proof as in *95°3] 
*95°302. :. dQ CDQ. 0‘ RCDQ.3: Ve Potid’d .3.0(R|T)C DO 

re, 
-*91-271 . 8436.5: Te Potid‘Q.3. ae | 7) cad (1) 

* (1). *22°44. 35. Prop 

*95°303. b:. DSRCU*P.D‘PCAU‘P.3:S8e Potid’sP. >. D(S|R)CA'P 
~ . [Proof as in *95°302] 

*95-304. §.:. SQ CDQ. GS$RCD‘Q. DSP COP. DRCAIP.3: 

Se Potid’P . Te Potid‘Q. >. D(S|R| 7) CaP. A(8| R| 7) CDQ 

[*95°302°303 . #3436] 
*95°305. | :. Hp *95°304.3: Me(PxQ)‘R.D. DSM CUP.AM CDQ 

[*95°304'22 ] | 
49531. +:. Hp *95°304.q!1R.3:Se Potid’P. Ze Potid'Q.>.q!S|R\T 

Dem. | 
+, #92°142°143.5:. Hp. 3: Se Potid’P. Le Potid’Y.9. 
DIRCAS.ARCDT. 

[#34361] D.qtS|R|L:. 3+. Prop 
' 49532. +:.Hp*9531.95: Me(PxQ)R.D.q EM [9531-22] 


~~ vo 
49538. |: (‘RC BQ.3.a¢S|R|T)C TBO 
Dem. 
_> 
+. *8436.39:Hp.d.d(S| RC BQ. 
wa 
[*37°32°2] >.da(S8|R| 7) CT BQ: D+. Prop 
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> | v 
49534. +:(‘RC BQ. Me(PxQ)'R.>D.(q7). Te Potid'Q. MC T«BQ 
| soe 33-211] 
49535. +:Qel—>Cls. ‘RCBQ. Me(PQ\R. D.(qa).aegen'Q. dM Ca 
[#9534 . #9332] 
495'351. + :.Qel—>Cls. *RCBQ.D: 
T, T’ ¢ Potid'Q . q10(8|R|T) nA’ |R|T’).>.T=7" 
Dem. . 
b.*95°33.D+:.Hp.>: 


7, F< Botid'Q a! O48 R| Tod |#]P).>. I TBQn TBQ. 


~ > 
[*93-3] | >.q!iming ‘7a ming“d‘T’. 
[*93°24. Transp] >.7=T': D+. Prop 


—_w 
*#95°352. F :. PeCls31.D‘RCBP.D: 
S, S’ e Potid‘P.q!D(S|R| 7) a D(S’| R|7’).3.8=8’ 
[Proof as in *95: 351] 


49536. +:.Qel1—>Cls. CRCBQ.q!R.DRCOP. 
 « DEPCAP.AQCDQ.D: 
8,8’ ePotid‘P . T, 1’ ¢ Potid‘Q. S| R| T= 8'|R|T’.>.T=T" 
‘Dem. . 
b. #9531 .4#93101.>t:.Hp.>: 
8,8’ «Potid'P. 7, 1” ePotid'Q.8| | T=8'|R|7".>. 
qiS|R|T.S|R|T=S'|R|T". 
[#22°5.433-24] 5. TG4|R| Ta Ge’ | RIT"). 
~ [*95°351] 2.7T=T7':5t. Prop 


*95°361. F:.PeCls—ol. DRCBP. mik.D‘PCd‘P. 
G‘*kRCD‘Q. TQCDQ.5: 
S, S’ ¢ Potid‘P . 7, T’e Potid’Q. S| R| T=S|R|F .D.8S=S8’ 
[Proof as in *95°36] 
ey > 
*95'37. F:.PeCls+1.Qel 5Cls. DSRCBP.ARCBQ.G!IR 
DPCP. aQCDQ.): 
S, S’¢ Potid‘P. T, T’e Potid‘Q. S| R| T=S8'| R| T’.D.S8=S8'. T=T" 


[40536361] 
49538. bs.q!BQnU'R.D: Te Pot'Q.>.R| THR 
Dem. 
b. #91271. 3+: Te Pot'Q.>.0(R|T)CaQ. 
[493-101] >.d(R| Tyan BQ= A (1) 
b.a2454. DE:Hp. D.nv{d‘RaBQ=A} (2) 


F.(1).(2). #1314. 5+. Prop 
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vy 
¥95°381. b:. gq! BSPaADSR.D:S Pot*P. >.S|R+R 
[Proof as in *95°38] 
ay — 
*95:382. Fs. q! BSPaDR.v.q!i BQad‘R:): 
Se Pot‘P. Te Pot'Q.5.8|R|T+R 


Dem. 

F.*91-271. #93101. +: Te Pot'Q.>.04S|R| a BQ=A- (1) 
b.x2454. Dig! BQnGR.d.0{CRa BQ=A} (2) 
F.(1)-(2).#1B14. Dhng! BQnaGR.d:TePot'Q.d.8|R|TER (3) 
-#9L271.49812. Dh: SePottP.d. D(S|B| 1) 0 BP = A (4) 
b.#2454. Dhig! LBP a DR. D..(D‘Ra BP =A} (5) 
t.(4).(5)-41314. DhigG!BPaD‘R.DSePotP.d.S|R|T+R. (6) 
F.(3).(6). DF. Prop 


495383. sf! R: DSRCBP.v.d‘RCBQ:2: 
SePot!P. Pe Pot'Q.>.S|R|T+R [¥95°382 . #3324. ¥22-621] 
4954. +: Me(P#Q\‘R.S «PoP. Te Pot'Q. 8| R| Te(PxQ‘R.D. 


S| M|Te(P*Q)‘R 
- Dem. 


+. Simp. +: Hp.>.S8|B| Te(PxQ¥R (1) 
f . 491-34. *95-132.D 
t: Hp. S| M| Te(PxQ\‘R.D.8| P| M\Q|L=P|S|MITIQ. 
P|S|M|T|Qe(PxQ)R. 
[13-13] >.8|(P|M|Q)|Te(PxQ¥R (2) 
F.(1).(2).*95:14. 5+. Prop 
#9541, f:.PeCls3o1.Qe1—Cls. DSPCO'P.GQCDQ.D: 
8,8’ ¢ Potid‘P . T, T’ e Potid‘Q.>.8|S8|S'| NIL’ |T\T=S8 | NIT" 
[9215-151] 
495411. :. Hp 95-41. DRCOP.ARCCQ.D: 
SePotid‘P. Tc Potid‘Q. Me(PxQ‘R.D.M=S|S|M|T|T 
[495-4122] 
49542, bz. Hpx95-411.3: Me(PxQ‘R-UR.D.P|M|Qe(PxQ\R 
Dem. 
b.*95°411 . 491-351-281 . > 
br. Hp.3:Me(PxQ\‘R.D.P|(P|M|Q)|Qe(PxQyR (1) 
F.(1).#95:12. 34. Prop 
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*96°43, | :. Hp #95411. Hp *95°382.3:S e Potid’P. Te Potid‘. 

P\S|R|T|Qe(PxQ)\R.D.8| Ri Te (PxQ)h 
Dem. 
t . #95°42°382 . *91-28-3. DF :. Hp, 3: Se Potid’P. Te PotidQ. 
P| S| RT| Qe(PaQyvR.D.P|P|S|R|TIQiQe(PxQyB (1) 
F.*95°41.3Db:.Hp.3:Se Potid‘P. Te Potid'Q.5. 
P\P|S|RIT(Q|Q=S{RIF 2) 
F.(1).(2).DF. Prop 


*95°431. + : Hp *95°43 . Se Potid’P . Te Potid’Q. Me(PxQ)‘R . 
P\S|M|T| Qe(PxQ)R.D.8|M| Te(PxQ)YR 
Dem. 
b.¥95'22.D+:Hp.d.(qS’, 7’). Se Potid'P. T’e Potid‘Q. M=S' | h| yaa 
P\S|M|T|\Qe(PxQ)‘k . 


[*91°341] >. (qs, 7’). S'e Potid’P . T’e Potid'Q. M=S'|R|T’. 
S| 8’ ¢ Potid‘P . 7’ | Te Potid’Q. P| S| S’| R| 7’|T| Qe(PaQyk. 
[*95°43] >.(qS’, T’). Se Potid‘P . T’e Potid'Q. M=S'| R|T’. 
S|S|R|T’| Te(PxQy ek. 
[*13°195] D>.S|M|Te(PxQ)R: D+. Prop 


49544. + :. Hp *95°43. Se Potid‘P. Te Potid‘Q. >: 
M ¢( PQ)‘ R.S|M| Te(PxQ)R.D.S|R| Te(PxQ)h 
Dem. 
b.Id. Db::6M.=y2S|M| Pe (PQ) R.D.S|R| Te (PxQ)'R:.3-6R (1) 
t. #95431 .*91:3.D 
biz. Hp.D::8|P|M[Q| Te(PxQy‘R.D:.8|M| Te(PxQ)R:. 
[4227] Di. S| M|Te(PeQ)YR.D.S|R| Te(PxQ Rh: 3D. 
2 | S|Ri Te(PaQ‘R (2) 
F.(2).Comm.)2 
b::Hp.3:.S|M|Te(P*Q)'R.D.S| R|Te(PxQ)\R: 9: 

S\(P| MM Q)|Te(P#Q)‘R.D.8;B|-Te(PxQYR (3) 
+.(3).Dh:.Hp.Hp(1).3:4¢M@.5.¢6(P|M|Q) (4) 
b.(1).(4).495:14. 2b: Hp. Hp(1). Me(PaQ) B.D. 6M: 3+. Prop 
#95°45. + :. Hp *95°43.S, 8’ e Potid'P. 7, T’e Potid‘Q- 

S|S'| R|T’| Le(PxQYR.D:8| B| Te(PxQh Rh .=.S8'| Rj Te (PaQyh 


Dem. 
F.*95'44. D6: Hp.S'| R| T’e (PxQ)‘R. >.S8| Ri Te(PxQ)R (1) 
+.49134.Db:.Hp.d:S8'|S|R\T T’ «(PxQ\R: 
[*95°44] 2:S| Ri) Te(PxQ)R.3.- S’| RR! T'e(PxQ)ih (2) 


F.(1).(2). DF. Prop 
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~>y > 
495-46. b:.Hpx95-41.q!2.D‘RCBP.GRCBQ.D: | 
Te Pot'Q.>. R| Tve( PQ) R 


Dem. 
t.*95°38.5+:.Hp. Te Pot'Q.3:R\|T+R: 
[95-42] >: RB] Te(PxQ)R.D. P| R\T| Qe(PxQ\R. 
[95-32] D.qtP|RITIQ. 
[43431] D.qiP|R. 
[*34°3] | >.q!D°PaD‘R (1) 
F.*93:12.5+:Hp.>.D‘PaD‘R=A (2) 


F.(2).(1). Transp. +: Hp. Te Pot'Q.5.R| T~e(PxQ)‘R: Dt. Prop 


#95°47. +: Hp*95-46.S Potid‘P. 7,7" ¢ Potid'Q. 
S|R\7,8|R| T'e(PxQ\R.D.T= 7" 


Dem. . 
b.*9146.5b:.Hp.3:(qU): UePotid’Q:T=U|T’.v.T’=U\T. (1) 
F .*50°62.4#91'35.3+t:Hp.d.S=S|IP CP. eee onde: (2) 


F . #9545 . *33°24 . #22621 .(2).D 
Ft: Hp. Ue Potid'Q.T=U|T’.>.I} C’P| BR! Ue(PxQ)'R. Uc Potid'Q. 


[50°63] >. Ri UVe(PxQ)'R. Ue Potid'Q. 
[*95-46.Transp] >.U~e Pot'Q. Ue Potid‘Q. 

[*91-23] >.U=IF CQ. 

[%91-27.%50°63] >.U0j T=". 

[*13-12] >. is Y i (3) 
Similarly +:Hp. Ue Potid'Q.T ce T.>.T=T' (4) 


F.(1).(3).(4). DF. Prop 


*95°471. | : Hp *95°46 . S, 8’ e Potid‘P.. Tc Potid‘Q. 
S|R,\ TS |R| Te(PeQ)R.D-S=8’ 
[Proof as in *95°47] 
*95°51. |: Hp*95-46.M, M’e(PxQ)R.q!d'Mad'M’.>.M=M’ 
Dem. 

F.*95°22.>:Hp.>.(q8, 8, 7, 7’). SS’ ¢ Potid‘P. T, T’ « PotidQ. 
M=S|R|T.M’ =S'|R|T’. 
S|R|T7,S'| R|T’ «(PxQy)r. 
a!d(s|R|T)ada(8'| RIT). 

[*95°351] >. (qS, 8’, 7). S, 8’ « Potid‘P.. Tc Potid‘Q. M=S|R|T.M' =S’|R|T. 

S[R|7,S'|R|Te(PaQykR. 
[*95-471} >. (qS, T). Se Potid‘P . Te Potid‘Q. M = -S|RIT. M=S|R|T. 
[*¥13-172]>.M=M':3t. Prop 
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*95°511. | : Hp «95°46. UM, M’ e(PxQ)'R.q!D‘MaDM'.>.M=M' 
[Proof as in *95°51] 


—>v — 
*95'52. |: P,Q,Rel— +1. D‘PCA‘*P.d'QCD‘°Q.D‘RCB‘P.ASRCBQ.D. 


§(P#Q)‘Rel—1 
Dem. 
F.#95°21 .*8432.D+:R=A.D.(PxeQ)RCUA., 
[*53-04] >.3(PxQ)R=A. 
[*72-1] >. $(PxQ)‘Rel—ol (1) 


F . #92°102 .%95°21 .*71:252. D+: Hp. Me(PxQ\YR.D.Mel— 1 (2) 
F.€41-11. 5b: & {8(PxQ)‘R} y. x (8(P*Q)'R} z.D. 

(4M, M’). M, M’ «(PxQ)R.«cMy.2M'z. 
[¥83-14] 3.(qM, M’). M, M’e(PxQ)R.xMy.2M'z.qi!DSMaD‘M’ (38) 
F.(3).#*95°511.) 
F:Hp.q!R.Hp(3).>.(qM).Me(PxQ)R.xMy. «Mz. 


((2)] D.y=z (4) 
Similarly 

F:Hp.q! R. a {s(PxQ)'R} 2. y (8(P#Q)'R} 2. D.2=y | (5) 
.(4).(5).#71172. DF: Hp. gq! R.D.8(PeQ)Rel 1 (6) 


F.(1).(6). 3+. Prop 


=—_ 
*956. F:DSRCAU‘'P.DSPCOP.AR=BQ.Qe1 >Cls.>D. 
d*(PxQ)‘R = gen‘*Q 


Dem. 

+ .*92'143.D+:Hp. Se Potid’P. >. aS=aP. 

[Hp] >.DRCAS. 

[37-322] >.d(S|R)=AR. 

[437-32] >.d8| B|T)= TGR (1) 
F.(1). Dh: Hp.SePotid‘P. Te Potid'Q.>.0(8|R|T)=TBQ. (2) 
[*93:32] >. “(S| Rj 2) gen‘Q (3) 
F.(3). #9522, DF: Hp.d.d(PxQ)R C gen*Q (4) 
F.(2). #95221 . 93-32. Db: Hp. Dd. gen‘QC A(PxQ)\'R (5) 


F.(4).(5). D+. Prop 
—_—v 
*95601. f: G‘RCD‘Q.0°QCDQ.D‘R=BP.PeClsl1.D.- 


D*(PxQ)‘R = gen‘P 
[Proof as in *95°6] 


>v — 
*95°61. +: P,Q, Rel +1.DSPCUSP.AQCDQ.D‘R=BP.A‘R=BQ.D. 


§(P#Q)‘ Re 11. Ds PxQ)'B = s'gen'P. 1's P#Q)'R = s*gen‘Q 
[*95°52°6°601 . 41-43-44] 
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49562, +: Hp*9561.3.s‘gen’Psm s‘gen*Q [95°61 . #73-2] 


— od 
*95°63. §:P,Qelwa1l.d‘PCD*P.a‘QCDQ. BPsm BQ.D. 
s‘gen*P sm s*gen‘Q 


id 


Dem. 
FM0502 Dh: AQReI1. aPCDP.aQcDa. 


D‘R= BP, a‘R= BQ. 2 .s‘gen‘Psms gen" (1) 
F.(1). #10°11-23-35 . #731. Dh. Prop 


*95'64. £:P,Qelwm1.d‘SPCD‘P.GQcDaQ. BP sm BQ. 
p'da*Pot’P= A .p'd“Pot'Q=A.>.D*Psm DQ 
[*95°63 . #93°274 . #33°181] 
#9565. +: P,Qel+1.*PCDP.AQCDQ. BP sm BQ. 
OP = Py BP, CQ= On “BQ. >.C*Psm OQ 
[*95°63 . «93°36 ] 

The following example may illustrate the scope of *95°65. Let R, S be 
the generating relations of two well-ordered series, neither of which has a last 
term. Put P=R+ R?.Q=S+S2 Then P is the relation of immediately 
preceding in the R-series, and Q is the relation of immediately preceding in 
the S-series. We shall have 

P,Qe1>1. TP CDSP.aQC DQ. 


Also, except in certain exceptional cases, BP, BQ are the first derivatives 
of the two series (including the first terms s of the two series). 
“ OP = Py BP ” 

states that, starting from any term of the series and going backwards, a finite 
number of steps will bring us to a member of the first derivative, which is 
true. Hence, by «95°65, neglecting certain exceptional cases, we arrive at the 
result that if the first derivatives of two well-ordered series have the same 
cardinal number of terms, then the series themselves have the same cardinal 


‘number of terms. This proposition can of course be proved otherwise; the 


above is merely mentioned as an illustration of the results of *95°65. 


>, 
4957. +: RB, Sel+1.0‘RC DS. GSC D‘R.D. B(R|S) sm BYS| R) 
- Dem. 
I .xOS101 . #24412. 437°16'321 . D 


: Hp. >. B(B|S)=(D‘R— 8) v(a'g— SOR). 
BY(S|R)=(D‘S—C‘R) v(G'R— RAS) (1) 
}. #7138 .*3732. Dh: Hp.d.R(D‘R-AsS)=GR- RAS 2) 
b.&71381 . #8732. +: Hp. >. S(G‘S— 8“C‘R) = D'S — SeSeTER 
[*72°502] =DS-a‘R (3) 
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b. (2). (3) .#73-21-22. DF: Hp. >. D‘R= Som UR— RAS. 
| d‘S—S“d‘Rsm D‘S—CA‘R | (4) 
t.*24°21. D+: Hp.d.(D‘R— AS) n(A'S—S“AR)=A. 
(ASR — R“A‘8) n(D‘SS—A*R)=A_ (5) 
+ .(1). (4). (5). *73°'71.3.+. Prop 
#95°71.. §:R,Selt1.0‘RCDS. a‘scD‘R. 3.8 igen'(R) sm s‘gen‘(S| R) 
Dem. 
t .*34°36 .*37°'321. Dt: Hp.d.d(R[S)\CD(R|S).d(S| R)CD(S|R) (1) 
+ #71252. Dt:Hp.d.R\|S,8|Relwl (2) 
F .(1).(2).*95°7°63. 3+. Prop ; 
This proposition and *94°53 or «94°54 together reconstitute the Schréder- 
Bernstein theorem (*73°88). For, in virtue of *93°274°275 and *73°71, they 
together give 
R,Se171.TRCDS.ASCD‘R.D.C¢R|S)sm C“(S| B), 
and with this hypothesis 
C“(R|S)=D‘SR. C“(S| R) = DSS. 


*96. ON THE POSTERITY OF A TERM 


Summary of *96. 

By the “ posterity ” of a term with respect to a relation R we mean the 
class Ry fa. In the present number, we shall be chiefly concerned with the 
relation (Ryéx)4 R, we. the relation R confined to the posterity of «. We shall 
also be concerned with (Riya) Ry and (Ryéx) R,,., which, as is proved in 
*96°13, are aa ae 

{(Ry‘2)] Bj and (Be! a) | R}p0.- 
The most interesting case is when ReCls—1. In this case, ey Be! eis in 


general shaped like a Q, with « at the tip of the tail; that is, Ry! x may be 
divided into two parts, the first an open series, the second a closed series. If 
y is the junction of the two, we shall have 
GRyz ZR oY + D+ ~ (ZRyoz), 
yRyz 2D. 2Ry 2; 
in fact, (qP): Pe Pot‘R: yRyz.9,.2P2z. 
We have also, when Re poi 


p20 Rye. 2 y Fexe « v.zhyy. 


It thus appears that Rafa i is divided into two parts, the first consisting of 
those terms z for which ~ (zR,,2), the second of those for which zR,,z. The 
first weony precedes the second; the one exists if ~(2R,,x), the second if 


at (Rae 2)1R,. aL}. Every term in BR, ‘x has one and only one immediate 
pee except the term (if it bsists) at the junction of the tail and circle 
of the Q; this term has just two immediate predecessors, one in the tail and 
one in the circle. But if either the tail or the circle is null, then every term 


in Roa has only one immediate predecessor, and therefore 
(Ryéx) {Rel . 
Put I ple = Ryle 02 (2Roge) Dit 
J Xe = Ry6a n2{~(zR,,2)} Dft 
(these definitions being only to apply within *96). Then J;‘x is the open 


, eee 
part of the series Ry‘x, and [p‘x is the circular part. The open part wholly 
precedes the circular part, provided Re Cls—1; 1. 


—_ 
R € Cls> ee >) . J Sa C ph,“ T pn 6a. 
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If Jp‘x and Ip‘« both exist, Jp‘x has a last term, say y. The successor of | 
this term, Ry, is the only term in Rye which has two immediate predecessors 
in Rafa, namely y and “(dl Re n RR), 

The most important applications of the propositions of the present number 


are in the theory of finite and infinite, both cardinal and ordinal. When R 
is many-one, then if Jp‘w exists, or, more generally, if Jp‘x has a last term, 


ce 
R,‘x is a finite class, t.e. what we shall call a “Cls induct” (cf. #120). That is, 


we have ‘es 
t:ReCls—»>1.E! maxp‘Jp'c. >. Ry‘x e Cls induct. 


< 

If Jg‘x exists, but has no last term, Ry‘x is a progression (cf. *122) when 
its terms are arranged in the order generated by R. That is, giving to & 
and » the meanings given by Cantor (cf. #123 and *263), and using “ Prog” 
for the class of one-one relations which generate progressions, we have 

Fs ReClso 1. Biter a oa qi Jx'e. es 
Ryfae®. (Ryé2) 1 Be Prog . (Riyén) 1 Rog € ow. 

Another very important proposition in the proof of which the present 

number is useful is *121°47, which proves that if R is either one-many or 
— > 

many-one, and @ and z are any two terms whatever, then Ry‘an Ryz (which 
we call the “interval” from a to z) is always a finite class. The proof that 
progressions are well-ordered series depends upon the propositions of this 
number, since it uses *122°23, which depends upon *96°52. 

The present number begins with a series of propositions (ending with 

<_— 
*96°16) on a1 R,, and a] Ry, both in general and when a= Ry‘x. We then 
— 

proceed to a few propositions (*96°2—‘25) on (Ry‘z)1R when Re1—>Cls; 
with the exception of *96°24, these propositions are all used in the cardinal 
theory of finite and infinite. They are, however, i important than the 
subsequent propositions, which are concerned with Ryfa when Re Cls—+1. 

If R is a many-one relation, and x is a member of D‘R, the relation R in 
general arranges Ry‘a (te. the posterity of x) in a 
figure such as is here given. The relation R holds . 
between each dot and the next, starting from a, and 


travelling round the circle in the sense indicated by R& 
the arrow. The dots from x to y constitute Jz‘x, and 


the dots in the circle constitute Ip‘a. y is the last ° aes ae i 
ae ; : R 

dite of Jp‘x, t.e. maxpi],‘7; w is Ry, and z is se 

(Rw al,‘x), or, what comes to the same thing, oN 


{(Ipsa)1R}‘w. w is the only term which has more 


than one immediate predecessor in Ry‘a; w always 
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exists if neither Jp‘e nor Ip‘# is null, and conversely, if. w exists, neither 
Jp‘« nor I,‘x is null. The proof of these propositions is long; the following 
are useful stages in the proof. 

If «Rx, the whole posterity of « is # itself (*96°33); if eRy and yRz, 
x and y constitute the whole posterity of « (*96°331), and so on. The 
successors of members of I r« belong to Ip‘x (*96'341), and the predecessors 


of members of Jp‘a, if they belong to Ry‘, belong to Jxéa (*96°351). (It 
should be observed mn since R is only assumed to be many-one, not one- 


one, every eaetnber of Rad a may have any number of predecessors which do 


not belong to Rye.) We have a series of propositions, beginning with 
*96°4, which deal with the hypothesis ykw. zRw. We prove (*96°42) that 
if yRw.zRw and yR,,z, then zR,.2, ie. z belongs to Ip‘x. We prove 
(*96°431) that Jp‘« wholly precedes "Ty! a; that (Jp‘r)1R and ([p'v)1R are 
both one-one (*96°45), so that if yRw.zRw.y+z, one of y and z must belong 
to Jp‘x and the other to Ip‘a (*96°441). Hone it follows (*96°453) that if 


either #R,,x ns which case J,‘e= A) or (Rag! £2)1-Ry, EJ (Gn which case 
I,’ = A), then (Ry ‘c)1# is a one-one relation. (This proposition is used 


twice in the cardinal theory of finite and infinite, namely in *121-43 “and 
_ *122°17.) Hence we arrive at the proposition (*96°47) that if two different 


members y and z of Ry‘« both immediately precede a term w, then one of 
_ y and z (say y) is the last term of Jp‘«, w is its immediate successor and zis 
the immediate predecessor of win Ip‘, t.e. we have 


y= max, 22. w = a A v.z= {(LpXx)] Pe tesctipe 
Thus y, 2, w are unique if they exist. We prove next («96° a that y, 2, w 
exist when, and only when, neither Jp‘x nor Jp‘x is null. 


It follows from the above propositions that if R is one-one, either I,‘« or 
J,‘x must be null (*96°491), ve. the posterity of a term is either an open 
series or a ayes and cannot have the Q-shape. 


*9601. [,'x= Reyfa n2(zR, 2)  Dtt [96] 
49602, Jpc=Ry‘o—Ip'a _Dift [#96] 
#961. bizel,@.=.aRyz.2R,2 — [*20°3 . *32°181 . («96°01)] 
496101. b:zeJpfn.s.aRyz.~(2R,z) [#961 . 22-93. (#96-02)] 
496102. Rye =JSyouIyfe. Iga [gfe A [¥24-41-21 . (49601-02)) 
496-108. |. (Jq')1 R,, ES : 

Dem. 

FL #OC1OL. DF sey (Sex) 1 Ro} 2. =: aRyy .~(yRyoy)- YR oF? 
[*13-14] 2y+z:.D+. Prop 
R&WI 39 


UW il 
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< — 
#96104. F: T,@=A.=.(Ry'a)1 BR, CJ. =. Spe = Rye 
Dem a | 
b.x961. 5b: 2,8e@= A. 
[%13-196] 
[*35°1] 
+ .(1). #96102. D+. Prop 
#9611. +. (a1 BR) Eat Ry 
Dem. . 
F. #91502 .*35°46. Dk.aj{RGajpR,,. 
ob. #851. | 


s@Ryy - Dy -~(yRyoy) ® 
2 @Ryy «YRyoe + Dy,20 Y FZ! 
:(Ry&x)1 Rp, ES 


Wt 


br. P€a1R,,.d:0Py.y(a1R)z.d.2ea.aR,pyyRe- 


-[491°511.%35°1] D.x(a1R,,)z- 

- [*84-1] >:P|(a1R)€a1R,, 
.(1).(2).*91-171. +: Pe Pot(a] R).D.P Ga Ryo? 
[*41°151] I+ .(a1 RR) Ca R,..d+. Prop 


496111. F: Raa. d.(a] Rp =a] Rog 

Dem. | 
+ .*91°502.3b.a1 RE(a1 R)po 
b. #9022 .%91:54.5+:.Hp.3:PePot'R.vea.aPy.d.yea: 
[¥35°1.Fact] 3: Pe Pot'R.x(a1P)y.yRz.3.y(a]R)z: 
[#91511] D3: Pe Pot'R.a] PE (a1 R)po- D+ (a1 P)| RE (a1 B) yo 
F. (1). (2). #91378. D+: Hp.3: Pe Pot‘R.D.a1PE(a]R),,: 
[41°52] D247 Ry E (a1 B)po? . 
[*96°11] _ D:a1 By =(a1 RB) i D+. Prop 


496112. t:aCD‘R. RaCa.d.(a1B)y= a Ry 
Dem. | . . 

b .485°62.437-4. Dk: Hp.d. O(a R)=au Ra 
[*22-62] =a. 
[450°] DIP O(a4 R)= a4] 
b. 45053. Dh.afIPCR=(anOR) 41 
+. (2).422621. Dt:Hp.d.afIPOR=a4I 
biK9154. | DE (ad Rye = (01 BR) v IP O(a B) 
F.49154 243542. Db:a] Ry =a Rvat IP CR 
F. (1). (8). (4). (5). #96111. +. Prop 


[PART II 


(1) 
(1) 


(2) 


(1) 


(2) 


() 
(2) 
(3) 
(4) 
(5) 


#96121. F: R“aCa.d.(RP apo =Rppfa [Proof as in *96111] 
*¥96122. F:aCU‘SR. R“aCa.d.(Rfa)y=Ryfa [Proof as in *96°112] 
49613. |. (Rye) 1 Ryo = (Ry) 1 Bl po [#96111 . #90163] 
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496131. bs 2eD‘R.D. (Ryn) Ry = (Rye) | Rly [496112 .*90163] 


= < 
#9614. FirveCR.D. RySc=tau BR, 6a 


496141. +. O(a] Ry) = Rye 


Dem. 


*96'142. 
*96°143. 


Dem. 


*96°144. 


Dem. 


*96°15. 


Dem. 


#96151. 


Dem. 


*96°152. 
*96°153. 
*96'154. 


b. #3561. 437-4. 49014. Db. O(a] Ry) =(an OR) vu Ry! 
[*90°331] 


[¥91-54. #3233] 


“a 


= Ry“a. Dt. Prop 


F. Ca R,,)=(a0 D‘R)v R,a [33-61 . #874. *91°504] 


F. Ca Ryo) = Ryf(an D‘R) 


b .#87-261 «#91504. Db. Ryo a= Ryof(an D‘R) 
b .(1). #91546 . #96142. +. Prop 


branGtRC Ryan D‘R). >. C(a4 Ryo) = Ry a 


b. #2262. Db: Hp. >. RyM(an D‘R) = (an ‘R)v Ryan D‘R) | 


[*91-546] =(an U‘R) vu (an DSR) v R,,‘(an DSR) 
[*37°261.*91:504] = (an O'R) vu RB, “a 
[#91544] = RyMa 
F.(1). #96143. 5+. Prop 
— <- <— — 
F. D*{(Ry Sx) 1 BR} = Ryan DSR. A(R 6x) 1 BR} = RB, So 


. _— <_ 

b.#35°61. DE. Di{(Ry!n)] Bi = Ryfen DR 
— v 
b.a87-4. DE. (Ryfa) 1 B} = RB Rye 
Geom 
[*91°74] = Rota 
t.(1).(2). DF. Prop | 
<— — 

F:2eD{R.D. C4(Ry6x) 1] BR} = Ry Sx 


< é- 
F.*9614.5DF:Hp.d. Ryfen DR= tx (RK, ‘an DSR). 
< 


<— < 

[*22°63] D.(Ry‘aan DSR) vu R62 = ve Vv Riot 
[*96°14] = Rye 
F.(1).*9615.95. Prop 

v & — 
Fs RyRy Sx = Riya [*90°1 7] 

vo & v & — 
F. Ry“ R, fe = BR,“ RySa= R,{e — [*91°574] 


<_ _— 
. O4(Ryfa) | Ry} = RySa [*96-141-152] 


(1) 


(1) 


(1) 


(2) 


(1) 


39—2 
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*96°155. 


Dem. 


*96°156. 


Dem. 


*96°157. 
*96°158. 


Dem. 


*96'159. 


*96°16. 
Dem. 


*96°2. 


Dem. 


*96°21. 


Dem. 
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— — 
b. Dé{(Ry6a)| Roo} = Rylan D'R .14(Ryfn) | Root = Bolt 
ae 
H .xB561 .¥OL04. DF. Dé (Riga) Ryol = Rex! eaDR (1) 
ba 87-4. Db. A(R!) | Roo} = Ryo Ryghir 
[496-153] = Rx (2) 
F.(1).(2). D4. Prop 


oa <_— 
F.C (Ryfx) 7 Ryo} = (San DR) v RB, fx 


b. 496-155 .> 
— < — 
F. 0% \(Ry‘x) 1 Ryo} = (Ryfe n DSR) v Ra 
[491-54] = (6a a OB mn DER) U (Rega a DER) U Rega 
ae 
[42262433161] = (1a a D&R) v Roof «DF. Prop 
<— — 

brweD‘R.D.O{(Ryit)] Roo} = Rye [*96-156-14] | 

<— : 
bk:anveDSR.D. (Rr) 1 Rh, =A 


F.*91504.3+: Hp.d.2~eD‘R,,. 


<_ 
[*33°4] 2. R,f«= A 
F.(1).*96:155.54. Prop 


° <— oa 

bia t(Ryfx) ] Ryo - 2. CO (Ryfr) | Ryo} 
= <— 

+. (Rye) 1 R=RE Rye 


(1) 


_— 
= Ryn [*96-157-158] 


<_ 
F.*x351. DF: y {(RySar) 1 R} z 
[*90°16.%4°71] YE Ry! a.yhz.z ¢ Ry! Be 
_— 
[*36°13]. -Y(RE Ryfr)z: D4. Prop 
<— e— 
t:Rel—Cls.3.(Ry‘x) 1 R= Rf RK, Sx 


Ly eRe. yz. 


Ui 


— ve 
b.*7255.3b: Hp... (Rye) | R= RP RR, ae 
<< 
[*91:74] =Rf Rf: D+. Prop 
a e 
t:Rel—+Cls.cBR.D.(Ry‘x) 1 R=Rf Ry‘ 


Db: Hp.d. ARP R,a= RP iwu RP Rw (1) 


F.x9614. 
+. 35°64. 4031. DF: Hp.d.d(Rpua=A. 
[*33-241] D.Rpew=A (2) 
<— <— 
t.(1).(2). D+: Hp.d. RP R,aw=RfE RK,“ . 
— 
[*96°2] = (h,‘x)1 R236. Prop 


SECTION E] ON THE POSTERITY OF A TERM 
a 
*9622. F:Rel—>Cls.~(cRe).3.(R 2){ RET 
Dem. 
F.a8111. DE:aQy.yRy.d.2Qy.yRy.yQu- 
[*10°24.%34-1 ] >. 2Q|R| Qx 


F..(1).*92132. 5+: Rel +Cls.3: Qe Potid‘R.aQy.yRy.D.x2Rz: 


[*10°11-21'23'35.%91°55] D:aRyy.yRy.d.2Re: 
[Transp] >: < (Re). aRyy .-~(yRy): 
[*13°196] Di~(#Rz). wRxy - yRz.d.y +2: 
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(1) 


[#32:181.%*35-1] D:.(eRa).>. (Ry! a) REJ:.3+.Prop 


496-23. t:Rel—+Cls.aBR.D.Ipfa= A. (Ry't)| By EI 
Dem. | 
b.a8L11. 3b: 0Qy.yTy. D.#Qy. yl. yQu. 
[484-1] >: 201 Qe 
b.(1).#92°132.5 
F:.Rel—+Cls.3: £0, PePotid'R. aQy.yTy.d. ate 


(1) 


[#91271] - D2 Qe Potid‘R. Te Pot‘R.xQy. yy « . 5 ce Ah 


[#11-11°3°35°54.491-55.(*91°05)] Ds y é Ryfe -yRh,y-D-ceUC‘R: 
[Transp.*93°1] 2:c2BR.3.~(y ¢ Ryfa yh, oy): 
[*96-1.*10°11-21] D:cBR.D.Ijfc=A 
F. (2). *96:104.3+ . Prop 
*96-24. +:Rel—Cls.C‘R= Ry BR Bee Fy sd CY 
Dem. - . 
r.*87105.3b:.Hp.d:yeCR.D. (qa) we BR. cRyy: 
[*91°504] D2: yh, 2. ID. (qr). a eBR ~cRyy : 


<_ 
[*4°7 #3218181] D:yRy¢-D. (qr). cBR ye Rye. yRy oz - 


[*96°23 ] >. yJz:.>+. Prop 


#9625. b:.Rel—oCls.¢BR.«Ryy :yRys.v.zRyy:D.¢Ryz 
Dena. 
F.x9017. DE: ae yRixz . > .¢Ryz 
«#9231. KO1-75.. 
7s Hp. Dd:aRyy. ion B i ghee Vv. oe 
#91504. 4931. DF :2BR.D.~(eR,,0) 
.(2).(8). DF: Hp.d:aRyy. oxy « D.aRyz 
-(1).(4). 25. Prop. | 


Te oe ae 


(2) 


(1) 


(2) 
(3) 
(4) 
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The following propositions lead up to *#96°32, 7.e. 
— << 4 — , 
F:Rel—1l.wRyy.d. Kyau Ryfa= Ryfy v Ry Sy, 
which is a proposition used in the following number (97). 
*96°3°301°302°303 are also frequently used elsewhere. 


- — 
~ ~ 
*96°301. F: eRyy.D. Rye C Ryty [*90°17] 


*96°302. f :. ReCls-+1.¢Ryy.cRyz. Dd: yRyz.v.zRyy [*92°311] 
#96303. + :. ReCls+1.aRyy.xRyz. Ytz2. I: yR ZV ZR oy 
[*96°302 . *91°542] 

<— > & 
*9631. F:ReClsol.aRyy.d. Ryka C Rytyv Ryty [*96°302] 

— — = 
*96°311. f: Rel—Cls.cRyy.D. RytyC Ryfa vu Rye [*92°31] 

— — = & 
*96:32. |: Rell. aRyy.d. Ry'av Ryia= Ryfy v Ryty 
Dem. 
F. *96°301:31.3+:ReCls—1. aRyy ae Higte v Regt C Begty 0 Ray (1). 
—_> 

F.*963°311. Dk: Rel—+Cls.cRyy.D. Ryé y v Ry! y C Ryfay Ryle (2) 
F.(1).(2).3 r. Prop 
#9633. +: ReClso1.2Rzr.3. Ryfa= Ue 


Dem. 
t.a71171.5+:.Hp.d:z=a2.2Rw.d,4.w=2 (1) 
b.(1).*13'15. #00112 “5. Dhiakyy.d.y=a (2) 
F.*9012. D+: Hp.d.¢Rye (3) 


F.(2).(3).3+:. Hp.d:aekhyy.=.y=a:.9F. Prop 
_— 
*96°331. b: ReCls—1.¢Ry.yRa.d. Rya= av ety 


Dem. 
+. #9015162. Dk: Hp.d.uwutyC Rye (1) 
F.a7l171. Dt: Hp.d:z=2.2Rw.d,y.W=y- 
[*51°232] Dew weliev uy (2) 
F.aTLI71. DF: Hp.d: z=y. zRw.d,.W=a. 
[*51°232] Dewe WEla ity (3) 
Fk .(2).(3). DE: Hp.Ddizeueulty.zRw.d, »-welaviy (4) 
F.*5116. Dh .vetfautty (5) 
F.(4).(5).*90112.5:.Hp.di:aRyz.d.zeteuuy (6) 
F.(1).(6). DF. Prop 


This process of proof can obviously be extended to any finite cycle of 
terms. 
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9634. t:ReCls+1.).R pot <2 (2Ry92) C2 (Rpg 2) 

Dem. 
Ob BLL. 4841.9b:2R,2.2Rw.d.wR|R,,|Rw | (1) 
F.(1). #92113. Pe ere ee 


[*20:3] 2: se? 2 (2R,.2).2Rw.D.we2(zh,2)? 
[37-171] >: B“2 (2Rygz) C2 ee 2): | 
[*91-71°53] Dt Ryg2 (Byp2) C2 (2Ryg2) 2. DF. Prop 
496341. b: ReCls—1.D. Ry Inia C Lyi 

Dem. 
b. 487-21. (K9601). Db. Ryo Ina R vat Beg 0 Ryo? (2292) 
[*90-163.%91-602] ch bon Byy 3 (22) (1) 
b. (1). 96°34. D+:Hp.d. R po Tie C Rght n2 2(eRyo2) 
[(*96°01)]} — CIpfa: Dt. Prop 


#96342. t: ReCls1.5. RyfI Rc Clp’a [96341 .*91°71) 
#9635. +:. ReCls>»1.35:~(wh,,w).2R,w- od. ~ (2Bpo2) 
[*96°34. Transp] 


#96351. f: ReCls31.5.R pt Salen Regio C Sie 


Dem. 
F. «96°35 . Fact. *96°101.3 


t:.Hp. Die Jpn eR se Ryn .D cedgiar Db. Prop 
496-352. b: ReCls+1.D. Ry Iptnn RyicCTgfc [#91543 .. *96'351] 
Thé following propositions are lemmas for *96°45°47. 
#96'4. bt: ReCls—+1.8, Te Pot‘R. ySy.yTz. 3. 28z 
Dem. 


b.a3L11.3h:Hp.>.22|S|Te. 
[*92°133] 2.282: D+. Prop 


*96°401. F: Re Cls— 1.8, Te Pot‘R. ySy.ylz.yRw.2Rw.>.wSw.wlw 
Dem. . 


k.x3l11. Dt: Hp.d.wRz.2Ty. ySy .yTe.2Rw. 
[*34-1-2] | D.w{Cnv(T|R)|S|(T| Rw (1) 
F . #91282. D+: Hp.>d.7|Re Pot‘R (2) 
F.(1)- (2). #92:133.5)F:Hp.). wSw (3) 
Fe xdlll. 2F:Hp. >. why. yTe. zRhw. 

[*34°1] >. wR|T| Rw. 

[*91-351.%92133] >.wlw | (4) 


F.(8).(4).F. Prop 
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#96402. t: ReCls—+1. Te Pot‘R.yRy.yTz.yRw .zRw.d.y=w.y=z 
Dem. 


F.x71171. Dt: Hp.d.y=w (1) 
t .*96°4.*91:351.3+:Hp.>.2zRz. 

[71-171] J.2=u (2) 
F.(1).(2).5F. Prop 


*96403. |: ReCls—1.8, 7 Pot‘R.yS| Ry. yTz.yRw.zRw.d. 
wSy .w8Sz.y=zZ 


Dem. 
F.x3l11. Dt: Hp.d.wk|S| Ry. 
[*92:133] >. wSy (1) 
b .#96-4. *91-343 . Db: Hp.d.28| Rez. 
[*31°11] >.wk|S|Rz. 
[*92133] >. wSe (2) 
F (1). (2).*92:101 .&71171.+:Hp.d.y=z (3) 


F.(1).(2).(3). 4+. Prop 
*9641. : ReCls—1.8, Tc Pot‘R. ySy.yTz.yRw.zRw.>.y=z 
Dem. 
F .*91-264°304. 5+. Pot‘R=eRvu| R“Pot!R. 
[%51:236] DF:. Se Pot‘R.=:8=R.v.(qS’). 8’ « Pot‘R.S=8' \R (1) 
F. «96-402. 
Fi.8=R.3:ReCls—1. Tc Pot'R.ySy.yTz.yRw.zRw.d.y=2 (2) 
F .*96403.5 
F:.(qS’).S’ePot'R.S=S8'|R.D: 
ReCls—1. Te Pot‘R. ySy.yTz.yRw.zRw.d.y=z (3) 
F.(1).(2).(3). DF: Se Pot‘R.D: 
ReCls—1.TePot'R.ySy.yTz.yRw.zRw.d.y=z:,3+.Prop 
*96-42. |: ReCls>1.yRw.zRw.yR,.2.3.2R,2 
Dem. 


F.«3l11.3b:Hp.). wRy. YRyoe « 


[*92°111] D.wkyz. 
[Hp.*34-1] D.2zh| Ryz. 
[*9152] 2.2.2: D+. Prop 


e 
#96421. b:. ReCls1.y, ze Rye. yRw.cRw.ytz. Dr yRyy Vv. ZRyo2 
Dem. 


F.*96303.3F:.Hp.d: yh, 2.v. 2h, y (1) 
F.*9642. DE: Hp.yk,2.d.2R, 2 (2) 
F.*9642. Dt: Hp.zk,y.Dd-yRyoy (3) 
F.(1).(2).(3). DF. Prop 
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#96431. b: ReClsl.yedpfa.zeT piv. D. yRyoz 


Dem. | 
t.*96102.3t:.Hp.d:y+z: 
[*96°303] . Dy Ry zs Vv. Z2Ryoy (1) 
F.*96341.3b:.Hp.d:2h,y.D. yelp a: 
[Transp.*96°102] DI: yedp a. .~(2h,y) (2) 
F.(2). DF: Hp. 3..(zR,y) (3) 


F.(1).(3). DF. Prop 

*96432. F: ReCls1.y,zeIp'a.yRw.zRw.>d.y=2z 

Dem. . 
F.*9671 . Dt: Hp.d.(qS, 7). 8, Ve Pot'R. ySy. zTz (1) 
96303. 3: Hp. Ddry=z:vi(qU): Ue Pot'RiyUz.v.zUy (2) 
.(1).(2).3+:.Hp.d: 

y=2zivi(gs, 7, U):8, 7, We Pot'R.ySy.2Tz:yUz.v. zy (3) 
F.x9641. Dt: Hp.d: :(qS, U).S,U e Pot!R.ySy.yUz.d.y=2 (4) 
F.*9641. DF: Hp.d: (af, U).T, Ve Pot! R. 272. 2Uy. D.y=z (5) 
F.(4).(5). Dk: Hp.ds 

(aS, 7, U):8, 7; We Pot!R. ySy.2zTz:yUz.v.zUy:D.y=z (6) 

F.(3).(6). DF. Prop 


+r 


*96-44. F:.ReCls—ol. y,2¢ Ryka. ykiw. tRw.ytz diye Lav. ze l*e 
[*96-421-1] 


_ 
#96441. b:. Re Cls—1 -¥,2€ Rye .yRw.zRw.y+2.3: 


welparyedpfa.zelyfa.v.yel pia. ze Tp x 


Dem. . 
F , *96°432. Transp . (#9602) .D 
b:.Hp.dizely a. Dd. ye Spa: yelp a. d.2eJ;x QQ) 


F.(1).*9644.3+:. Hp. Dds yeJSp a. ce lata. v.yel pfx.zed psx (2) 
F #91502. %96341.3 . 
Fr. Hp. Ddizel,’ ae. Diwelgaryel gin. D.wel,‘x: 
[*96°44) I:w E I pa (3) 
F.(2).(3). DF. Prop — 
*96-442. fF: Re Cls— 1 Ys, zed ‘x. ykhw.zRw.d.y=2 
[*96°44. Transp] 
The following proposition (*#96°45) is important. 
*9645. [:ReCls—1.5.(J;'r)1R, (1, fe) 1 Rell 
[*96°442 432] 


— 
*96451. b:. ReClsaliJd;fs=A.vel,fr=Aid.(Rya)]{ Rell 
[*96°45°102] 
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*96°452. F:. ReCls 1.3: qida'2.=.veJdp ‘a 


Dem. . 
F .¥10:24. Dhk:xveTpe.d. atpfe (1) 
+. *96'342 . DF: Hp.welpe.d. Rylc CI p6a« 
[*96°102] D.Spa@=A (2) 
| <— 

F.*96°101. Dhigqtdpe.3.q! Ryn. 

[*90°13] >. cRhye (3) 
F.(8).(2). Transp. D+: Hp.q! dpa. Dd. ve Ryfa—1p'x. 


[(*96-02)] D.veTp x (4) 
F.(1).(4). DF. Prop . 


#96453, bs. ReCls—>1:@Ryot « V « (Ry!) | By CID « (Ry't)| Rel 1 
Dem. 

+ .*96-452. Transp. DF: ReCls1. @Ryot  D. Saie= A a Q) 

+. #96104. Db: ReCls—1. (Ryfc)| Ry EJ. D-Ipe=h (2) 

F.(1). (2). *96-451.5+. Prop 


#9646. +:ReCls—1 yy eSpa. Ry, Ry eI pin. a.y=y 


Dem. 
t.*92-111.5 


F: :ReCls1l.yed pia. Ry eIp'x. yRyoy' « >. Rey ¢ Inia. RyRy « 


[#96342] >. o eI a (1) 
F.(1). Transp. 3+: :ReCls—1. -¥,Y dpa. Rey ¢ [pia Da .~(yRuy’) (2) 
EY. Db i ReCle—ol yy Tate RY eye. 2 -Wly Ry) (3) 


F.(2).(3). Db: Hp. Dd. (yRy’) (y’Ryoy) - 
[*96°303.Transp] D.y=y': DF. Prop 


*96-461. fk: ReCls—1 ye Tain. Ry eIp'a. D>. y= maxed px 


Dem. — 
b.exl421.3+:.Hp.d:E!Ry: 
[*30°13] 3: Ryne Jt. = (Ry eS p‘x). 
[*71°371.Transp] =.yre ROS pa (1) 
F.(1). *93°115 . #96102. >+:Hp.3. y max, x(Ua'a) (2) 
t.*96°431.5+:. Hp. yedxa. 2:7R,, Ry 
[*91°504] D:y DR 
[*71:164] >:E! RYy': : 
[*30°13] oO: RYy'we Ja .=. ~ (Ry ed 7a). 
[*71:371.Transp] =.y re RI Sa. (3) 
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F.(3).*93'115. Dt: Hp.D:y maxpg(Jp x). Dd. y eS pa. Rey we Ina . 
[#96102] D.y' eJpfa. RYy e Iya. 
[*96°46 ] a.y=y' (4) 
b.(2). (4). *30°31 . +. Prop 

*96:462. F: ReCis—l.yedp‘ax. sepia. yRw.zkhw. 2. 


y = max aR SR Re.w= Rémax RI e= {7 nit) | RYE Rémax pF x! Ra 
Dem. 
+ . *96°441°102 .*71°361.5 


Fs: Hp.d.welpa.w= Ry. 
[*96°461] D>. y= max, pa. w= RimaxgS 26a (1) 
b.*96-45.Dt:Hp.d.2= {(Tp‘x) 1 R}‘w (2) 
F.(1). (2). DF. Prop . 
The above proposition, since it exhibits y, z, w as functions of x and R, 


shows that there is at most one w in Ryfa having more than one immediate 
predecessor, and that this one has exactly one immediate predecessor in Jp‘x 
and one in Ip‘a. (These results require *96°441, in addition to *96°462.) 
Thus we arrive at the following proposition: 


#9647. +:.ReClsol.y,z ¢ Ryn ykw.zRw.y+z.9: w= R'max,' Spa : 
y = max,‘ p*a. z= {(Lp*x)| Ry Ranax,' J. aft .V. 
z=max;‘J pa. y = {(Lp‘x) J Ry} Rimax,tJ ne 

[*96°441°462] 
We still have to prove 
ReCls—1.qtUpe. qt Ipe.d. gies W) . pe Res yRw .zRhw .y +z, 
or, what comes to the same thing because of *96°441, 

ReCls—1.qi:dg’a«.qilga.d. (qy,2z,w)-yedpa.zelpc.yRw.zRuw. 

This is effected in the following propositions. 

496-472. t:ReClsol.g Jae. qt Inia. dD. (qy) -yedna. Ry eI pa 


Dem. — 
F.x901 DF i. wed pa. RS pe C Ip a. D:aRyy.d.yedTR a: 


[*96°104] @ 3 Tyke = A (1) 
-.(1). Transp . #96452. DF: Hp.>.q! R“S a — J pik. 

[*71°401] >.(qy, 2) yedp a. = Ry. zredp ue. 
[*13°195] > - (ay) -yedR a. Reyne dpe. 


[*96°102] D.(qy)- yeTp‘a. Ry e Iya: D+. Prop 
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*96°473;. : >: ReClso1 gq! Jp'e.q! Ip'a.D. E! max, Ja. EtRmax,'Jn! x 
[*96-461-472] 


496-474. : ReCls—1. w= R'max;'J,{a.D. 
El {((Zpe)1 BR} w. Et max; 6a. {(Jpix) 1 R} Sw = max pe 


~ Dem. . 
F.#*71361. Of:Hp. Dd. (max;‘J;‘x) Rw. (1) 
[¥14°21] D>. EH! max,‘ ‘x. (2) 
[*93°11] >. max, J;,“we J pa. — 
[(1).*96°45] D. (Spi)-| R}w = maxp' J pfa (3) 
+.(2).#93:11.3:Hp.d. maxpJpfave RSS pa. | 
[#7 1-371.430°13] D. Rimax,Jyia~ve Jq'2 - 
[Hp.*96-102] >.wel,a. 
[*96-1.*91°52] D.whk,,w.wky,| Rw. 
[*34-1] >.(qz)-wh,w.wRyz.2Rw. 
[*96°342] >.(qz).zeL,*c. zRw. 
[*96°45] DE! ((Tp'e)1 Rw (4) 


F.(2).(3). (4). -. Prop 


#96475. b:. ReClso1l.3:E! Rimax JT pa .=.q!Jp.q! tx’ 
[*96°473°474] 
This proposition and *96°45'47 embody the main results of this number. 
*96°48. +: -ReCls1. S= (Ryé xv) 1k. we Boo! Le 2: 
_—> 


~(w= Rémax Jpa).=.Swelrw= Remax Ip. = sw e2 


Dem. 
b #9615 433-41. 3b: Hp. d. qt Sw (1) 
F.*9647.5F:.Hp.d: (ay, z).ySw.zSw. Yrs. D.w= Remax, Ip! wt 
[(1) 452-41] Di Soicoe tc oc Remax gS yf w (2) 
t . *96°474102 . Dr:HAp.Dsw. = R'max, ‘J p6a. D. Sty el (3). 
t.(2).(3). Transp. DF: Bp.din(w= Remax; Tr ‘L).= Sw el (4) 
b. (2). #524. #54101. Fs. Hp. D1 Sty e2.d.w=Rimax,Sefe —-(5) 


F .#96474-102 . D+: Hp.3d:2:w= Rémax 6d fa. >. 

El i(Vpfa) | R}w. Bt (1,60) 1 Ri w oe Spe) | BR} wv Cn ‘x) 1 R} y= Sw . 
[96102454101] D . Sane? (6) 
F.(5).(6). DF :. Hp. Diw= Remax pS 4 = Sw e2 (7) 


F. (4). (7). DF. Prop 
In the above proposition we write “~ (w= R‘max,‘J psa)” rather than 


‘we Rmax ud Sv,” because the latter implies the existence of R‘max,J; 6a. 
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< ; 

*96°49, F:: ReCls91.9:. (Rye) | Relwle:hie=A.v.dfa@=A 

Dem. 

yo 
F.*9648. Transp. +: Hp.S=(R,‘x)1R.3: 
— v > 
we R, ‘xc .w = Rimax;'Jp'a =. we R,, ‘a. Swrel: 
vw —_>- : 

{*96°15.*91:52] 5: w= R'max,J pa. =.wedS.Swrel: 


[¥14:204]  D:E t Rimaxy'S gfx .=.(qw).wedS “Stu ~wel: 
[96-475 &TL TE] Dl Ie. qi Tpfe.=.S~eloCls. 

[*7 1-261-103] .Srell (1) 
+ .(1). Transp. 3+. Prop 


*96-491. F:. Relw1.3:1,'¢@=A.v.Jpc=A 


lil 


I It 


Dem 
49649. Dh: Hp.ceD‘R.D:lga=h.viJgia=A (1) 
b. #9154504. Dk: Hp.aweD‘R.D. Ryle =t'en OR. (aRyo). 
[¥96-1] >. Iyfe= A (2) 
F.(1).(2). D+. Prop 


*96-492. +:. Relwt+1l.aeD*R.D: 


~ (th o#).=.1,8e=AicR,, 02.5 Skt = AN 


Dem. 
F.*96:1°101.5 
bi: Ipa=A.d.~(¢h,. 2): 26¢€D'R.~(@R, 2). Dd. q! Ip | (1) 
F.(1).*96°491.5F:. Hp. 3:0(@R,,@).=.1pa=A (2) 
Similarly F:.Hp.3:2R,,2.=.JSp@=A (3) 
F.(2).(8). 3+. Prop 


The above proposition. is used: in #122752. 
The following propositions, not being needed in the sequel, are. merely 
stated. :. oF . 
br ReCls—>1. qi dia. qilpa.d. Lean RS cel. Span R“Ip6a el 
— — 
F:ReCls—1./pa@=A.3.(Ry“x) 12 Pot{{(Ry‘x) 1 RB} 
> vy lS —~ 
#965. F:Rel—l.veD‘'R.D.R,‘Ra= Rye= Ra vile 
Dem. . . 
—_> ww us 
ba 7 Db: Hp. rye R,(Re.= yh, | Rr. 
[x92‘T17 =. yhyr.ce DR. 
fHp.*4°71) . Ss. yRyr: 


Rk “ 3 ‘pe rs & 4 & 4, , 
| #32-18.x9614 Al 2: #,,‘R! o= Ry a= Rav te: Dt. Prop 


<— -_ <— 
x96°501. fF: Rel—l .ceQ*h.D. KS Ra= Kya = Rh, 6x vile 
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~> > 
«96502. +: Rel—»Cls.cRy.d. Ryfy = Ryfe v uy 


Dem. 
b.*9031.Db::Hp.3:.2Ryy.=:2Ry(Ry).v.z=y2 DF. Prop 


vy) —> vy 
x9651. bk: Relol.aCR,“BR.aCR,“a.d.a=A 


Dem. 
+.487105. Db: Hp. d:yea.d,.(qz)- sen ~ LR yoy » 
[*32°18] | Dylan Roo! ys 
[#141821] 3: Rwea.>d. qian Re Rea. 
[*96°5 ] Dg lan Ry! ‘x: 
{Transp} Dian Ryie=A.oky.D.yrea. 
(%51°211] D.an(hyfevuiyy=A. 
[*96'502] | Dian Ryy=A (1) 
F. #91504. 3: a Ry, a eee Se sac 
[*93°104] D:aveE BR. Dd.an Ryfa= = oe (2) 
b.(1).(2).#90112.5+:.Hp.3: swe BR. oRyy.D. i Riya A. 
[*90°13] D-yred: 
[437-105] >: Ry BRoa=A (3) 
+. *22°621. >b:Hp.d.a= Ry BR aa (4) 
F.(3)-(4). DF. Prop 


| vy => > 
x9652. +: Relwml.aCR,“BR.qta.>.q!min(F,,)a 
Dem. ; 
+ 49651. Transp. Dk: Hp.>d.qla—B a (1) 
F.(1).*93111. OD. Prop 
This proposition is used in *122°23. 


#97. ANALYSIS OF THE FIELD OF A RELATION INTO FAMILIES 


Summary of #97. 
In this number, we consider not only the posterity of a term, but the 
ancestry and posterity y eBeecrs 1.e. Ryéav ee x. We put 
Ra = = Rx v(tanCR)v Rn Df. 
arate the whole family of a term, ‘e. its ancestry and posterity together 


3 


is Rigéa. The most important case here is when Re 1~»1; in this case families 
are mutually exclusive, t.e. we have 


ad 
b:Rel1.5. Ry OR e Cls ex? excl. 
In case Fidsen and y belongs to a family which has a beginning, 1.8. 


in. case W] Ry! yn BR, the whole moulye of y consists of the posterity of the 
beginning, 7 2.e. we have 


Fk: Rel—»1.cBR.aRyy.D. Reag’y = Regn, 
whence 


> -- 
*9721. |b: Rel+1.5. ky sgen'R = Ry“ BR 
When Re1-1, the relation of gen‘R to Ry BR may be pictured as 
the relation of rows to columns, E.g. let the field of F consist of the dots 


x 


(oO f\ UT Tp 
te, 2 
ra) re 


in the accompanying rectangle, and gt each dot have the relation R to the 
dot below it. Then the top row is BR, the second row is d‘R—(*R?, the 
third is (‘R? — G‘R, and so on; thus the rows are the generations of R. 
Again, if « is any dot in the top row, the column beginning with z is Ra! a, 


and if y is any member of this column, the column is Ry‘y. Thus the columns 
are the families of R. It will be seen that in the case represented by the 
above figure, every family consists of a selection from the generations, and 
every econ pun of a selection from the owe 1. oi 


Ry BR CD“ ex'gen‘R .gen'R C De, Ry BR, 
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The circumstances under which this occurs will be considered in the 
present number (*97-3—"47). The results are summed up in *97°47. 


The remaining propositions (*97°5—58) are concerned with circular 


families of one-one relations. If Rel—1, Rye is a circular family if 
«R, t. In that case, we have #R,.y.3.yR,.%; moreover there is a definite 
power of R, say P, such that every member of the family of # has the relation 
P to itself («97'54). (The same will hold, of course, of all powers of P.) The 
families of a 1-—»1 are all either circular or open, 7.e. we have (*97'55) either 
ye Rex! Be Dy» YRyoy, OF ye Re! ‘2. Dy (YR yoy). The Q-shaped families con- 
sidered in 496 are not possible for a 1 —» 1, since in such families the term at 
the junction of the tail and the circle has two predecessors. The family of 
any member of s‘gen‘R must be open (*97°57). The family of a member of 
p*d**Pot‘R need not be closed, but cannot have a beginning; if open, it 
forms a series of type *o or *w +, according as it has or has not an 


end*, Finite open families are contained in s‘gen‘R n s‘gen'R ; families 
of type are contained in s‘gen‘R a p‘UPot*‘R; those of type *, in 
s‘gen‘R np‘ “Pot R; those of type *# + and circular families are contained 


in p*A*Pot§R a pA *Pot*h. Those of type *o+@ are distinguished from 
circular families by the fact that in the former we do not have CR yt, while 
in the latter we do have this. 


In addition to the propositions already mentioned, the most useful pro- 
positions of the present number are the following: 


eo = — 
*97°13. F. Ryfx = Rigg Vv Ry ‘a 
49717. +. Ryc=R,,’o= Ry fav RK, “c= RK, ‘av Ryo 
x975. +: ReCls—>1.cR,,c.¢R,,y. 2. yRyot 
497501. t: Rel Cls.2R,oc.yRyor +. cRyy 


oe > e_ 
49701. Riv=Riav(ianCR)v Rw Df 


Observe that “t‘x a C‘R” means that « is to be inchided if it is a member 
of CR, but not otherwise; for tana C‘R= ta if xe C*R, and otherwise 
tanC*R= A. . 


* Here the type ‘“‘*w” is the type of converses of relations of type w, i.e. the type of the 
negative integers in order of magnitude, ending with ~—1, w being the type of the positive 
integers in order of magnitude, and. therefore *w+w being the type of negative and positive. 
integers-in order of magnitude. 
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2 
4971. FiyeRa.=:yRe.v.y=a.ceOR.v.xRy 


Dem. 
F .*32°18'181 . #51715 . (x97-01). > 


= 
Fr yeRa.=:yRe.v.y=a.yeCR.v.cRy: 
[#13193] =:yRe.v.y=a.reC'R.v.aRy:. D+. Prop 
2 2 
#97101. F:yeRa.=.x0e Ry 


Dem. 
F .*382°18°181 .*51°15 . (*97°01).D 


© 
FiceRy.=:0Ry.v.a=y.ceCR.v.yRer: 
& 
[*97-1] S:yeR%r:.d+. Prop 
2 
*9T11. +. RSCR= OR 
Dem. 
t.*97-1.*4011.5 
coed 
Fs. yesSR“CR., 
[#33°13'131.*13°195] 
[33-16] 
& 2 
*97 111. Fi:eeCR.=.7e Ra.=.q! Ra 
Dem. 
& 
F.aOTL OF i we Roae.s:aRe.v.ae COR: 
[*33°17] =:a2eCR (1) 
& 
F.e971 bi. gt Re.s:(qy):yRe.v.eRy:vi(qy)-ceCR.y=a: 
[*33°132.%13°19] =:reCR (2) 
F.(1).(2).F. Prop . 
sax 
#9712. b. Ave Ry “OR 
Dem. 


:(q¢).yRe.v.(qz).y=a.reOR.v. (qu). xRy: 
:yeDFR.v.yeCR.v.yeOR: | 
:yeCSR:. D+. Prop 


Ht ot ott 


Co . 
F. «977111 .*37°63.D4: aehy“OR.I..q!a (1) 
F.(1).*24°63.5+. Prop 
eS > € 
*97°:13. F . Ry a = Ry Sa vu Ry fax 


Note. Ry is to mean (Ry), not (#),. The latter is unmeaning, since £ is 
never a homogeneous relation, and therefore its square and higher powers 
are unmeaning. 


Dem. . | 
F.*9012.Db:y=2.yeCR.D.yRyr: 
< 
[¥5115] Dhk.vanCRC Ry. 


[*9014] Dh. umn O Ry C Ryle a 
F. (1). (#9701). >. Prop 7 
R&Wi 40 
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49714. -bF:Rel—1.acRyy.3. Ryia=Ryfy [#9632 .*97-13] 

© ee. 2 | 
— *OTIE. Fs Rell. ve Ryty. >. Ryka = Ryfy 
Dem. . | | 
b.49713 .Db:. Hp. do: cRyy.v. yRye - (1) 
b.(1).49714.D.Prop 


#9716. f:Rel—1.3. Bg OR Os ex? excl 


_ Dem. 
; Sed eo & 
Fk #9715 Pee | F se Hp. Ds me ely. x6 Ryle. De « Rey = Beyg’y . Ryfa = Ry‘z 
: = & 
[*13°171] I.» Ryfy = Rye: 
2 2 rad & 
[*10° 23) 3: Ws ! Ry fy n Ry rae ie Ryty = Ryfz (1) 
F.(1). #11113 . *#37°63 . D3 
F:.Hp.3: a, Be Re COR. ciune. Do,p-4=B8 (2) 
F .(2).%97°12 . #841382 . DF. Prop ; 
ee © > & > | 
*9717. +. Ry‘cw=R,,‘c = Kyau RK, ‘c= Ryo“a v Rye 
Dem. 
> = _— 
+. #9713 .491°54.9. Ryc= Rav (en CR) Re (1) 
2 
[*91°504.(%97-01)] = Rye (2) 
e — = > — 
b.(1).*9154. OF. RySc=R, ‘au Ry c= Kyau R,“@ (3) 
F.(2).(8).F. Prop 
& & 
#9718. +.C(RE R\x)= Re 
Dem. 
©& & 
t.x3741. 56. Ss [ R6a) C Ra (1) 
F. x97°1 . #36 18. 
bi weOR. Bowe. D:a(RE Réx)y. v. y (Rt Rea) a: 
o> 
[*33°17 ] D:a,yeC(RE Ria) (2) 
eo © 
.(2).*9771. Di:eeCR.D. Rae CC(RE Re) (3) 


t .*97°111. Transp. Dk: aveC*R.D Ra CC(R t Rn) (4) 
F.(1).(3).(4). D4. Prop 
b ad <_— 
*972. -F:cBR.D. Ry‘ac= Kya 
Dem. 
t .*93'104.%#97:13.5F:Hp.o. Fee v= ie U Rafa (1) 


+. 93°101 . #9012. DF: Hp.). we Raya (2) 
F.(1).(2). 35. Prop 
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o ae oe r 
*9721. F:Rel—+1.5. RyMs'gen'R= Ry“ BR 
Dem. 
<— © 
F.#97142.3b:.Hp.d:e¢BR.cRyy.d. Regia = Ry: 
#3762 >. Ryfye Ry“ BR: 
it oe * 
[*93°36] D:yes'gen‘R.D. Ryye Ry “BR: 
| oe - > 
{*37°61] 2} Hy “sgen‘R C Ry“ BSR (1) 
+. #972. 493-22. Db. Ry BRC RyMs'gen'R (2) 
F.(1).(2). D+. Prop 


-- © © 
«9722. Fb: Rel—+1.5. Ry“ BR v Ry pd“ Pot'R = Ry “OR 
[*97°21 . *93°37] 
*97:23. | 1 R“ORe0u L.=1.a,yeCR.d, yie2=y.v. aRy.v.yRe 
Dem. 
b .*52°4.(*54'01).D 


& & 
Fir. R“COReOvliei:a,Be ROR. g-4=8:: 


oO © 

[*37°63] EnayeCR.9,,. Ra=Riy:: 

[*97°1] einayeCR.O,,:.2Ra.vi.ceCR.z=a2.Vv.aRz.5,: 
2Ry.v.yeCR.z=y.v.yRz 

[*4°7 1] ena,yeCR.,,:¢Ra.v.z=a2.v.aRz:=, 
eRhy.v.z=y.v.yRz:. (1) 

[*10°1] Iia,yeCOR.D,,2¢Re.v.c=2.v.cRr:= 
ohy.v.c=y.VviyRer 

[*13°15] DayiaRy.v. -c=y.Vv.yRe (2) 

F.xlOL. DF ia, yeCO(RizeCR: “eyeOR: Dey :thy.v.c=y.v.yReid:. 

GR2e.v.c=zz.v.zRharyRz.v.y=z.v.zRy:. 
[*5°1] 2:.0Rz.v.c=z.v.zRars:yRz.v.y=z.v.zRy (3) 


F . *33'132 . Transp. *13°14.) 
bisa,yeCRizreOR:91.~(eRz.v.zRa).ct2:~(yRz.v.2Ry).y+zt. 
[*5°21 ] D:.¢hz.v.a=2.v.2Rrr= 
yRz.vey=z.v.zky (4) 
F.(3).(4).D Fi. yeCR.I,,:cRy.v.c=y.v.yRes.d:: 
YE COR. Izy th2.V.0=2.V.2Rer=,:yRz.v.y=z.v.zRy (5) 
F.(1).(2). 6). DF. Prop 


*97°231. +: ROR eVul. :weCR.D,.CR= Regine RE 


Dem. 
F. vind 23 .*382°18:181.*51:15.>D — 


Fs RORe0v1. iweC*hs2's CRC Ria vite Ree (1) 


ee ee ee ee (2) 
F.(1).(2). >. Prop 
40—2 
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So | — e— 
#9724. Fr Ry “CReOvl.si:veCR.O,.CR= Rye v RySa 
Dem. 
F.*97'231 .*90:14.5 
© — < 
Fi. RyfCReOvul.=:reCR.D,.CR=R,aveavu Ryfe (1) 
—_, 
t. #9012. DeixveCR. D.C Ryfx (2) 
F.(1).(2).*22°62. DE. Prop 
2 
#97241. bi: Ry“ CReOvl.=:.2,yeCR.9, yraRygy.v.yRye 
Dem. 
F.*97°24. #3218181 .5 


> 
Fr Ry “OReOVL =i veCR.o,:.yeCR. =,:aRyy.v.yRya (1) 
F.*90°13.DF:. 7Ry v.yRyerDdD.yeCOR © (2) 
F.(1).(2). #473. 55. Prop 
2 
#97242. b:: Ry“CReOvul.=:. 2 yeCRodgyirec=y.v. thy Ve yh, a: 
a 
=1h,“CRe0ul 
[*91°542 . *97°23 . *91°504] 


The remaining propositions of this number (except *97'5 ff.) are concerned 
with proving that, under certain hypotheses, 


Ry “BR C D“‘e4 ‘gen‘R, 1.6. Rylts! gon'k C Dé‘ea‘gen‘R, 
and gen R—UAC Dé‘ea Ry BR. 
These propositions have the merit of proving the existence of selections 


in the cases to which they apply. 
- —-— 
#973. +. Ryf BRel—wl 


| 


Dem. 
F.*9012.9 
> €& _ <_— 

Fra, ye BR. Ryka= Ryly. diye Ry a: . 

[*91:54] Di y=L.ViGR yy (1) 

F. #917504. DF: Ryo « D.yeU‘kh: . 

[Transp.*93'101] DF rye BR. Jen (7Rpoy) (2) 
— . 


— 
F.(1).(2). Di:a,ye BR. Ryka = Rgy D.v2=y — (3) 
F.(8).*71'55.*7212.955. Prop 


me v —_ 
*97°301. +. IP BSRe(Ry)s‘BtR 


Dem. 
—_ 
F.x7217. DE.IPBRe14Cls (1) 
_—> wv 
b.*x9015. DE.JP BRC Ry, (2) 
— — 
+. *50'5'52.D+. 07 BR= BR (3) 


.(1).(2).(3).*80°14. 3+. Prop 
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—~ — a = — - — 
*97°31. | .(B‘R)1 Cnv‘' Ry ¢ ea Ry “BSR. D*{( BSR) | Cnv‘ Ry} = BSR 
Dem. 


w 


+.*97°3. «8513-7 .> 

t:Se (Ry)a BR a en CaviRy € cal Fig BR (1) 
Fe(1)-*97301. DF .IT BR Cav'Ry cca’ Ry BR. 

[*50°61] DF. (BR) 4 Cnv' ‘Ry cea Fig BR (2) 
b. #85°62 . 433-431... D'{(BER)] Cnv‘Ry} = BR (3) 


ae oO: (3).DF. ere 
49732. +. BéRe Dieu Reg BR [x07 31] 
x97: 33. Fs R € 1 mer La a Cc Rg. B Cc Rega. >. Regia = RB 


Dem. 
F.*97°15. Fact. t:.Hp.d:yef. we Ryly - 2. Fefy= Bega. yeB. 
[*37° 62] >; Reg! we FigB on (1) 
Ps (1) - *#10°11°21-23 .#40°4.3b:. Hp. d:2re SRB. D2 ; Keg‘a e Ry SB: 
[Hp.Syll] | Ee me a. a) Fa’? eRyB: 
[*37°61] 2: By hal Ry 8 (2) 
F.*40'4.5F:.Hp.d:yeB.d.(qu).vea. ay 6 Higa 
[*97°15] >. (gz). meee: - Ryfa = Ry fy . 
[*37°62] ios Re ‘ye Raa (3) 
b.(3).#87-61.+: Hp. >. RyBCRya (4) 


F.(2).(4). DF. Prop 
= & & 
#9734. F:Rel— +1. Be Des Ry a.3. Ry “a= RyB 
* * * 


Dem. 
=> 2 
+. *83'6'62. Dt: Hp.d:irea.d,.q! Ba Ryfe:BCs'Ry“a (1) 
& & 
F.*40'4.%97101. Di wea. Dd. qiBa Ryia.=.aCsRy“B (2) 


b.(1).(2).#9733. D4. Prop 
-- eo —- — 
*x97°341. peel ot ~Be Des Ry “BRD. Ry B= Ry“ BR 


[+97° sa Bed F972] 


497-35. ee ee re rd 


-_- - - — _—- ~ v= 
- Cnv‘{(Ry f B&R) | T} ¢ ea’ Ry BR. O{(Ryf BER) | T} = TBR 
em. 


b. #973 #92101 Dt: Hp.>. Cnv{(Ryf BR) | 7} ¢1 > Cls (1) 
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Ps ais 101. eet es >) 


bra (Ry P BR) | T\ y.=.(qx).x eBR. a= Fg! x. xTy . (2) 
F.*91°58. Dh: Hp. d:eTy.d.ye Kyla: 

[*13°12] Sias Ryle ely Sen (3) 
b.(2).(3). Dh: Hp.D:a{(Ryf BR)|T} y-Daysyea: 
[423'L.431-131] Dr Cnv{(Ry PBR) | 7} Ce (4) 
b. 437-321. 435°65.Dh:Hp. >.D4(Ry pBR)|T 1} = Ry BR (5) 
I (1). (4). (5) #8014. : Hp. >. Cav! (Ry PBR) |T} ceaRy BR (6) 
b #3565 Dt. a(R PBR) -BR. 

[487-32] D+. d4(Ryf BR) | 7} = TBR (7) 


F.(6).(7). +. Prop 


«9736. +: ReCls—+1.7e Potid‘R. BR CDT... 7% ‘BR € Dea! Regt B BR 
[*97°35] 
- — 
*9737. F:Rel+1.d‘RCD*SR.5. gen‘ RC De. Ry “BSR 
Dem. 
> 
F.*9214.5b:.Hp.3:7e PotidR.D.BRCDT ~ (1) 
v= 
F.*93'32.3+:.Hp.Dd:aegen‘R.=.(q7). Te Potid‘R.a= TBR (2) 
—F. (1). (2). #9736. D+. Prop | 
-- 
*9738. F:Relw1.(SRCD‘R.D. Ry“ BRC D“ea‘gen‘R 
Dem. 
--> 
F.*93°36.*40°52.5b:Hp.d.s*Ry BR = s‘gen‘R (1) 
b.(1). #8443 . #97°37 . #93°25 .*97°16-21. +. Prop 


Vv —v 
*974, $F:SePot!R.D.S“RBSR=A 


Dem. 
F.*9131.5+:Hp.>.(q7).Te PotidR.S=R|T. 
[¥37°341] >. (qT). Te Poti’ R. SBR = TOR“ BR 
[*37-261-29.%93-101] =A. 
[*10°35] a. SBR = A:DF. Prop 


#97401. b:.2eD‘R: Se Pot'R. «S8y.55,-yeD'R: 5:8 Pot*R.D,.%eD‘S 
Dem. 
F.*8313.3F:.Hp.3:Se Pot‘R.«aSy.35,-(qz).yRz. ay. 
[*34-1.433°13] Ds,y2 ve D(S| BR): 
[*10°28.%33°13] D:Se Pot'R.veD‘S.35.x%¢€D(S| R) (1) 
F.(1).*91°373. D5. Prop 
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*97°402. F: _ReCls1. ae D6R:(qS).Se Pot'R.r~eD‘S:). 


(qS).8 e Pot*R. Saxe BR 
Dem. 
t.*97°401. Transp. >+:Hp.>.(qS,y).S8 ePot'R. aSy » ye ts 


[91°27 1.433°14.%93°101] (2.(qS,y).Se Pot‘R . oSy « ye BR. 
[*71°321] >.(qS).SePot‘R. S‘re BR: D+. Prop 
*97°403. |: ReCls—>1.ve BR. TePot'R. BR= TBR, 2. 


(qS).SePot'R.2~eD‘S 
Dem. +. #927131. Dh: ~Hp.3:2Ty.2Tz.zRw.D. yRw. 


[33°14] 2. yreBR (1) 
+. (1).#*11:11:3'35 .D 

Fs: Hp.D:.aTy:(qz,w).2Tz.zRw:)d. yreBRs, 
[#34°1.%33°13]D:.2Ty. we D(2|R). ). yreBR:. 


[Transp] 2:.2Ty. yeBR. D.a~eD(T| BR) (2) 
F.*1024. Dk: Hp.areD‘7.3.(qS8). Se Pot'R.c~eD‘S (3) 
F.*37105.3F:Hp.xTy. D.yeBR. 
[(2)] Den eD(T|R) (4) 
F .(4).%*10°11'23'35 . *83:13.9 
. t:Hp.2veD‘T.3.2~%eD(T|R). 
[*91-282] —  2.(qS).SePot*R.a~e DS (5) 
t.(3).(5). D+. Prop | 
> a ae 
#9741. -:ReClsol. ve BR.T¢ Pott R. BR=T“BSR.D. 


wv —jw 
(qS).Se Pot'R. Save BR 
[*97°402°403] 


—_> —v vw —> v — v 
#9742. +: Relrml. we BSR.S, Te Pott R.BR= one Sa eBSR.D.S=T 
Dem. +. *37°6. t:Hp.). (ay): yeBR. Ste = Ty (1) 
t . «87-62. (1)-D+:Hp.9). Sa e8BR n TBR. 
~ ~ 
[*93'3] a Sx emin,‘C‘S n min;‘d‘7. 
[*93'24.Transp] 2.S=T:3F. Prop 
a a Abe ~ 
#9743. +: Relol.TePot'R.BR=T*BR.D.BRCD‘T 
Dem. + .*97°42 . 2 
F:.Hp.« cBR. 3: SePot'R. Sve BR. >. Tx € BR: 
[*10°11°'21:23] 3: (aS). S € Pot'R. Sa oBR. >. Tae BR: 
[*97°41] D: Ta € BR: 


[*14-21] D:E! Te: 
[33°44] D:aeD‘T:.5+-. Prop 
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49744, bi Rell. 8, TePot'R. BR=TBR. 1 S°BR.D.BRCD‘S 
Dem. 

f.x91-45.3b:.Hp.3:(qU): UePotid'R:S=U|T.v.T=U|S (a) 

b.4974. Db: Hp.d:UePot'R.S=U|T.>.S°RR=A: 


[491-23] >: UePotid‘R.S=U|T.qtS“BR.D.U=IPCR. 
[¥50°63.491-271] >.S=T. 
[¥97-43] >. BRCDS (2) 
t.*91°34. 3b: Hp.: Ue PotidR. 7=U|S/>.7=S\0. 

[434'36] >.DTCDS. 

[497-43] >. BRCDS (3) 


F.(1).(2).(3). 3+. Prop 


vy -- 
#9745. +: Rell. BRegen‘R.D.gen‘R—vAC Dea’ Ry BSR 
Dem. | 
F .#97°44 . *10°11-23'35 . #9332 .D 


>v v= > 
b: Rell. BRegen‘R. Se Pot'R. Gq! S"BR.D.BRCDS. 


v=-_ —> 
[¥97-36] >. SBR e Dea Ry BR (1) 
F.(1).*13:12.5 
sy v= 
b: Rell. BRegen‘R. Se Pot'R.a=S*BR. gta. 
-- 
>) aQX€E Dea‘ Ry“ BR (2) 


F . (2). *10°11'23'35 . #9332. D 
vy . -- 
t:Rel-v1. BRe gen‘R.aegen’R.qla.D.aeD“essRy “BR (3) 
F .(3).*53°52. 5+. Prop 
> | -- 
#9746. b: Rell. BRegen‘R.D. Ry“ BRC D“ex(gen'R — *A) 
Dem. 
- > 
 .*93°36 .*40°52.5+: Hp.d. shy “BR =s‘gen‘R 
[*53°18] =s(gen‘R—tA) (1) 
F. (1) . #8443 . #9745162] . 493-25. 3+. Prop 
—_v 
“9747. +: Rel—ol. BRegen‘RvutA.d. 
- > €¢&-» 
gen’ R — UA C Deg Ry “BR . Ry BR C DSea(gen’R — t*A) 


Dem. 
b.493'32.3+:BR=A.>.gen'R=UA (1) 
b.(1).#87-29. 3+: BR=A.D.gen'R-UA=A. Ry BR= A, 
[424-19] >. gen‘R UA C Dien’ Ry BR. 


-- 
Ry “BRC Des(gen*R —t*A) (2) 


SECTION E] ANALYSIS OF THE FIELD OF A RELATION INTO FAMILIES 633 


. #243. Fact. > 
> 29Yy > 
b:Relrml.q!BR.BR=A.D.Rel1.qg! BR.AGRCDS‘R. (3) 
[*93°41] D.A~regen’h. 
[*51-222] >. gen‘R—iA=genh. 
- — 
[(3).*97°37: e > gen'h _ wes C Des‘ Ry “BR. 


Re “BR Cc Ditea‘(gen‘R — eA) (4) 
F.(2).(4).DF: Rel—l. BR= Kad ysis —UAC Di“enRy OBR, 

Ry BR CD‘es(gen‘R—tA) (5) 
b.*97°45:46.3 

a in -_- — 

t: Rell. BiRegen‘R.D. gen‘R—UA C Des‘ Ry BR. 

-_- ~ 

Ry“ BR C D“es(gen‘R—eA) (6) 
F.(5).(6). +. Prop 
*975. -:ReCls—ol. Rpt BR oy - 2. YR x 


Dem. 
F.*92111. IF: ReCls1. ch, c.cRy. Dd: yRye: 
[*91°54] Diy=a2.v.yR,,2: 
[Hp] D2 yRyox (1) 


F. #101. 841.3: ReClsol.aR,c. Pe Pot‘R: 
aPy.Ddy.yR, 2: 0eP| Reid:(qy)-yR,.%.yRz: 


[*92°111] Ii zhya: 

[*91°54] I:z=2.v.2h, 0: 

[Hp] 2: 2Ryo& (2) 
F.(1).(2).*91-171.5+: ReCls—1.2R,,2- Pe Pot‘R. Py. >.yR,,2: 
[(*91°05)] IF: ReCls— 1. eRe GRY +I. YR #2 It. Prop 


*97'501. : Rel Cls.ak,2. YF Lad. Ee oy pee as in be 5] 


*x9751. -:Rel—wl1.acR,2.)D. Rees Ryfa = Ry fa = Rylan Rea 
[*97°5°501°17] 


o <— — 
*9752. b:Rel—1.cR,,2.¢R,oy.D. Rye = Ryfen Ryfy [*97-5°501°5114] 
oO 
*97'53. +: Rell. PePot‘R.2Pr.ye Ryx.d. yey [*92: te 133] 


#9754. +: Rel1.2h,2.>.(qP).PePot‘R.P} Rey! a=It Rey x 
[*97°53] 


a2 md 
#9755. bi: Relol. diye Rye. D,.yRoy:viye Ria. Dye ~ (YR) 
Dem. 


eo 
F.*97°53. Df: Ap. 2h, «7. diye Ryia. dy. yRyoy (1) 
a 
F.(1) a . Transp. 2+: Hp. ~(¢h,,7). ve Ry ty. dir (YR, oy) (2) 


eo 
F.(2).*97101. Dt: Hp.~(@Rh,,2). diye Ryn. Dyww (yRoy) (3) 
F.(1).(8).5F. Prop 
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> & 
#9756. Fi. Reloml.veBR.D: ye Ryka. Dy. ~ (yRyy) 


[*96°23°1 . *97°55] 
2 
*9757. F:.Rell.wes'gen’R.d: ye Rye. Dy. ~ (yRpoy) 
[*97°21°56] | 


2 
*9758. |:.Rel—+Cls.D:ves'gen‘R.D. Ry’a Cs‘gen‘R: 
ite : 
ce p'A*Pot'R.D. Rye C p‘APot'R 


Dem. 
b.x93412. Dh. Rp" Pot'R C p'APot!R (1) 
[%90°1 01.*93°273.%37'265] D+. RM‘s‘gen‘R C s‘gen‘R (2) 
+. 93-33 40133843. Dt: Rel—Cls.D. Rs'gen'RCsgen'R. (3) 
[#90°101.*93-271.437°265] >. RM p‘APot*R C p‘U“Pot!R (4) 


F.(1).(2). (8). (4) #9022 . #40°5'52 .D 
t:Rel—+Cls.3. sRyfs*gen'R C s‘gen‘R. 
| oR pA" Pot'R Cp‘ Pot‘R: DF. Prop 
It follows from this proposition that every family is either wholly contained 


in the generations of R or wholly contained in p‘A“Pot‘R, which may be 
called the residue of the field of RB. 


APPENDIX A 


*8. THE THEORY OF DEDUCTION FOR PROPOSITIONS | 
CONTAINING APPARENT VARIABLES* 


ALL propositions, of whatever order, are derived from a matrix composed of 
elementary propositions combined by means of the stroke. Given such a 
matrix, any constituent may be left constant or turned into an apparent 
yeriacls; the latter may be done in two ways, by taking “all values” or 

“some values.” Thus, if p and g are elementary propositions, giving rise to 
p|q, we may replace p by gx or q by wy or both, where dx, wy are pro- 
positional functions whose values are elementary propositions. We thus 
arrive, to begin with, at four new propositions: 


(x) « (pa|g) (ax) -(p2|q), (y)-(plyy) (ay) (Plyy). 
By means of definitions, we can separate out the constant and the variable 
part in these expressions ; we put 


*801. {(x).dz}|q.=.(qx)-(¢2|q) Df 
#8011. {(qz).dx}|q-=.(x)-(p2|q) Df 
*8°012. pl {(y). vy} -=-(ay)-(plvy) Df 
*8:013. pl {(ay)- vy} -=-(y)-(plyy) Dé 


These definitions define the meaning of the stroke when it occurs between 
two propositions of weoieh one is elementary while the other is of the first 
order. 


When the stroke occurs between two propositions which are both of the 
first order, we shall adopt the rule that the above definitions are to be applied 
first to the one on the left, treating the one on the right as if it were ele- 
mentary, and are then to be applied to the one on the right. Thus 


(2) « Pa} Y)- vy = (ae)? G2] (y). wy} # 

(qx): (ay) - (pelpy). 

The same rule can be applied to n propositions; they are to be eliminated 
from. left to right. If a proposition occurs more than once, its occurrences 
must be eliminated successively as if they were different propositions. These 
rules are only required for the sake of definiteness, as different orders of 
elimination give equivalent results. This is only true because we are dealing 
with various functions each containing one variable, and no variable occurs on 
both sides of the stroke; it would not be true if we were dealing with func- 
tions of several variables. We have e.g. 


(ax)? (y)- (bal py): = 2 (y): (az). (pal py). 


* This chapter is to replace +9 of the text, 
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But we do not have in general 
(qx): (y)-x(@,y)t=2(y): (G2) -xX(@y); 
here the right-hand side is more likely to be true than the left-hand side. 


For the present, however, we are not concerned with variable functions of two 
variables. 


It should be observed that this possibility of changing the order of the 
variables is a merit of the stroke. We have 

(Hx): (y)- dal py:=:(y)2 (qe). dal py? =: (qz).~ pr-vc(y).~ Hy. 
That is, these equivalent propositions are true when, and only when, either ¢ 
is sometimes false or y is always false. But if we take e.g. 

Gav py .wgav~ vy 
we shall not get the same result. For 
(qx): (y)- davpy.~gavrpyr diy) by-v-Y)-~Wy, 

whereas (y) : (qx). davypy.~gzv~ wy does not imply this. 

Written in stroke notation, after some reduction, the above matrix is 

lpal(vyl vy} yl (de| 62)}. 

Here both x and y occur on both sides of the principal matrix. Thus in order 
to be able to change the order of “(qa)” and “(y),” it is sufficient (though 
not always necessary) that the matrix should contain some part of the form 
¢x{yy, and that x and y should not occur in any other part of the matrix. 
(This part may of course be the whole matrix.) We assume the legitimacy ot 
this interchange by a primitive proposition, and in practice arrange to have 
all the W-prefixes as far to the right as possible, because this facilitates proofs. 


Our primitive propositions are the following : 


481. +. (qe,y)- ¢al(ga|dy) Pp 
On applying the definitions, this is seen to be 


t:ga.2.(qx). pe. 


¥8'11. +.(qu).gx|(daldb) Pp 
On applying the definitions, this becomes 


:(2).o¢7.2.¢a. 4b. 
We have ga|(pa| db). v. hb| (pa| fb) 
and by «8:1 F: ha| (pa! pb). Dd. (qx). pu|(pa| pb): 


pb | (pa | bb). >. (qx). px | (pa| $b), 
but we cannot deduce (qx). dz | (pa | hb) without *8°11 or an equivalent. 
*812. From “(x). gx” and “(x).¢@xDIwe” we can infer “(x). We,” even 
when ¢ and ¥ are not elementary. Pp 
*8°13. If all occurrences of x are separated from all occurrences of y by a 
certain stroke, we can change the order of # and y in the prefix, 7.e. we can 
replace “(y): (qx). ox! yy” by “(qx):(y). dx | yy” and vice versa. Pp 
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The above primitive propositions are to be assumed, not only for one or 
two variables, but for any number. Thus eg. *8°1 allows us to assert 


Fs (ay, Ag, ... On)» D(X, Lo, ... Ln)» P(4, Lp, «2. Ly). 


b 


In what follows, the method of proof is invariably the same. We first 
apply the definitions until the whole asserted proposition is brought into the 
form of a matrix with a prefix. If necessary, we apply *8'13 to change the 
order of the variables in the prefix. When the proposition to be proved has 
been brought into this form, we deduce it by means of *8°1-11, using *8°12 in 
the deduction if necessary. It will be observed that *8-1 is k:fa.D.(qz). ba. 
Hence, by *8'12, whenever we know ga, we can assert (qu).@a; *8°'1 is often 
used in this way. 


"821. F:.(@).ge2 po. 3:(qv). dr... (qx). a 
Dem. . 
Applying the definitions, and using *8'13, the proposition to be proved — 

becomes 

(ys y') # (Ax, 2, w, 2, w’) « {par | (Yar | wa)} | py | (2 | ww)} | (hy! | Cpe’ | w’)}]. 
Putting z=w=z' =w' =a, the above becomes | 
(YY) # (ae) « (pee | (ra | wo) [iby | be | x} | oy’) he | ya)}]- 

By *8°1, the proposition to be proved is true if this is true. But this is true 

by «8°11, putting y, 7’ for a, 6 and dy |(ya| yx) for da. Hence the proposition 

is true. 


48-22, fs gav ob.>.(qx). pe 


482. : (x). o2.D. da [#8115 


Dém. 
F.x811. 55 .(qz).(~ $2)|(~ da;~ @b) - (1) 
Transp. D#:(~$2)|(~$a|~ $b). D. (dav gd) |\($z/b2) (2) 
F.(1).(2).*8'21. 55. (qz) . (hav ob) | (z| bz) (3) 


F.(38).*8121. Dh. (qz,w). (dav Pb) |(z| dw). 
[(*8°012°013)] It: davgb.d.(qu). fa: D+. Prop 
These propositions, as well as all the others in *8, apply to any number of 
variables, since the primitive propositions do so. 


*8'23. /:(qv).duvdc.d.(qz). px 
Dem. | 
Applying the definitions, this proposition is 
() = (ay, 2) - (pe v pe) | (py | $2), 


1.€. (a): prv dc. D. (qx). Hx, 
which follows from *8°22. 
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The following propositions are concerned with forms of the syllogism. 
#8240 birpDgq.I2g.D- (qe). pur dip.I. (qa). ge 

Dem. 

Applying the definitions, we obtain a matrix 


: PD ILG Ge 189) [kG |e) i al Pedy 
{the same with accented letters} ]} 
with a prefix . . 
(x, y, vy’): (qz, w, u, ¥, 2, wv’, wv’). 
By *8°1, this will be true if it is true for chosen values of z, w, u, », 2, w', u,v’. 
Put ¢=u=a2.w=v=y.2 =u =2'.w'=v'=y', Then what has to be proved 
becomes 
prq-Ii-g-D-Gu.hy:I:p. DI. Guz. Gy:.g.D. 62 .hy :I:p.d. ou’. gy’, 
which is true by Syll. Hence the proposition follows. 
#8241. Fi: (x). d@.D.p:I:.pIg.I:(«).o%7.9.9g 
Putting § f(y,z)-=- {pl (ql a} ILidyl @|9)} 1 {21 (9 | 9)}], 

the matrix of the proposition to be proved is 

(px |(p| PIF Y, 2) (Fy, 2)} 
and the prefix is (x): (qy,z,y',2). Putting y=z=y'=2 =a, the matrix 
reduces to par Ip-I:pIq-I. gx Iq, which is true by Syll. Hence the 
proposition is true by *8°1. 


4825. bitp.D.(qa). gids (ge). ge.d.(qe).yord:p.d.(qa).ya 

Dem. 

Put f(x,y, 2, u,v, m,n) «=~ [pel (vy|wz)} |p| eu] we} | {| em | yn)}). 
‘Then the proposition to be proved, on applying the definitions, is found to 
have a matrix 

{p|(pa| pb)} | {f(x y, 2, u, v, m,n) | F(a’, y’, 2, w’, v', m’, n’)} 
with the prefix 
(a, b, y, 2, y', 2’) : (qa, u, v, m,n, a’, u,v’, m’, n’). 
Put w=a.¢7=b.usv=y.man=z2.v=v=¥ man =7zZ. 
Then the matrix reduces to . 
p-2.¢4.Gb:9:.ga.d.Wpy.We: dip. d.py.Wen 
bb. dD. by Per dip. dey. Z’, 
which is true by Syll. Hence our proposition results by repeated applications 
of *8°1:13. 
Analogous proofs apply to other forms of the syllogism. 
*8'26. |: gavdbv gce.D. (qx). dxv de 

Dem. ; 

F:davdbvdc.>. (dav gc) v(dbv dc) (1) 
F .*8°22..D+ :(pav de) v(pbv gc). Dd. (qur). dr v de (2) 
F.(1).(2).*8'24. DF. Prop 
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#8261. |: dav dbv gc. Dd. (qu). dx 
[*8°25°26:23] 
It is obvious that we can prove in like manner 
; dav dbv dcevdd. 2. (qx). gx 
and so on. — 
*8'27. iq. > .(qz)- fei di. pIg.I:p.d.(qz). ba 
Dem... . 
Put F(a yu, 0) «=. {p| (Geol byt | [p | oul du)}. 
Then the matrix is 
1g | (ba| $b)} [[(pIgQ|faywrn} (PID say, wv, v>}] 
_ and the prefix is (a, b): (qa, y, u,v, 2, y’, u’, 2’). 
Putting e=u=2' =u =a.y=v=y =v’ =b, the matrix becomes 
g-2.Ga.$b:3:.pIq.I:p.D. da. db, 
which is true. Hence the proposition. 


#8271. Fizg.3.(qa,y).b (ay): Iu pIg.Iip.d.(qa,y).$(a,y) 
[Proof as in *8:27] 


It is obvious that we can prove similarly the analogous proposition with 
f (&,, £2, .-. Xn) in place of d (a, y): 

*8'272, Fs:.p. Diq-D. (qa). pon Durdp.In7.d:q.d.(qe). pu 

Dem. 

q- 2. (4x). pax is (qx, y).q|(px| py). Hence the proposition results from 
*8'271 by the substitution of p for q, r for p, and q|(¢x| dy) for f (a, y). 
*8'28. bir p.d.(qu).garI1.q.5.(qe). ga: DIipvg.Dd.(qae). da 

Dem. 

Put = f(a, y, 2, w). =- {(pvq)| (pa| by)} | {((p vg) | (dz | pw)}. 


Then the matrix is 


(P | (Ga | Gb)} | [i(q| (pe | ba)) | F(a y, 2 w)} | {(G| (de | 64’) F(a’, y, 2, w’)}] 
and the prefix is 
(a, b, c,d, c,d’): (qa, y, 2, w, x,y’, 2’, w’). 
The matrix is 


p-9.g¢a.9b:3:.9.5.¢c.¢d:3. f(a, y,2,w)t 
q-2.¢c'. od’. >. f(x’, y’, 2, w’), 
while J (@,Y, 2,W)-=1pvg.d. pe.dy. gz. du. 
Call the matrix F (a, y, 2, w, x,y’, 2, w'). 
Then tip.2.F(a,)4, a,b, a, 6, a, b), 


Fs ~ p re F(c,d, c,d,c’,d’, c,d’). 
Hence +: F(a, b, a, b, a, b, a, b).v. F'(c,d,c,d,c,d’,c’, da’). 
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Hence, by the extension of *8°261 to eight variables, 
F. (qa, y, 2,u, 2’, y’,2,w’). F(a, y, zu, 2, y', 2’, w’), 
which was to be proved. 


48°29. |:.(x). du Ipe.d: (x). pe .d.(4). We 
Dem. 
Applying the definitions, our proposition is found to have a matrix 
(shar D spr) | by | Caper] apo) | {by" | pe | o')}] 
with a prefix (after using *8°13) 
(u, v, w, v’) : (q2, ¥y; y’). 
The matrix is equivalent to 
gr dae. Dd: dy. Dd.Wwu. pu: dy’. dD. . wv. 
Calling this M (a, y, y’), we have to prove 
(any y)- May y’). 

If pu.rpo.yu'. yr’, M(2,y,y') is always true. (1) 

If wu, put c=y=y'=u. Then if gu is true, dud yu is false and 
M(u, u, u) is true. But if du is false, Gu. Dd. wu.yo and du. D. wu’. we’ are 
true, so that M (u, u, u) is true. Hence 

~yu.d. Mu, u,u).d.(qz, yy). U(ay, y). (2) 
Similarly if wpuv~puy ww. (3) 
(1), (2), and (8) exhaust possible cases. Hence the result by *8°28. 

We are now in a position to prove that all the propositions of *1—x5 
remain true when one or more of the propositions p, q, r,... are first-order 
propositions instead of being elementary propositions. For this purpose, we 
take, not the one primitive proposition which Nicod has shown to be sufficient, 
but the two which he has shown to be equivalent to it, namely: 

pp and pIq.J.-siqI pls. 
We show that these are true when one, or two, or three, of the propositions 
Pp, 9, & axe first-order propositions. From this, the rest follows. The first 
of these primitive propositions, p D p, gives rise to two cases, according as we 
substitute (x). a or (qx). dx for p; the second primitive proposition gives 
rise to 26 cases. These have to be considered one by one. 


483. F:(#).d2.9.(x). o@ 
Applying the definitions, this is (qx) :(y, 2). px |(py | z), which follows 
from *8°11 by «8°13. 
#831. /:(qv).gu7.D3.(qx). Gx . 
Applying the definitions, this is (#) : (qy, 2). 6a |(¢y|z). This is *8°1. 
This completes the proof of p > p. 
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#832. b:.(a2). pe. D.q:D:8\q-D. {(x). da} /s 
Putting p.=.(z). a, the proposition to be proved is 


| St (p|~9)|~ {31 9) |~@| 8)}- 
By the definitions, 


p\|~q-=-(aa)- a|(q/ 9), (1) 
p|s.=.(qz). ox|s, . 
~(p|s).=.(@,y)- (px|8)|(by|s), 
(s|q)|~(p|s). =. (qa, y) - (8/9) | (| 8) | (py | s)}- 
Put SF (@,y) «= + (8|9)| ((p| 8) | (Py | s)}. 


Then = ~{(8|9)|~(@|8)}-=- (ayy) S@y fey). (2) 
By (1) and (2), the proposition to be proved is 
(a): (quy, ey). {al (qi Q{faeynlfe.y)- 
Putting = y= =y' =a, the matrix of this proposition reduces to 
gadg.I.8\g dals, 
which is our primitive proposition with ¢a substituted for p, and is therefore 
true. Hence the proposition follows by *8°1. 


In what follows, the reduction of the proposition to be proved to a matrix 
and prefix, by means of the definitions, proceeds always by the same method, 
and the steps will usually be omitted. 


¥8°321. bi. (qv). go. d.g:Dd:8|q.D. {(qx). pa} |s | 
We obtain the same matrix as in *8'32, but the opposite prefix, ie. the 
prefix is 


, ee (yx, y')? (Ga). 
The matrix is equivalent to 


$49 g-I:qgI~s8.D. Gr I~s. Py I~s. ha I~vs. dy’ I~s, 
Calling this fa, we have to prove (qa). fa, for any a,y,2’,y’. We have 


ga .~q.2. fa. 
Kiss da. °G- D2. fa.=irs.d.g2I~8. Gy I~s. ht I~s. py’ Irs: 
D:. fa. 
Hence ga. d. fa. 
Hence by *8°1'24 gaz. ).(qa) . fa, 


and similarly for dy, da’, py’. Hence by *8:261 
pry py v pu'v py’ >. (qa). fa. 
Also ~ pr. why .~ ga’ .~ hy. d.fa. 
: [*8°1°24] | >. (qa) . fa. 
Hence by «8°28 
pay py v ha’ v py’ v~ gr .~ gy .~ ga’ .m py’ 2D. (qa) - fa. 

Hence, by *8°12, (qa) . fa, which was to be proved. 

R&WI 41 
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¥8'322. bi. p.D. (a). wer d:s|{(z).pa}.d.pl|s 
Dem. 
Put Fy -=+(8|¥9) | (p|s)|(p|s)}- 
Then the proposition to be proved is 
(y.y') (ab, ¢) « fp | (rb | re)} | (Sy [fy 
The matrix here is equivalent to 


p-d.Wb.crDdis|py.d-plsis|Wwy'-D-pls. 
Putting b=y.c=y’, this follows at once from the primitive proposition, which 


gives 
pryy.I:s|py-D.p|s, 
. pryy .Iis|py'.d.pls. 
Hence the proposition. 
#8323. b:.p.D. (qu). pr: d:s| (qr). va}.d.pls 
We have the same matrix as in *8°322, but the opposite prefix, te. 
(b,c): (ay. y). 
Putting y=b.y' =o, the matrix is satisfied, as in *8'322. 
#8324. b:.p3q.I:{(e)-x2}|q-9-p| {(x) « xx} 
Dem. 
Put f(#,y,2)+=-(x#|9)| (P| xy)|(p|x2)}- Then the matrix is 
| {PIGIDIS@y,ISeY.2)} 
and the prefix is (a, 2): (qy,2,y’,2’). Putting 
=f=0.yY=2=2, 
the matrix is equivalent to 
prq.d:xelq-D-pl xe: xe |q-D-pl xe 
which follows from our primitive proposition by Comp. 
#8325. b:.pDq.D: {(qz).xa}|q->-p| (az). x2} 
Dem. 
The matrix is the same as in *8°324, but the prefix is the opposite, t.. 
. (y, 2, y', 2’) 3 (Gm, x’). 
Calling the matrix M (a, x’), we have, if @w.=,).~yw, 
M(a,0).=updq-D:1q9700.d:p.D. Oy. 023.93 0a .D:p.3. Oy’. G2’. 


Hence Oy .0z. Oy 02 .>.M (a, 2). >. (qa, a’). M (2, x’) (1) 
But ~02.~02'.3.M (2,2). Hence 
~6a.>.M (a,x)... (qa, a’). M (a, 2’) (2) 


Similarly with @y, 0x’, @y’. Hence the result follows as in *8:321. 
This ends the cases in which only one of p, q, r in 
— prq-3:8|q-D-pls 
is of the first order instead of being elementary. We have now to deal with 
the cases in which two, but not three, are of the first order. 


PROPOSITIONS CONTAINING APPARENT VARIABLES 643 


¥8'33. Fs. (2). par.d. (x). pard:3| {(x). pa}. d. {(a). da} |s 

Putting f(a, y, 2). =.(s| pa) |{(dy|s)|(bz|s)}, the matrix is 

(ga (pd | po) {F(a y 21 Fy, 2’) 
and the prefix is (a, a, x’): (qb, ¢, y, z, y’, 2’). The matrix is satisfied by 
b=a.c=a .y=s=y=7 =4, 

in which case it is equivalent to 

$a. dD. prepe sr IuprIrs.d.fadrsipr’I~s.3.gaI~8. 
Hence Prop. 


We have the same matrix in the three following propositions, only with 
different prefixes. 


*8'331. :. (2). gx.3. (qx). wao:rd:s|{(qzr). Wa}. Dd. {(x). da} |s 
Here the prefix to the matrix is (a, b, c): (qa, y, Zz, #, y’, 2’). The matrix 
is satisfied by x=b.2'=c.y=z=y' =2'=a. Hence Prop. 


*8'332. b:. (qa). ga. D.(e).pao:D:8|{(x). pe}. Dd. {(qxr). da} |s 

The prefix here is (a, y, z, 2’, y’, 2’): (qa, b,c). Writing r for ~s, matrix 
becomes 

Ga. d.pb.pe: di podr.d.pyvozI ripe dr.d. dy vdz' Dr. 
(Here only a, b, c can be chosen arbitrarily.) This is true if dy, dz, dy’, pz’ 
are all false. Suppose gy is true. Put a=y. Then if wb or we is false, 
ga.5.Wb.We is false, and the matrix is true. Therefore if wa is false, put 
b=c=a; if wo’ is false, put b=c=a'. If wa and wa’ are both true, putting 
a=y.b=c=z, the matrix becomes equivalent to _ 

red. gyvgozorir.d. dy Voz D7, 

which is true. Hence if gy is true, the matrix can be made true. Similarly 
for z, y’, 2. This exhausts possible cases. Hence Prop, by *8° 28. 


#8333. | :. (qa). da. dD. (qz).waid:s|{(qz).pa}.D. (qr). da}|s 
Dem. 
The matrix is as before, and the prefix (after using *8°13) is 
(b,c, y, 2, y’, 2’): (qa, 2, 2’). 
Call the matrix M (a, a, 2’). Then 
H:yb.>.M (a, b, b).D. (qa, a, a’). M (a, 2, 2’) (1) 
tivo. >.M (a,c, c).>.(qa, a, x’). M(a, a, 2’) (2) 
brvpb.vwe.py.2.M ly, b, c).>.(qa, «, x’). M(a, x, x’) (8) 
(1). (2).(8). DF: gy. D. (qa, a, w’). M (a, x, 2’) [using *8:28] (4) 
Similarly for py’, oz, $2’. Hence by «8°28 
ti oyv dy’ v bzv p2’.D. (qa, x, 2). M(a, a, 2’) (5) 
But Fingy.~ dy'.~dbz.~ 2. 3:6yv G29 r. by'v be Dr: 
2: M (a, 2, x’) 
([*8°1] 2: (qa, 2, 2’). M (a, x, x’) - (6) 
F.(5).(6).*828.9b. (qa, «, a’). M(a, a, 2’). D+. Prop 
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This ends the cases in which p and g but not s contain apparent variables. 
We take next the four cases in which p and s, but not g, contain apparent 
variables. 

4834, b:. (x). pv. D.q:D: {(@)- xa}|q-D- {() - ba} | {(x) . xa} 
Putting f(a, y, 2, u,v)» == (x2|9)| (oy! xz) (Gul xv)}, the matrix is 
(bal wg) (Fe 92% DISC, Yu, v). 
(This is also the matrix of the three following propositions.) 
The prefix is (a, x, 2’): (qy, 2, u, % ¥, 2, wv, v’). 
The matrix is equivalent to _ 
parg-D-f(% y, z uy» f(y, 2, wv’) 
and SF (2, Y, % Uy 0) =r xa|qG-D. Gy! xz. pul xv: 
:qQ@~ yr. dD. GyIrm yz. Gud~ yu. 
Putting y=u=y =wv=a.7=0=2. z/=v' =a", the matrix is satisfied. Hence 


Mh tll 


Prop. 
#8341. bs. (2). Ga. D.qid: (qa). xx} |q-2- {(x)- Pa} | (az) - x2} 

Matrix as in *8°34. Prefix (a, z, v, 2,0):(qa,y, uv, y, wv). 

Matrix is equivalent to 

dardg.I:.qgIr~ye.D.dyIvyz- GuIn~ NY: 

qgoa~ xe’ .2. gy’ Deke gu I~ xv’. 
If $a is false, this becomes true by putting y=>u=y'= u =a. If da is true, 
the matrix is true if qg is false. Suppose q true. Then the matrix is 
equivalent to 
~xXe ed. Gy I~ yz. aed es wx. Dd. py Dr yz. GuI~yv. 

This is true if yz, xv, x2’, xv’ are false. If one of them, say yz, is true, put 
a =a’ =z, and the matrix is true. This exhausts possible cases. Hence Prop, 
by *8:28. . 
48342. b:.(qu). or. D.q:D2{(z)- xa}1q-- (Ax). Gx} | {(@ - x2} 

Matrix as before. Prefix (after using *8°18) (2, y, u, ay’, wu): (qa, z,v, 2,0’). 

Call the matrix M (a, z,v, 2’,v’). Then 


Ply. >.M (a, x, x, x, x) (1) 
br~ya’. >. M(a,2’, x’, a’, 2’) . (2) 
big-ya. xe» Dr (GIrxz)-~(GI~xXz’)- 
>. M(a,z,0,2,v’) (3) 
bing. gy. I-~(PyIQ)- 
>. M(y,2,0,2,v) (4) 
Similarly if ~¢. du or ~q. gy’ or ~g. gu’. Hence by *8'1:28 
ting. oyv guv dy vdu'.d- (qa, 2, v, 2’, v).M (a, z,v, 2,v) (5) 
bingy. ~gu.rdy.~gu. = py Doyz. pudryv. oy I~yz’ pu’ I~ yy’. 
>. M(a,z,v,2,v') (6) 
(5).(6).Dking.- >. (qa, z,v, 2,0). M (a,z,v, 2,0) (7) 


+. (1).(2).(3).(7). DE. Prop 
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#8343. bs. (qx). ga.D.q: 3: {(qx).xx}\q-- {(qa) . ha} | [(qa) - xa} 
Prefix to matrix is (y, z, u,v, y’, 2, wv’) : (qa, 2, 2’). 


Call the matrix SF (a, &, £'). 
It is true if RN ereyverye ory’ (1) 
Also x2.q-2-f(a,2,2).9.(qa, x, 2). f(a, x, 2’) (2) 
Similarly if we have xv .g or x2’.g or xv’ »g (3) 
From (1). (2). (3), by *8°28, ¢. 5. (qa, #, 2’). f(a, x, 2’) (4) 


Now $a.~q.-).f(a,2,2’). Hence 


Py Ge D-f(Y, 0%). DI. (Ga, x, 2"). f (a, 2, x’) 
Similarly for $z.~q, py’ .~q, $2’ .~g. Hence 


oy V bev py’ Vv dbz .~g.D.(qa,2, 2’). f(a, 2, 2’) (5) 
But ~ oy wz roy wz’. dD. f(a, &, 2’) (6) 
By (5) and (6), ~q.2. (qa, 2, a’) f(a, x, 2’) (7) 


+ .(4). (7). #828. D4. Prop 
In the next four propositions, g and r are replaced by propositions con- 
taining apparent variables, while p remains elementary. 


*8°35. bi.p.3.(2).wa:d: {(x). xa} | {(z)- we}. Dd. p/ {(x). x2} 
Putting q.=.(«).wa, s.=.(x). pe, the proposition is 
(Pi~Dl~{6lgi~@1s)}.- 
We have by the definitions 
~q-=-(qb,c). pb| pe, 
p|~q-=-(b,c).p|(pb| pe), 
s|q-=+ (aay). xy| pe, 
p|s.=.(a2)-p| xz, 
~(p|s)-=-(@)- (pl x2)| (pl xw), 
(s|q)|~(p]s)-= + (ay)? az, w) - (xyl ¥2)| (Pl x2) (Pl xw);- 
Put F(a, y, 2,0) «= «(xy |ve)| (pl x2)|(p | xw)}- 
Then ~{(s[q)[~(p[s)} -=:(qa,y,2',y’)2(z,w,2/,w’). f(2,y,2,w)| f(a2',y',2’,w’), 
(PI~D| {6191 ~@1s)}- =! @y ay’) + (ab, 6 2, 0,2, w'). 
(pl(vo| ve) {fa y2, wv) [Fay 2, w’)}. 
Writing 62 for ~y%, the matrix is equivalent to 
per.pb.pc:d:. ped by.dip.d. 62. Ow:. wa Dd Oy .d:p.D. 62’. dw. 
This is satisfied by putting b=a.c=a .z=w=y.2’=w =y'’. Hence Prop. 
The same matrix appears in the next three propositions; only the prefix 
changes. 


#8351. Fi. p.3. (2). ward: {(qv).ye}|{(z). por}. d.p| {(qzr). xa} 
Same matrix as in *8°35, but prefix (a, z, w, 2’, 2’,w’):(qb,c,y, y’). 
Matrix is true if 62. Ow. Oz’. Ow’. 


Assume ~ 92, and put y=y'=z.b=a.c=2', 
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We now have pa D Oy .=.~wpa and p.>.0z2.0w:=.~p. Hence matrix 
is equivalent to 
P-I.pe.pasDdnwpe.d.nprrpa .D:p.d. 62 . bw’, 
which is true. Similarly if ~@wv~07/v~6Ow’. Hence Prop, by *8'1-28. 
#8352. | :.p.D. (qa). ord: {(e). xe}| {(qe)- pa}. p]i(@). xa} 
Same matrix, but prefix (b,c, y, y’) : (qa, zw, x, 2’, w’). 
Satisfied by z=b.2’ =c.c=w=y.z' =w'=y'. Hence Prop. 


48353. bs.p.D. (qe). word: ((qe). xa} | (a2). po}. D~p| {(qa) « xa} 

Same matrix, with prefix (b,c, z, w, 2’, w’): (qa, y, 2’, y’). 

If yb is true and 6z false, matrix is satisfied by e=2’=b.y=y' =z, be- 
cause these values make wa) Oy and Wa’ D Oy’ false. Smilarly if wb is true 
and @w or 62’ or Ow’ is false, and if ye is true and 0z, Ow, 62’ or @w' is false. 
It remains to consider ~Wb .~we:v: Oz. Ow . 02’. Ou’. 

The second alternative makes the matrix true, because it gives 
aac eee Ow’. 
The first alternative gives 
pr. vb.we:d 
D:p.2.02.0w:p.D. 62. Ow’, 
so that again the matrix is true. Hence Prop. . : 

This finishes the cases in which one or two of the three aoaeieusnts of 
pIq-2.8s|¢2p|s remain elementary. It remains to consider the eight cases 
in which none remains elementary. These all have the same matrix. 


W836, 2. (0)- irs D. (#) ros D + (2) x0} | (@)-rha} 2 {(@)-a} |) 
Putting p. eis Px, J» =.(&). a, s.=.(x). xx, we have 
= . (qb, c). pb| ye, 


pie Sean. c). pa|(wb| ye), 
s|q-=-(qz,y)-xylve, 
pls.=.(qz, w). p2|xw, 

~(pls).=. (2, w, u, v) -(p2| yw) | (pul yr), 


(s|¢)|~ (pls). 
Put f(a, y, 2,W,U, v) » 


~{(s]q)|~(pls)}- 


(a, y)# (Az, W, U, 0). oe een 
(xy lve) [{(b2| xw)| (ou x), then 
(Ge, Y, @, y’') 2 (Zz, w, u,v, 2, w', wv’). 
S (4, Y, 2 w, u, MIS Ys z’,w, wv’), 
Pla D pla) ss lare ym y') + (Gb, ¢, 2, w, u,v, 2,0, u,v). 
ipal(po| we {Fay 2, wu, | fay zw, wu 0) 
Writing 62 for ~x%, the matrix is equivalent to 
ga. d.pb.yc:d:.waddy.3.6250w. gud Ov: 
are’ D Oy’ «dD. bz’ D Ow’. pu’ D Ov’. 
This is satisfied by b=a2.c=2#'.2=us27/=uv=4a.wsv=y.wea=v=y, 
Hence Prop. 


: Ml 
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#8°361. F:.(2).dx.>. (a2). Ward: {(qz).xa}| {()-pa}.D.{(x). ba} | {(qz). x2} 

Same matrix, but “all” and “some” are interchanged in arguments to y, 
ie. in y, w, v, y’, w’, v. The q-variables are therefore b, ¢, y, y', 2, 27, u, W. 

If ~dga, put z=u=2=w =a, and matrix is satisfied. 

If $a is true, matrix is true if ~ why ~we, ie. if ~pav~we’, since 8, ¢ 
are arbitrary. Assume Wa.wa’. Then matrix reduces tof 

Oy .D. 62> Ow. dud Ou: Oy .D. p2' Dd Ow’ . pu’ D Ov’. 

If Ow, Ov, Ow’, Ov’ are all true, this is true. 

If ~6w, put y=y' =, and matrix is satisfied. 

Similarly if ~@v, ~ Ow’ or ~Ov. Hence Prop. 


48°362. bs. (x). ha. D. (qa).Ward: {(x).~x}| {(qx).po}.d.{(z). pa} |{(w). xx} 

Matrix as in *8°36. Prefix results from *8°36 by interchanging “all” and 
“some” athong w-arguments, i.e. b, c, x, 2. Hence Prop results from same 
substitutions as in *8°36. . 


*8'363. b:.(v). du. D.(qx).Wwe:d: {(qa). xa}|{(qr). We}. 
>. f(z) gr} {(ex) « xe 
Results from interchanging “all” and “some,” in *8°361, in the y- 
arguments, viz. b, c, x, x. The q-variables are therefore a, a’, y, y’, 2, 2’, u, wv, 
and the proof proceeds exactly as in *8°361, interchanging 2, x and 8, c. 


*8:364. bs. (qv). gx. D.(x).ward: {(x). xa} | {(x) a}. Dd. {(qx).p2}|{(x). xa} 

The proposition is what results from *8°36 by interchanging “all” and 
“some” in the ¢-arguments, viz. a, z, u, 2’, u’. Hence the q-arguments are 
a, b,c, w, v, w, v'. If Oy is true, put w=v=w' =v’ =y, and the matrix is 
satisfied. If 6y’ is true, put w=v=w'=v'=y’, and the matrix is satisfied. 
Assume ~6y.~6y’. The matrix is true if ye D Oy and wa’ D Oy’ are false, 
ae. since Oy, Oy’ are false, if ya and We" are true. If We is false, put b=c=2 
and a=y; then ¢da.D.b.we is false, and the matrix is true. If Wa’ is 
false, similarly. Hence Prop. 


*8:365. | :. (qv). dr.D.(x). pur: {(qu). ya}|{(z). va}. 
D> - (a) « 6a} | (qx) - x2} 
Prop is what results from *8°364 by interchanging “all” and “some” in 
the y-arguments, viz. y, w, v, y’, w’, v’. Hence the q-arguments are a, b,c, y, y’. 
Matrix is true if Ow. 6v.0w'.6v’. Assume ~6w, and put y= y'=w. Matrix 
is true if ya Oy and We' D Oy’ are false, ie. in the present case, if ya and 
ya’ are true. Suppose one of them false, and put b= 2.c=2'. Then wh.we 
is false. Therefore da.D.Wb. we is false if ga is true; therefore the matrix 
is true if da is true. Therefore if dz is true, the matrix is true for a=z- 
Similarly if gu, 2’ or gu’ is true. But if all are false, matrix is also true. 
Hence matrix is true when we have ~éw and ~pav~we'. Similarly for 
~ bv, ~Ow’ or ~6v' with ~ Wav ~wWa'. We saw that matrix can be satisfied 
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for ~0w, ~6v, ~6w' or ~6v' with ya. wa’. Hence it can be satisfied for 
~bwv ~bvv ~Ow'v ~v'. And we saw that it is true for Ow. Ou. Ow’. 60’. 
This completes the cases. Hence Prop. 
¥8'366. | :. (qu). pa ..(qz).parrd: {(x). yx}|{(qa). va}. 

>. {(qa) a} () «xa 

Prop is what results from *8364 by interchanging “all” and “some” 
among y-arguments, viz. b,c, 2, 2’. Hence q-arguments are a, a, a’, w,v, wv’, v’. 
The proof proceeds as in *8'364, interchanging 6, c and a, a’. 

#8367. | :. (qx). pa. dD. (qa). pard: (qe). xa}|{(qu). pat. 
>. {(qa) « da} (qe) « xa} 

Prop is what results from *8365 by interchanging “all” and “some” 
among -arguments, viz. 6, c, x, 2’. Hence the q-arguments are a, a, x’, y, y’. 
The proof proceeds as in *8°365, interchanging b, c and a, a’. 

This completes the 26 cases of p> q.>.8|qDp|s. Hence in all the pro- 
positions of *1—*5 we can substitute propositions containing one variable. 
The proofs for propositions containing 2 or 3 or 4 or ... variables are step-by-step 
the same. Hence the propositions of *1—%5 hold of all first-order propositions. 

The extension to second-order propositions, and thence to third-order 
propositions, and so on, is made by exactly analogous steps. Hence all stroke- 
functions which can be demonstrated for elementary propositions can be 
demonstrated for propositions of any order. 


It remains to prove ~{(z). $a}. =. (qa) .~zx and similar propositions. 


484, +: ~{(x). pa}. =. (qa). ~ ga 


Dem. 

- bi *81. Dt: daldxr.d.(qy). pal py . (1) 
F.(1).#8'21. Dh: (qu). paldz. Dd. (qa, y). peldy: 
[(*8°01-012)] Dh: (qa). Gr. d.~{(x). ha} (2) 
We have ti: plg.=-plpvalq (3) 
F .(3). Dh: halpy. =. halpxv py|dy (4) 
b. (4) #82224. 3b: daly. d. (qx). dalde (5) 
[(*8°011)] Fie (qa.y) -f(a,y)- I. p=: (ay). f (#,y) Dp (6) 
t.(5).(6). Dh: (qa, yy): bulpy.D. (qu). bulda: 
[(#8:01012)] Dkr A {(@). a}... (qu).wde (7) 


hk. (2).(7). Dt. Prop 
«8°41, Finf{(qa). pr}. =. (2). ~ de 


[Similar proof ] 
*8'42. bi.p.D.(qxv).dvi=:(qr).pD da 
Dem. 
bi. p.d. (qx). px: =: pl{~(qa). dz}: 
[*8°41] =:p|{(z).~da}: 
[(*8°011)] =:(qar).p|~dor: | 
[*8°21] =:(qr).p2¢xe:.I+. Prop 
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#843. b:.9.5.(v).ga:=:(2). pr ou 
[Similar proof ] 


Other propositions of this type may be taken for granted. 


#844. [:.(7).g7.3: (a). pu. Dd. (2). bx pu 
Dem. 
Fi. gz. 2: pz.d. 62. pz (1) 
F.(1).#81. Db ss. (qa) ss. (qy)::(z):. pv. Diy. Dd. ghz. Wz (2) 
F . (2) .*8°42°43 . D+ . Prop 
«85. If F(p, 9,7, ...) is a stroke-function of elementary propositions, and 
Pp, q, 7, ... are replaced by first-order propositions p,, 9, 71, ---, we shall have 
PEM GEQ- THN, It F (9, G7.) =F (ph, 1, 
This follows from 
(Pie = (2). Ger Itpsp-r-plg=pla- gz alp, 
Pie =+ (qe). oa: 3:p=p-.D-pilg= plg- qin = ap, 
both of which are very easily proved. 
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«89. MATHEMATICAL INDUCTION 


THE difficulties which arise in connection with mathematical induction when 
the axiom of reducibility is rejected have been explained in the Introduction - 
to the present edition. Retaining the definition of Ry (*90°01), we have 

braoRyy.=rveCRi RpC pw. vem. dpe Yeu. 

.The “«” which occurs here as apparent variable must be of some definite 
order. If « is a class of classes, and the members of « are of the order con- 
templated in the definition of Ry, we cannot infer 

cRyy. dD: Rp C pe. cepie.d.yepse 
nor yet tRyy Dd: Rse Cafe. wesse. Dd. yes. 
It is necessary, primd facie, to have 
aex.2,- RaCa 


in order to be able to argue from xe p‘« to yep%« or from wes to ye sk. 
In the following pages, we shall show how to avoid the resulting complications. 


2? 


Let us denote by “4,” a variable class of the mth order, and put 


48901. DR) = 106 CR: RE pn © pm «2 € pln » Dug YE bm DE 
Since every class of a lower order is equal to some class of any given higher 
order, Ryn © Ryn if m > n. We shall show that 
m > 5.D. Rym = Ryg. 
Hence we take Ry, as Ry, and the complications disappear. 
In «90, substituting Ry, for Ry and pw, for w and dmz for ¢z, the first 
proposition involving an invalid induction is a 17, where we use the fact 


that Ry‘x is hereditary. It is obvious that Ryn’ x is a class of order m+1, 
and therefore, although 

v & < 

RR Rien 6x Cc Ryma, 
we cannot infer 

< < 
Y € Ryem 62 « YRygme + D+ 2 € Rym a. 

In this case, however, as in many others, there is no difficulty in substituting 
a valid induction. Put 


Fin (By © plan » € Pm} - 
Then Reon! x= p‘«. Now we have not merely Reps «C p‘« but also 
bem €K « >. R« a Mans 
Hence the induction is valid. 
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The proofs of RZ ¢ Ry and analogous rere are easily’ re-written 
so as to be valid. 


The next difficulty—and this one a more <eriousearies in connection 
with *90°31. The present proof uses the fact that 
a(If ORwu Ry|R)z 
is a hereditary property of z. But it is a property of a higher order than those 
by which Ry is defined; «¢. if Ry is Rym, then as PORe Rym| BR) z is of 
order m+1. Let us prove first 


R, Uu Ry | RE Ry, 
where 


*8902. R,=IPCR Df 
The proof is as follows: 
#891. «+. Rw Ry| RG Ry 
Dem. ; 
beige Rae peso nyu eiauRe Deen (1): 
Pe et eee 
Dhiwmsnvinces.RpCp.>. we pe ule i. 
LE pha ae. D.2€ pi: 
Dia ~Vie@e ph. R“uCp. Dd, wepruhz:. 
| DivepeR“pCu. dp ceptt 
Dhi.eR z.v.cRyu.uRz:D.aRyz:.F.Prop — 
*89'101. +. R,w R| Ry C Ry [Proof as in *90°311] 
*89'102. fF: Re Cls41.9.Ry=R,u R| Ry 


Dem. 
ti Hp.RieeB.R“BCB.D:xeteuB.R“(ucuB)CR: 
| D:ahyy.d.yetxup (1) 
F.(1).Comm.3+:.Hp.y+a.acRyy.3: ReaeeB.R“BCB.d.yeB (2) ~ 
F (2) Dt: Hp. cRhyy.cty.3.0(R| Ry) y (3) 


F. (8). *89°101 . 3 t+. Prop 
*89:103. f: Rel —+Cls.3>. Ry =R, uv Ry|R [*89:1025 | 
*89°104. bie =A(wea. R“aCa).d:0(Rl|Ry)z.d.2¢ pt Rx 


Dem. 
F:Hp.#Ry.. y ep Rn (1) 
Fk: Hp.aex. ye Ra. yRyz 2: ze Rea 2) 
-b.(2).Comm. 3+: Hp.y e pi R x. y Rix » 2.2 ep R (3) 


F.(1). (8). Dt. Prop 
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#89°105. | :. Hp #89°104. ReCls—>1.:0(R| Ry)z.=.2ep'R™« 
Dem. 


| ti. Hp. Rien. R“pCp.R=UR au Rp. 
D:yeR“Bvu-DR.E!Ry.3. Rye R“Bu- DR: 


>: R“(R“B uv —D‘R)C R“Bu-D‘R (1) 
F:Hp(1).3.2e RB (2) 
F.(1).(2). 54: Hp (1). ze p{R““‘«e «dD. ze R“(R“B vu — DSR) 

2>.zeB (3) 
t:Hp(1).3.8Cp | (4) 
b.(3).(4). Db: Hp. cep RK. 3: Rae. RC. 3.26 pt 
2:2(R| Ry) z | (5) 
F .(5).*89'104. 5+. Prop 
*89'106. f: ReClsy1.3.Ry| RE R| Ry 
Dem. 

Fra(Ry|R)z.=.2¢ R“p« (1) 


+. (1). #89°105 .#40°37 . +. Prop 


Tt is now necessary to take up the subject of intervals (cf. *121). Our 
further progress depends upon the fact that in suitable circumstances the R- 


—_, 
interval between « and y, i.e. Ry fa a Ry‘y, is an inductive class. 
¥8911. b:ReCls—+1.aRz.zRyy.>.R (ery) =taev R(z4y) 
Dem. | . 


F.*89'102.Dh:: Hp.d:.¢Ryu.=:2=u.v.zRyu (1) 
F:Hp.v=u.d.ueR(ary) (2) 
F:.Hp.zRyu.d:uRyy.d.weR(aHy) (3) 
F.(2).(8). SF: Hp.d.t@u R(izery)C R(grHy) (4) 
F.(1). St: Hp.d.R(@Hy)Ciawvu R(zHy) (5) 
F.(4).(5). +. Prop 
*89111. bin(zRyy).d.R(zHy)=A 


#89112. k: ReCls—1.aRz. tRyy .~(zhyy)..e=y.R(aHy)= R(@Hzy 
[*89-102] 

*89°113. f: ReCls—+1.ceC'R.~(cR| Ryx).d. Raya) =e 

Dem. 
F:.Hp.d:yRyx.D.~(cR| Ryy) . 
I:ahyy .yRyx.D.cRyy .~(cR| Ryy). 

[*89°102] 2.e2=y:. +. Prop 

*89'114. F: ReCls—1. R“aCa.rea—R“a.d.0(aR| Ryx) [*89°105 ] 


*89°115. | . ReCls31, R“aCa.cea— R“a. 2.R (ten) =a 
[*89°113°114] 
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We now take as the definition of an inductive class the property proved in in 
#121:24, v.e. we put 
Clsinduct =f {new.D,y-nvltyepiAepir,-pepm} Dt. 
That is to say, if M= 0 ((qy).C=nv ey}, 
— 
we put Cls induct = M,‘A Df. 
There will be different orders of inductive classes according to the order of y. 


yz must be at least of the second order, since t‘y is of the second order; at 
least, not much could be proved if we took u to be of the first order. We put 


Cls induct, = Mymih Df. 
We have = (plo) » A= fg t (Ape) « 7 = fae Do (fa) 9 V UY = po. 
Now (qs) + = Me is a third-order property. Hence 
#8912. +:peClsinduct;.>. (qs). p= Hs 
This proposition is fundamental. 
#8913. §:.ReClsolinep.d,y-nulyep: cre ~(@R| Ry x). cRz:9: 
R(zeHyep- Dd. R(ary)ep 
[8911111112113] | 
Put | 
— — | 
#89°181. Rn (ay) = Rm‘ r Ram‘'y Df 
Then | 
= Gin (RC, © yy» 2 € tm) «= Bm (RB © Bn» Y € Bin) + D« 
Rin (@Hy) = psa a pr. 
Thus R,,(a+1y) is a class of order m+1. Moreover we have 
489132. t:. ReCls31.aRy.D:~(yR| Ryy). 2.~(cR| Ry) 
Dem. 
F iw (yR| |Ryy). aRy.d. (Ha) « RaCa.yea — Ra. eRy (1) 
t: Hp. Raa. yea R“a. chy. yoCeN yy Rea. 
>. Rey = 4° yv Sy vu R“R&q P (2) 


DR My Cy (3) 
br (yR| Rey). D2~(yRy): 

D:a2Ry.d.u+y (4) 
t:yea—Ra.cRy.d.2~rea (5) 
br. (yR| Rey). D2~(y Ry): 

D:aRy.d.areR y (6) 
f.(2).(4)-(5)-(6). DF: Hp(2)-~ YR | Rey) 9 -vey— — Ry (7) 
+ .(3).(7). DF: Hp(2).3.~(#@R| Ryx) (8) 


t.(1).(8). D5. Prop 
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#89183. bs. ReCls—ylinew.D,,-7¥ yews Aen: a2Rz:D: 
~(2R| Ryz). R(zHy) em. d.~(@R| Ryx). R(aHy) 
[%89°13'132] | 


#8914. F:. ReCls—1.~(yR| Rymy). D2: eRy min ysD- 
; Rm (ary) € Cls induct, 
Dem. 
By *89°133, ~(2R | RymZ) + Rm (ZY) € Mm4i is a hereditary property of z if 
| 1 € Mgr «Dy 2 Y UY € mgr? A € fimer- 
Moreover this property is of order m +1. And by *89°113, y has this property 
if ~(yR| Rymy). Hence « has this property if wRy m4 y. Hence with this 
hypothesis we have 
NE nti Moye QV UY € fg A € Mimsi t Dams, + Rm (LAY) € mtr, 
Le. Rin (ey) € Cls inductm4:, | 
which was to be proved. 


#8915. F:ReCls—1. RE chy C Glyn «  € Oy, — BAO « >: 
GR min Y + D+ Rm(aery)eClsinductn4,  [%89°11414] 
We have Rau (tHy) C Rm (a@Hy), 
Cls induct, C Cls induct,,,. 
The next point is to prove 
peClsinduct,,.yCp.2. ye Cls induct. 


This can be proved for Cls induct, and extended to any other order of inductive 
classes. The proof is as follows. 


*89'16. | :a~eCls induct, . ye Cls induct,;.).qla—y 
Dem. 
Hp.3:(qus): Ne psi Be ps» Dey BV lye fist 7 € fy +A € fly (1) 
A € gi Be ps» Dey» BV UY € Mgt y € ge AYE fst Diat+A. Ne py: 
Diqia-A.Aep, (2) 


qia—B.aCBulty.d.a=Buity (3) 
(3).3:.Hp(2).3:Bep,.arvep,.qia—B.>. . 

7 Bu l'yep.arhuly.qla—(B vty) (4) 
(4).3:.Hp(2).3:Bep,-qla—B.d.Bulyep.qia—(Butty) (5) 
(2).(5). DF :. Hp(2). 3: BeClsinduct,;.>.Bep,;.q!la—f (6) 
(1).(6). 5. Prop 


*89'17. b:yeClsinduct;.aCy.>.aeClsinduct, [%89'16. Transp] 


It follows that, with the hypothesis of *89:15, Ry, (a+1y), Rina (2ey), ete. 
are all of them inductive classes of the (m+1)th or any lower order. — 
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#8918. [:.ReCls—1 9, £€ Rayatc .o(yR| Bagi) 2D: yRyg? VV» ZR yey 
Dem. . . 
Put £= BR, (ay) n Ry (aH 2). 
F.*89°'121417.5F:Hp.d. FeCls,, «¢. £ is a class of the second order (1) 
bs. Hp. (yRygez) > (zRygy) Di ueE. Dd. uRysy  uR yt uty .uts. 


[%89:102] D. RURygy » RuRiggt « 

[Hp] >. Ruek (2) 

F.(1).(2). D+: Hp(2).d.yeké (3) 
t:Hp(2).d.yre€ (4) 


F.(3).(4). DF s. Hp. Diy Rye. v. cRysy ts D+. Prop 


*89°19. bs ReCla—o 1. RM pq C pig X= Regal A ply — Rtg DEO] 

_ Dem. 
b:Hp.y,zer.ytz.£= Ry (amry) a Ry (were). >. R“ECE week [as above] 
[*89°12°15°17] D.y,26€& (1) 
t:Hp(1).D.y,zre€& . (2) 
F.(1).(2). +. Prop | 


*89°2. |: ReCls—1. rRysy . Ry (yy)e Cls induct;. >. Re(x-iy) eClsinduct, 
Dem. 
As in *89°11°111°112, 
F:.ReCls—»1.¢2Rz.3: 
R (ary) =taevu R(zey).v.R (ary) =a.v. Riary)= =A (1) 
F.(1). DF: Hp(1):Acpracpe doy -auluepid: 
R(zreyje ped. Retry) e pu (2) 
F.(2). DF: ReCls—y1. aRyy . Ra (yHy)e Cls induct,.>. 
R, (ary) e Cls induct, : 3+ . Prop 
To deal further with the case in which y(R| Ry.) y, proceed as follows: 
Having proved 
ReClhs— 1. 2Ryy . BR, (yy) Cls induct, .3. R, (ay) Cls induct,, 
we have to prove R,(yy) ¢Cls induct; for this purpose, put 


S=(— ey) 18. 
Then SeCls>1.SCR. 
Observe that yy .d.R (yey) = ey, 
yRy . >. R(yry) = ey v eRSy. 
Assume, therefore, ~ (yhy) .~(y Ry). 
We have S“‘u= R(u— fy). Su = R“w—t*y. Hence 
Sy Cw. RYy ep. ‘ R“pC pw. Ry ep, 


S“uCuyew. =. RUC p.yepm, 
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evr er, => 
Hence Sy i RY = Ryf Ry « Syfy = Ry“y. 
Hence 8, (RyHy) = RB, (Riyrty) = Ba (yy) 


because y (R| Rys) y. | . 
Moreover we have ~(yS|S,y) because y~e DSS. 
Hence by *89°14, R.(yHy)eClsinduct,;. Hence generally : 


*89'201. fk: Re Cls—y1. cRysy.D. Ry (ary) ¢ Cls induct, 
‘We have R; (any) CR, (ary). 
Hence by *89°17, R, (zy) € Cls induct, . >. R, (xray) Cls induct,. Hence 
#8921. +:ReCls—+1.). R, (Hy)  Cls induct, 
because . ~(tRyy) . 2d. Rs (ary) = A. 


_— 
*89'22. F:. Re Chel .y, 2e Rye. D2 yRygz vv « 2R yy 
[Proof as in «89°18, using *89°21 instead of *89°14] 


—__ 
#89221. Potidn‘R =(Ris)m‘Ro Df 

. Cnv‘| R 
*89°23. F se S, Te Potid,*‘R s >) ry SRiggT' + Vv s TR,.38 *89°22 ~ R 


v — 
"89°24. +: ReCls—a1. RACK. rer.d. Rye Car 
Here X is assumed to be of more than the third order. 
Dem. 
. 
ti. Hp.ye Ryo —-rA.- Di: zerAn Rk; (aHy).d.2+y- 
Da. Reerxan BR; (aHy) (1) 


fF. *89°211712.3+: Hp.D. (qm). AN Rs (a@Hy) = pe (2) 
Fe (1). (2). 9 Fs Hp (1). -(ais). 00 Be Goriy) = pas Bits C pgs we pe 
D . Rysfa Cra BR; (ay) (3) 


_ 
F.(3). DF He Hp.) 24 € Rysa—r.D.YeErS 
<— . 
D: Rys’e CX:. DF. Prop 
Hence if X is an inductive class, it can be used in an induction no matter 
what its order may be, if ReCls— 1. 


*89°25. +:Rel—»Cls.>. BR; (ary) Cls induct, | #8921 4 
> : R 
#89°26. f:. Rel Cls.y, ze Rusa. Dt y Ryo iv. Rysy |*89-22 Z| 


#8927, /:Rel—Cls.R“ACA.a#erd.9. Rays Cr | 892455 | 
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#8928. |: Re(1—>Cls) v (Cla 1)... Ry: = &Potid,‘R 


sis F: Pe Potid<R.aTy.yRz.3.7|Re PotidR.«(T|R)z 
~ Hence F: sPotid‘R=S. >. RS CBr (a) 
+.(1). #89°24.. It: ReCls+1.Hp(1).d. Ryn C Sx (2) 
Ft Hp(1). R“pCp.d: Tap. >. RP Cp 
3: Pilea sh a. Sx p (3) 
+.(3).> b: Hp(1).95. Sia Rte (4) 
b.(2). (4). DF: Hp(2).D. Sta = Rust (5) 
F.(5). DF: ReCls 1.9. Ry, = 8 Potid,’R (6) 
Similarly F: Rel1—»Cls.3. Ry; = 8*Potid,<R (7) 
+. (6).(7). DF. Prop 


*89°29, |: Re(1—»Cls) v (Cls—9 1)... Ryisim = Rys  [%89°24°27] 
We have now to obtain an analogous result when R is not one-many or 
many-one. Hor this Burpee we 3 we use Pee ED which is one-many. 


We prove Res! os s(Re)yentU2, 
whence, since (Re)xo+m) = (Re)xs 
it follows that Reem = Ry, 


so that for a relation which is not one-many or many-one we obtain the ad- 
vantages of unlimited induction by proceeding to Ry,;. The proof is as follows. 


*893.  F: Re= 8.3. 8 Syma C Ry’ 
Dem. 
Fr. Hp. DsraSyte.=s.uvepms Few. d:.R“Eew:D,.aepi 
2. Ue Cy: Ee Cl*y,. Dy. R“Ee Cl'y: Dy. ae Cl*y:. 
OY. Rey Cy. Ddy.aCy:. 
aC File .I. Prop 


*89°31. F: Re= = Ss. 2% Baonso’ a2Csé Seem Ua 


VU Ul 


F.*89'101.3+. S/S, GS, 
> _—> 
DE. SS, MU C Sy ee. 


> > 
DE. sS*Sy tha C Sy (1) 
—~ — 
F. (1). #4038 .Dt: Hp. d. RM sSy a C 6 Sy (2) 
— 
brv=p(lwe pw. SwC pw) .D. sSyit'x = spr (3) 
ad : > 
F. (2). DF 2 8*Sy we Cla, . D. Ryn‘a C Sythe (4) 
—_, 
F (8). Db. 8 Syn tS e Clsinss (5) 
F.(4).(5). DF. Prop 
R&WI 42 
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48932, | . Rye = o( Reyes’ 


Dem. 
aise . 
b.¥89329. Dh.s(Ryete C Ryda (1) 
F.(1).*89°31. 5+. Prop 
*89°33. |. Ryim = Rys 
Dem. 
—_—) —_———_———> 
As in #89°32, oe a Ry einv ‘ox 8°(Re)xs4m ‘a 
[*89°29 ] = 8°(Re) ys“ 
—> 

[*89°32] -= Ry.“c. It. Prop 


¥89°34. bi yRyo.cer.RAXCA.D. yer [89°33] 


Here A is supposed to be of any order, however high. Hence, so far as 
mathematical induction is concerned, all proofs remain valid without the 
axiom of reducibility provided “ Ry” is understood to mean “ Ry.” 


APPENDIX C 
TRUTH-FUNCTIONS AND OTHERS 


In the Introduction to the present edition we have assumed that a function 
can only enter into a proposition through its values. We have in fact 
assumed that a matrix f!(¢ ! 2) always arises through some stroke-function 


F (p,q 7; »--) 
by substituting ; 1a, 6!b, dic, ... for some or all of p,q, 7, ..., and that all 
other functions of functions are derivable from such matrices by generalization . 
—i.e. by replacing some or all of a, }, c,... by variables, and taking “all . 
values” or “some value.” . 

The uses which we have made of this assumption can be validated by 
definition, even if the assumption is not universally true. That is to say, we 
- can decide that mathematics is to confine itself to functions of functions which 
obey the above assumption. This amounts to saying that mathematics is” 
essentially extensional rather than intensional. We might, on this ground, 
abstain from the inquiry whether our assumption is universally true or not. 
The inquiry, however, is important on its own account, and we shall, in what 
follows, suggest certain considerations without arriving at a dogmatic con- 
clusion. 

There is a prior question, which is simpler, and that is the question 
whether all functions of propositions are truth-functions. Or, more precisely, 
can all propositions which do not contain apparent variables be built up from 
atomic propositions by means of the stroke? If this were the case, we should 
have, if fp is apy. function of propositions, 


p=q-2-fp=f4- 
Consequently, according to the definition *13°01, . 
| . PHT: I -p=yq. 
There will thus be only two propositions, one true and one false. This was 
Frege’s point of view, but it is one which cannot easily be accepted. Frege 
maintained that every proposition is a proper name, either for the-true or for 
the false. On grounds not connected with our present question, we cannot 
regard propositions as names; but that does not decide the question whether 
equivalent propositions are identical. It is this latter question that concerns 
us. That is to say, we-have to consider whether, or in what sense, there are 
functions fp which are true for some true values of p and false for other true 
values of p. 
Two obvious prima i facie instances are “A believes p” and “ P isabout A.” 
We may take these instances as crucial. If A believes p and p is true, it does 
422 
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not follow that A believes every other true proposition q; nor, if A believes p, 
and p is false, does it follow that A believes every other false proposition q. 
Again, the proposition “A is mortal” is about A; but the proposition “B is 
mortal,” which is equally true, is not about A. Thus the function “p is about 
A” is not a truth-function of p. This instance is important, because the 
notation “xz” is used to denote a proposition about x, and thus the conception 
involved seems to be presupposed in the whole procedure of propositional 
functions. 


We must, to begin with, distinguish between a proposition as a fact and 
a proposition as a vehicle of truth or falsehood. The following series of black 
marks: “Socrates is mortal,” is a fact of geography. The noise which I should 
make if I were to say “Socrates is mortal” would be a fact of acoustics. The 
mental occurrence when I entertain the belief “Socrates is mortal” is a fact 
of psychology. None of these introduces the notion of truth or falsehood, 
which is, for logic, the essential characteristic of propositions. We shall return 
in a moment to the consideration of propositions as facts. 


When we say that truth or falsehood is, for logic, the essential characteristic 
of propositions, we must not be misunderstood. It does not matter, for mathe- 
matical logic, what constitutes truth or falsehood; all that matters is that 
they divide propositions into two classes according to certain rules. Let us 
take a set of marks 

Gy Ba, <4 5 Danas Wes 
Let us put, as unexplained assertions, 
LP (Fem) (m<n), 
Let us further introduce the symbol 2,|«,, and assume 
T (a, | a.) if F(a) or F(a); 
F (ay | xg) if T'(a,) and T (a,). | 
Assume further that, if p, g,s are any one of the #’s or any combination of 
them by means of the stroke, the above rules are to apply to p/|q, etc., and 
further we are to have: 
T {p\(p|p)}, 


T {p2q-5-s8\q>p\s}, 
where “pDq” means “p|(q|q).” Further: given 7 {p{|(q|7)} and T(p), we 
are to have 7'(r). 

Taking the above as mere conventional rules, all the logic of molecular 
propositions follows, replacing “F.p” by “7'(p).” 

Thus from the formal point of view it is irrelevant what constitutes truth 
or falsehood : all that matters is that propositions are divided into two classes 
according to certain rules. It does not matter what propositions are, so long 
as we are content to regard our primitive propvusitions as defining hypotheses, 
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not as truths. (From a philosophical point of view, this formal procedure may 
be shown to presuppose the non-formal interpretation of our primitive pro- 
positions; but that does not matter for our present purpose.) 


Throughout the logic of molecular propositions, we do not want to know 
anything about propositions except whether they are true or false. Further, 
we are concerned only with those combinations of propositions which are true 
in virtue of the rules, whether-their constituent propositions are true or false. 
That is—to take the simplest illustration—we assert p|(p|p), but we never 
assert any proposition p that has not some suitable molecular structure, 
although we believe that half of such propositions are true. Our assertions 
depend always upon structure, never upon the mere fact that some proposition 
is true. 

A new situation arises, however, when we replace p by ¢!a. For example, 


we have +. p|(plp) 
and we infer ti dtal(ptal pts). 
We cannot explain the notation ¢!a# without introducing characteristics of 
propositions other than their truth or falsehood. Take for example the 
primitive proposition (*8'11) 
F.(qz).d!a|(blal tb). 

The truth of this proposition depends upon the form of the constituent pro- 
positions d!a, pla, pb, not simply upon their truth or falsehood. It cannot 
be replaced by : : | 

“t.(ap)-pl@|r),” 
which is true but does not have the desired consequences. We are therefore 
compelled to consider what is meant by saying that a proposition is of the 
form p!a (where a is some constant). This brings us back to “A occurs in p,” 
which we gave above as an example of a function which is not a truth-function. 
And this, we shall find, brings us back to the proposition as fact, in opposition 
to the proposition as true or false. _ 

Let us revert to our two instances: “A believes p” and “p is about A.” 
We shall avoid certain psychological difficulties if we take, to begin with, 
“A asserts p” instead of “A believes p.” Suppose “p” is “Socrates is Greek.” 
A word is a class of similar noises. Thus a person who asserts “Socrates is 
Greek ” is a person who makes, in rapid succession, three noises, of which the 
first is a member of the class “Socrates,” the second a member of the class 
“is,” and the third a member of the class “Greek.” This series of events is 
part of the series of events which constitutes the person. If A is the series of 
events constituting the person, a is the class of noises “ Socrates,’ 8 the class 
“is,” and y the class “Greek,” then “A asserts that Socrates is Greek” is 
(omitting the rapidity of the succession) 

(q2,y,2).cvea.yeB.zey.alyualzuy|)zGA. 
It is obvious that this is not a function of p as p occurs in a truth-function. 
: 42-3 
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If we now take up “A believes p,” we find the matter rather more com- 
plicated, owing to doubt as to what constitutes belief. Some people maintain 
that a proposition must be expressed in words before we can believe it; if 
that were so, there would not, from our point of view, be any vital difference 
between believing and asserting. But if we adopt a less unorthodox stand- 
point, we shall say that when a man believes “Socrates is Greek” he has 
simultaneously two thoughts, one of which “ means” Socrates while the other 
“means” Greek, and these two thoughts are related in the way we call 
“ predication.” It is not necessary for our purposes to define “meaning,” 
beyond noticing that two different thoughts may “have the same meaning.” 
The relation “having the same meaning” is symmetrical and transitive; 
moreover, if two thoughts “have the same meaning,” either can replace the 
other in any belief without altering its truth-value. Thus we have one class 
of thoughts, called “ Socrates,” which all “have the same meaning”; call this 
class a. We have another class of thoughts, called “ Greek,” which all “have 
the same meaning”; call this class 8. Call the relation of predication between — 
two thoughts P. (This is the relation which holds between our thought of 
the subject and our thought of the predicate when we believe that the subject 
has the predicate. It is wholly different from the relatidn which holds between 
the subject and the predicate when our belief is true.) Then “A believes 
that Socrates is Greek” is 


(qa, y).wea.yeR.xPy.a, yeCA. 
Here, again, the proposition as it occurs in truth-functions has disappeared. 


It is not necessary to lay any stress upon the above analysis of belief, 
which may be completely mistaken. All that is intended is to show that 
“A believes p” may very well not be a function of p, in the sense in which 
p occurs in truth-functions. 


We have now to consider “p is about A,” eg. “ ‘Socrates is Greek’ is about 
Socrates.” Here we have to distinguish (1) the fact, (2) the belief, (3) the 
verbal proposition. The fact and the belief, however, do not raise separate 
problems, since it is fairly clear that Socrates is a constituent of the fact in 
the same sense in which the thought of Socrates is a constituent of the belief. 
And the verbal proposition raises no difficulty, since each instance of the 
verbal proposition is a series containing a part which is an instance of 
“Socrates.” That is to say, “Socrates” (the word) is a class of series of noises, 
say X; and “Socrates is Greek ” is another class of series, say 4; and the fact 
that “Socrates” occurs in “Socrates is Greek ” is 


Pep.d.(qQ)-Qer.QEP. 
Thus we are left with the question: What do we mean by saying that Socrates 
is a constituent of the fact that Socrates is Greek? This raises the whole 
problem of analysis. But we do not need an ultimate answer; we only need 
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an answer sufficient to throw light on the question whether there are functions 
of propositions which are not truth-functions. 


There are those who deny the legitimacy of analysis. Without admitting 
that they are in the right, we can frame a theory which they need not reject. 
Let us assume that facts are capable of various kinds of resemblances and 
differences. Two facts may have particular-resemblance ; then we shall say 
that they are about the same particular. Again they may have predicate- 
resemblance, or dyadic-relation-resemblance, or etc. .We shall say that a fact 
is about only one particular if any two facts which have particular-resemblance 
to the given fact have particular-resemblance to each other. Given such a 
fact, we may define its one particular as the class of all facts having particular- 
resemblance to the given fact. In that case, to say that Socrates is a con- 
stituent of the fact that Socrates is Greek (assuming conventionally that 
Socrates is a particular) is to say that the fact is a member of the class of 
facts which is Socrates. In the case of a belief about Socrates, which is itself 
a fact composed of thoughts, we shall say that a. belief is about Socrates if it 
is one of the class of facts constituting a certain idea which “ means” Socrates 
in whatever sense we may give to “meaning.” Here an “idea” is taken to be 
a class of psychical facts, say all the beliefs which “ refer to” Socrates. 


We can define predicates by a similar procedure. Take a fact which is 
only capable of two kinds of resemblance such as we are considering, namely 
particular-resemblance and predicate-resemblance; such a fact will be a 
subject-predicate fact. The predicate involved in it is the class of facts to 
which it has predicate-resemblance. 


_ We shall assume also various kinds of difference: particular-difference, 
predicate-difference, etc. These are not necessarily incompatible with the 
corresponding kind of resemblance; eg. R(#,«) and R(a#, y) have both 
particular-resemblance in respect of x and particular-difference in respect of 

y. This enables us to define what is meant by saying that a particular occurs 
twice in a fact, as x occurs twice in R(a, x). First: R(a, x) is a dyadic- 
relation-fact because it is capable of dyadic-relation-resemblance to other facts; 
second: any two facts having particular-resemblance to R («, x) have particular- 
resemblance to each other. This is what we mean by saying that R (a, «) is a 
dyadic-relation-fact in which x occurs twice, not 4 subject-predicate fact. Take 
next a triadic-relation-fact R (a, x, z). This is, by definition, a triadic-relation- 
fact because it is capable of triadic-relation-resemblance. The facts having 
particular-resemblance to R (a, , z) can be divided into two groups (not three) 
such that any two members of one group have particular-resemblance to each 
other. This shows that there is repetition, but not whether it is # or z that 
is repeated. The facts of the one group are R (a, a,c) for varying c; the facts 
of the other are R (a, b, z) for varying a and b, Each fact of the group R (2, 2, c) 
belongs to only two groups constituted by particular-resemblance, whereas 
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the facts of the group R (a, 6, z), except when it happens that a=6, belong 
_to three groups constituted by particular-resemblance. This defines what is 
meant by saying that x occurs twice and z once in the fact R(2,«, z). It is 
obvious that we can deal with tetradic etc. relations in the same way. 


According to the above, when we say that Socrates is a constituent of the 
fact that Socrates is Greek, we mean that this fact is a member of the class 
of facts which is Socrates. 


When we use the notation “o!a” to denote a proposition in which “a” 
occurs, it is a fact that “a” occurs in “¢!z,” but we do not need to assert 
the fact; the fact does its work without having to be asserted. It is also a 
fact that, if “x” occurs in a proposition p, and p asserts a fact, then a is a 
constituent of that fact. This is not a law of logic, but a law of language. It 
might be false in some languages. For instance, in former days, when a crime 
was committed in India, the indictment stated that it was committed “in the 
manor of East Greenwich.” These words did not denote any constituents of 
the fact. But a logical language avoids fictions of this kind. 


The notation for functions is an illustration of Wittgenstein’s principle, 
that a logical symbol must, in certain formal respects, resemble what it sym- 
bolizes. All the facts of which x is a constituent, according to the above, 
constitute a certain class defined by particular-resemblance. The various 
symbols $2, ya, yx, ... also all resemble each other in a certain respect, namely 
that their right-hand halves are very similar (not exactly similar, because no 
two a’s are exactly alike). The symbols R (a, x), R(x, x,z), etc. are appropriate 
to their meanings for similar reasons. The symbols are used before their 
suitability can be explained. To explain why “gx” is a suitable symbol for a 
proposition about « is, as we have seen, a complicated matter. But to use the 
symbol is not a complicated matter. Our symbolism, as a set of facts, resembles, 
in certain logical respects, the facts which it is to symbolize. This makes it 
a good symbolism. But in using it we do not presuppose the explanation of 
why it is good, which belongs to a later stage. And so the notation “gx” can 
be used without first explaining what we mean by “a proposition about 2:” 


We are now in a position to deal with the difference between propositions 
considered factually and propositions as vehicles of truth and falsehood. When 
we say “‘Socrates’ occurs in the propusition ‘Socrates is Greek,” we are 
taking the proposition factually. Taken in this way, it is a class of series, and 
‘Socrates’ is another class of series. Our statement is only true when we take 
the proposition and the name as classes. The particular ‘Socrates’ that occurs 
at the beginning of our sentence does not occur in the proposition ‘Socrates 
is Greek’; what is true is that another particular closely resembling it occurs 
in the proposition. It is therefore absolutely essential to all such statements 
to take words and propositions as classes of similar occurrences, not as single 
occurrences. But when we assert a proposition, the single occurrence is all 
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that is relevant. When I assert “ Socrates is Greek,” the particular occurrences 
of the words have meaning, and the assertion is made by the particular oc- 
currence of that sentence. And to say of that sentence “‘ Socrates’ occurs in 
it” is simply false, if I mean the ‘Socrates’ that I have just written down, 
since it was a different ‘Socrates’ that occurred in it. Thus we conclude: 


_A proposition as the vehicle of truth or falsehood is a particular occurrence, 
while a proposition considered factually is a class of similar occurrences. It is 
the proposition considered factually that occurs in such statements as “A 
believes p” and “p is about A.” 


Of course it is possible to make statements about the particular fact 
“ Socrates is Greek.” We may say how many centimetres long it is; we may 
say it is black; and so on. But these are not the statements that a philosopher 
or logician is tempted to make. 


When an assertion occurs, it is made by means of a particular fact, which 
is an instance of the proposition asserted. But this particular fact is, so to 
speak, “transparent”; nothing is said about it, but by means of it something 
is said about something else. It is this “transparent” quality which belongs 
to propositions as they occur in truth-functions. This belongs to p when p is 
asserted, but not when we say “p is true.” Thus suppose we say: “ All that 
Xenophon said about Socrates is true.” Put 

X (p).=. Xenophon asserted p, 
S(p).=.p is about Socrates. 
Then our statement is . 
X (p). S(p)+ Dp - p is true. 
Here the occurrence of p is not “transparent.” But if we say 
: LEAD,» Gla 
we are asserting #! x for a whole class of values of x, and yet “gla still has - 
a “transparent” occurrence. The essential difference is that in the former 
case we speak about the symbol or belief, whereas in the latter we merely use 
it to speak about something else. This is the point which distinguishes the 
occurrences of propositions in mathematical logic from their occurrences in 
non-truth-functions. . 

Let us endeavour to give greater definiteness to this point. Take the 
statement “Socrates had all the predicates that Xenophon said he had.” Let 
the series of events which was Xenophon be called X. Then if Xenophon 
attributed the predicate a to Socrates, we might appear to have (writing 
aly zJw for the series x, y, 2, w) 

Socrates | had | predicate | a ¢ X. 
Thus our assertion would be 
Socrates | had | predicate | aG@ X . 5, . Socrates had predicate a. 
Here, however, there is an ambiguity. On the left, “ Socrates,” “had,” “ pre- 
dicate,” and “a” occur as noises; on the right they occur as symbols. This 
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ambiguity amounts to a fallacy. For, in fact, what I write on paper is not the 
noise that Xenophon made, but a symbol for that noise. Thus I am using 
one symbol “Socrates” in two senses: (a) to mean the noise that Xenophon 
made on a certain occasion, (b) to mean a certain man. We must say: 


If Xenophon made a series of noises which mean what is meant by “Socrates 
had the predicate a,” then what this means is true. 


For example: If Xenophon said “Socrates was wise,” then what is meant 
by “Socrates was wise ” is true. 


But this does not assert that Socrates was wise. When I actually assert 
that Socrates was wise, I say something which cannot be said by talking about 
the words I use in saying it ; and when I assert that Socrates was wise, although 
an instance of the proposition occurs, yet I do not say anything whatever about 
the proposition—in particular I do not say that it is true. This is an inference, 
not logical, but linguistic. 

If the above considerations in any way approximate to the truth, we see 

that there is an absolute gulf between the assertion of a proposition and an 
assertion about the proposition. The p that occurs when we assert p and the 
p that occurs in “A asserts p” are by no means identical. The occurrence of 
propositions as asserted is simpler than their occurrence as something spoken 
about. In the assertion of a proposition, and in the assertion of any molecular 
function of a proposition, the proposition does not occur, if we mean by the 
proposition. the p that occurs in such propositions as “A asserts p” or “p is 
about A.” When these latter are analysed, they are found not to conflict with 
the view that propositions, in the sense in which they occur when they are 
asserted, only occur in ‘truth-functions. — 


When pis asserted, p does not.really occur, but the constituents of p occur, 

or an instance of p occurs. The same is true when a molecular proposition 

| containing p is asserted. Thus we cannot infer p= q, because here p and q 

occur in a sense in which they do not occur when molecular propositions con- 
taining them are asserted. 


Similar considerations apply to propositional functions. Suppose there are 
two predicates a and 8 which are always found together; we may still say 
that they are two, on the ground that a(x) and @(«) are facts which do not 
have predicate-resemblance. But the propositional function a (2) is solely to 
be used. in building up matrices by means of the stroke. The predicate a is 
a class of facts, whereas the propositional function a (2) is merely a symbolic 
convenience in speaking. about certain propositions. Thus we may have 
a(2) = 8(2) without having a=. In this way we escape the primd facie 
. paradoxes of the theory that propositions only occur in truth-functions and 
propositional functions only occur through their values. The paradoxes rest 
on the confusion between factual and assertive propositions. 
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